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PREFACE 

Experimental  science  does  not  receive  Truth 
from  superior  Sciences :  she  is  the  Mistress  and 
the  other  sciences  are  her  servants 

Roger  Bacon:  Oj>us  Tertium 

Stress  analysis  has  been  regarded  for  some  time  as  a  distinct  professional 
branch  of  engineering,  the  object  of  which  is  the  determination  and  improve- 
ment of  the  mechanical  strength  of  structures  and  machines.  Experimental 
stress  analysis  strives  to  achieve  these  aims  by  experimental  means.  In 
doing  so  it  does  not  remain,  however,  a  mere  counterpart  of  theoretical 
methods  of  stoess  analysis  but  encompasses  those,  utilizing  all  the  conclusions 
reached  by  theoretical  considerations,  and  goes  far  beyond  them  in  maintain- 
ing direct  contact  with  the  true  physical  characteristics  of  the  problems  under 
considerations. 

Many  factors  make  the  experimental  approach  indispensable,  and  often 
the  only  means  of  access,  in  the  investigation  of  problems  of  mechanical 
strength.  At  our  present  state  of  knowledge  it  is  remarkable  how  quickly 
we  can  reach  the  limit  of  applicability  of  mathematical  methods  of  stress 
analysis,  and  there  is  a  multitude  of  comparatively  simple,  and  in  practice 
frequently  occurring,  stress  problems  for  which  no  theoretical  solutions  have 
yet  been  obtained.  In  addition  to  this,  theoretical  considerations  are  usually 
based  on  simplifying  assumptions  which  imply  certain  detachment  from 
reality,  and  it  can  be  decided  only  by  experimentation  whether  such  idealiza- 
tion has  not  resulted  in  an  undue  distortion  of  the  essential  features  of  the 
problem.  No  such  doubt  needs  to  enter  experimental  stress  analysis,  espe- 
cially if  it  is  done  under  actual  service  conditions,  where  all  the  factors  due 
to  the  properties  of  the  employed  materials,  the  methods  of  manufacture, 
and  the  conditions  of  operation  are  fully  represented.  The  advantage  of  the 
experimental  approach  becomes  especially  obvious  if  we  consider  that  it  is 
possible  to  determine  experimentally  the  stress  distribution  in  a  machine  part 
in  actual  operation  without  knowing  the  nature  of  the  forces  acting  on  the 
part  under  these  circumstances,  which  proposition  is  clearly  inaccessible  to 
any  theoretical  method  of  analysis.  To  these  major  advantages  we  may 
add  one  more,  from  the  point  of  view  of  the  average  practicing  engineer,  whose 
mathematical  preparation  is  not  likely  to  enable  him  to  deal  theoretically 
with  some  of  the  complex  strength  problems  which  he,  nevertheless,  is  expected 
to  settle  satisfactorily.  To  these  men  experimental  methods  constitute  a 
recourse  that  is  more  readily  accessible  and  that,  with  proper  care  and  perse- 
verance, is  most  likely  to  furnish  the  needed  information. 

Several  principal  methods  and  literally  hundreds  of  individual  tools  and 
artifices  constitute  the  "arsenal"  of  the  experimental  stress  analyst.     It  is 
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interesting  to  observe,  however,  that  each  of  these  devices,  no  matter  how 
peculiar  it  sometimes  appears  to  be,  has  its  characteristic  feature  and,  with 
it,  some  unique  advantage  that  may  render  this  tool  most  suitable  for  the 
investigation  of  a  particular  problem.  The  stress  analyst  cannot  afford, 
therefore,  to  ignore  any  of  these  possibilities.  This  circumstance,  together 
with  the  ever-increasing  demand  on  mechanical  strength,  will  always  tend 
to  keep  experimental  stress  analysis  a  distinct  entity  in  the  field  of  technical 
sciences. 

There  has  been  a  long-felt  need  of  a  comprehensive  reference  book  of  this 
nature,  but,  at  the  same  time,  it  was  recognized  that  no  one  person  could 
possibly  write  with  authority  on  all  the  major  experimental  procedures  that 
are  being  used  at  present  in  the  investigation  of  mechanical  strength.  It 
was  proposed  therefore  that  the  problem  could  be  solved  only  by  a  concerted 
effort  which  might  be  initiated  most  suitably  under  the  aegis  of  the  Society 
for  Experimental  Stress  Analysis,  and  the  writer  was  appointed  as  editor  with 
complete  freedom  to  proceed  with  the  organization  of  this  undertaking.  Invi- 
tations were  sent  to  thirty  eminent  engineers  and  scientists  who  were  best 
known  for  their  outstanding  contributions  in  one  or  more  of  the  specific 
branches  of  experimental  stress  analysis.  It  was  most  impressive  to  witness 
the  readiness  and  understanding  with  which  these  men,  many  of  them  not 
even  associated  with  the  Society,  responded  to  the  request  and  joined  the 
editor  in  contributing  their  work,  without  remuneration,  to  the  furtherance 
of  the  aims  of  the  Society,  which  thus  becomes  the  sole  recipient  of  all  royal- 
ties from  this  publication. 

This  being  the  first  comprehensive  publication  in  its  field,  it  may  be  of 
general  interest  to  say  a  few  words  about  the  method  used  in  the  planning  and 
coordination  of  the  material.  In  inviting  the  contributors,  I  first  briefly  out- 
lined the  subject  to  be  covered  requesting,  in  return,  from  each  author  a 
more  detailed  outline  of  what  he  would  propose  on  his  respective  subject. 
These  authors'  outlines  were  subsequently  collected  in  a  booklet,  a  copy  of 
which  was  sent  to  each  participant,  thus  informing  him  in  advance  of  pro- 
jected contents  of  all  the  other  parts  of  the  book.  This  scheme  proved  of 
considerable  help  in  assuring  adequate  coverage  of  all  matters  of  interest, 
without  undue  overlaps,  repetition,  or  need  of  frequent  cross  references.  In 
the  final  plan,  as  seen  in  the  table  of  contents,  the  main  body  of  the  book  was 
divided  into  18  chapters,  each  dealing  with  either  a  principal  method,  from 
mechanical  gages  to  X-ray  analysis,  or  a  major  topic  of  interest,  such  as 
residual  stresses,  interpretation  of  service  fractures,  or  analogies.  In  addition 
to  these,  an  appendix  was  devoted  to  the  discussion  of  three  theoretical  sub- 
jects which  are  of  fundamental  importance  in  the  planning  and  interpretation 
of  experimental  stress  work.  In  the  final  outcome,  not  only  the  book  as  a 
whole  but  also  most  of  the  individual  chapters  turned  out  to  be  pioneering- 
ventures  in  their  own  rights,  often  constituting  the  first  systematic  exposition 
of  their  respective  subject  matter.  Another  innovation  was  undertaken  in 
the  treatment  of  bibliographical  references,  where  an  effort  was  made  to 
review  briefly  the  contents  of  each  entry,  since  it  was  found  that  the  mere 
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titles  of  technical  articles  seldom  convey  a  satisfactory  picture  of  their  respec- 
tive contents.  Despite  all  precautions  the  book  is  bound  to  have  errors  and 
shortcomings,  and  it  is  the  sincere  hope  of  the  editor  that  users  of  the  book 
will  not  hesitate  to  inform  him  of  possibilities  of  improvement  which  may  be 
incorporated  in  a  later  edition. 

In  the  course  of  this  work  the  editor  was  greatly  aided  by  advice  from 
numerous  friends  and  colleagues,  among  whom  he  wishes  to  acknowledge  in 
particular  the  invaluable  help  received  from  B.  F.  Langer,  R.  D.  Mindlin, 
W.  M.  Murray,  R.  E.  Peterson,  and  G.  Pickett. 

M.  Hetenyi 

Evanston,  Illinois 
April  1950 
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CHAPTER  1 
MECHANICAL  PROPERTIES  OF  MATERIALS 

By  C.  W.  MacGregor 
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A.  Introduction 

With  the  exception  of  certain  elastic  constants,  the  analysis  of  the  state  of 
stress  existing  in  machine  parts  or  structural  members,  loaded  within  the 
elastic  range,  is  carried  out  without  any  particular  reference  to  the  mechanical 
properties  of  the  component  materials.  In  the  analytical  solution  of  many 
elasticity  problems,  even  the  elastic  constants  do  not  enter,  whereas  in  others 
it  is  necessary  to  know  the  elastic  constants  in  order  to  effect  a  solution.  In 
the  experimental  determination  of  stresses  through  elastic  strain  measure- 
ments, it  is  necessary  that  the  elastic  constants  be  known.  When  stress 
calculations  are  carried  out  in  the  plastic  range  for  cold  working,  metal  form- 
ing, or  creep  problems,  a  knowledge  of  many  more  mechanical  properties  is 
required  than  for  the  elastic  range. 

After  the  stresses  have  been  determined  through  experimental  or  analytical 
methods,  the  engineer  is  confronted  with  the  problem  of  assessing  the  relative 
importance  and  significance  of  the  stress  values  so  -obtained  in  relation  to  the 
satisfactory  performance  of  the  structure  or  machine  parts  under  considera- 
tion. It  is  in  this  connection  that  the  mechanical  properties  of  the  material 
play  one  of  their  most  important  roles.     In  an  existing  structure  or  machine 
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part  for  example,  it  is  necessary  to  know  the  mechanical  properties  of  the 
material  in  order  to  determine  if  the  stresses  are  within  allowable  limits.  On 
the  other  hand,  if  a  member  is  to  be  designed,  it  is  essential  that  the  mechan-" 
ical  properties  of  various  materials  be  known  in  order  to  select  the  proper  one 
to  be  used. 

Many  cases  exist  where  the  selection  of  the  proper  material  cannot  be  based 
solely  on  stress  considerations.  Satisfactory  performance  may  require  a 
limited  deflection,  a  hard  surface,  capacity  to  absorb  local  yielding  without 
excessive  stresses,  energy  absorption,  and  the  like. 

It  may  thus  be  seen  that  a  knowledge  of  the  mechanical  properties  of  mate- 
rials is  of  vital  importance  to  the  engineer  concerned  with  stress  analysis 
problems.  This  chapter  contains  a  brief  discussion  of  some  of  those  mechan- 
ical properties  of  greatest  interest  to  the  stress  analyst.  Owing  to  space 
limitations,  many  phases  of  the  subject  have  to  be  omitted.  References  are 
given,  however,  where  further  information  may  be  obtained. 

B.  Definitions  of  Some  Basic  Concepts 

In  the  following  the  definitions  of  a  number  of  basic  concepts  are  given: 
1.  Stress.  Stress  may  be  defined  simply  as  the  internal  force  per  unit 
of  area  which  resists  a  change  in  size  or  shape  of  the  body.  Since  the  stress 
will,  in  general,  vary  from  point  to  point  in  a  loaded  member,  it  may  be  con- 
sidered as  the  limit  approached  by  the  ratio  of  the  force  acting  on  an  ele- 
mental area  to  the  area  of  cross  section  on  which  it  acts  as  the  area  of  cross 
section  approaches  zero.  Wherever  stress  is  mentioned  in  this  chapter,  it  is 
thus  understood  to  be  the  intensity  of  stress  as  previously  defined.  The  units 
are  usually  expressed  in  pounds  per  square  inch  in  the  United  States,  but  in 
Europe  stress  is  often  reported  in  tons  per  square  inch,  kilograms  per  square 
millimeter,  and  so  on. 

Two  distinct  types  of  stress  are  of  interest:  namely,  normal  stress  and  shear- 
ing stress.  A  normal  stress  is  one  which  acts  in  a  direction  perpendicular  to 
the  cross-sectional  area.  It  may  be  either  tensile  or  compressive,  depending 
on  the  direction  of  the  stress.  A  tensile  stress  is  indicated  by  an  arrow  directed 
away  from  the  plane  on  which  it  acts,  and  its  tendency  is  to  resist  the  action 
of  the  external  forces  to  increase  the  length  of  the  body.  A  compressive 
stress  is  usually  indicated  by  a  vector  or  arrow  directed  towards  the  plane 
on  which  it  acts,  and  its  tendency  is  to  resist  the  action  of  the  external  forces 
to  decrease  the  length  of  the  body.  A  shearing  stress,  on  the  other  hand,  lies 
in  the  plane  on  which  it  acts.  It  resists  the  action  of  the  external  forces  tend- 
ing to  make  the  part  of  the  body  above  the  plane  slide  over  the  portion  of  the 
body  below  the  plane.  Its  action  then  is  similar  to  that  of  the  friction  existing 
between  the  individual  cards  in  a  stack  of  playing  cards  when  one  presses 
down  on  the  stack  and  at  the  same  time  gives  the  top  card  a  displacement  in 
the  horizontal  direction.  The  resultant  stress  acting  on  any  plane  in  the  body 
is  the  vector  sum  of  the  normal  and  shearing  stresses  present.  Experience 
has  shown  that  the  mechanical  properties  of  materials  are  affected  differently 


DEFINITIONS  OF  SOME  BASIC  CONCEPTS 


by  the  normal  and  shearing  stresses.  Hence,  the  resultant  stress  is  not  very 
frequently  used  in  engineering  problems. 

In  a  uniform  prismatic  bar  loaded  axially  by  a  tensile  force  P,  the  stress 
a  =  P/A  is  uniformly  distributed  over  the  cross  section  A.  If  any  discon- 
tinuity is  present  such  as  a  hole  or  a  notch,  the  stress  is  not  uniformly  dis- 
tributed over  the  cross  section  through  the  discontinuity.  The  stress  is 
considerably  increased  near  the  discontinuity,  and  the  factor  by  which  the 
nominal  stress  must  be  multiplied  to  equal  the  maximum  value  present  is 
called  the  factor  of  stress  concentration.  This  is  discussed  more  fully  in  other 
chapters. 

In  the  vast  majority  of  practical  applications  and  in  most  of  the  mechanical 
tests  of  materials,  a  two-  or  three-dimensional  state  of  stress  exists  rather 
than  the  simple  one-dimensional  or  uniaxial  type  shown  in  Fig.  1-la.     The 
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Fig.  1-1.     States  of  Stress 


two-dimensional  or  biaxial  state  of  stress  is  shown  on  an  element  of  material 
in  Fig.  1-16,  and  the  three-dimensional  or  triaxial  state  of  stress  is  indicated 
in  Fig.  1-lc.  The  latter  are  called  states  of  combined  stress,  and  they  have  a 
great  effect  on  the  strength  and  ductility  of  materials.  In  general,  each 
plane  passing  through  a  point  of  the  body  will  be  acted  on  by  both  normal  and 
shearing  stresses.  The  problem  is,  however,  greatly  simplified  if  the  planes 
cutting  out  the  element  of  material  are  so  rotated  that  only  normal  stresses 
appear  on  the  faces  of  the  element.  This  has  been  done  in  Fig.  1-1.  It  is 
these  normal  stresses  acting  on  planes  on  which  no  shearing  stresses  exist 
which  are  of  the  greatest  significance  in  stress  analysis  problems  and  in  the 
relation  of  stress  to  mechanical  properties.  Those  normal  stresses  acting  on 
planes  containing  no  shearing  stresses  are  called  principal  stresses.  At  a 
point  in  a  stressed  body,  there  are,  in  general,  three  principal  stresses  acting 
on  mutually  perpendicular  planes.  They  are  designated  by  <xi,  <r-i,  and  as 
where  the  subscripts  refer  to  the  directions  of  the  stresses.  One  of  these 
principal  stresses  is  the  maximum  normal  stress  for  all  orientations  of  planes 
passing  through  the  point,  and  one  of  the  others  is  the  minimum  normal  stress 
for  all  such  possible  planes.  The  problem  of  the  determination  of  the  direc- 
tions and  magnitudes  of  these  principal  stresses  in  an  arbitrarily  loaded  body 
is  discussed  in  subsequent  chapters  of  this  handbook. 

In  connection  with  the  yielding  of  ductile  metals,  there  are  two  combina- 
tions of  the  principal  stresses  which  are  of  considerable  significance.     These 
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refer  to  shearing  stresses  on  certain  planes  through  the  element  shown  in 
Fig.  1-2.     The  shearing  stresses  are  maximum  on  planes  inclined  by  an  angle 
of  45°  to  the  principal  planes  (the  latter  being  those  on  which  the  principal - 
normal  stresses  are  acting).     If  the  magnitudes  of  the  principal  stresses  are 
in  the  order  o\  >  &2  >  c3,  the  maximum  shearing  stress  is 


<Xi 


<?3 


Fig.    1-2.      Maximum 

Shear    and    Octahedral 

Shear  Planes 


(1) 


which  acts  on  the  planes  A  CDF  and  BGEO  at  45°  to 
cti  and  az  and  parallel  to  cr2.  The  other  shearing 
stress  of  considerable  importance  acts  on  the  so-called 
octahedral  plane  (ACE  of  Fig.  1-2)  whose  normal 
makes  equal  angles  with  ax,  a-i,  and  cr3.  This  shear- 
ing stress  is  called  the  octahedral  shearing  stress  rn, 
and  in  terms  of  the  principal  stresses  it  is2 

Tn  =  \  V(<xi  -  <r2)2  +  (cr2  -  <r3)2  +  (<x3  -  c^)2       (2) 


Equations  1  and  2  are  closely  related  to  the  maximum  shear  stress  theory 
of  failure  and  to  the  distortion  energy  theory  of  failure,  respectively. 

2.  Displacement.  The  linear  change  of  dimension  of  a  body  in  a  given 
direction  produced  by  the  action  of  external  forces  is  called  the  displacement 
or  deformation.  The  displacement  is  usually  expressed  in  inches  in  the 
United  States  and  in  millimeters  in  Europe. 

3.  Strain.  If  the  magnitude  of  the  displacement  is  small  compared  to  the 
dimensions  of  the  body,  the  strain  may  be  defined  as  the  displacement  divided 
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Fig.  1-3.     Strain  Values 

by  one  of  the  original  dimensions  of  the  body.  Strains  may  be  subdivided 
into  normal  strains  and  shearing  strains.  The  normal  strain  in  any  direction 
is  equal  to  the  displacement  in  that  direction  divided  by  the  gage  length 
measured  in  the  same  direction  as  shown  in  Fig.  l-3«.  The  gage  length  is 
the  length  over  which  the  displacement  is  measured.  The  units  of  normal 
strains  are  thus  inches  per  inch,  millimeters  per  millimeter,  and  so  on.  The 
shearing  strain  may  be  determined  by  dividing  the  displacement  in  a  given 
direction  by  a  length  normal  to  the  direction  of  the  displacement.  This.,  is 
actually  the  tangent  of  the  shearing  strain  angle  as  indicated  in  Fig.  1-36. 


DEFINITIONS  OF  SOME  BASIC  CONCEPTS  5 

Whereas  in  stress  problems  various  states  of  uniaxial  stresses  can  exist, 
in  practice  it  is  most  uncommon  to  have  a  state  of  purely  uniaxial  strain. 
This  is  due  to  the  lateral  strains  accompanying  a  normal  strain  in  any  direc- 
tion. The  most  common  state  of  strain  is  the  triaxial  one  shown  in  Fig.  1-4. 
As  in  the  discussion  of  stress,  the  planes  cutting  out  the  element  of  material 
have  been  rotated  so  that  only  normal  principal  strains  appear  on  the  faces 
of  the  element.  The  principal  strains  are  the  normal  strains  acting  on  the 
principal  planes,  the  latter  undergoing  no  shearing  strain.  They  are  anal- 
ogous to  the  principal  stresses  defined  previously  and  are  usually  designated 
by  ei,  62,  e3  where  the  subscripts  refer  to  the  directions  of  the  strains.  One  of 
these  principal  strains  is  the  maximum  normal  strain  for  all  directions  through 
a  point  in  the  body  and  one  of  the  others  is  the  smallest  normal  strain  for  all 
such  possible  directions.  The  methods  used  to  determine  the  directions  and 
magnitudes  of  the  principal  strains  for  a  given 
problem  are  discussed  in  subsequent  chapters. 

For  the  yielding  of  ductile  metals,  there  are  two 
combinations  of  the  principal  strains  which  are  of 
considerable  use,  especially  in  conjunction  with  the 
stress  values  given  in  equations  1  and  2.  The 
maximum  shearing  strain  corresponding  to  the 
maximum  shearing  stress  of  equation  1  is 


Tmax    =   Cl    —  63  (3) 


Fig.  1-4.      State  of  Strain 


if  the  principal  strains  are  in  the  order  ei  >  e2  >  e3. 

The  octahedral  shearing  strain  corresponding  to  the  octahedral  shearing  stress 

of  equation  2  is 


ln=l  Vfa  -  ^)2  +  S»  -  *3)2  +  Sa  -  ^Y  (4) 

4.  Elasticity.  The  essential  characteristic  of  elasticity  is  the  ability  of  the 
material  to  return  to  the  original  dimensions  of  the  body  on  removal  of  the 
externally  applied  loads.  Most  materials  of  engineering  interest  possess 
limited  ranges  of  stress  throughout  which  the  material  may  be  considered 
elastic.  Within  these  ranges  of  stress  Hooke's  law  is  obeyed.  This  law  states 
that  for  a  homogeneous  and  isotropic  material  stress  is  proportional  to  strain 
as  long  as  the  stress  does  not  exceed  a  limiting  value.  If  a  test  specimen  is 
loaded  in  either  tension  or  compression  within  the  elastic  range  of  stress,  the 
ratio  of  the  normal  stress  to  the  normal  strain  in  the  direction  of  the  applied 
stress  is  called  the  modulus  of  elasticity  or  Young's  modulus  and  is  usually 
designated  by  the  letter  E.  On  the  other  hand,  if  the  material  is  tested  in 
shear  in  a  torsion  test,  the  ratio  of  the  shearing  stress  to  the  shearing  strain 
within  the  elastic  range  of  stress  is  called  the  shearing  modulus  of  elasticity  or 
the  modulus  of  rigidity  and  is  designated  by  the  symbol  G.  The  units  of 
both  E  and  G  are  the  same  as  stress.     Table  1-1  lists  typical  values  of  E. 

5.  Poisson's  Ratio.  When  a  test  bar  is  loaded  in  tension  or  compression, 
the  normal  strain  in  the  axial  direction  is  accompanied  by  a  normal  strain  in 
the  transverse  or  lateral  directions.     For  tension  tests  the  lateral  strain  is  a 
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contraction,  whereas  for  compression  tests  the  lateral  strain  is  an  expansion. 
The  absolute  value  of  the  ratio  of  the  lateral  strain  to  the  axial  strain  is  known 
as  Poisson's  ratio  and  is  designated  by  the  symbol  fj,.  Values  of  Poisson's 
ratio  are  listed  in  Table  1-1  for  various  materials. 

6.  Relations  between  Elastic  Constants.     So  far  three  elastic  constants  have 
been  defined  for  a  homogeneous  and  isotropic  material.     These  are  the  elastic 

TABLE  1-1 

Elastic  Modulus  and  Poisson's  Ratio  foe  Various  Metals 
From  M.S.  Thesis  by  R.  W.  Vose,  MIT,  1936 

Modulus 


Material 
SAE  1045  steel,  annealed 
SAE  1045  steel,  hot-rolled 
SAE  2330  steel,  as-rolled 
SAE  6150  steel,  as-rolled 
SAE     6150     steel,     water-quenched     from 

1575°F,  drawn  1200°F 
Cold-rolled  shafting 
Cutlery-type  stainless  steel 
18-8  stainless  steel 
Iso-Elastic  steel  (Ni  36%,  Cr  8%) 
Cast  iron  (no  alloying  elements) 
Cast  iron  (15%  Ni,  2.05%  Cr) 
Malleable  iron 
Copper  (99.9%  pure) 
Brass  (70-30) 
Tobin    bronze     (Cu    60.3%,     Zn    38.1%, 

Sn  1.56%) 
Phosphor  bronze  (Cu  90%,  Zn  6%,  Sn  4%) 
17ST  duraluminum  (Cu  3.85%,  Mn  0.57%, 

Mg  0.05%,  Al  95.08%) 
51ST    aluminum    alloy     (Si     1.07%,    Mg. 

0.56%  Al  98.37%) 
Monel  metal 

modulus  E,  the  shearing  modulus  G,  and  Poissons  ratio  fi.     It  can  be  shown 
that  these  three  constants  are  not  independent  but  are  related  by  the  equation, 

G  ~  SoTrt  (5) 

C.  Stress-Strain  Diagrams 

One  of  the  most  common  and  useful  means  of  determining  many  of  the 
mechanical  properties  is  to  conduct  a  tension  test  on  the  material.  In  order 
to  represent  the  behavior  during  such  a  test,  it  is  common  practice  to  plot  a 
stress-strain  diagram  with  stress  as  ordinate  and  strain  as  abscissa.  Since 
the  early  development  of  the  subject  of  the  testing  of  materials,  many  dif- 
ferent forms  of  stress-strain  diagrams  have  been  suggested.     Of  these,  the 


of 

Poisson's 

Elasticity 

Ratio 

E, 

psi 

M 

29 

X 

106 

0.287 

28.5 

X 

106 

0.292 

28.6 

X 

106 

0.291 

29.3 

X 

106 

0.289 

30.5 

X 

106 

0.285 

29.5 

X 

106 

0.287 

30.5 

X 

106 

0.278 

27.6 

"X 

106 

0.305 

26.3 

X 

106 

0.333 

14.5 

X 

106 

0.211 

13.5 

X 

106 

0.299 

23.6 

X 

106 

0.265 

15.6 

X 

106 

0.355 

15.9 

X 

106 

0.331 

13.8 

X 

106 

0 .  359 

16.1 

X 

106 

0.349 

10.2 

X 

106 

0.330 

9.91 

X 

106 

0.334 

25 

X 

106 

0.315 
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ones  described  herein  are  the  ordinary  stress-strain  diagram  and  the  true  stress- 
strain  diagram. 

7.  The  Ordinary  Stress-Strain  Diagram.  This  is  constructed  as  shown 
in  Fig.  l-5a  by  plotting  the  stress  determined  by  dividing  the  axial  load  P 
by  the  original  area  of  cross  section  A0  as  ordinate  versus  the  strain  e0  = 
ALo/Lo  as  abscissa  where  AL0  is  the  increment  of  the  original  gage  length  L0. 
The  strain  e0  is  thus  determined  from  axial  strain  measurements  by  the  use 
of  one  of  the  strain  gages  available  commercially.  Since  both  AQ  and  L0  are 
constants,  the  resulting  diagram  has  the  same  shape  as  one  for  which  the 
axial  load  P  is  plotted  versus  the  deformation  AL0.  From  such  a  diagram,  in 
addition  to  the  elastic  constants,  other  mechanical  properties  may  be  deter- 
mined as  defined  in  the  following.  Table  1-2  includes  typical  values  of  these 
properties  for  various  materials. 

E 


_  Specified 

tQ       Lo  [-«-permanent- 

set 
(a)  (b) 

Fig.  1-5.     Ordinary  Stress-Strain  Diagrams 

(a)  The  Proportional  Limit  is  usually  obtained  graphically  by  determining 
the  point  on  the  stress-strain  diagram  at  which  the  curve  portion  departs 
from  the  linear  elastic  part  of  the  curve.  Thus,  the  stress  corresponding  to 
point  A  in  Fig.  1-56  is  the  proportional  limit.  It  is  defined  as  the  greatest 
stress  intensity  for  which  stress  is  still  proportional  to  strain. 

(6)  The  Elastic  Limit  is  the  greatest  stress  which  may  be  applied  to  a  test 
specimen  without  leaving  a  permanent  deformation  on  complete  release  of  the 
load.  In  order  to  determine  the  elastic  limit,  it  is  necessary  to  load  and 
unload  the  bar  Avith  increasing  values  of  the  load  until  a  permanent  set  is 
found  after  complete  unloading.  Since  this  procedure  is  very  time-consuming 
and  the  elastic  limit  so  determined  differs  but  little  from  the  proportional 
limit,  the  true  elastic  limit  is  seldom  obtained  in  actual  practice. 

(c)  The  Johnson's  Apparent  Elastic  Limit  is  an  arbitrary  "elastic  limit" 
devised  especially  for  those  materials  for  which  the  point  of  departure  from 
the  straight  line  is  not  so  clearly  defined.  It  is  the  stress  at  which  the  slope 
of  the  stress-strain  diagram  is  50  per  cent  less  than  the  slope  at  the  origin. 
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As  shown  in  Fig.  1-56  it  is  determined  by  drawing  a  line  OB  from  the  origin 
with  a  slope  50  per  cent  less  than  for  the  elastic  line  OA,  followed  by  moving 
OB  parallel  to  itself  until  it  is  tangent  to  the  curve  at  P.  The  stress  corre- 
sponding to  point  P  is  Johnson's  apparent  elastic  limit. 

(d)  The  Yield  Pointh&s  been  defined  as  the  stress  for  which  a  marked  increase 
in  strain  occurs  without  a  corresponding  increase  in  stress.  For  annealed 
low-carbon  steels  both  an  upper  and  a  lower  yield  point  are  present.  The 
upper  yield  point  is  the  stress  at  which  a  drop  of  the  beam  occurs  on  gear- 
driven  testing  machines  or  at  which  the  pointer  on  a  hydraulic  testing  machine 
begins  to  drop  back.  The  lower  yield  point  is  the  lowest  stress  reached  during 
the  drop-back  of  the  load  just  after  the  upper  yield  point  has  been  exceeded. 
The  1944  ASTM  standards  E6-36  specify  that  the  term  yield  point  should 
not  be  used  in  connection  with  a  material  which  shows  a  gradual  transition 
from  the  elastic  to  the  plastic  range. 

(e)  The  Yield  Strength  is  the  stress  at  which  the  material  shows  a  specified 
limiting  permanent  set.  This  is  an  arbitrary  limit  based  on  an  allowable 
amount  of  strain  and  was  devised  especially  to  fit  the  cases  in  which  the  stress- 
strain  diagram  has  a  gradual  curvature  from  elastic  to  plastic  states  without 
a  natural  yield  point  as,  for  example,  low  carbon  steel.  The  magnitude  of 
the  specified  permanent  set  varies  but  is  commonly  0.10  or  0.20  per  cent  of 
the  original  gage  length.  When  the  value  is  reported,  the  amount  of  perma- 
nent set  should  be  specified.  The  graphical  construction  is  shown  in  Fig. 
1-56.  A  straight  line  CD  is  drawn  parallel  to  OA  but  displaced  from  it  a 
horizontal  distance  equal  to  the  specified  permanent  set.  The  stress  corre- 
sponding to  point  D  is  the  yield  strength. 

(/)  The  Tensile  Strength  is  obtained  by  dividing  the  maximum  axial  load 
observed  during  the  test  by  the  original  cross-sectional  area  of  the  test  speci- 
men.    Point  E  of  Fig.  l-5a  corresponds  to  the  tensile  strength. 

(g)  The  Per  Cent  Elongation  after  fracture  of  the  specimen  is  determined 
by  dividing  the  change  in  the  original  gage  length  by  the  original  gage  length 
and  multiplying  this  ratio  by  100.  As  recommended  by  the  1944  ASTM 
Standards  E8-42,  the  original  gage  length  should  always  be  stated  in  reporting 
per  cent  elongation  values. 

(h)  The  Per  Cent  Reduction  of  Area  after  fracture  is  the  ratio  of  the  change 
in  the  original  area  determined  at  the  smallest  cross  section  to  the  original 
area  of  cross  section,  this  ratio  multiplied  by  100. 

(i)  The  Types  of  Test  Specimens  recommended  by  the  ASTM  are  described 
under  ASTM  Designation  E8-42  (1944  Standards)  to  'which  the  reader  is 
referred. 

8.  The  True  Stress-Strain  Diagram.5  This  is  constructed  by  plotting 
the  true  stress  a  determined  by  dividing  the  axial  load  P  by  the  actual  instan- 
taneous area  of  cross  section  A  as  ordinate  versus  the  true  strain  e  =  loge  A0/A 
as  abscissa  where  A0  is  the  original  area  and  A  the  instantaneous  area  of 
cross  section,  respectively,  as  shown  in  Fig.  1-6.*     To  secure  the  data  neces- 

*  This  notation  is  used  to  agree  with  the  rest  of  the  handbook.     In  the  specific 
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sary  to  construct  such  a  diagram,  simultaneous  readings  of  the  axial  load  and 
the  dimension  or  dimensions  required  to  compute  the  minimum  instantaneous 
area  of  cross  section  are  taken  throughout  the  test  to  fracture.  If  the  test 
piece  is  round,  the  true  axial  strain  e,  which  is  equal  to  the  true  reduction  in 
area  q',  is  2  log*  dQ/d  where  d0  is  the  original  diameter  and  d  is  the  instantaneous 
diameter.  In  other  words,  the  true  axial  strain  is  determined  through  diam- 
eter measurements.  The  same  diameter  measurements  serve  to  evaluate  the 
true  axial  stress.  If  the  test  specimen  is  of  rectangular  cross  section,  where 
the  ratio  of  width  to  thickness  <6,  the  instantaneous  area  of  cross  section 
can  be  obtained  from6 


A 


3  (b  +  2c)  (6) 


Fracture ■ 


where  A,  h,  c,  and  b  are  the 
area  of  cross  section,  the  width 
at  the  center  of  the  cross-sec- 
tion parallel  to  the  long  side, 
the  thickness  parallel  to  the 
short  side  at  the  center,  and  the 
thickness  parallel  to  the  short 
side  at  the  ends  of  the  cross 
section,  respectively.  Thus 
three  dimension  measurements 
will  establish  the  cross-sectional 


Fig.  1-6. 


e  =  q'=\ogeA0/A 
True  Stress-Strain  Diagram 


An  alternate  method  of  plotting  the  true  stress-strain  curve,  called  the 
two-load  method,  has  been  suggested.6  According  to  this  procedure,  no  strain 
readings  are  taken  during  the  test,  and  only  the  maximum  and  fracture  loads 
are  noted.  A  tapered  test  bar,  scribed  with  fine  lateral  marks  at  intervals 
along  its  length,  is  used.  The  dimension  or  dimensions  governing  the  areas 
of  cross  section  are  measured  at  each  of  these  scribed  marks  both  before  and 
after  the  test  is  made.  It  has  been  shown  that  these  readings  are  sufficient 
to  construct  the  complete  true  stress-strain  curve  from  initial  yielding  to 
fracture.  The  method  has  been  found  useful  where  it  is  undesirable  or  diffi- 
cult to  make  diameter  readings  during  the  test,  as  in  high-speed  impact  tests 
or  in  tests  at  elevated  or  subatmospheric  temperatures. 

Experiments  conducted  on  a  wide  variety  of  materials,  under  various  con- 
ditions of  heat  treatment  cold  work,  temperatures,  velocities,  and  the  like, 
have  demonstrated  that  the  true  stress-strain  curve  is  essentially  linear  from 
the  point  corresponding  to  the  maximum  load  or  shortly  thereafter  to  fracture. 

It  should  perhaps  be  noted  that  during  local  necking  after  the  maximum 
load  has  been  passed  the  distribution  of  the  axial  stresses  across  the  minimum 
area  of  cross  section  is  not  strictly  uniform.     The  value  P/A  is  actually  the 


literature  on  materials  testing,  the  true  stress  is  usually  indicated  by  s  and  the 
true  strain  by  q'.     They  are  often  called  s-q'  curves. 
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average  of  the  true  axial  stresses.  Tests  have  shown  that  the  average  stress 
value  so  defined  is,  in  general,  not  greatly  different  from  the  stress  which 
would  be  present  if  a  necked  region  had  not  been  allowed  to  form  and  the 
material  would  have  been  subjected  only  to  a  purely  uniform  uniaxial  state 
of  stress. 

From  the  true  stress-strain  diagram,  in  addition  to  the  yield  point,  or  yield 
strength,  as  the  case  may  be,  the  other  mechanical  properties  which  may  be 
determined5  are  defined  as  follows: 

(a)  The  True  Stress  at  Maximum  Load  is  equal  to  the  maximum  axial  load 
divided  by  the  area  of  cross  section  present  at  the  maximum  load. 

(h)  The  True  Fracture  Stress  is  the  ratio  of  the  load  at  fracture  to  the  final 
fractured  area  of  cross  section. 

(c)  The  Minimum  Modulus  of  Strain  Hardening  is  the  slope  of  the  linear 
portion  of  the  true  stress-strain  curve  from  the  maximum  load  point  to 
fracture. 

(d)  The  True  Fracture  Strain  eb  =  loge  A0/Ab,  where  A0  is  the  original  area 
and  Ab  is  the  fractured  area  of  cross  section. 

(e)  The  True  Uniform  Strain  eM  =  log,,  Ao/A^,  where  A0  is  the  original  area 
and  AM  is  the  area  of  cross  section  at  the  maximum  load. 

(/)  The  True  Local  Necking  Strain  en  =  loge  A^/Ai,,  where  AM  is  the  area 
of  cross  section  at  the  maximum  load  and  Ah  is  the  fractured  area  of  cross 
section. 

(g)   The  Strain  Energy  per  Unit  Volume  which  the  material  can  absorb  before 

fracture  is  equal  to   /     a  •  de,  or  the  area  under  the  true  stress-strain  curve 

to  fracture. 

9.  Advantages  of  the  True  Stress  Strain  Diagram.  The  ordinary  type 
of  stress-strain  diagram  has  provided  useful  data  for  design  purposes.  The 
elastic  constants,  namely,  Poisson's  ratio  and  the  modulus  of  elasticity,  are 
needed  in  many  stress  analysis  problems.  These  have  been  determined  for  a 
wide  variety  of  materials  and,  in  general,  do  not  vary  much  through  heat 
treatment,  slight  changes  in  chemical  composition,  and  so  on.  The  propor- 
tional limit,  although  important,  depends  greatly  on  the  accuracy  of  the 
measuring  instruments  used.  The  yield  strength  is  consequently  of  greater 
value  in  design.  With  the  exception  of  the  elastic  constants  and  the  propor- 
tional limit,  the  remaining  mechanical  properties  determined  from  the  ordinary 
form  of  stress-strain  diagram  are  essentially  empirical  in  nature.  It  is  desired 
that  the  tension  test  should  provide  more  information  than  is  disclosed  by 
the  elastic  properties;  otherwise,  there  would  be  small  incentive  today  to 
make  many  tension  tests.  Aside  from  the  desirability  of  having  an  accurate 
control  of  the  effects  of  heat  treatment,  chemical  composition,  and  such  on  the 
mechanical  properties,  it  is  important  to  be  able  to  correlate  the  tension  test 
with  other  forms  of  test  such  as  torsion,  impact,  and  combined  stress  tests. 
In  addition,  the  tension  test  should  provide  information  of  use  in  the  metal- 
forming  industries,  as  in  rolling,  drawing,  and  extrusion.  In  all  these  and  in 
various  connections,  the  ordinary  form  of  tension  test  has  left  much  to  be 
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desired.  It  was  the  realization  of  the  great  limitations  of  the  ordinary  form 
of  tension  test  which  was  responsible  for  the  organization  of  an  extensive 
research  program  on  the  true  stress-strain  tension  test  by  the  present  author 
some  dozen  years  ago  at  MIT.  This  research  has  been  carried  on  continu- 
ously since  then,  and  the  discussion  of  this  form  of  test  described  herein  is  the 
result  of  this  research  work. 

Among  the  advantages  of  the  true  stress-strain  tension  test  may  be  men- 
tioned: 

1.  It  defines  the  true  stress  present  during  the  test  rather  than  the  fictitious 
stress  based  on  the  original  area  of  cross  section.  The  area  changes  greatly 
during  the  test. 

2.  True  strain  is  employed  where  the  change  in  gage  length  is  referred  to 
the  length  from  which  that  change  is  produced,  rather  than  to  the  original 
gage  length.  The  ordinary  strain  definition  AL0/L0  was  inherited  from  the 
theory  of  elasticity  where  the  strains  were  small. 

3.  The  true  stress  is  related  linearly  to  the  true  strain  from  the  maximum 
load  to  fracture,  thus  reducing  the  number  of  readings  necessary  to  establish 
this  part  of  the  curve. 

4.  The  stress  and  strain  are  determined  at  the  most  severely  deformed  part 
of  the  test  bar.  The  ordinary  strain  measured  over  a  2-in.  gage  length  during 
local  necking  has  little  significance  since  the  strain  varies  widely  along  the 
bar. 

5.  The  stress-strain  curve  may  be  determined  by  the  two-load  method 
without  strain  measurement  during  the  test. 

6.  The  true  stress-strain  curve  is  quite  sensitive  to  changes  in  both  metal- 
lurgical and  mechanical  conditions  of  the  material. 

7.  The  true  stress-strain  curve  can  be  used  to  correlate  tension  data  with 
those  from  other  forms  of  test  such  as  torsion,  notched-beam  impact,  com- 
bined stress  tests,  and  metal-forming  problems. 

8.  The  ductility  of  the  material,  pictured  through  the  true  uniform  strain 
eM  and  the  true  local  necking  strain  en,  is  more  accurately  determined  than  by 
use  of  the  ordinary  per  cent  elongation  in  2  in.  and  the  ordinary  reduction  of 
area. 

10.  Relation  of  the  True  Stress-Strain  Diagram  to  the  Combined  Stress 
Problem  for  Ductile  Metals.  In  Section  B  of  this  chapter  the  octahedral 
shearing  stress  t„  and  the  octahedral  shearing  strain  yn  were  defined  as 


T,    =    *  VVl    -  CTo)2   +    ((To    -  (73)2   +    ((73    -  (7l)2 

7n  =  I  V(d  -  e2)2  +  (eo  -  e3)2  +  (e3  -  d)2 

When  the  principal  stresses  d,  (72,  c3  and  the  principal  strains  ei,  e2,  e3  are 
determined  from  a  combined  stress  test,  a  curve  of  rn  versus  yn  may  be 
constructed. 

The  Tn-yn  curves  are  useful  to  represent  the  results  of  combined  stress 
tests.2 

In  order  to  correlate  the  results  for  various  combined  stress  ratios  or  degrees 
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of  triaxiality  with  the  results  of  tension  tests,  it  is  obvious  that  true  stresses 
and  strains  should  be  determined.  From  the  true  stress-strain  tension  test, 
the  Tn-yn  curve  may  be  constructed  by  using  the  relations: 

-  -  A0  (7) 

yn  =  V'2e  =  \/2-loge^ 

11.  Compression  Tests.  Although  the  preceding  discussion  in  Section  C 
of  this  chapter  has  related  particularly  to  the  tension  test,  the  same  general 
methods  apply  equally  well  for  compression  tests.  For  ductile  metals,  the 
compression  strength  does  not  have  the  same  significance  as  does  the  tensile 
strength  since  the  test  piece  merely  decreases  in  height  and  flattens  out  without 
fracture. 

D.  Further  Mechanical  Properties 

With  the  background  of  basic  concepts  and  stress-strain  diagrams  described 
previously,  additional  mechanical  properties  determined  from  test  results 
will  now  be  discussed. 

12.  Plasticity.  This  is  the  property  which  permits  materials  to  undergo 
permanent  change  in  shape  without  fracture.  An  ideally  plastic  material 
is  one  which  undergoes  no  strain  hardening,  the  latter  being  measured  by  the 
increase  in  stress  necessary  to  produce  further  plastic  deformation.  Almost 
all  metallic  materials  undergo  some  strain  hardening. 

It  has  been  found  that  no  appreciable  volume  change  occurs  during  the 
plastic  flow  of  compact  ductile  metals.  In  order  for  such  a  metal  to  yield 
and  become  plastic  under  the  action  of  a  set  of  three  principal  stresses  o"i, 
(jo,  (T3,  of  like  sign  acting  on  three  perpendicular  planes,  it  is  necessary  for  at 
least  one  of  the  principal  stresses  to  be  different  in  magnitude  from  the  others. 
Plastic  yielding  is  thus  associated  with  a  difference  of  the  principal  stresses. 

The  two  conditions  governing  plasticity  in  most  common  use  today  are 
the  maximum  shearing  stress  criterion  and  the  distortion  energy  criterion.  If 
<T\  >  a-i  >  (73,  yielding  will  occur  according  to  the  former  if 

o\  —  0-3  =   ±<ro  (8) 

and  according  to  the  latter  if 

(erj  -  <r-i)-  +  (a->  -  a,)'1  +  (<r«  -  <Ti)2  =  2cr02  (9) 

where  <xo  is  the  yield  stress  in  simple  tension. 

13.  Ductility.  This  is  a  quantitative  measure  of  the  ability  of  a  plastic 
body  to  undergo  large  deformations  without  fracture.  It  is  common  practice 
to  use  the  per  cent  elongation  in  2  in.  and  the  reduction  of  area  at  fracture  in 
the  tension  test  as  a  measure  of  this  property.  More  accurate  determination 
of  ductility  can  be  made  through  the  use  of  the  true  uniform  strain  eM  and  the 
true  local  necking  strain  e»  discussed  in  article  8  of  this  chapter.  It  should 
be  noted,  however,  that  ductility  is  a  function  of  the  state  of  stress  since  a 
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material  which  is  normally  ductile  under  uniaxial  tensile  stress  will  behave 
as  a  brittle  material  under  a  triaxial  state  of  tensile  stress.  The  ductility  is 
likewise  affected  by  temperature  and  strain  rate,  as  discussed  elsewhere. 

14.  Brittleness.  The  property  of  brittleness  can  be  considered  as  the 
inverse  of  ^ductility.  The  degree  of  brittleness  is  usually  reflected  in  low 
values  of  per  cent  elongation  or  reduction  of  area  or,  if  true  strain  values  are 
used,  in  low  values  of  eM  or  e„.  It  is  a  relative  term  since  there  is  no  universally 
accepted  value  of  tensile  fracture  strain  below  which  a  material  is  considered 
brittle  and  above  which  it  is  classified  as  ductile.  Extreme  cases  of  brittle- 
ness are  shown  by  glass  and  certain  cast  irons  when  subjected  to  tensile 
stress.  As  with  ductility,  the  degree  of  brittleness  exhibited  by  a  given 
material  is  greatly  affected  by  the  state  of  stress  acting.  A  material  normally 
brittle  under  uniaxial  tensile  stress  may  behave  in  a  very  ductile  manner  when 
subjected  to  compression  stresses  of  different  magnitudes  in  three  perpen- 
dicular directions. 

15.  Toughness.  This  is  a  term  generally  associated  with  the  capacity 
of  the  material  to  withstand  large  values  of  both  stress  and  strain  without 
fracture.  The  essential  characteristic  of  high  toughness  is  high  energy 
absorbtion.  A  measure  of  this  property  is  the  area  under  the  true  stress- 
strain  curve. 

16.  Stiffness.  The  stiffness  of  a  material  is  its  inherent  capacity  to  resist 
elastic  displacement  under  stress.  The  modulus  of  elasticity  is  a  measure 
of  this  property. 

17.  Hardness.  The  hardness  of  a  material  is  most  commonly  considered 
to  be  its  resistance  to  plastic  deformation  by  indentation.  Several  methods 
of  measuring  this  property  are  described  later. 

E.  Impact  Properties 

Impact  testing,  as  its  name  implies,  includes  investigations  of  material 
properties  under  rates  of  loading  which  are  high  compared  to  those  available 
on  the  usual  tension  testing  machine.  The  general  effect  on  the  strength  and 
ductility  of  increasing  the  rate  of  straining  is  directly  dependent  on  the  tem- 
perature of  the  test.  The  result  of  increasing  the  strain  rate  on  a  standard 
ASTM  tension  test  specimen  is  to  increase  the  stress  necessary  to  produce  a 
given  strain  for  most  of  the  metals  and  testing  temperatures.  Exceptions  to 
this  general  rule  are  tests  conducted  in  the  so-called  blue-brittle  range  for 
certain  steels  for  which,  owing  to  strain  aging,  higher  speeds  of  testing  produce 
lower  stresses  at  a  given  strain.7  In  most  cases,  however,  the  influence  of 
strain  rate  on  the  stress  properties  for  a  metal  is  larger  at  the  elevated  tem- 
peratures. At  room  temperature,  for  example,  strain  rate  variations  of  the 
order  of  3  to  1  on  such  metals  as  copper,  aluminum,  brass,  and  steel  produce 
very  small  effects.  Such  low-melting  metals  as  tin  and  lead,  however,  when 
tested  at  room  temperature,  are  very  sensitive  to  increased  strain  rates,  as 
steels  are  at  elevated  temperatures.  If  the  strain  rate  is  very  great  as  with 
high-speed  impact,  large  effects  may  be  produced  even  at  room  tempera- 
ture for  practically  all  metals. 
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A  recent  investigation7  has  shown  that  there  exists  a  quantitative  parallel 
between  the  effects  of  increasing  the  testing  temperature  on  the  one  hand 
and  those  of  decreasing  the  true  strain  rate  or,  vice  versa,  of  decreasing  the 
testing  temperature  and  increasing  the  true  strain  rate.  A  velocity-modified 
temperature  Tm  has  been  suggested7  which  combines  the  influence  of  testing- 
temperature  and  true  strain  rate  in  a  single  variable  where 

Tm  =  T\\  -  fclog.^1  (10) 

Here  T  is  the  testing  temperature  in  degrees  absolute,  k  a  constant,  e  the  true 
strain  rate  of  the  test,  and  €0  a  constant.  In  tension  tests  conducted  at  a 
constant  true  strain  rate,  it  is  shown  that  the  stress  a  =  /(e,  Tm)  where  e  is 
the  true  strain. 

With  a  few  exceptions,  most  of  the  investigations  on  impact  have  been 
conducted  on  notched-beam  specimens  stressed  in  bending.  Although  such 
tests  provide  no  stress-strain  information  which  is  directly  useful  in  design, 
the  energy  to  fracture  of  a  standard  specimen  broken  in  this  manner  has 
proved  to  be  a  sensitive  indicator  of  the  metallurgical  condition  of  the  mate- 
rial. There  are  two  conventional  types  of  notched-beam  impact  tests  widely 
used  in  the  United  States.  These  are  the  Charpy  test  and  the  Izod  test.  In 
both  of  these  the  specimen  is  struck  by  a  swinging  calibrated  pendulum,  and 
the  energy  absorbed  in  the  fracture  is  determined.  Both  tests  employ  low 
striking  velocities  (17.5  ft/sec  for  the  Charpy  and  11.5  ft/sec  for  the  Izod) 
compared  to  those  encountered  in  the  impact  of  projectiles  on  armor  plate. 

In  the  Charpy  test,  the  notched  bar  is  placed  between  two  supports  with  the 
notch  equidistant  between  them  and  is  struck  by  the  pendulum  on  the  side 
opposite  the  notch.  Two  types  of  specimens  are  in  common  use  in  the  United 
States:  namely,  the  keyhole-notch  specimen  and  the  V-notch  specimen.8 
Other  shaped  specimens  are  used  for  special  tests,  and  those  used  in  Europe 
often  differ  from  those  adopted  in  the  United  States. 

In  the  Izod  test,  the  specimen  is  held  in  a  vise  as  a  cantilever  beam  with  the 
center  line  of  the  notch  on  a  level  with  the  top  surface  of  the  clamping  device. 
The  specimen8  is  struck  by  the  pendulum  on  the  notched  side  22  mm  above 
the  edge  of  the  clamp. 

One  of  the  most  important  features  of  the  notched-beam  impact  test  is  its 
ability  to  show  the  tendency  toward  embrittlement  as  the  temperature  of 
the  test  is  lowered  below  room  temperature.  As  the  testing  temperature  is 
lowered  from  its  room-temperature  value,  most  ferritic  steels,  especially  of 
the  unkilled  varieties,  show  a  sudden  drop  in  energy  absorption  over  a  narrow 
band  of  temperatures.  At  temperatures  below  this  drop-off,  the  energy 
absorbed  to  fracture  is  only  a  small  fraction  of  the  room-temperature  value. 
Whereas  at  room  temperature  the  fracture  may  be  of  the  ductile  type,  at 
temperatures  below  the  drop-off  the  fracture  is  a  brittle  one.  Some  zinc- 
base  die  castings  show  a  similar  tendency. 

For  ferritic  steels,9  better  low-temperature  impact  values  are  obtained,  in 
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general,  (1)  if  the  steel  is  fine-grained  (a  coarse  austenitic  grain  produces  low 
impact  values),  (2)  by  full  martensitic  quenching  and  proper  tempering,  (3) 
by  low-carbon  content,  and  (4)  by  the  presence  of  certain  alloying  elements 
such  as  nickel. 

In  contrast  to  the  afore-mentioned  materials,  copper-base  alloys  and  aus- 
tenitic alloy  steels  show  good  energy  absorption  in  the  notched-beam  impact 
test  at  room  temperatures  and  below. 

Because  of  the  ease  of  making  low-temperature  tests  (no  clamping  being 
necessary  as  is  in  the  Izod  test),  the  Charpy  test  has  been  favored  over  the 
Izod  test. 

It  should  be  emphasized,  however,  that  both  these  tests  are  of  an  arbitrary 
nature.  Quite  different  results  are  obtained  by  changing  the  notch  radius, 
the  width  of  the  specimen,  the  over-all  size,  and  similar  factors.  No  good 
correlation  has  been  found  between  the  results  obtained  on  different  shaped 
notched-beam  specimens.  Similarly,  since  the  degree  of  constraint  in  the 
standard  tests  is  quite  different  from  those  experienced  under  service  condi- 
tions in  a  given  structure  or  machine  part,  the  notched-beam  impact  test 
cannot  be  used  to  predict  the  behavior  of  such  structures  under  service  con- 
ditions. Its  main  function  is  to  indicate  to  some  arbitrary  scale  the  influence 
of  certain  metallurgical  conditions  on  the  energy  absorption  of  the  material 
under  a  fixed  and  specialized  condition  of  constraint. 

The  notched-beam  impact  test  has  been  difficult  to  correlate  with  other 
forms  of  test.  It  has  shown  no  correlation  with  fatigue  tests  on  notched 
specimens.  It  has  been  shown,11  however,  that,  if  the  deformed  volume  is 
determined  and  divided  into  the  total  energy  to  fracture,  and  thus  the  energy 
per  unit  of  deformed  volume  in  the  notched  bar  obtained,  essentially  the  same 
information  portrayed  by  the  Charpy  test  can  be  obtained  from  a  static  true 
stress-strain  tension  test  made  on  a  round  test  specimen  containing  the  same 
V  notch  as  the  Charpy  test. 

F.  Creep 

Under  the  application  of  a  constant  load  it  has  been  found  that  materials, 
both  metallic  and  nonmetallic,  may  show  a  gradual  flow  or  change  in  dimen- 
sion. This  flow  has  been  called  creep.  Experiment  has  shown  that  creep 
will  occur  in  metals  even  at  stresses  below  the  proportional  limit  at  an  ele- 
vated temperature.13 

The  creep  problem  has  become  of  considerable  technical  importance  owing 
to  its  influence  on  the  design  of  equipment  for  high-temperature  service. 
With  the  tendency  constantly  to  increase  temperatures  to  effect  greater 
economies  in  operation,  it  has  been  necessary  to  make  elaborate  and  detailed 
studies  of  the  creep  properties  of  many  different  materials. 

Creep  is  a  plastic  deformation  generally  associated  with  slip  occurring  along 
crystallographic  directions  in  the  individual  crystals  of  the  metal  together 
with  some  flow  in  the  grain-boundary  material.  In  most  cases  both  phenom- 
ena take  place  to  different  extents  in  the  various  metals  and  are  responsible 
for  the  resulting  deformations.     After  complete  release  of  load  usually  a  small 
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fraction  of  the  attained  plastic  deformation  will  be  recovered  with  time.  Most 
of  the  plastic  deformation  resulting  from  creep  in  metals  is  not  recoverable. 

Since  the  early  creep  experiments  of  Andrade12  in  1910,  many  different 
types  of  tests  have  been  suggested.  The  most  common  ones  used  today  are 
the  long-time  creep  test  under  constant  load  and  the  stress-to-rupture  test. 
Other  forms  of  test  which  are  used  somewhat  less  frequently  but  yield  informa- 
tion of  great  value  are  the  constant-strain-rate  test  and  the  stress-relaxation  test. 

In  the  long-time  creep  test  at  constant  load  the  specimen,  surrounded  by  a 
furnace  held  at  constant  temperature,  is  loaded  by  application  of  a  dead 
weight  at  the  end  of  a  lever  system  to  which  the  specimen  is  attached.  The 
axial  strain  over  a  gage  length  is  read  periodically  throughout  the  test,  and  a 
curve  is  plotted  of  the  strain  e  as  a  function  of  time,  as  shown  in  Fig.  1-7. 
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Fig.  1-7.     Typical  Creep  Curves  under  Various  Constant  Loads  and  at  the  Same 

Temperature 

Usually  several  tests  are  made  for  different  values  of  the  load  at  a  given 
temperature,  and  a  curve  of  e  versus  t  is  plotted  for  each.  In  Fig.  1-7  region 
OA  is  called  the  region  of  primary  creep,  AB  the  region  of  secondary  creep, 
and  BC  that  of  tertiary  creep.  These  are  characterized  by  decreasing,  con- 
stant, and  increasing  strain  rates  de/dt  or  the  slopes  of  the  curve.  Since,  in 
the  majority  of  creep  applications,  the  essential  information  desired  by  the 
designer  is  the  stress  which  will  produce  a  limiting  amount  of  creep  within  a 
specified  time,  and  these  times  are  much  greater  than  the  period  of  the  test, 
various  extrapolation  procedures  have  been  suggested  to  which  the  reader  is 
referred.14-18 

Experience  has  shown  that  various  structural  changes  may  occur  during 
creep  tests  which  alter  the  metallurgical  condition  of  the  metal  from  its  original 
state.  Some  of  these  changes  lead  to  premature  rupture  at  low  values  of  the 
fracture  strain,  showing  an  embrittled  condition.  Tests  made  at  certain  ele- 
vated  temperatures  past  the  so-called   equicohesive  temperature  result  in 
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intercrystallin'e  failure  with  low  fracture  strains,  as  contrasted  to  transcrystal- 
line  failures  at  lower  temperatures  with  large  fracture  strains.19'  20 

The  susceptibility  of  various  metals  to  these  conditions  is  different.  The 
stress-to-rupture  test19  is  well  adapted  for  investigating  this  problem.  In  this, 
a  constant  load  is  applied  to  a  specimen  at  constant  temperature  in  much  the 
same  way  as  in  the  long-time  creep  test  discussed  previously.  The  data, 
however,  are  analyzed  differently.  A  curve  is  plotted  of  the  nominal  stress 
versus  the  time  for  fracture  at  constant  temperature  on  a  log-log  basis,  as 
shown  in  Fig.  1-8.  These  are  not  unlike  curves  more  commonly  associated 
with  fatigue  tests.  The  break  in  the  slope  of  the  curve  at  point  P  has  been 
related  to  intergranular  oxidation.19 

In  the  constant-strain-rate  test  the  quantity  measured  is  the  stress  reaction 
which  is  produced  by  applying  a  constant  strain  rate  to  the  specimen.     The 


At  constant 
"temperature 


Log  (time  for  failure) 
Fig.  1-8.     Typical  Curve  for  Stress-to-Rupture  Test 

relaxation  test  is  usually  performed  by  maintaining  the  total  strain  (elastic  + 
plastic)  constant  and  measuring  the  decrease  of  stress  as  a  function  of  time. 
It  has  particular  application  to  the  problem  encountered  in  the  decrease  with 
time  at  temperature  of  the  stress  in  tightened  turbine  bolts.  So  far  little 
success  has  been  achieved  in  using  the  results  obtained  from  one  form  of 
test  to  predict  those  that  would  be  determined  by  another. 

Recent  investigations  have  shown  that  the  velocity-modified  temperature1 
Tm  defined  in  equation  10  has  application  to  creep  tests  in  a  manner  similar 
to  its  application  to  slow  or  fast  tension  tests. 

G.  Fatigue 

Fatigue,  when  applied  to  the  mechanical  properties  of  materials,  refers  to 
failure  under  the  action  of  repeated  stresses.  It  is  responsible  for  most  of 
the  failures  occurring  in  machine  parts. 

From  an  extensive  investigation  of  the  mechanism  of  fatigue,  Gough21  con- 
cludes that  fatigue  failure  is  a  result  of  slip  occurring  along  certain  crystal- 
lographic  directions.  Under  sufficiently  high  repeated  stresses,  this  slip  is 
apparently  accompanied  by  such  local  crystal  fragmentation  that  the  rup- 
ture of  the  atomic  bonds  leads  to  the  formation  of  submicroscopic  cracks  which 
grow  into  visible  cracks  of  a  macroscopic  type. 
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Fatigue  testing  essentially  involves  the  application  of  periodically  varying 
stresses  to  a  test  bar  by  means  of  mechanical  or  magnetic  devices.  The 
machines  available  for  this  purpose  are  described  in  the  next  chapter.  Figure 
1-9  shows  stress  plotted  against  time  for  a  periodical  variation.     In  fatigue 

testing,  the  mean  stress,  crm, 
which  is  the  average  of  the 
maximum  stress  crmax  and  the 
minimum  stress  crmin  for  the 
cycle,  may  be  zero  or  any 
positive  or  negative  value. 
For  pure  pulsation  zero  to 
o"max,(TTOisequaltoo-max/2.  For 
purely  alternating  stresses  be- 
tween equal  positive  and  neg- 
ative values  am  is  zero.  The 
range  of  stress  2av  is  the  alge- 
braic difference  between  the 
values  of  o-max  and  <xmin. 
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18.  The  Endurance  Limit.  The  endurance  limit  is  the  greatest  stress 
that  can  be  applied  to  a  material  for  an  indefinitely  large  number  of  times 
without  causing  failure.  It  is  determined  by  making  a  series  of  fatigue  tests 
on  a  number  of  specimens  of  the  material  at  different  stress  values  and  plotting 
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Fig.  1-10.  S-N  Curve  for  Fatigue  Test  under  Complete  Stress  Reversal  of  Heat- 
Treated  SAE  1045  Steel  (Material  Quenched  from  1525°F  in  Oil  and  Drawn  at 

1200°Ffor  \y2  hr) 

the  stress  endured  by  each  versus  the  number  of  cycles  to  failure.  By  choos- 
ing lower  and  lower  stresses,  a  value  may  be  found  which  will  not  produce 
failure,  regardless  of  the  number  of  applied  cycles.  The  diagram  plotted  is 
called  the  stress-cycle  diagram  or  briefly  the  S-N  diagram.  Instead  of 
recording  the  data  on  Cartesian  coordinates,  it  has  been  found  convenient  to 
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plot  either  stress  versus  the  logarithm  of  the  number  of  cycles  or  both  stress 
and  the  number  of  cycles  to  logarithmic  scales.  Both  types  of  diagrams  show 
a  relatively  sharp  bsnd  in  the  curve  near  the  endurance  limit.  A  typical 
S-N  curve  is  shown  in  Fig.  1-10. 

For  most  steels  it  has  been  found  that  the  endurance  limit  may  be  estab- 
lished between  2  and  10  million  cycles.  Most  of  the  nonferrous  metals  fail 
to  show  clearly  defined  endurance  limits.  The  ordinates  of  the  S-N  curves 
in  these  cases  show  a  more  or  less  continuous  decrease  even  for  as  much  as 
several  hundred  million  cycles.  In  a  manner  similar  to  the  arbitrary  yield 
strength  definition  in  tension  tests  where  it  was  necessary  to  report  both 
stress  and  strain  values,  for  nonferrous  metals  in  fatigue  both  the  stress  sus- 
tained and  the  number  of  cycles 
to  which  it  was  carried  should 
be  reported.  Values  of  the 
endurance  limit  are  listed  in 
Table  1-2  for  various  metals. 

19.  Influence  of  the  Mean 
Stress.  For  tests  in  which  the 
mean  stress  a,»  is  different  from 
zero,  instead  of  the  value  of  On^ 
only,  which  for  complete  rever- 
sal is  one-half  the  range  2av, 
the  values  of  ff^,  amhi,  and 
the  range  2<jv  are  reported. 
An  alternative  method  which 
may    be    used    is   to  give   the 

results  in  the  form  am  +  av.  The  influence  of  different  values  of  the  mean 
stress  am  on  the  values  of  the  variable  stress  <rv  to  produce  failure  has  been 
investigated  by  various  experimenters.22-24  Several  empirical  formulas  and 
graphical  methods  such  as  the  modified  Goodman  diagram  have  been  devel- 
oped to  show  the  influence  of  the  mean  stress  on  the  stress  range  for  failure.22-24 
Owing  to  the  large  amount  of  experimentation  required  to  establish  these 
relationships,  the  present  knowledge  of  this  phase  of  the  fatigue  problem  is 
still  quite  incomplete.  A  simple  and  yet  conservative  method  of  representa- 
tion especially  useful  in  design  was  suggested  some  time  ago25  as  shown  in 
Fig.  1-11.  In  this  figure,  the  variable  stress  <rv  is  plotted  as  ordinate  versus 
the  mean  stress  am  as  abscissa.  At  zero  am,  the  ordinate  is  the  endurance 
limit  <re  under  completely  reversed  stress.  Since  yielding  will  occur  if  the 
mean  stress  crm  exceeds  the  yield  stress  <r0,  the  value  of  the  variable  stress  av 
must  be  zero  for  am  =  0"o-  A  straight  line  is  then  drawn  between  ae  and  <xo. 
According  to  the  method,  the  coordinates  of  any  point  along  this  line  are 
values  of  am  and  er„  which  may  produce  failure.  The  method  appears  con- 
servative since  there  is  experimental  evidence  that  test  points  fall  above  the 
straight  line. 

20.  Correlation  with  Other  Properties.     No  very  good  correlation  has  been 
found  between  fatigue  properties  and  any  of  the  ordinary  tensile  properties 
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Fig.  1-11.     The  Influence  of  Mean  Stress  on 
the  Variable  Stress  for  Failure  by  Fatigue 
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of  a  material.  Of  the  latter,  the  best  correlation  found  so  far  is  between  the 
endurance  limit  or*  under  completely  reversed  bending  stress  and  the  ordinary 
tensile  strength.  For  many  ferrous  metals  the  endurance  limit  ae  is  given 
approximately  by27 

ae  =  (0.40  to  0.60)  ■  aTs  (11) 

where  aTs  is  the  ordinary  tensile  strength  and  the  latter  is  below  200,000  psi. 
Exceptions  to  equation  11  are  shown  by  high-yield-strength  low-alloy  steels 
where  the  multiplying  factor  of  equation  11  may  be  greater  than  0.60.26  For 
nonferrous  metals  it  has  been  found27  that  approximately 

ae  =  (0.20  to  0.50)  -<tts  (12) 

21.  Other  Conditions  Affecting  Fatigue  Results.  Among  the  factors  gen- 
erally tending  to  lower  the  fatigue  strength  may  be  mentioned  stress  concen- 
tration, rough  surfaces,  corrosion  effects,  hydrogen  or  decarburization  in  the 
surface,  and  overstressing.  Shot  peening,  nitriding,  cold  work,  and  under- 
stressing  usually  improve  fatigue  properties.  For  a  discussion  of  these  effects, 
the  reader  is  referred  to  reference  24. 

H.  Hardness 

Since  the  early  work  of  Reaumur28  in  1722  many  attempts  have  been  made 
to  define  hardness  and  to  devise  apparatus  to  measure  this  property.  As 
yet  no  completely  satisfactory  general  definition  of  hardness  is  available. 
Perhaps  one  of  the  most  useful  is  that  hardness  is  the  resistance  to  permanent 
indentation.  The  various  hardness-testing  devices  are  described  in  the  next 
chapter.  A  brief  discussion  is  given  here  of  only  a  few  of  the  more  common 
methods,  together  with  the  relation  between  hardness  and  other  properties. 

22.  The  Brinell  Test.  A  hard  steel  ball  10  mm  in  diameter  is  pressed  into 
the  flat  surface  of  the  test  sample  under  a  load  of  3000  kg  (500  kg  for  soft 
metals)  and  allowed  to  remain  for  at  least  10  sec  (at  least  30  sec  for  other  than 
steel  samples).  The  diameter  of  the  impression  is  measured  after  the  load 
is  removed  by  means  of  a  special  microscope.  The  hardness  is  determined  by 
dividing  the  load  P  by  the  spherical  area  of  the  impression.  The  Brinell 
hardness  number  is  thus 

BHN  - £— —  (13) 

—  (D  -  \AD2  -  d2) 

where  P,  D,  and  d  are  the  load  (3000  kg),  the  diameter  of  the  ball  (10  mm), 
and  the  diameter  of  the  impression  in  millimeters  at  the  surface,  respectively. 
A  chart  is  usually  available  for  converting  values  of  d  into  hardness  numbers 
as  shown  in  Table  1-3. 

23.  The  Rockwell  Test.  A  small  steel  ball  (3^6  hi-  in  diameter)  for  the 
Rockwell  B  test  or  a  conical  diamond  point  for  the  Rockwell  C  test  is  initially 
pressed  against  the  specimen  to  be  tested  under  a  minor  load  of  10  kg.  After 
this  a  major  load  of  100  kg  for  the  B  test  or  150  kg  for  the  C  test  is  applied. 
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TABLE  1-3 

Hardness  Conversion 
Approximate   Relations   Between   Brinell,    Rockwell,    Shore,   Vickers,   and 
Hardness  Values  of  SAE  Carbon  and  Alloy  Constructional  Steels 

Rockwell 
Brinell 


Firth 


Vickers  or 

C 

B 

Shore 

Diam.  in  mm, 

Firth  Diam. 

150-kg  load, 

100-kg  load, 

Sclero- 

3000-kg  Load 

Hardness 

Hardness 

120°  Diamond 

^•f  6-m-"diam. 

scope 

10-mm  Ball 

No. 

No. 

Cone 

ball 

No. 

2.60 

555 

633 

55 

120 

75 

2.65 

534 

598 

53 

119 

72 

2.70 

514 

567 

52 

119 

70 

2.75 

495 

540 

50 

117 

67 

2.80 

477 

515 

49 

117 

65 

2.85 

461 

494 

47 

116 

63 

2.90 

444 

472 

46 

115 

61 

2.95 

429 

454 

45 

115 

59 

3.00 

415 

437 

44 

114 

57 

3.05 

401 

420 

42 

113 

55 

3.10 

388 

404 

41 

112 

54 

3.15 

375 

389 

40 

112 

52 

3.20 

363 

375 

38 

110 

51 

3.25 

352 

363 

37 

110 

49 

3.30 

341 

350 

36 

109 

48 

3.35 

331 

339 

35 

109 

46 

3.40 

321 

327 

34 

108 

45 

3.45 

311 

316 

33 

107 

44 

3.50 

302  • 

305 

32 

107 

43 

3.55 

293 

296 

31 

106 

42 

3.60 

285 

287 

30 

105 

40 

3.65 

277 

279 

29 

104 

39 

3.70 

269 

270 

28 

104 

38 

3.75 

262 

263 

26 

103 

37 

3.80 

255 

256 

25 

102 

37 

3.85 

248 

248 

24 

102 

36 

3.90 

241 

241 

23 

100 

35 

3.95 

235 

235 

22 

99 

34 

4.00 

229 

229 

21 

98 

33 

4.05 

223 

223 

20 

97 

32 

4.10 

217 

217 

18 

96 

31 

4.15 

212 

212 

17 

96 

31 

4.20 

207 

207 

16 

95 

30 

4.25 

202 

202 

15 

94 

30 

4.30 

197 

197 

13 

93 

29 

4.35 

192 

192 

12 

92 

28 

4.40 

187 

187 

10 

91 

28 

4.45 

183 

183 

9 

90 

27 

4.50 

179 

179 

8 

89 

27 

4.55 

174 

174 

7 

88 

26 

4.60 

170 

170 

6 

87 

26 

4.65 

166 

166 

4 

86 

25 

4.70 

163 

163 

3 

85 

25 

4.75 

159 

159 

2 

84 

24 

24 
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TABLE  1-3  {Continued) 


Rockwell 

Brinell 

Vickers  or 

C 

B 

Shore 

Diam.  in  mm, 

Firth  Diam. 

150-kg  load, 

100-kg  load, 

Sclero- 

3000-kgLoad    : 

Hardness 

Hardness 

120°  Diamond 

^{e-in-'diam. 

scope 

10-mm  Ball 

No. 

No. 

Cone 

ball 

No. 

4.80 

156 

156 

1 

83 

24 

4.85 

153 

153 

82 

23 

4.90 

149 

149 

81 

23 

4.95 

146 

146 

80 

22 

5.00 

143 

143 

79 

22 

5.05 

140 

140 

78 

21 

5.10 

137 

137 

77 

21 

5.15 

134 

134 

76 

21 

5.20 

131 

131 

74 

20 

5.25 

128 

128 

73 

20 

5.30 

126 

126 

72 

5.35 

124 

124 

71 

5.40 

121 

121 

70 

5.45 

118 

118 

69 

5.50 

116 

116 

68 

5.55 

114 

114 

67 

5.60 

112 

112 

66 

5.65 
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Figures  in  italics  are  an  approximation  and  are  to  be  used  only  as  a  guide. 
Reproduced  from  the   Metals   Handbook,    1939   edition,  by  permission  of  the 
American  Society  for  Metals. 

On  removal  of  the  major  load  with  the  minor  load  still  acting,  the  depth  of 
the  indentation  made  by  the  application  of  the  major  load  is  measured  by  a 
dial  gage.  The  depth  of  penetration  by  the  major  load  is  the  measure  of  the 
hardness,  which  is  read  on  the  scale  of  the  dial  gage  calibrated  for  both  B 
and  C  scales.  In  reporting  results  both  the  scale  and  hardness  number  are 
included,  as  Rockwell  B  80  or  Rockwell  C  35. 

A  special  Rockwell  Superficial  Tester  is  available  for  hard  or  thin  stock. 

24.  The  Vickers  Hardness  Test.  A  four-sided  diamond  pyramid  indenter 
having  an  apex  angle  of  136°  is  pressed  into  the  surface  of  the  metal  to  be 
tested.  The  Vickers  hardness  number  (VHN)  is  computed  in  a  similar  man- 
ner to  the  Brinell  test,  since  it  is  defined  as  the  load  divided  by  the  pyramidal 
area  of  the  indentation  or 


VHN  = 


1.854P 
D2 


(14) 


where  P  and  D  are  the  load  in  kilograms  and  the  average  length  of  the  two 
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diagonals  of  the  impression  in  the  plane  of  the  surface  of  the  metal  measured 
in  millimeters,  respectively.  Different  values  of  P  may  be  applied  by  adding 
weights  to  a  scale  pan.  The  diagonal  of  the  square  in  the  plane  of  the  surface 
is  measured  by  means  of  a  special  microscope.  Charts  which  come  with  the 
equipment,  prepared  according  to  microscope  objective  and  applied  load,  are 
used  to  read  the  hardness  number  corresponding  to  measured  values  of  the 
diagonal  D. 

It  has  particular  application  for  hard  or  thin  materials  or  where  a  spot 
hardness  is  desired. 

25.  Relations  between  Hardness  Values.  Table  1-3  shows  the  relation- 
ships between  hardness  values  as  determined  by  the  afore-mentioned  methods. 

26.  Hardness  and  Other  Material  Properties.  It  has  been  shown  that 
a  fairly  good  approximate  relationship  exists  between  the  Brinell  hardness 
and  the  ordinary  tensile  strength  of  many  steels  according  to  equation  15: 

TS  =  500(BHN)  (15) 

where  TS  is  the  tensile  strength  in  pounds  per  square  inch  and  BHN  is  the 
Brinell  hardness  number.  Similar  formulas  can  be  derived  for  other  hardness 
tests. 
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A.  Introduction 

In  Chapter  1  the  mechanical  properties  of  materials  are  discussed,  whereas 
this  chapter  deals  mainly  with  the  testing  machines  used  to  obtain  these 
properties. 

Testing  machines  can  be  classified  into  two  types,  those  used  to  determine 
(1)  the  mechanical  properties  of  materials,  and  (2)  the  behavior  of  built-up 
structural  or  machine  members.  Machines  used  to  determine  mechanical 
properties  may  be  classified  as  to  the  type  of  stress,  speed  of  loading,  and 
temperature  of  the  material  tested  (Table  2-1).  There  are  certain  miscel- 
laneous tests  of  properties,  however,  such  as  hardness  tests,  that  cannot  be 
classified  in  this  way  (Table  2-2).  For  all  tests,  certain  specific  means  of 
load  application  and  measurement  are  used.  The  principles  of  these  methods 
are  discussed  before  each  particular  type  of  machine  is  considered. 

B.  Methods  of  Application  of  Loads 

In  testing  machines,  loads  are  applied  to  a  test  specimen  by  one  or  a  com- 
bination of  the  following  methods: 

28 
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TABLE  2-1 

Materials-Testing  Machines  for  Determination  of  Mechanical 

Properties 
Classified  by  Types  of  Load,  Stress,  and  Temperature 
Type  of  Loading  Temperature  Kind  of  Stress 

Static  Low,  normal  or  elevated        Simple  Stresses 

1.  Tension 

2.  Compression 

3.  Bending 

4.  Shear 

5.  Torsion 
Combined  Stresses 

1.  Biaxial  stresses 

(a)   Tension-tension 

(6)   Tension-compression 

(c)   Compression-compression 

2.  Triaxial  stresses 

Dynamic  Low,  normal,  or  elevated       Simple    stresses  (as   for  static  loads) 

fatigue  Combined  stresses — biaxial  stresses 

Dynamic  Low,  normal,  or  elevated       Simple  Stresses 

impact  1.  Tension 

2.  Bending 

3.  Torsion 

TABLE  2-2 
Special  Materials-Testing  Machines 

1.  Machines  for  hardness  measurement  including  measurement  of  resistance  to 

(1)  Scratching 

(2)  Indentation 

(3)  Rebound 

(4)  Abrasion  and  wear 

(5)  Machinability 

2.  Equipment  for  determination  of  material  structure  including 

(1)  Microstructure 

(2)  Macrostructure 

3.  Machines  for  determination  of  uniformity  including 

(1)  Detection  of  flaws  by  X  Ray  and  Magnaflux,  etc. 

(2)  Determination  of  moisture  content 

(3)  Determination  of  porosity 

4.  Machines  for  tests  of  structural  and  machine  members  used  to  determine 

(1)  Strength 

(2)  Resonant  frequencies 

(3)  Durability — physical  and  chemical 

5.  Equipment  for  determination  of  miscellaneous  properties  as 

(1)  Thermal  conductivity  and  coefficient  of  expansion 

(2)  Electrical  and  magnetic  properties 

(3)  Accoustical  properties 

(4)  Optical  properties 

1.  Weights.  Weights  of  known  magnitude  can  be  used  directly  as  a 
means  of  applying  a  tension,  compression,  or  bending  load  to  a  specimen. 
Although  this  method  is  limited  in  application,  it  was  used  in  some  of  the 
early  materials  testing  machines.  The  main  disadvantage  of  this  means  of 
applying  loads  is  that,  for  most  materials,  the  size  of  the  specimen  cross  sec- 
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tion  would  be  too  small,  and,  therefore,  representative  properties  of  the  mate- 
rial could  not  be  obtained. 

2.  Weights  and  Levers.  A  horizontal  lever  with  arms  of  different  lengths, 
as  in  a  steel  yard,  is  sometimes  used  for  applying  loads  (Fig.  2-1).  This 
method  of  load  application  is  particularly  useful  in  cases  where  a  constant 
load  is  to  be  applied  for  a  long  period  of  time,  as  for  example,  in  creep  tests. 
If  a  greater  magnification  of  load  is  desired,  a  compound  system  of  levers  can 
be  used. 

3.  Mechanical  Gear  Systems.  Most  mechanical  systems  for  application 
of  tensile  or  compressive  loads  consist  of  a  motor-driven  horizontal  shaft  with 
a  screw  and  gear  mechanism  for  transferring  a  rotary  motion  to  a  translatory 
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(b)  Hydraulic  System  for  Load  Application 
Fig.  2-1.     Methods  of  Application  of  Loads 

motion  of  the  machine  head.  In  some  torsion-testing  machines  the  specimen 
is  rotated  directly  by  a  motor  with  a  speed  reducer. 

4.  Hydraulic  Systems.  A  hydraulic  system  is  often  employed  to  move 
the  head  of  a  testing  machine  in  place  of  a  screw  and  gear  mechanism.  The 
hydraulic  system  depends  on  the  movement  of  a  piston  in  a  cylinder  by  means 
of  oil  pressure  (Fig.  2-1).  The  pressure  is  usually  applied  by  a  motor-driven 
pump,  and  valves  are  used  to  regulate  the  rate  of  application  of  the  load. 

In  addition  to  the  foregoing  methods  of  applying  loads,  other  special  means 
of  load  application  are  used,  such  as  the  repeated  application  of  dynamic 
loads  by  the  inertia  force  of  rotating  eccentric  weights.  Repeated  loads  are 
also  applied  by  an  electromagnetic  force  or  by  the  displacement  of  a  point  on 
a  specimen  by  a  mechanically  driven  eccentric 

C.  Methods  of  Load  Measurement 

When  loads  are  applied  to  a  specimen  by  a  lever  system,  which  is  a  fixed, 
variable,  or  compound  system,  the  load  is  determined  from  the  known  weight 
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applied  and  the  lengths  of  the  lever  arms.  Instead  of  the  load  being  calcu- 
lated, the  variable-length  arm,  to  which  the  balancing  weight  is  applied,  can 
be  made  self-indicating  by  means  of  a  scale. 

In  hydraulic  machines  the  pressure  is  usually  measured  by  means  of  manom- 
eters or  Bourdon  tubes.  A  manometer  consists  of  a  glass  tube  of  U  shape, 
usually  placed  vertically.  In  this  tube  a  liquid  rises  to  such  a  level  in  one 
arm  that  it  balances  the  applied  pressure  acting  on  the  liquid  in  the  other 
arm.  The  change  in  level  of  the  liquid  is  read  on  a  graduated  scale,  and  the 
pressure  can  then  be  determined.  In  materials  testing  the  manometer  is 
limited  in  application  because  it  can  be  used  only  for  relatively  low  pressures, 
even  when  the  liquid  used  has  a  high  density  such  as  mercury. 

The  Bourdon  tube  is  generally 
,    c  ■        ,.      -j  y^  /-Bourdon  tube 

used  tor  measuring  liquid  pres- 
sures. It  consists  essentially  of  a 
closed  curved  tube  which  tends  to 
straighten  out  as  the  pressure  is 
increased  in  the  tube  (Fig.  2-2). 
In  most  Bourdon  gages  the  end 
movement  of  the  tube  as  it 
straightens  is  magnified  mechani- 
cally (Fig.  2-2).  This  motion  is 
transferred  into  the  rotation  of  a 
pointer  over  a  scale.  The  me- 
chanical device  used  to  rotate  the 
pointer  consists  of  a  lever,  one  end 
of  which  is  attached  to  the  tube, 
the  other  end  having  a  ratchet 
that  moves  the  gear  to  which  the 
pointer  is  attached. 

Dynamometers  are  often  employed  for  measuring  loads,  and  there  are 
several  types  available  for  materials  testing.  One  kind  of  dynamometer 
consists  of  a  spring  balance  with  a  closely  wound  helical  spring.  The  load 
to  be  measured  is  obtained  from  the  deflection  of  the  spring  by  calibration. 
Other  types  of  dynamometers  measure  the  load  by  determining  the  elastic 
deflection  of  a  beam,  frame,  or  ring.  The  Morehouse  proving  ring  used  for 
calibration  of  testing  machines  is  an  example  of  the  ring-type  dynamometer. 

A  mechanical  means,  using  a  dial  gage,  is  a  common  method  of  measuring 
deflections  in  dynamometers.  The  deformations  can  also  be  measured  by 
using  micrometer  microscopes  or  electric  strain  gages. 


Scale 
for  pressure 
measurement 


Lever 


Fig.    2-2. 


Bourdon    Tube   for    Measure- 
ment of  Loads 


I.  STATIC  TESTING  MACHINES 

D.  Simple  Stress  Machines 

Static  testing  machines  described  in  this  section  include  those  machines 
used  for  the  determination  of  mechanical  properties  of  materials  when  they 
are  subjected  to  simple  static  stresses  such  as  tension,  compression,  bending, 
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shear,  and  torsion.  Static  testing  machines  are  of  two  main  types — universal 
testing  machines  used  for  tension,  compression,  bending,  and  transverse  shear 
tests,  and  special  machines  such  as  those  that  can  be  used  only  for  torsion, 
compression,  or  flexure  tests. 

5.  Universal  Testing  Machines.  The  essential  parts  of  a  mechanical  test- 
ing machine  are  (1)  a  means  of  applying  the  load  to  a  specimen,  and  (2)  a 
means  of  balancing  and  measuring  the  applied  load.  The  two  parts  may  be 
entirely  separate  or  together,  depending  on  the  design  of  the  machine.     In 


Fig.  2-3.     Screw-Gear  Universal  Machine  with  Weighing  Beam  (Courtesy  Richie 
Testing  Machine  Division,  American  Machines  &  Metals) 

addition  to  the  loading  and  load-measuring  mechanisms,  various  accessory 
parts  make  up  the  universal  testing  machine.  These  accessory  parts  include 
devices  for  gripping  or  supporting  the  test  piece,  the  power  unit,  recorders, 
speed  indicators,  and  shock  absorbers. 

The  early  types  of  testing  machines  consisted  of  a  single  lever  which  was 
used  for  both  applying  and  measuring  the  load.  With  such  machines  there 
was  no  means  of  compensating  for  the  deformation  of  the  specimen.  There- 
fore, the  next  step  in  the  development  was  to  provide  a  method  of  loading 
mechanically  or  hydraulically,  independent  of  the  load-measuring  mechanism. 
The  development  of  universal  machines,  from  the  early  tests  of  Galileo  to  the 
present  day,  is  completely  described  by  Gibbons.6  Most  universal  machines 
now  used  are  of  the  "screw-gear"  or  "hydraulic"  type. 
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In  universal  "screw-gear"  testing  machines  the  load  is  applied  mechanically 
by  a  screw  and  gear  mechanism.  The  load  in  the  "hydraulic"  universal 
machine  is  applied  by  a  hydraulic  jack.  The  power  in  both  types  of  machines 
may  be  supplied  by  hand  or  by  a  motor  which  operates  a  gear  train  or  pump. 

(a)  Screw-Gear  Machines.  A  screw-gear  machine  is  shown  in  Fig.  2-3. 
The  application  of  the  load  to  the  tension  or  compression  specimen  is  made 
by  the  downward  movement  of  a  movable   crosshead  E.     The  crosshead 


Fig.    2-4.     Screw-Gear    Universal    Machine    with    Pendulum    Weighing    Device 
(Courtesy  Tinius  Olsen  Testing  Machine  Co) 

motion  is  provided  by  two  or  more  vertical  screws  F  which  have  gears  attached 
to  their  lower  ends.  The  gears  attached  to  the  vertical  screws  in  turn  mesh 
with  a  central  gear.  The  rotation  of  the  central  gear  is  made  possible  by 
beveled  gears  which  transfer  the  rotation  of  a  horizontal  shaft  H,  driven  by  a 
motor,  to  the  rotation  of  the  central  vertical  shaft.  Between  the  beveled 
gears  and  motor  a  system  of  gears  is  provided  which  can  be  shifted  to  give 
various  speeds  of  loading  and  to  reverse  the  direction  of  movement  of  the 
cross-head. 
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The  load  applied  to  the  specimen  is  measured  by  a  multiple-lever  system 
L,  as  shown  in  Fig.  2-3.  This  lever  system  operates  by  transferring  the  load 
on  the  bed  plate  or  platen  P  of  the  machine  through  a  system  of  levers  with 
knife  edges  to  one  end  of  a  scale  or  weighing  beam  W — the  load  on  the  scale 
beam  thereby  being  reduced.  The  other  end  of  the  scale  beam  has  a  poise 
weight  attached  which  can  be  moved  horizontally  until  the  beam  is  balanced. 
The  beam  has  a  scale  attached  which  indicates  directly  the  load  acting  on 
the  specimen.  Details  regarding  operation  and  variations  in  design  of  screw- 
gear  machines  are  given  in  manufacturers'  catalogs.12,  13 


Fig.    2-5.     Universal    Hydraulic    Testing    Machine — -Type  A   (Courtesy  Riehle 
Testing  Machine  Division,  American  Machines  &  Metals) 

Screw-gear  machines  in  which  the  weighing  beam  and  poise  are  replaced 
by  a  swinging  pendulum  and  a  pointer  that  moves  over  a  dial  are  also  avail- 
able.12 In  these  machines  the  load  is  indicated  directly  without  the  balancing 
of  the  scale  beam  being  required  (Fig.  2-4). 

(6)  Hydraulic  Machines.  Figures  2-5  and  2-6  show  two  types  of  hydraulic 
machines.  In  type  A  (Fig.  2-5)  first  built  by  Amsler  of  Schaffhausen,  Switzer- 
land, the  load  is  applied  by  a  hydraulic  press  and  is  measured  by  the  pressure 
developed  within  a  hydraulic  cylinder.  The  main  piston  is  carefully  fitted 
and  lapped,  and  the  load  is  measured  by  a  pendulum  device.  Details  on  the 
construction  and  operation  of  Amsler  hydraulic  machines  can  be  found  in  the 
catalogs  of  the  Riehle  and  Olsen  Companies.12'  13 

In  the  type-5  hydraulic  machine  (Figs.  2-6a  and  2-66),  the  load  is  applied 
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by  a  hydraulic  press  which  is  separate  from  the  weighing  system  (Fig.  2-66). 
The  Southwark-Emery  and  some  Olsen  machines  are  of  this  type.11'  13  A 
motor-driven  pump  is  used  to  transmit  oil  into  a  cylinder  A ,  thereby  producing 
a  pressure  against  the  ram  B.  This  pressure  transmits  a  compressive  force 
through  the  compression  specimen  C  to  the  cross-head  E.  The  compressive 
force  is  then  transmitted  through  the  specimen-height  adjusting  screws  F  to 
the  lower  cross-head  G.     The  force  on  the  lower  cross-head  G  is  in  turn  trans- 


Fig.  2-6a.     60,000-lb  Hydraulic  Tate-Emery  Universal  Testing  Machine  (Courtesy 
Baldwin  Southwark  Division,  Baldwin  Locomotive  Works) 

mitted  to  the  hydraulic  support  H.  The  hydraulic  support  H  is  made  up  of 
a  shallow  cylinder  J,  a  short  ram  K,  and  a  thin  diaphragm  L.  The  shallow 
cavity  above  K  is  filled  with  oil  and  is  connected  by  a  pipe  to  the  load-meas- 
uring mechanism  at  the  right.  Filling  plugs  for  forcing  oil  into  the  capsule 
are  used  to  provide  a  means  of  replacing  oil  lost  by  leakage.  Springs  M  are 
used  to  produce  an  initial  load  on  the  hydraulic  support  to  avoid  slack  motion 
under  small  loads.  The  oil  pressure  applied  in  cylinder  J  by  the  movement 
of  the  diaphragm  L  was  measured  directly  by  a  Bourdon  gage  in  the  earlier 
Baldwin-Southwark  machines.  In  later  machines  a  load-weighing  method, 
known  as  the  "Tate-Emery"  or  "null"  method,  is  used  (Figs.  2-6a  and  2-66.) 
By  this  procedure,  oil  pressure  from  the  hydraulic  support  H  is  transmitted 
to  the  Bourdon  tube  P.     As  the  tube  tends  to  "straighten  out,"  a  baffle  Q 


36 


TESTING  MACHINES 


which  is  attached  to  the  tube  moves  away  from  the  nozzle  valve  R.  By  means 
of  a  small  pump,  filtered  air  under  pressure  is  admitted  through  an  orifice  0 
to  the  pipe  leading  to  the  nozzle  valve  R.  A  branch  pipe  admits  air  under 
pressure  to  the  thin  corrugated  metal  bellows  S.  As  the  load  on  the  specimen 
C  increases,  the  baffle  Q  moves  a  small  distance  away  from  the  valve  R,  and 
the  pressure  in  the  air  pipes  and  bellows  decreases.  This  decrease  in  pressure 
pulls  the  springs  T  down  and  stretches  the  double  weighing  spring  V,  thus 
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Fig.  2-66.  Hydraulic  Testing  Machine — Type  B,  Tate-Emery  Universal  Testing 
Machine  (Courtesy  Baldwin  Southwark  Division,  Baldwin  Locomotive  Works) 

tending  to  close  the  space  between  the  baffle  Q  and  valve  R.  In  a  very  short 
time  equilibrium  is  established  and  the  stretch  of  the  weighing  spring  V 
measures  the  force  acting  on  the  Bourdon  tube  P.  The  force  measured  is 
proportional  to  the  force  acting  on  the  specimen.  The  elongation  of  the 
spring  V  is  measured  by  the  rack  pinion  X  and  pointer-scale  device  W.  An 
autographic  record  of  the  load  can  be  obtained  by  the  rack-pinion  arrangement 
X,  using  a  drum  and  pen  or  pencil.  The  drum  can  be  rotated  automatically 
by  the  strain-measuring  apparatus,  thereby  recording  on  the  drum  the  com- 
plete stress-strain  diagram. 

Machines  are  usually  equipped  with  two  or  more  weighing  springs  for 
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accurately  recording  different  ranges  of  load.  In  modern  hydraulic  machines, 
various  rates  of  loading  can  be  obtained  by  the  use  of  an  appropriate  pump 
speed  or  valve  setting  which  controls  the  flow  of  oil  from  the  pump  to  the 
loading  cylinder.     Figure  2-6a  shows  a  type-5  universal  hydraulic  machine. 

For  most  purposes  the  hydraulic-type  machine  has  advantages  over  the 
screw-type  because  of  its  simplicity  of  operation  and  ease  of  load  control  and 
measurement.  The  screw-gear  machine,  however,  has  freedom  from  leakage 
of  oil  and  positive  control  of  the  rate  of  motion  of  the  cross-head.  The 
advantages  of  the  balance-beam  type  of  load-weighing  mechanism  are  high 
accuracy,  when  carefully  balanced,  and  constancy  of  calibration.  However, 
the  advantages  of  the  self-indicating  type  of  load-weighing  device  are  the 
elimination  of  the  need  to  balance  the  beam  and  freedom  from  the  personal 
equation  in  balancing  the  beam. 

The  testing  machines  described  in  the  foregoing  are  used,  with  various 
modifications,  for  testing  specimens  in  tension,  compression,  and  bending. 
The  main  mechanical  properties  obtained  include  the  yield  strength,  ultimate 
strength  for  tension  and  compression  (or  modulus  of  rupture  in  bending), 
stiffness,  and  ductility.  Bending  tests  are  sometimes  made  on  special  small 
manually  operated  testing  machines,  such  as  bending  machines  used  for  the 
"arbitration  test"  of  cast  iron. 

A  number  of  auxiliary  devices  for  gripping,  supporting,  and  holding  the 
specimen  have  been  devised  for  performing  tension,  compression,  and  bending 
tests  on  materials.  For  a  complete  discussion  of  these  devices  the  reader  is 
referred  to  references  1,  2,  and  3.  For  tension  tests,  a  gripping  device  with 
spherical  seats  should  be  provided  so  that  the  stress  is  as  uniformly  distributed 
as  possible.  Similarly,  for  compression  tests,  a  spherical-seated  bearing  block 
makes  it  possible  to  apply  a  uniform  stress. 

It  is  important  that  testing  machines  be  calibrated  periodically  since  the 
indicated  load  readings  may  not  continue  to  be  the  true  values.  The  Stand- 
ards of  the  American  Society  for  Testing  Materials10  give  in  detail  the  various 
methods  for  calibration  of  testing  machines.  In  the  universal  testing  machines 
described  in  the  foregoing,  the  loading  of  the  specimen  is  either  at  a  constant 
(approximately)  or  variable  strain  rate.  Nadai  and  Manjoine58  developed 
machines  which  test  a  specimen  in  tension  at  constant  rates  of  load  or  strain. 

6.  Torsion-Testing  Machines.  Torsion  tests  are  most  suitable  for  the 
determination  of  shear  strength.  It  is  not  convenient  to  adapt  the  universal 
testing  machine  for  torsion  testing  so  that  special  machines  for  torsion  testing 
have  been  developed.  Both  screw-power  and  hydraulic  torsion  machines 
are  available.  The  load  in  these  machines  is  measured  by  a  pendulum  indi- 
cator or  beam  scale.  A  screw-type,  10, 000-in. -lb-capacity  Riehle  torsion 
machine  is  shown  in  Fig.  2-7.  Power  is  applied  by  hand  through  the  crank 
K,  or  a  motor  drive  on  be  supplied  to  apply  the  force.  The  specimen  *S  is 
placed  between  centering  jaws  and  is  gripped  between  the  chucks  C  so  that 
it  is  twisted  as  the  crank  is  turned.  As  the  specimen  is  twisted,  the  heavy 
pendulum  P  swings  out.  An  arm  T,  attached  to  the  pendulum,  moves  an 
indicator  along  a  scale  E  a  distance  a'.     The  scale  E  can  be  graduated  to 
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read  directly  the  amount  of  twisting  moment.  This  direct  reading  of  torque 
is  possible  since  the  twisting  moment  is  the  weight  of  the  lever  times  the  dis- 
tance a,  where  a  =  the  horizontal  movement  of  the  center  of  gravity  of  the 
lever  weight.  Since  the  distance  a'  is  proportional  to  a,  the  scale  E  can  be 
used  to  give  the  twisting-moment  values  directly.  In  testing,  a  twistmeter 
which  reads  the  angle  of  twist  for  each  load  increment  is  attached  to  the 


Fig.    2-7.     Screw-Power    Pendulum-Type    Torsion    Machine    (Courtesy    Fuehle 
Testing  Machine  Division,  American  Machine  &  Metals) 


specimen.  Most  torsion-test  specimens  are  circular  in  cross  section  and  are 
either  solid  or  hollow.  Fig.  2-8  shows  a  recent  model  of  the  screw-power 
torsion  machine  with  a  dial-pendulum-weighing  device. 

Torsion  machines  in  which  the  load  is  measured  by  a  compound  lever 
system  and  a  weighing  scale  are  also  available.  In  another  type,  a  lever  or 
arm  attached  to  the  chuck  actuates  a  hydraulic  capsule. 

In  addition  to  the  torsion-testing  machines,  other  special  testing  machines 
for  static  tests  include  those  used  for  cold-bend  tests  to  determine  ductility,3 
machines  for  special  purposes  such  as  wire  or  spring  testing,  machines  for 
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flexure  tests  (usually  hand-operated),  and  machines  for  compression  tests  as 
used  in  highway  laboratories. 

E.  Combined-Stress  Machines 

Many  machine  and  structural  parts  are  subjected  to  a  combined  state  of 
stress  or  to  stresses  in  more  than  one  direction.  Information  on  material 
behavior  under  combined  states  of  stress  must  be  obtained  since  the  values 
of  the  mechanical  properties  for  simple  stresses  no  longer  apply.  A  number 
of  special  combined  stress-testing  machines  which  subject  a  specimen  to 
combined  stresses  have  been  built. 


Fig.  2-8.     Screw-Power  Torsion  Machine  (Courtesy  Baldwin  Southwark  Division, 
Baldwin  Locomotive  Works) 

Some  of  the  first  experiments  on  combined  stresses  were  made  on  solid 
round  cylindrical  specimens  subjected  to  torsion  combined  with  bending  or 
torsion  combined  with  axial  loading.  A  nonuniform  stress  distribution  is 
produced  in  such  specimens  and,  in  order  to  eliminate  this  objection,  experi- 
ments were  later  made  on  thin-walled  cylindrical  tubes  subjected  to  torsion 
and  axial  tension,  internal  pressure  and  axial  tension,  or  internal  pressure  and 
axial  compression  (Fig.  2-9). 

For  a  thin-walled  tube  subjected  to  torsion  and  axial  tensile  loading,  prin- 
cipal stresses  of  opposite  sign  are  produced.     Their  values  are 
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P2        M,V 
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where  A  =  the  cross-sectional  area  of  the  tube,  r  =  the  outer  radius,  Ip  = 
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the  polar  moment  of  inertia,  P  =  the  axial  load,   and  Mt  =  the  twisting 
moment. 

For  the  thin-walled  tube  subjected  to  axial  tensile  loading  and  internal 
pressure  (Fig.  2-9),  principal  stresses  of  the  same  sign  are  produced.  Their 
values  are 


P       pel  pel 

ffl"I  +  ^    and   "2  =  27 


(2) 


where  el  =  the  internal  tube  diameter,  t  =  the  tube-wall  thickness,  P  =  the 
axial  load,  and  p  =  the  internal  pressure. 

In  a  combined  stress  test  the  usual  method  of  loading  is  to  apply  both  loads 
simultaneously  at  a  constant  ratio  so  that  the  ratio  of  the  principal  stresses 


Fig.  2-9.     Specimens  for  Combined  Biaxial-Stress  Tests 


remains  essentially  constant  throughout  the  test.  Another  method  of  loading 
is  to  fix  one  of  the  loads  and  to  increase  the  other  until  rupture  occurs.  In 
either  method,  readings  are  taken  of  the  strains  that  accompany  loading  so 
that  stress-strain  diagrams  can  be  plotted  and  the  biaxial  mechanical  prop- 
erties such  as  yield  strength,  ultimate  strength,  and  ductility  can  be  deter- 
mined. Experiments  on  static  biaxial  stresses  have  been  made  by  many 
investigators.  Most  of  the  more  recent  published  experimental  work  and 
reviews  of  others'  experiments  are  given  by  Nadai,19  Ros  and  Eichinger,20 
Taylor  and  Quinney,21  Lode,19  Lessels  and  McGregor,22  Marin,9  and  Davis.23 
7.  Combined-Tension-Torsion  Machines.  Figure  2-10  shows  special 
equipment  designed  for  applying  a  constant  strain  rate  to  a  specimen  in 
either  tension  or  torsion,  or  a  combination  of  both.  This  machine  was  made 
by  the  reconstruction  of  a  10-ton  Amsler  testing  machine  at  the  suggestion 
of  A.  Nadai.24  With  reference  to  Fig.  2-10,  the  tensile  load  is  applied  to  a 
cylindrical  specimen  by  the  Amsler  machine  and  measured  on  the  regular 
Amsler  dial.  The  torsion  load  is  determined  by  measuring  the  deflection  of 
two  springs  attached  to  the  upper  head  of  the  machine.  An  electric-contact 
device  on  the  dial  of  the  Amsler  load  indicator  maintains  a  constant  tension 
when  desired.     The  special  strain  gage  shown  is  clamped  to  the  shoulders  of 
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Fig.  2-10.     Combined  Tension-Torsion  Machine  (Courtesy  Westinghouse  Research 

Laboratories) 

the  specimen.  The  gage  consists  chiefly  of  a  frame  which  is  clamped  to  the 
upper  shoulder  and  a  plane  disk  which  is  clamped  to  the  lower  shoulder. 
The  axial  strain  is  measured  by  two  micrometer  heads  clamped  to  the  frame 
in  such  a  manner  that  the  separation  between  the  frame  and  the  plane  disk 
is  determined.  The  angle  of  twist  is  measured  by  a  roller  attached  to  the 
frame  which  rolls  on  the  periphery  of  the  disk.     Stress-strain  data  up  to 
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rupture  are  obtained  with  this  machine.  The  machine  is  arranged  so  that 
one  of  the  loads  can  be  kept  constant  as  the  other  is  increased,  or  both  loads 
can  be  made  to  vary  to  give  a  fixed  load  ratio. 

Another  machine  for  testing  thin-walled  tubes  subjected  to  combined 
tension  and  torsion  is  described  in  reference  25.     In  this  machine  torsional 

forces  are  applied  to  the  ver- 
tical test  piece  through  a  hori- 
zontal disk  and  the  simulta- 
neous axial  tensile  load  by  a 
worm  and  gear  drive.  Ten- 
sile and  torsional  loads  and 
deformations  are  all  measured 
independently. 

A  machine  for  loading  a 
specimen  under  combined  ten- 
sion and  torsion  or  compres- 
sion and  torsion  is  shown  in 
Fig.  2-11.  Two  20-ton-ca- 
pacity  hydraulic  rams  provide 
tensile  and  compressive  loads. 
The  combination  of  flexible 
ram  locations  and  a  base  plate 
with  a  grid  work  of  threaded 
holes  makes  possible  the  ap- 
plication of  axial  and  torsional 
loads.  Two  hydraulic  pumps 
located  under  the  bed  plate 
provide  fluid  pressure  to  the 
loading  rams,  and  the  knobs 
shown  on  the  side  of  the 
machine  are  used  to  release 
the  load.  Pressure  gages 
placed  on  the  corner  supports 
measure  the  load. 

8.  Combined-Tension-Tension  Machines.  Most  experiments  on  biaxial 
stresses  have  been  made  on  thin- walled  tubular  specimens  subjected  to  inter- 
nal pressure  and  axial  tensile  loads.  Figure  2-12  shows  equipment  used  for 
applying  internal  pressure  and  axial  tension  to  a  tubular  specimen.23  By 
means  of  special  grips  the  tubular  specimen  is  subjected  to  an  axial  tensile 
load  by  a  standard  30-ton  Amsler  testing  machine.  The  internal  pressure 
is  produced  by  the  high-pressure  Amsler  pump  with  a  pendulum  manometer 
for  load  measurement,  as  shown  on  the  right  of  Fig.  2-12.  The  measuring 
pendulum  on  the  high-pressure  pump  can  be  adjusted  to  a  length  such  that, 
at  full-scale  deflection  on  both  the  axial  testing  machine  and  the  high-pressure 
pump,  a  given  ratio  between  the  principal  stresses,  defined  by  equation  1, 
can  be  produced.     To  maintain  this  ratio  during  the  operation  of  the  test  it 
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2-1 1 .     Combined-Tension-Torsion 
chine  (Courtesy  Chrysler  Corp) 
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is  necessary  to  keep  the  indicating  pointers  of  the  machine  deflected  through 
the  same  angle. 

Tests  on  tubes  subjected  to  internal  pressures  and  axial  loads  have  been 
made  using  screw-power  or  various  types  of  hydraulic  machines  for  the  appli- 
cation of  the  axial  tensile  load.  In  these  tests  the  internal  pressure  has  some- 
times been  applied  by  means  of  different  types  of  pumps  with  pressure  gages 
for  load  measurement  in  place  of  the  pendulum  manometer  referred  to 
previously. 


Fig.   2-12.     Machines  for  Testing   Tubes  under   Combined   Axial  Tension  and 
Internal  Pressure  (Courtesy  Westinghouse  Research  Laboratories) 

"Bulge  tests"  have  been  made  in  order  to  study  the  plastic  behavior  of 
metals  subjected  to  biaxial  tensile  stresses.26  In  these  tests  a  flat  circular  or 
an  elliptical  plate,  clamped  at  the  edge,  is  subjected  to  a  liquid  pressure  on 
one  side,  thereby  deforming  the  plate  in  the  form  of  a  bulge  (Fig.  2-13). 
The  deflections  of  various  points  on  the  specimen  are  measured  with  dials, 
and  a  grid  is  marked  initially  on  the  specimen  to  provide  reference  points  for 
strain  measurements.  A  specimen  which  is  initially  circular  gives  a  region  of 
equal  biaxial  tensile  stresses  in  the  plastic  range.  An  elliptical  plate  produces 
a  stress  ratio  different  from  one,  of  value  depending  on  the  relative  values  of 
the  major  and  minor  axes  of  the  ellipse.  The  bulge  test  is  valuable  for  plastic- 
flow  investigations  including  studies  of  forming  operations.  It  is  not  ade- 
quate, however,  for  defining  elastic  failure. 
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Equal  biaxial  tensile  stresses  can  be  produced  also  by  subjecting  a  hemis- 
pherical or  spherical  shell  to  internal-fluid  pressure.27  The  hemispherical 
type  of  specimen  is  of  particular  value  in  that  it  provides  a  large  region  of 
material  under  essentially  the  same  stresses  for  a  given  load.     In  a  tubular 

specimen  there  are  end  restraints 
which  produce  bending  stresses. 
If  a  long  specimen  is  provided, 
however,  the  influence  of  these 
bending  stresses  is  minimized. 
Major  objections  to  the  use  of 
hemispherical  or  spherical  speci- 
mens are  the  cost  of  machining 
the  specimen  and  the  limitation 
in  being  able  to  investigate  only 
one  ratio  of  the  principal  stresses. 
Although  the  foregoing  tests 
are  the  most  common,  other 
combined  stress  tests  have  been 
made  as  follows: 

9.  Tension-Compression 
Tests  with  the  Compression 
Stress  Maximum.  In  order  to 
investigate  biaxial  stresses  in 
which  the  compressive  principal 
stress  is  greater  than  the  tensile 
principal  stress,  Bridgman28  used 
a  specimen  as  shown  in  Fig.  2-14. 
The  central  part  of  the  specimen 
is  separated  from  the  ends  by 
two  deep  and  narrow  notches.  The  two  ends  of  the  specimen  are  prevented 
from  rotating,  and  the  center  is  twisted  between  the  ends  by  means  of 
keyways.  A  longitudinal  compressive  load  is  applied  at  the  same  time  as 
the  torque  by  a  small  hydraulic  ram,  in  such  a  way  that  longitudinal  deforma- 
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Fig.  2-14.     Specimen  for  Combined  Compression-Torsion  Testing 

tions  are  free  to  occur.  A  central  pin  provides  stability,  and  the  central  part 
of  the  specimen  is  attached  to  a  pulley  around  which  a  flexible  wire  cable  is 
wound.  The  cable  from  the  pulley  is  wound  over  a  drum  which  is  actuated 
by  a  motor  with  variable  gears  to   give  a  wide  range  of  speeds.     Measure- 
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ments  of  angle  of  twist  for  various  torque  values  are  taken  for  different  values 
of  the  compressive  loads. 

Tension-compression  tests  have  also  been  made1  by  subjecting  a  tubular 
specimen  to  internal  pressure  and  axial  compression,  employing  equipment 
similar  to  that  used  for  the  internal-pressure-axial-tension  tests.  Care  must 
be  taken  to  design  the  specimen  properly  so  that  failure  by  buckling  does  not 
occur  under  axial  compression. 

10.  Compression-Compression  Tests.     Biaxial  compressive  stresses  can 
be  applied  by  subjecting  cylindrical  specimens  to  a  radial  pressure.19     The 
radial  pressure  can  be  applied  by  inserting  the  specimen  in  a  cylinder  sub- 
jected   to    internal    pressure.     A   loading    frame    for    applying    compressive 
stresses  of  different  magnitudes  was  developed  by  Kamener  and  Birnbaum29 
in  the  photoelastic  study  of  a  "collar  girder."     The  compressive  stresses  are 
applied  by  a  series  of  small  jacks  consisting  of  %-in.  cylinders  bored  in  1^-in. 
X  1-in.  X  3H-in.  brass  blocks. 
f  11.  Triaxial  Tests.     Thick-walled  cylinders  subjected  to  internal  pressure 
/  and  axial  loading  are  under  a  triaxial  state  of  stress  and  offer  some  information 
/    on    behavior    of    materials    subjected    to    triaxial   stresses.19     The   presence 
\^of  a  nonuniform  distribution  of  stress  throughout  the  cylinder  walls,  however, 
f  introduces  error  in  the  evaluation  of  the  results  obtained  by  such  tests.     Cylin- 
drical specimens  subjected  to  a  radial  compressive  pressure  by  a  hydraulic 
pump  and  axial  compression  by  a  universal  testing  machine  have  yielded 
much  valuable  information  on  the  triaxial-compression  properties  of  brittle 
"materials. 19     Strengths  of  materials  under  equal  triaxial-compressive  stresses 
have  been  thoroughly  studied  by  Bridgman30-31  who  has  developed  special 
equipment  to  apply  the  extremely  high  pressures  required  for  such  tests. 
Pressures  up  to  100,000  kg/cm2  have  been  produced  using  equipment  devel- 
oped by  Bridgman.31 

F.  Creep-Testing  Machines 

Creep,  or  continuous  plastic  deformation  with  time,  occurs  in  metals  at 
elevated  temperatures,  in  some  metals  at  room  temperature,  and  in  nonmetals, 
such  as  plastics,  at  both  room  and  elevated  temperatures.  Testing  machines 
of  different  types  have  been  developed  for  the  measurement  of  creep  under 
various  types  of  stresses.1' 32' 33 

Most  creep  testing  is  done  on  specimens  subjected  to  simple  tension,  in 
machines  similar  to  those  shown  in  Fig.  2-15.  Each  tension-creep-testing 
unit  consists  of  a  device  for  applying  a  fixed  load  to  a  specimen  by  means  of 
a  simple  lever.  In  addition,  provision  must  be  made  for  adequate  attachment 
of  the  specimen,  a  thermocouple  or  other  type  of  heating  unit,  and  a  microm- 
eter microscope  for  measurement  of  creep  strains.  A  series  of  specimens, 
each  subjected  to  different  stresses,  is  tested  simultaneously  and  creep-strain 
readings  are  usually  recorded  for  a  period  of  1000  hr.10 

Automatic  creep-tension  machines  in  which  creep-time  curves  are  recorded 
automatically  have  been  developed  by  Manjoine.34  One  type,  a  lever-arm 
creep  machine  (Fig.  2-16),  applies  the  load  using  a  lever  arm  and  weights. 
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The  temperature  is  maintained  for  each  specimen  by  a  separate  electric  furnace 
and  power  supply.  The  temperature  of  the  furnace  is  controlled  by  an  expan- 
sion rod  located  near  the  furnace  winding.  The  difference  between  expansion 
of  the  rod  in  the  furnace  and  an  Invar  rod  located  outside  the  furnace  is  used 
to  operate  an  electric  contact  which  controls  the  current  in  the  furnace  wind- 
ings. The  creep  strains  are  measured  by  an  elaborate  mechanical  and  electric 
device  described  in  detail  in  reference  34. 

For  short-time  creep-rupture  tests  another  automatic  machine  was  devel- 
oped by  Manjoine.34  It  is  a  screw-driven  machine  as  shown  in  Fig.  2-17. 
It  consists  of  a  stiff  spring  A  in  series  with  the  test  specimen  B  which  is  loaded 
by  a  screw-driven  jack  C.     By  keeping  a  constant  deflection  of  the  spring 


Fig.  2-15.     Creep-Tension-Testing  Machines  (Courtesy  General  Electric  Co) 

A,  the  load  can  be  kept  constant.  The  deflection  of  the  sjoring  is  measured 
by  a  dial  gage  with  an  electric  contact  which  controls  the  motor.  The  motor 
in  turn  drives  the  jack  to  keep  the  load  constant.  The  deformation  of  the 
test  specimen  is  measured  from  the  relative  motion  of  the  upper  head  of  the 
machine  and  the  stationary  frame.  This  motion  is  magnified  through  a 
gear  train  and  drives  the  pen  on  the  recorder  D  vertically.  A  time  clock  E 
drives  the  pen  horizontally  so  that  a  continuous  creep-time  curve  is  plotted 
automatically. 

Although  most  creep  testing  is  done  with  specimens  subjected  to  simple 
tension,  some  investigations  have  been  made  to  determine  creep  for  bending, 
torsion,  and  combined  stresses.  Creep  deflections  of  steel  specimens  in 
bending  were  measured  by  E.  A.  Davis.35 

Equipment  for  torsion  tests  at  elevated  temperatures  is  described  by 
Everett.36  Figure  2-18  shows  a  four-unit  torsion-creep  machine  used  for 
tests  at  room  temperature.  In  this  machine  the  specimen  is  attached  by 
collets  to  holders  which  are  supported  by  bearings.     One  end  of  the  specimen 
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is  fixed,  and  the  other  end  has  a  pulley  attached  so  that  torque  loads  can  be 
applied  to  the  specimen.  A  series  of  supports  with  bearings  insures  the 
application  of  a  pure  twisting  moment  to  the  specimen.  Twistmeters  attached 
to  the  specimen  measure  the  creep  angle  of  twist. 

Combined  stress-creep  tests  on  steel  tubes  subjected  to  axial  loading  and 
torsion  and  lead  tubes  subjected  to  combined  internal  pressure  and  torsion 


Fig.  2-16.  Short-Time  Creep-Rupture  Machine  (Courtesy  Westinghouse  Research 

Laboratories) 

have  been  made  by  Bailey.37  Moore38  and  Norton39  have  made  tests  on 
creep  of  tubular  specimens  closed  at  the  ends  and  subjected  to  internal 
pressures. 

In  all  the  foregoing  creep  tests  the  stresses  are  kept  fixed,  and  the  creep 
deformation  is  measured  with  time.  However,  there  are  applications  in 
which  the  creep  takes  place  with  a  diminishing  stress  value.     The  bolted 
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Fig.  2-17.     Automatic  Screw-Lever  Machine  for  Tension-Creep  Tests  (Courtesy 
Westinghouse  Research  Laboratories) 
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joint  is  an  example  of  such  a  stress-relaxation  condition.  Machines  have 
been  built  to  determine  creep  under  varying  stress  conditions.40  Figures 
2- 19a  and  2-196  show  apparatus  developed  by  Kanter  for  making  stress- 
relaxation-creep  tests.  The  stress  present  on  the  specimen  at  any  time  is 
obtained  from  strain  measurement  on  a  weighbar  at  room  temperature  (Fig. 
2-196).  The  specimen  is  placed  in  a  heating  unit  and  subjected  to  a  particular 
temperature  and  initial  stress.  Provision  is  made  for  measuring  the  creep 
deformation  for  a  specific  gage  length  and  the  corresponding  stress  by  meas- 
uring the  deformations  of  the  weighbar.     An  automatic  creep-tension-relaxa- 


Fig.  2-18.     Four-Unit  Creep-Torsion  Machine  (Courtesy  The  Pennsylvania  State 

College) 

tion  machine  is  shown  in  Fig.  2-20,  in  which  mechanical  and  electric  controls 
are  used  to  plot  automatically  the  stress-time  relaxation  curves. 

II.  DYNAMIC  TESTING  MACHINES 

In  many  machines  and  structures  the  stresses  produced  are  not  always 
static,  as  considered  in  Section  I,  but  they  are  repeated  and  vary  in  magnitude. 
The  load  resistance  of  materials  or  constructions  is  less  under  dynamic  load- 
ing than  under  static  loading.  Many  fatigue-testing  machines  have  been 
developed  for  evaluating  the  strength  of  materials  and  constructions  under 
these  repeated  or  fatigue  loadings.  In  some  cases  of  dynamic  loading  the 
loads  applied  are  not  repeated  but  are  impact  loads  having  a  high  kinetic 
energy.  The  resisting  properties  of  materials  under  such  impact  loads  are 
different  from  the  properties  under  static  conditions,  and  various  testing 
machines  have  been  developed  for  evaluating  the  mechanical  properties  of 
materials  under  impact  stresses. 
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Fig.  2-19a.     Tension-Stress-Relaxation-Creep  Machine  (Courtesy  Crane  Co) 
Fig.  2-196.     Stress-Relaxation  Machine 

G.  Fatigue-Testing  Machines 

The  earliest  types  of  fatigue-testing  machines  are  adequately  described  by 
Moore41  and  Gough.42  The  first  comprehensive  investigation  on  fatigue 
testing  was  made  between  1860  and  1870  by  Wohler,  who  made  repeated 
stress  tests  in  torsion,  bending,  and  direct  stress.  The  main  limitation  of 
these  testing  machines  was  the  slow  speed  of  stress  repetitions.  A  speed  of 
only  72  rpm  was  used  for  the  rotating-bending  tests.  However,  the  machines 
Wohler  designed  were  very  ingenious,  and  his  original  conclusions  remain 
unchallenged. 
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Fig.   2-20.     Automatic   Relaxation   Machine   (Courtesy  Westinghouse  Research 

Laboratories) 


52 


TESTING  MACHINES 


There  are  numerous  kinds  of  fatigue-testing  machines  for  tests  of  materials 
and  for  fatigue  tests  of  structural  and  machine  members.  Only  a  few  of  the 
main  types,  however,  as  outlined  in  Table  2-3  can  be  discussed  in  this  chapter. 

12.  Flexure-Fatigue  Machines.  At  the  present  time  the  R.  R.  Moore 
high-speed  fatigue-testing  machine  (Figs.  2-21a  and  2-216)  is  the  most  com- 
monly used.     This  machine  subjects  a  round  specimen  to  pure  bending 


Fig.  2-21a.     R.  R.  Moore  Reversed-Bending-Fatigue  Machine  for  Speeds  of  10,000 
rpm  (Courtesy  Baldwin  Southwark  Division,  Baldwin  Locomotive  Works) 

moments  free  from  transverse  shear  forces.  By  rotating  the  specimen  one 
revolution  the  stresses  at  a  given  point  are  completely  reversed  from  a  tensile 
stress  value  to  an  equal  compressive  value.  This  stress  variation  is  accom- 
plished by  applying  a  fixed  bending  moment  to  the  specimen  by  means  of 

TABLE  2-3 
Classification  of  Fatigue-Testing  Machines 


Type 
Constant  load  (dead  weights) 


Constant  load  (inertia  forces) 


Constant  deflection 


Kinds  of  Stress 

(a)  Simple  Stresses 

1.  Pure  bending 

2.  Bending  and  shear 

3.  Tension-compression 

4.  Torsion 

(b)  Combined  Stresses  (Biaxial) 

1.  Tension-tension 

2.  Tension-compression 

(a)  Simple  Stresses 

1.  Pure  bending 

2.  Tension-compression 

3.  Torsion 

(b)  Combined  Stresses  (Biaxial) 
1.  Tension-compression 

(torsion  and  bending) 

(a)  Simple  Stresses 

1.  Bending 

2.  Tension-compression 

3.  Torsion 

(b)  Combined  Stresses  (Biaxial) 
1.  Tension-tension 
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Fig.  2-216.     R.  R.  Moore  Reversed-Bending-Fatigue  Machine 


Fig.    2-22.     Fixed-Cantilever   Constant-Amplitude   Fatigue    Machine    (Courtesy 
Krouse  Testing  Machine  Co) 

weights  W.  The  specimen  S  is  held  at  its  ends  in  special  holders  and  loaded 
by  the  weights  W  through  two  bearings  Bi  placed  equal  distances  from  the 
center  of  the  specimen  (Fig.  2-226).  Two  other  bearings  B*,  at  equal  dis- 
tances from  the  center  of  the  specimen,  provide  support  for  the  reactive  forces. 
With  such  a  loading  arrangement  the  vertical  transverse  shear  force  on  the 
specimen  is  zero,  or  a  pure  bending  stress  free  from  shear  stresses  is  produced. 
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Cycles  of  stress  variation  are  provided  by  the  rotation  of  the  specimen  by  a 
motor  M,  and  a  record  of  the  number  of  cycles  to  rupture  is  given  by  the 
revolution  counter  R.  A  disengaging  device  is  provided  for  stopping  the  motor 
when  the  specimen  fails.  Other  rotating-beam-type  fatigue  machines  are 
described  by  Moore.43 

The  main  advantages  of  the  rotating-beam  testing  machine  are  its  simple 
design,  low  cost,  accuracy  with  which  the  bending  moment  can  be  measured, 
and  the  high  speed  of  operation.  (Speeds  of  12,000  rpm  can  be  provided.) 
The  disadvantages  are  the  limitations  on  range  of  stress,  shape  of  specimen 
cross  section,  and  cost  of  machining  the  specimens. 

The  R.  R.  Moore  machine  represents  the  constant-load  type  of  machine  in 
which  the  load  remains  constant  during  the  test.  There  is  another  type  of 
fatigue  machine,  the  constant-deflection  or  constant-amplitude  type,  in  which 
the  specimen  is  subjected  to  a  constant  deflection  during  the  test.  Fig.  2-22 
shows  the  fixed  cantilever  constant-amplitude  fatigue  machine.  In  this 
machine  the  end  of  the  cantilever  specimen  A  is  repeatedly  bent  back  and 
forth  by  the  variable  eccentric  B.  The  stress  on  the  specimen  is  computed  by 
the  beam  formula  (<r  =  Mc/I),  where  the  moment  M  is  obtained  by  calibra- 
tion. In  calibrating,  dead  weights  are  applied  in  order  to  produce  a  given 
deflection  which  is  measured  by  a  dial  gage  C.  An  eccentric  is  used  to  produce 
this  same  deflection  in  the  fatigue  test.  The  number  of  cycles  of  stress  is 
recorded  on  a  counter,  and  a  toggle  switch  is  provided  to  stop  the  machine 
when  a  specimen  fractures.  The  main  advantage  of  the  constant-deflection 
type  machine  is  that  fatigue  tests  on  flat  specimens,  such  as  thin  sheet  metal, 
can  be  made.  The  constant-amplitude  type  of  machine  has  been  found 
useful  in  the  testing  of  laminated  plastics,  and  it  has  been  accepted  as  a 
tentative  method  of  test  for  repeated  flexural  stress  tests  of  plastics.10  The 
main  disadvantage  is  that  for  some  materials  and  stress  values  the  constant 
deflection  method  of  applying  stress  may  not  be  sufficiently  accurate  unless 
periodic  checks  are  made  on  the  calibration  during  the  test. 

Another  type  of  repeated-bending  or  flexure-fatigue  machine  applies  the 
load  by  inertia  forces.  Figure  2-23  shows  the  essential  features  of  an  inertia 
machine  designed  by  the  Sonntag  Scientific  Corporation.11  A  specimen  A 
is  held  by  the  holder  0  and  attached  to  a  frame  C.  A  platen  F,  attached  to 
the  specimen,  moves  up  and  down  to  produce  repeated  bending  stresses  in 
the  specimen.  The  motion  of  the  platen  is  produced  by  the  mechanical 
oscillator  D  which  is  driven  by  the  synchronous  electric  motor  I  through  a 
flexible  drive  shaft  H.  A  compensating  spring  E  makes  it  possible  to  read 
directly  on  the  scale  adjacent  to  the  revolving  eccentric  D  the  force  applied 
to  the  specimen,  irrespective  of  type  of  specimen  or  deflection  in  the  specimen. 
In  running  a  test,  the  desired  preload  on  the  specimen  is  applied  by  a  crank 
and  measured  by  a  dial  indicator.  The  superimposed  alternating  force 
required  is  provided  for  by  the  proper  setting  of  the  eccentric  D.  The  cycles 
of  stress  are  recorded  by  a  counter  T — S,  and  a  microswitch  M  stops  the 
machine  when  the  specimen  ruptures. 

The  main  advantage  of  this  type  of  machine  is  that,  like  the  R.  R.  Moore 
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machine,  the  value  of  the  load  is  accurately  known.  Although  the  cost  of 
the  inertia-type  machine  may  be  considered  high  in  comparison  to  that  of 
other  types,  it  can  be  used  for  other  kinds  of  fatigue  tests  including  axial 
tension  and  compression,  and  torsion. 

Adaptations  and  modifications  of  the  foregoing  bending-fatigue  machines 
have  been  developed,  for  large-size  specimens45  and  for  high-temperature 
tests.55 


Q.  A 


Fig.  2-23. 


Inertia-Type  Flexure  Fatigue  Machine  (Courtesy  Baldwin  Southwark 
Division,  Baldwin  Locomotive  Works) 


13.  Axial-Stress-Fatigue  Machines.  For  fatigue  tests  in  which  the 
stresses  are  beyond  the  elastic  range  a  machine  which  produces  axial  tension 
or  compression  on  the  specimen  permits  a  more  accurate  calculation  of  the 
stress  than  flexure  machines  since  the  flexure  formula  does  not  apply  beyond 
the  elastic  range. 

A  constant-deformation  spring-type  axial  fatigue  machine  developed  by 
Jasper41  is  shown  in  Fig.  2-24.  Cycles  of  load  are  applied  by  a  crank  and 
connecting-rod  mechanism  K.  The  magnitude  of  the  load  is  measured  by 
means  of  the  deformation  in  the  spring  G  to  which  the  specimen  S  is  directly 
attached.     The  crank  mechanism  can  be  adjusted  to  give  any  desired  ratio 
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of  maximum-to-minimum  stress.  An  improved  model  of  this  spring-type 
machine  was  developed  by  Moore  and  Krouse.43  Single-,  two-,  and  five-unit 
axial-stress  spring-type  fatigue  machines  are  manufactured  by  the  Krouse 
Testing  Machine  Company.47 

A  commonly  used  type  of  axial-fatigue-stress  machine  is  the  a-c  magnet 
type  developed  by  Haigh,1'  42  and  illustrated  in  Fig.  2-25.     This  machine 
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Fig.  2-24.     Constant- Deformation  Spring-Type  Axial-Fatigue  Machine 

consists  of  an  armature  A  which  moves  rapidly  back  and  forth  between  two 
electromagnets  M  energized  by  a  two-phase  alternating  current,  one  phase 
being  connected  to  each  magnet  M.  The  specimen  S  is  subjected  to  an  alter- 
nating stress  by  means  of  the  back  and  forth  motion  of  the  armature  head. 
Flat  springs  G  are  used  to  compensate  the  force  required  to  accelerate  the 
armature  and  other  vibrating  parts,   the  adjustment  being  made  by  four 

clamps  C  as  shown.  By  applying  suita- 
ble initial  loads  to  the  flat  springs  G,  dif- 
ferent ranges  of  stress  can  be  produced  in 
the  specimen. 

As  previously  stated,  the  inertia-type 
fatigue  machine  shown  in  Fig.  2-23  can 
be  used  for  axial-fatigue  tests  by  means  of 
special  fixtures. 

14.  Torsion-Fatigue  Machines.  A 
constant-deflection  type  repeated-torsion 
machine,  as  developed  by  Moore;43  is 
shown  in  Fig.  2-26.  Torsion  in  the  speci- 
men S  is  produced  through  a  chuck  A  by 
a  variable-throw  cam  C.  The  cam  C  con- 
sists of  a  double  eccentric,  and  the  throw 
of  the  eccentric  is  adjusted  by  turning  the 
outer  eccentric  around  the  inner  and 
clamping  in  any  desired  position.  The 
torque  is  transmitted  through  the  jaw  ./  to  a  calibrated  specimen  D. 
The  angle  of  twist  of  the  specimen  D  is  proportional  to  the  twisting 
moment  and  is  measured  by  the  dial  gages  M.  The  desired  range  of 
twisting  moment  is  applied  to  the  specimen  by  hand-turning  the  machine  and 
adjusting  the  throw  of  the  cam  C.     The  initial  twisting  moment  on  the  bar 


Fig.    2-25.     A-c    Magnet-Type 
Haigh  Fatigue  Machine 
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D,  is  applied  by  screws  F  which  act  on  a  radial  arm  attached  to  the  left- 
hand  end  of  the  bar  D. 

Repeated-torsion  machines  have  the  same  disadvantage  as  flexure-fatigue 
machines  for  tests  beyond  the  elastic  range  unless  a  hollow  circular  specimen 
with  thin  walls  is  used. 
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Fig.  2-26.     Constant-Deflection-Type  Torsion-Fatigue  Machine 

15.  Combined-Stress-Fatigue  Machines.  Repeated  combined-stress  ma- 
chines that  have  been  developed  are  mainly  of  two  types — repeated-torsion- 
bending  or  repeated  tension-tension. 

Fig.  2-27  shows  the  repeated-torsion-bending-type  machine  as  developed 
by  the  National  Physical  Laboratory.48  In  this  machine  a  specimen  S,  of 
circular  cross  section,  is  subjected  simultaneously  to  torsional  and  bending 


Fig.  2-27.     Combined  Torsion-Bending-Fatigue  Machine 

stresses  by  application  of  repeated  flexure  and  torque  moments.  The  speci- 
men S  is  clamped  in  a  chuck  C  at  one  end  and  in  a  bracket  K  at  the  other 
end  which  is  attached  to  the  base  plate  B.  The  bracket  K  can  be  rotated  to 
any  desired  position.  An  arm  A  pivoted  about  a  vertical  axis  passing  through 
the  center  of  the  specimen  is  attached  to  the  chuck  C.  A  disk  D,  carrying 
the  out-of-balance  weights  W,  is  mounted  on  a  spindle  F  and  clamped  to  the 
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ends  of  springs  E.  The  other  ends  of  the  springs  are  rigidly  clamped  to  a 
bracket  P  which  is  attached  to  the  base  plate.  The  disk  D  is  driven  by  a 
synchronous  motor  M  which  has  a  belt  drive.  The  clamps  at  the  left  end 
of  the  springs  E,  carrying  the  spindle  F,  are  connected  by  links  L  to  the  center 
of  percussion  of  the  arm  A.  The  general  principle  of  operation  of  the  machine 
is  the  application  of  an  alternating  force  to  the  arm  A  by  means  of  the  out- 
of-balance  forces  developed  at  the  spindle  F  of  the  disk  by  the  rotation  of  the 
motor.  The  speed  of  the  disk  is  adjusted  to  the  resonant  frequency  of  the 
moving  parts  on  the  outer  ends  of  the  springs  E  by  varying  the  ratio  of  pulley 
diameters.  This  is  an  important  feature  of  the  machine  since  all  inertia 
forces,  except  those  produced  by  the  out-of-balance  weights,  are  eliminated. 
In  the  position  shown  in  Fig.  2-27,  cycles  of  reversed  bending  are  produced 
on  the  specimen.  By  rotating  the  bracket  K  and  chuck  C,  bending  and 
twisting  moments  proportional  to  the  cosine  and  sine  of  the  angle  of  rotation 
are  produced,  and  any  desired  ratio  of  the  bending  to  torsional  stresses  can 
be  obtained. 

Although  the  torsion-bending  fatigue  test  yields  valuable  information, 
particularly  for  shafting  and  crankshafts  subjected  to  torsion  and  bending, 
the  nonuniform  stress  distribution  throughout  the  specimen  cross  section  is 
a  source  of  error  in  the  interpretation  of  test  results.  By  modifying  the 
fixture  the  inertia-type  machine  in  Fig.  2-23  can  be  used  for  combined  torsion- 
bending  tests. 

Repeated  stress  tests  on  tubular  specimens  subjected  to  fluctuating  internal 
pressure  and  fluctuating  axial  stress  have  been  made  on  the  machine  shown 
in  Fig.  2-28.  By  tests  of  this  kind,  various  ratios  of  biaxial  tensile  repeated 
stresses  can  be  considered.  The  machine  is  described  in  detail  in  reference 
49.  The  essential  features  consist  of  a  motor  M  which  drives  a  gear  G.  The 
gear  G  in  turn  drives  a  gear  G2  to  which  an  eccentric  is  attached.  This 
eccentric  gives  an  up-and-down  motion  to  the  lever  L2  which  thereby  applies 
a  fluctuating  axial  stress  to  the  tubular  specimen  S.  The  internal  oil  pressure 
is  applied  to  the  specimen  by  a  plunger  P  which  is  activated  up  and  down  by 
a  lever  h\.  The  lever  L\  is  rotated  through  a  small  angle  by  an  eccentric 
attached  to  its  right  end  which  is  operated  by  a  gear  G\.  The  motion  of 
gear  Gx  is  synchronized  with  gear  Go  by  means  of  the  pinion  gear  G.  Leakage 
of  oil  from  the  specimen  is  replaced  by  an  accumulator  A  which  maintains  a 
constant  value  of  the  maximum  pressure.  Two  pressure  gages  equipped  with 
special  check  valves  are  used  to  record  the  maximum  and  minimum  values 
of  the  fluctuating  internal  pressure.  A  dynamometer  is  placed  initially  at  D 
to  determine  the  maximum  and  minimum  values  of  the  axial  load.  The 
stress  cycles  to  failure  are  recorded  on  a  counter  C,  and  electric  controls  Ex 
and  E2  are  used  to  stop  the  motor  when  the  specimen  fractures.  The  low 
rate  of  application  of  the  stress  cycles  necessary  in  this  machine  (200  per 
minute)  is  a  major  disadvantage.  However,  various  ratios  of  the  maximum 
biaxial  stresses  and  ranges  of  stress  can  be  investigated  with  this  machine. 

Special  dynamic  machines,  not  mentioned  under  fatigue  or  impact  machines, 
are  used  to  determine  damping  constants  of  materials.     Several  types  of 
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machines  and  tests  have  been  used  to  determine  the  damping  capacity.  A 
summary  of  these  tests  is  given  by  Von  Heydekampf.51  Recently  Lazan50 
developed  two  inertia-type  dynamic  machines  used  for  obtaining  damping 
constants  in  tension  and  torsion. 


Fig.  2-28.     Combined  Tension-Tension-Fatigue  Machine 


H.  Impact-Testing  Machines 

The  strength,  ductility,  and  toughness  of  materials  are  modified  when 
impact  loads  are  used  instead  of  static  loads.  In  particular,  toughness  may 
be  greatly  changed  under  suddenly  applied  impact  loads  and  various  testing 
machines  have  been  developed  for  testing  materials  under  impact  loading. 
There  are  two  main  types  of  impact  testing,  tests  using  plain  specimens  and 
those  using  notched  specimens.  In  notched-bar  impact  testing  a  triaxial 
state  of  stress  at  the  base  of  a  notch  is  produced.  The  brittleness  of  a  material 
under  this  state  of  stress  is  greater  than  for  simple  uniaxial  stresses,  and  a  more 
sensitive  means  of  evaluating  triaxial-stress  brittleness  or  "notch  sensitivity" 
is  provided  by  the  notched-bar  test.  The  energy  values  for  plain  or  notched 
specimens  do  not  give  a  true  measure  of  the  toughness  since  all  the  energy  of 
a  blow  is  not  absorbed  by  the  specimen.  Losses  of  energy  occur  through 
friction,  deformation  of  the  supports,  and  striking  mass,  and  by  vibration  of 
of  machine  parts.  The  energy  values  obtained  are  also  dependent  on  the 
form  of  specimen  used.  These  values,  therefore,  are  arbitrary  and  cannot 
be  used  directly  in  design.  A  classification  of  impact  testing  machines  is 
given  in  Table  2-4. 
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TABLE  2-4 
Classification  of  Impact  Machines 


Method  of  Load  Application 
Swinging  pendulum 


Rotating  flywheel 


Dropped     weight 
repeated  blows) 


(single     and 


Kind  of  Stress 
Tension 
Shear 
Bending 

Tension 

Torsion 

Bending 

Tension 

Compression 

Bending 


Machine 
Modified  Charpy  or  Izod  u-  12 
McAdam3 

Charpy  or  Izod  or  combina- 
tion n-  12 
Mann55 

Carpenter  u-  56 
Guillery2 
Olsen13 
Olsen13 
Hatt-Turner10 


16.  Pendulum-Type  Impact  Machines.  The  most  commonly  used  impact 
testing  machine  is  the  pendulum  type  shown  in  Fig.  2-29.  In  this  machine 
the  specimen  S  is  broken  with  a  single  blow  by  the  pendulum  P  falling  a  height 
h.  The  energy  absorbed  in  the  fracture  of  the  specimen  is  determined  by 
noting  the  initial  position  of  the  pendulum  and  the  highest  position  h"  that 
the  pendulum  reaches  after  breaking  the  specimen.     If  W  is  the  weight  of 

the  pendulum,  the  energy  used  to 
fracture  the  specimen  is  equal  to 


Ep  =  Wh  -  Wh" 


(3) 


Fig.    2-29.     Pendulum-Type    Impact    Ma- 
chine 


where  h  =  the  vertical  fall  of  the 
center  of  gravity  of  the  pendulum 
and  h"  =  its  vertical  rise. 

The  readings  of  the  pointer  N 
measure  h  and  h".  Energy  val- 
ues given  by  equation  3  are  indic- 
ative of  the  relative  toughness 
of  various  materials  subjected  to 
impact  loads.  Calculations  of 
energy  losses  produced  by  air 
drag  and  bearing  friction  are 
given  by  Davis.3 
The  machine  shown  in  Fig.  2-29  can  be  used  for  axial-tension-impact  tests 
on  plain  specimens.  Fixtures  are  provided  for  bending  tests  of  notched 
specimens  when  using  Charpy-  or  Izod-type  specimens  (Fig.  2-30).  The 
Charpy  specimen  is  supported  at  the  ends  and  struck  at  the  middle,  whereas 
the  Izod  type  is  supported  as  a  cantilever  beam  and  struck  at  the  free  end. 
Procedures  for  Charpy-impact  tests  are  standardized  by  the  American  Society 
for  Testing  Materials.10 

The  Oxford  Impact  Machine  is  another  pendulum-type  design  in  which  the 
specimen  is  a  beam  with  a  constant  moment  over  part  of  its  length  (Fig. 
2-31).  A  yoke  Y  applies  the  impact  blow  to  two  points  1J^  in.  apart  on  the 
specimen.  The  designers  claim54  that  more  consistent  and  reliable  results 
can  be  obtained  since  "stray  losses"  are  eliminated  by  having  only  normal 
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stresses  free  from  transverse  shear.     A  pendulum-type  shear  impact  machine 
is  manufactured  by  the  Tinius  Olsen  Testing  Machine  Company.13 

17.  Rotating-Flywheel-Type  Impact  Machines.     There  are  several   fly- 
wheel-type   impact    machines 

that  use  a  rotating  flywheel  g  g 
as  a  source  of  energy  for  rup- 
turing the  specimen.  The 
Guillery  machine2  is  of  the 
flywheel  type  and  is  designed 
to  break  standard  Charpy 
specimens  at  a  velocity  of 
blow  =  29  ft/sec.  The  strik- 
ing member  in  this  machine 
is  held  within  the  rim  of  the 
wheel  until  the  desired  rota- 
tional speed  is  reached.  The 
energy  used  in  breaking  the 
specimen  is  measured  by  a 
manometer  reading  the  out- 
put pressure  of  a  small  turbine 
coupled  to  the  flywheel.  The 
energy  used  for  rupturing  the 
specimen  is  obtained  by  meas- 
uring the  pressure  before  and 
after  breaking  the  specimen. 
The  Watertown  or  Mann 
flywheel  machine,55  illustrated 
in  Fig.  2-32,  can  be  used  for  tension  specimens  and  for  speeds  up  to  1000 
ft/sec.  In  this  machine  a  tup  T  attaches  a  specimen  S  to  a  pendulum  P. 
With  the  horns  H  retracted,  the  flywheel   W  is  brought  up  to  a  selected 

speed  by  a  motor  geared  to  the  sup- 
porting shaft.  At  the  desired  veloc- 
ity, measured  by  means  of  a  ta- 
chometer, the  external  mechanism  is 
tripped,  releasing  the  horns  H  which 
strike  the  tup  T,  thereby  rupturing 
the  specimen  S.  The  angular  move- 
ment produced  in  the  pendulum  is 
recorded  on  a  dial  gage  G.  The  dial- 
gage  reading  can  then  be  used  to 
calculate  the  energy  required  for  rup- 
ture.55 The  Carpenter  machine56  is 
a  flywheel-type  impact  machine  used 
for  torsion  tests. 

18.  Dropped-Weight-Type  Impact  Machines.     Impact  tests  are  also  made 
by  dropping  weights  on  specimens.     The  Hatt-Turner  machine1'  53  is  used 
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with  either  single  or  repeated  blows  applied  to  a  specimen  subjected  to  impact 

bending.  It  is  a  machine  that  has  been 
found  particularly  useful  for  tests  on 
wood  and  is  specified  for  use  in  impact 
tests  of  wood  (ASTM  Standards  desig- 
nation D-143-27.)  Single-blow  impact 
machines  for  tension  and  compression 
are  manufactured  by  the  Tinius  Olsen 
Testing  Machine  Company.13 

The  energy  necessary  to  produce  rup- 
ture of  a  specimen  is  determined  in  the 
foregoing  impact  machines.  Equipment 
has  been  developed  to  obtain  more  com- 
plete information  on  properties  under 
impact  loadings  by  providing  a  means  to 
determine  the  stress-strain  diagram. 
Clark  and  Datwyler57  obtained  stress- 
strain  diagrams  for  impact  tension  by 
winding  fine  constantan  wire  around  a 
steel  bar,  the  electrical  resistance  of 
which  changed  with  the  applied  force  in 
the  bar.  A  recording  oscillograph  ap- 
paratus for  correlating  force  with  time  and  a  means  of  converting  force-time 


Fig.    2-32.     Mann    or    Watertown 
Flywheel-Type  Tension  Impact  Ma- 
chine 


Fig.  2-33.     High-Speed  Tension  Machine  for  Tests  at  Elevated  Temperatures 
(Courtesy  Westinghouse  Research  Laboratories) 
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data  to  force-elongation  diagrams  were  developed  to  determine  the  stress- 
strain  relations  under  impact. 

A  high-speed  tension  machine  for  tests  at  elevated  temperatures  (Fig.  2-33) 
was  developed  by  Manjoine  and  Nadai.58  The  machine  is  of  the  flywheel 
type,  and  the  stress-strain  data  are  obtained  electrically.  Hammers  applying 
the  impact  load  hit  the  anvil  attached  to  the  specimen  and  transmit  the  force 
to  a  force-measuring  bar  in  series  with  the  specimen.  Small  elastic  extensions 
produced  in  the  force-measuring  bar  are  converted  to  an  electric  current 
impulse  which  is  proportional  to  the  force.  When  the  anvil  moves  vertically 
downward,  it  cuts  a  light  beam  falling  on  a  photoelectric  cell.  The  resulting 
current  decrease  is  proportional  to  the  strain.  The  two  current  impulses  are 
combined  at  right  angles  on  the  screen  of  a  standard  type  cathode-ray  oscil- 
lograph, and  a  record  of  the  stress-strain  curve  is  obtained. 

Other  equipment  for  obtaining  stress-strain  diagrams  has  been  developed 
by  Ginns59  and  Itihara.60  Reference  57  describes  several  types  of  impact 
machines  not  covered  in  the  foregoing. 

III.  SPECIAL  TESTING  MACHINES 

There  are  many  special  testing  machines  not  covered  in  section  I  and  II. 
Machines  for  tests  of  structural  and  machine  parts,  and  hardness-testing 
machines  are  discussed  briefly  in  the  following. 

I.  Machines  for  Tests  of  Structural  and  Machine  Members 

Many  new  machines  have  been  developed,  and  standard  testing  machines 
have  been  adapted  for  determining  the  performance  or  strength  of  machines 
and  structures.  The  large  number  of  such  special  machines  makes  it  impos- 
sible to  discuss  them  adequately  in  this  chapter,  and  only  a  few  can  be  included. 

Universal  static-testing  machines  of  low  and  high  capacities  and  special 
structural-testing  machines  have  been  used  to  test  large  reinforced-concrete 
and  steel  columns,  reinforced-concrete  arches,  frames,  bridge  rollers,  slabs, 
and  many  other  structural  members.  Fatigue  tests  on  large  beams,  box 
girders,  riveted  and  welded  joints,  and  columns  have  been  made  by  Templin.61 
The  machine  shown  in  Fig.  2-34  is  used  for  fatigue  testing  of  columns.  The 
repeated  load  is  applied  through  a  lever  that  is  moved  up  and  down  by  an 
eccentric  driven  by  a  motor.  For  testing  welded  and  riveted  joints  in  fluctu- 
ating tension,  Wilson62  developed  a  machine  similar  to  the  one  shown  in 
Fig.  2-34. 

In  the  aircraft  industry  numerous  special  machines  have  been  built  for 
both  static  and  dynamic  tests  of  airframe  and  propeller  parts.  Some  of 
these  include  machines  for  testing  of  wings,  fuselages,  propeller  blades,  pro- 
peller hubs,  crankshafts,  and  engine  mounts.  Fig.  2-35  shows  a  machine 
used  to  apply  an  alternating  stress  to  an  aircraft-engine  mount.  The  mount 
is  bolted  to  a  vertical  face  shown  on  the  left  side.  A  flywheel  on  the  right 
side  has  an  eccentric  bearing  connected  to  the  motor  ring  which  subjects  the 
mount  to  alternating  stresses.  S-R4  strain  gages  attached  to  the  various 
members  and  a  recording  oscillograph  indicate  the  stresses  produced. 


Fig.  2-34.     Templin  Fatigue  Machine  for  Tests  of  Columns  (Courtesy  Aluminum 
Co  of  America  Research  Laboratories) 


Fig.  2-35.     Fatigue  Test  of  an  Aircraft-Engine  Mount  (Courtesy  Timken  Roller 

Bearing  Co) 
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Fig.  2-36.     Fatigue-Testing  Machine  for  a  Locomotive-Driving  Axle  (Courtesy 
Timken  Roller  Bearing  Co) 


Fig.  2-37.     Vibration-Fatigue  Machine  (Courtesy  Chrysler  Corp) 
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Figure  2-36  shows  a  machine  for  fatigue  testing  of  locomotive  driving 
axles.63  It  consists  of  a  double-ended  rotating-cantilever-beam-type  fatigue 
machine  capable  of  testing  members  up  to  14  in.  in  diameter.  The  machine 
is  driven  by  a  100-hp  variable-speed  motor. 

A  vibration  fatigue  machine,  as  shown  in  Fig.  2-37,  is  used  for  testing  auto- 
mobile parts  and  connections.  The  vibratory  motion  in  this  machine  can  be 
produced  either  vertically  or  horizontally  by  two  motors.  Eccentrics  attached 
to  the  motor  produce  the  oscillations  and  vibrations. 

Electromagnetic  vibrators  are  now  frequently  employed  to  produce  resonant 
vibrations  in  structural  and  machine  members.  Large  vibratory  loads  can 
be  produced  by  applying  alternating  current  to  the  magnet  at  resonant  fre- 
quencies of  the  part  tested.  The  same  machine  can  be  used  for  small  parts 
such  as  compressor  valves  or  larger  items  such  as  aircraft  crankshafts. 

J.  Hardness-Testing  Machines 

Hardness  of  materials  has  several  arbitrary  definitions.  It  may  be  the 
resistance  to  permanent  indentation,  rebound  under  impact  loads,  scratching, 


Fig.  2-38a.     Brinell-Hardness-Testing  Machine  (Courtesy  Riehle  Testing  Machine 

Division,  American  Machine  &  Metals) 

Fig.  2-386.     Brinell-Hardness-Testing  Machine 

abrasion,  or  cutting  or  drilling.  In  stress  analysis  and  materials  testing,  tests 
to  determine  resistance  to  permanent  indentation  are  those  most  commonly 
considered.     Only  a  brief  description  of  the  most  commonly  used  hardness 
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test  machines  is  given  here.     The  reader  is  referred  to  reference  64  for  a 
thorough  discussion  of  hardness-testing  machines. 

The  Brinell  'machine,  as  shown  in  Figs.  2-38a  and  2-386,  consists  of  an  anvil 
A  for  supporting  the  specimen  S,  an  elevating  screw  E,  and  a  handwheel  H 
for  raising  the  specimen  to  the  desired  height.  A  load  of  fixed  amount  is 
applied  to  the  specimen  through  the  ball  B  by  a  plunger  P.  The  plunger 
is  moved  down  by  an  oil  pressure  which  is  produced  by  a  hand  pump.     When 


Fig.  2-39.     Rockwell- Hardness-Test- 
ing  Machine   (Courtesy   Wilson   Me- 
chanical  Instrument   Co;    Photo   by 
Harold  Haliday  Costain) 
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Fig.     2-40.     Scleroscope     Used     for 

Hardness  Testing  of  Metals  (Courtesy 

of  Shore  Instrument  &  Mfg  Co) 


the  desired  load  is  applied,  the  balance  weight  W  is  lifted  by  the  action  of  the 
small  piston  0  which  insures  that  an  overload  is  not  applied  to  the  ball.  The 
Bourdon  gage  G  is  used  only  to  give  a  rough  indication  of  the  load.  The 
diameter  of  the  indentation  on  the  specimen  is  measured  by  a  micrometer 
microscope  to  obtain  a  measure  of  the  hardness. 

The  Rockwell  Testing  Machine  shown  in  Fig.  2-39  differs  from  the  Brinell 
machine  in  that  the  indenters  and  load  values  are  smaller.  The  indenter  or 
penetrator  is  either  a  steel  ball  or  a  conical-shaped  diamond.  The  load  is 
applied  to  the  specimen  through  a  system  of  weights  and  levers,  and  the 
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residual  depth  of  penetration  of  the  indenter  is  measured  by  a  dial  indicator. 
The  hardness  is  inversely  proportional  to  the  depth  of  penetration.  The 
Rockwell  machine  is  applicable  to  testing  of  materials  having  hardness  values 
beyond  the  range  of  the  Brinell  machine.  It  is  also  faster  than  the  Brinell 
machine  since  it  gives  direct  readings. 

The  Vickers  hardness  machine^  is  similar  to  the  Brinell  machine  except 
that  the  penetrator  is  a  square-based  diamond  pyramid,  and  a  lever  system  is 
used  to  apply  the  load.  A  machine  used  to  measure  surface  hardness  is  the 
Scleroscope  shown  in  Fig.  2-40.  In  this  machine  the  height  of  bounce  of  a 
steel  weight  (dropped  from  a  given  height  onto  the  specimen)  is  taken  as  the 
measure  of  the  hardness. 

Naturally  only  a  few  of  the  various  types  of  testing  machines  can  be 
described  in  a  chapter  of  this  length.  The  reader  is  referred  in  particular  to 
reference  1  for  more  complete  information  on  the  subject. 
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A.  Introduction — Advantages  of  Various  Methods 

The  problem  of  accurately  measuring  minute  strains  and  displacements  is 
a  most  difficult  and  fascinating  one,  which  has  engaged  the  attention  of  engi- 
neers and  scientists  for  many  years.  Since  the  movements  to  be  studied 
may  be  far  below  the  magnitude  which  can  even  be  detected — much  less 
measured — by  the  unaided  senses,  some  kind  of  magnification  of  their  effects 
is  obviously  necessary. 

The  most  obvious  solution  is  to  magnify  the  movements  directly  and 
mechanically  by  a  system  of  levers,  gears,  or  similar  means.  To  design  such 
a  system  to  give  any  desired  amplification  seems  at  first  glance  to  be  easy. 
If  one  lever  gives  a  magnification  of  ten  to  one,  then  a  combination  of  two 
should  give  one  hundred  to  one,  and  so  on.  But,  if  we  try  it  out  or  start  to 
analyze  the  effects  of  the  various  factors  which  are  actually  involved,  such  as 
friction,  lost  motion,  the  weight  and  inertia  and  flexibility  of  the  parts,  we 
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find  it  is  not  so  simple  to  obtain  accurate  and  reliable  results  in  this  way. 
The  difficulties  increase  rapidly  with  the  amount  of  magnification  desired 
and  become  still  greater  when  there  are  rapid  changes  in  the  motion,  as  in 
studies  of  impact  and  vibration. 

In  their  efforts  to  overcome  these  difficulties,  experimenters  early  took 
advantage  of  the  fact  that  a  beam  of  light  can  act  as  an  infinitely  rigid,  weight- 
less, and  inertialess  pointer,  of  far  greater  length  than  would  be  practical  for 
mechanical  pointers.     Most  of  the  optical  gages  are  based  on  this  principle. 

Another  method  of  overcoming  the  difficulties  is  to  transform  the  move- 
ments to  be  studied  into  some  kind  of  changes  in  an  electric  circuit.  This 
does  not  necessarily  give  any  magnification  in  itself,  but  sensitive  equipment 
is  available  to  measure  such  small  electric  changes.  Since  this  equipment 
can  be  placed  at  a  distance  and  connected  only  by  slender  wires  with  the 
point  where  the  movements  occur,  there  is  no  limit  to  its  size  and  complexity. 
Recent  developments  in  amplification  and  representation  by  controlling 
streams  of  electrons  have  made  these  electrical  methods  especially  useful  in 
cases  where  there  are  rapid  changes  in  motion,  which  make  the  inertia  of 
mechanical  parts  a  great  problem.  Electrical  methods  are  also  especially 
useful  when  the  points  at  which  measurements  are  to  be  made  are  enclosed 
or  inaccessible  for  some  reason. 

In  spite  of  the  advantages  of  optical  and  electrical  methods,  however, 
purely  mechanical  devices  are  still  in  widespread  use,  and  for  many  purposes 
are  much  more  convenient  than  their  competitors.  The  main  advantage  of 
purely  mechanical  devices  probably  lies  in  the  fact  that  they  are  completely 
self-contained,  and  the  quantities  to  be  measured  are  shown  on  scales  or  dials 
which  can  be  conveniently  read  without  the  observer  having  to  be  in  some 
fixed  position.  Nonmechanical  methods  all  require  supplementary  apparatus, 
or,  with  some  microscope-type  optical  instruments,  the  observer's  eye  must 
be  placed  at  a  certain  point,  which  cannot  always  be  conveniently  located. 

It  is  proposed  in  the  following  articles  to  discuss  some  of  the  general  prob- 
lems arising  in  the  design  of  mechanical  instruments  for  measuring  strains 
and  small  motions.  This  discussion  also  applies  to  the  mechanical  parts 
which  are  frequently  used  in  "optical"  and  "electric"  instruments. 

B.  Contact  Points  for  Picking  up  Motion 

When  the  motion  of  some  body  or  point  on  a  body  is  to  be  measured  by  a 
dial  gage  or  similar  instrument,  it  is  customary  to  provide  the  instrument 
with  a  rounded  contact  point,  which  is  constrained  to  move  in  a  straight  line 
or  along  an  arc  relative  to  the  instrument  and  is  forced  by  a  spring  against 
the  object  whose  motion  is  to  be  measured. 

This  is  quite  satisfactory  for  most  purposes,  but  it  should  be  remembered 
that  what  is  really  being  measured  is  only  the  motion,  relative  to  the  instru- 
ment's case,  of  the  instrument's  contact  point — its  motion  of  translation  if 
it  moves  in  a  straight  line,  or  its  angular  motion  if  it  moves  in  an  arc.  The 
relation  between  this  motion  and  the  motion  of  the  body  being  studied  may 
be  somewhat  complex  and  difficult  to  analyze.     Thus  in  Fig.  3-1  this  relation 
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3-1.     Factors  Affecting  Measurement  of 
Motion  by  a  Contact  Point 


evidently  depends  on  the  angles  between  the  direction  of  motion  of  the  con- 
tact point,  the  direction  of  motion  of  the  body,  and  the  general  direction  of 
the  body's  surface,  as  well  as  on  the  shape  of  the  contact  point. and  the  curva- 
ture and  local  irregularities  in  the  shape  of  the  body's  surface. 

When  it  is  desired  to  attain  great  precision  with  an  instrument  of  very  high 
sensitivity  it  may  be  desirable  to  use  some  kind  of  connection  which  makes 
this  relation  more  definite  and  analyzable.  Thus  in  Fig.  3-2,  owing  to  the 
flexure  hinges  at  A  and  B,  the  instrument  measures  the  relative  motion,  in 

the  direction  of  the  line  A-B, 
between  point  A  (which  is 
fixed  rigidly  to  the  body  stud- 
ied) and  point  B  (which  is 
fixed  rigidly  to  the  foundation). 
When  the  strains  at  the  sur- 
face of  a  body  are  to  be 
measured,  somewhat  different 
problems  arise.  Electrical- 
resistance  gages  are  com- 
monly made  in  the  form  of 
thin  semiconducting  sheets 
which  are  cemented  directly 
to  the  surface  of  the  body.  This  is  in  many  ways  an  ideal  arrangement, 
especially  when  large  accelerations  of  the  body  being  studied,  or  rapid  varia- 
tions in  the  strain,  are  present.  However,  even  this  type  of  strain  gage  has 
its  characteristic  problems,  which  are  discussed  in  Chapter  5. 

All  other  common  types  of  strain  gages  are  attached  to  the  specimen  at 
two  or  more  points  and  measure  the  relative  motion  of  these  points,  usually 
in  the  direction  of  the  line  between  them.  One  of  the  points  of  contact  or 
"gage  points"  of  the  instrument  is  commonly  fixed  to  the  instrument  frame 
or  case,  while  the  motion  of  the  other  one  is  magnified  and  measured  by  the 
instrument.  The  method  of  attach- 
ment usually  consists  merely  of 
pressing  the  gage  points  against  the 
surface  of  the  specimen,  friction 
being  depended  on  to  keep  them 
from  slipping  on  the  surface  when 
the  specimen  strains.  The  gage 
points  are  usually  made  sharp,  and 
their  "digging  in"  to  the  surface  augments  the  effect  of  friction,  or  a  scratch 
or  prick  punch  mark  or  small  hole  may  be  previously  made  in  the  surface 
of  the  specimen  for  the  points  to  fit  into. 

If  the  sizes  of  these  impressions,  scratches,  or  holes  are  small  compared  to 
the  gage  length  (the  initial  distance  between  the  gage  points)  and  compared 
to  the  important  dimensions  of  the  specimen,  their  presence  and  the  normal 
and  tangential  forces  which  are  exerted  by  the  gage  and  its  clamps  on  the 
specimen  may  have  a  negligible  effect  on  the  local  and  general  behavior  of  the 
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specimen.  But,  if  the  specimen  is  being  tested  to  failure  and  it  behaves  in  a 
brittle  manner,  the  stress  concentration  caused  by  such  notches  may  have  an 
important  effect,  or,  if  the  specimen  is  very  small  or  weak  or  flexible,  the 
forces  associated  with  the  use  of  the  gage  may  be  important. 

All  this  shows  the  importance  of  keeping  the  force  required  to  operate  the 
gage,  as  well  as  all  other  forces  associated  with  its  use,  as  small  as  possible. 
In  this  connection  also  it  would  be  well  to  remark  on  the  importance  of  keep- 
ing the  weight  of  the  gage  as  small  as  possible  and  concentrated  as  close  to 
the  surface  as  possible,  especially  when  the  gage  length  is  small.  If  the  gage 
is  "top  heavy,"  its  weight  and  inertia  may  produce  a  strong  tendency  to 
tip  it  and  to  reduce  the  pressure  on  one  gage  point  and  increase  it  on  the 
other.  The  clamping  pressure  then  has  to  be  increased  to  keep  the  minimum 
pressure  adequate,  and  thus  the  maximum  pressure  may  be  very  much  greater 
than  would  otherwise  be  required  to 
operate  the  gage. 

In  many  gages  the  point  of  contact 
with  the  specimen  is  also  used  as  a 
pivot  point,  as  shown  in  Fig.  3-3. 
Besides  the  obvious  fact  that  rotation 
of  the  gage  points  increases  their 
tendency  to  slip  and,  hence,  must  be 
limited  to  very  small  angles,  there 
are  other  factors  to  be  considered. 
The  gage  points  are  usually  diamond- 
shaped,  with  one  point  of  the  diamond 
contacting  the  specimen  and  the  other 

forming  a  knife-edge.  To  this  diamond  is  attached  a  long  mechanical  lever  or 
a  mirror  using  a  beam  of  light  as  a  lever. 

The  smaller  the  distance  s  (Fig.  3-3a)  is,  the  greater  the  magnification  will 
be.  As  the  clamping  pressure  is  increased,  the  length  s  will  be  decreased, 
owing  to  compression  of  the  diamond,  by  a  factor  such  as  a  (Fig.  3-36).  As 
the  gage  point  digs  into  the  specimen  and  the  upper  point  of  the  knife-edge 
and  the  groove  in  which  it  operates  deform,  the  effective  lever  arm  will  evi- 
dently tend  to  be  further  decreased  by  factors  b  and  c.  There  will  also  be  an 
undesirable  increase  in  resistance  to  rotation. 

From  elementary  considerations  it  can  easily  be  shown  that  these  factors 
are  very  roughly 
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where  t  is  the  thickness  of  the  diamond  perpendicular  to  the  figure,  E  is  the 
modulus  of  elasticity  of  its  material,  and  Sy  is  the  yield  point  of  the  specimen's 
material,  6  and  a  are  measured  in  radians,  and  w  is  the  very  small  width  of  the 
points  of  the  diamond.  If  the  typical  values  in  pound  and  inch  units  are 
used:   P  =  10,    0=1,    a  =  0.03,    E  =  30,000,000,    Sy  =  30,000,    s  =  0.16, 
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t  =  0.06,  w  =  0.000 1,  we  have 

a  =  0.0005,     b  =  0.0003,     c  =  0.035 

It  seems  from  these  figures  that  deformations  of  the  gage  parts  themselves 
are  not  likely  to  be  important.  However,  the  digging  of  the  gage  points  into 
the  specimen,  in  addition  to  its  disadvantages  previously  discussed,  may 
change  the  magnification  factor  by  several  per  cent  when  the  contact  point 
is  used  as  a  pivot  with  a  short  lever  arm.  This  effect  will,  in  general,  vary 
with  the  clamping  pressure  P  and  other  conditions  and,  hence,  cannot  very 
well  be  allowed  for. 

The  practice  of  using  the  contact  point  as  a  pivot  with  a  short  arm  therefore 
seems  definitely  undesirable,  except  perhaps  in  applications  such  as  optical 
gages,  where  the  lightness  of  the  parts  may  make  it  possible  to  use  very  small 
clamping  pressures.  The  ideal  condition  is  for  the  movable  gage  point  to 
move  along  the  line  joining  the  initial  positions  of  the  gage  points,  without 
rotating. 

C.  Sensitivity  and  True  Accuracy 

Once  the  motion  to  be  measured  has  been  transferred  to  the  instrument, 
the  next  problem  is  to  magnify  it  sufficiently  so  that  it  can  be  read.  In 
considering  the  amount  of  magnification  which  is  required  in  any  given  case, 
a  distinction  must  immediately  be  made  between  nominal  magnification,  or 
sensitivity,  and  true  accuracy. 

Let  t  represent  the  true  movement  or  strain*  being  measured,  and  i  be  its 
value  as  indicated  by  the  instrument.  The  indicated  value  is  usually  not 
read  directly  from  the  instrument  but  is  calculated  from  the  reading  by  use 
of  a  calibration  factor  or  a  calibration  curve  or  a  combination  of  a  factor 
and  a  curve.  It  is  of  course  most  convenient  if  the  indicated  value  can  be 
read  directly,  and  dial  gages  are  usually  made  to  permit  this,  whereas  in  strain 
gages  it  is  usually  not  attempted. 

In  any  case  there  are  usually  consistent  errors  which  can  be  allowed  for  by 
use  of  a  calibration  curve,  and,  if  the  inconvenience  of  using  such  a  curve  is 
accepted,  the  accuracy  attainable  with  the  instrument  is  increased.  That 
is,  a  gage  used  without  a  calibration  curve  and  the  same  instrument  used  with 
one  might  be  regarded  as  two  different  instruments,  the  second  version  being- 
more  accurate  but  less  convenient  to  use  than  the  first. 

The  difference  between  the  true  and  indicated  values  is  the  error,  e  or 

t  -  i  =  e  (2) 

The  sensitivity  of  the  instrument  is  usually  measured  by  the  smallest  value 
of  i  which  can  be  read,  t'min.  This  can  usually  be  taken  as  the  value  correspond- 
ing to  from  one  fifth  to  one  half  of  the  smallest  division  in  the  scale  (depending 

*  In  discussing  dial  gages,  or  strain  gages  having  a  variable  gage  length,  it  is 
best  to  talk  about  the  movement,  but  for  strain  gages  having  a  fixed  gage  length  it 
may  be  more  convenient  to  speak  in  terms  of  the  unit  strain,  that  is,  the  movement 
divided  hy  the  gage  length. 
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on  the  size  of  this  division,  the  relative  thickness  of  the  pointer,  the  provisions 
for  avoiding  parallax,  and  so  on). 

If  the  maximum  errors  are  less  than  imia,  then  rmin  represents  the  smallest 
value  which  the  instrument  can  measure.  But,  if  the  maximum  error  emax 
(preferably  the  maximum  found  in  a  considerable  number  of  trials  under 
various  conditions  and  with  different  observers)  is  greater  than  i^n,  then, 
emax  obviously  represents  the  limiting  value  which  the  instrument  can  measure. 
The  true  accuracy  of  the  instrument  may,  therefore,  be  measured  by  the 
uncertainty  u,  which  is  taken  equal  to  zmm  or  emax,  whichever  is  the  larger. 
Readings  can  then  be  assumed  to  be  accurate  to  +  u. 

Sometimes  it  is  more  revealing  to  measure  the  accuracy  by  the  percentage 
of  the  uncertainty  to  the  total  movement  or  strain  measured.  This  is  evi- 
dently lOOu/t  (or  lOOu/i  since  t  and  i  differ  only  slightly).  Both  u  and  the 
percentage  lOOu/t  are  likely  to  vary  with  the  magnitude  of  t  or  i. 

D.  Magnification  Required 

Having  defined  what  is  meant  by  sensitivity  and  accuracy,  let  us  return  to 
the  discussion  of  means  of  magnification.  In  designing  an  instrument  for  a 
given  purpose  the  accuracy  required,  that  is  the  value  of  u,  will  be  at  least 
approximately  known.  If  it  is  assumed  that  errors  can  be  kept  so  low  that 
£maX  <  imin,  then  the  accuracy  is  determined  by  the  sensitivity,  and  this  can 
be  computed  from  purely  geometrical  considerations.  The  proposed  instru- 
ment could  then  be  constructed,  the  errors  measured  by  careful  tests,  and 
refinements  undertaken  if  the  errors  prove  too  great. 

Such  a  development  is  likely  to  be  lengthy  and  uncertain,  and  it  seems 
desirable  and  possible  to  be  more  systematic.  Consider  first  the  relation 
between  emax  and  imin  and  the  given  value  of  u.  It  seems  undesirable  to  have 
any  of  these  quantities  out  of  proportion  to  the  others.  Increasing  the 
magnification  used,  for  instance,  decreases  i^  but  is  almost  certain  to  increase 
emax  at  the  same  time,  because  the  difficulty  of  keeping  down  sources  of  error 
increases  rapidly  with  the  magnification.  It  would,  therefore,  seem  that  the 
smallest  imin  and  emax  and,  hence,  the  smallest  uncertainty  u  would  be  obtained 
(for  a  given  type  of  mechanism,  care  of  manufacture,  and  so  on)  if 

However,  if  u  has  been  taken  as  the  maximum  uncertainty  which  can  pos- 
sibly be  allowed,  it  is  better  to  be  a  little  more  conservative  and  to  aim  for  a 
relation  such  as 

u 

K 

where  k  is  a  number  greater  than  unity — perhaps  2  or  more.  This  favors 
ease  of  reading  by  making  it  unnecessary  always  to  read  to  the  limit  of  per- 
ception and  gives  some  factor  of  safety  for  errors,  so  that  perfection  in  the 
conditions  of  the  test  and  of  the  instrument  will  not  always  have  to  be 
maintained. 


78 


MECHANICAL  GAGES  AND  EXTENSOMETERS 


E.  Factors  Affecting  Accuracy 
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It  is  now  possible,  by  geometrical  considerations  only,  to  design  a  mecha- 
nism to  give  the  proper  sensitivity  or  value  of  imin.  To  predict  theoretically 
what  the  value  of  emax  will  be  is  much  more  difficult,  but  it  seems  very  impor- 
tant to  attempt  to  do  it  approximately,  and  in  any  case  it  is  obviously  impor- 
tant to  consider  as  quantitatively  as  possible  the  effect  on  the  error  of  various 
types  of  construction  and  details  of  design.     In  the  following  an  attempt  is 

made  to  list  and  discuss  the  more  impor- 
tant factors  affecting  errors. 

1.  Inaccuracies  in  mechanism,  such  as 
in  the  shape  of  cams,  gear  teeth,  or  any 
mechanism  which  may  result  in  a  variable 
magnification  or  nonlinear  relation  between 
the  motion  to  be  measured  and  the  magni- 
fied motion  read.  In  positive-drive  mecha- 
nisms where  the  indicating  hand  moves  only 
once  over  the  scale  for  the  entire  range  of  the  instrument,  a  nonlinear  scale  may 
be  used  to  correct  for  the  irregularity  of  the  mechanism.  In  all  positive-drive 
mechanisms,  these  effects  can  be  largely  allowed  for  and  eliminated  by  calibra- 
tion charts,  but,  of  course,  this  may  not  be  desired  because  of  its  inconvenience. 
The  effect  of  inaccuracies  can  be  considered  to  be  independent  of  the  forces 
present. 

2.  Lost  Motion.  The  effect  of  lost  motion  can  also  be  considered  to  be 
independent  of  the  magnitude  but  not  of  changes  in  sign  of  the  forces  present. 
Since  most  of  the  forces  present  change  sign  when 
the  direction  of  motion  changes,  the  effect  of  lost 
motion  could  be  partly  allowed  for  and  eliminated 
by  use  of  two  separate  calibration  charts  for  mo- 
tions in  one  direction  and  in  the  other.  This  would 
be  very  undesirable,  both  because  of  the  inconveni- 
ence and  because  in  many  applications  it  would  be 
difficult  to  prevent  or  detect  momentary  reversals 
of  motion. 

Two  practical  methods  for  eliminating  lost  motion 
seem  to  be  available.  One  method  is  to  use  ele- 
ments of  mechanism  which  are  free  from  lost  motion, 

such  as  flexure  plates  instead  of  pivots  and  friction  gearing  instead  of  toothed 
gearing,  or  to  use  ordinary  elements  of  tapered  or  conical  form,  such  that  a 
spring  force  at  right  angles  to  the  direction  of  motion  can  be  used  to  take  up 
all  play.  For  example  pivots  can  be  made  as  suggested  by  Figs.  3-4a  and 
3-46,  and  toothed  gearing  could  be  made  as  suggested  by  Fig.  3-5,  a  pitch 
angle  of  30°  or  so  being  used  and  a  spring  to  force  the  two  axes  towards  each 
other. 

The  other  method  for  eliminating  lost  motion,  used  in  most  dial  gages,  is 
to  introduce  a  spring  force  at  the  high-speed  end  of  the  system  sufficient  to 


Fig.    3-5.     Elimination 
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drive  the  system  from  that  end  when  the  motion  is  in  one  direction.  When 
the  motion  is  in  the  opposite  direction,  the  sum  of  the  usual  resistance  and 
this  spring  force  must  be  overcome.  With  this  arrangement  the  net  operating 
forces  are  always  in  the  same  direction,  eliminating  most  of  the  lost  motion. 
However,  while  the  operating  forces  are  decreased  under  some  conditions, 
they  are  increased,  usually  by  a  factor  of  three  or  four  or  more,  under  the 
worst  conditions.  As  has  been  pointed  out  this  is  very  undesirable  for  many 
applications. 

3.  Effect  of  Temperature  Changes.  One  effect  of  temperature  changes 
might  be  to  change  the  magnification  ratio  by  the  resulting  dimensional 
changes  in  different  parts.  This  effect  cancels  out  if  all  the  parts  of  the  instru- 
ment are  made  of  materials  having  the  same  coefficient  of  expansion  and  is 
not  likely  to  be  important  in  any  case. 

More  important  is  the  change  in  the  distance  between  the  gage  points 
caused  by  the  expansion  or  contraction  of  the  instrument  or  its  parts.  Mate- 
rials like  brass  and  aluminum  have  a  coefficient  of  expansion  of  about  1/100,000 
per  degree  Fahrenheit,  whereas  the  coefficient  of  expansion  of  steel  is  about 
two  thirds  as  great.  The  apparent  unit  strain  which  would  be  indicated, 
due  to  a  temperature  change  of  10°,  with  an  aluminum  gage  on  a  steel  speci- 
men or  vice  versa  (if  it  is  assumed  the  gage  and  specimen  are  heated  or  cooled 
alike)  would,  therefore,  be  about  (H)  (10/100,000)  =  1/30,000.  This  is  the 
same  as  the  strain  produced  by  a  stress  of  1000  psi  on  steel  and  is  hardly 
unimportant. 

It  is  usually  desired  to  have  a  strain  gage  register  only  the  dimensional 
changes  of  the  specimen  due  to  stresses  and  not  to  respond  to  those  due  to 
temperature  changes.  The  simplest  way  to  accomplish  this  is,  of  course,  to 
have  all  parts  of  the  gage  made  of  a  material  having  the  same  coefficient  of 
expansion  as  the  material  of  the  specimen.  In  some  cases  it  may  be  sufficient 
to  have  the  frame  of  the  gage  of  such  a  material,  but  an  elaborate  analysis 
may  be  necessary  to  show  whether  this  is  sufficient. 

If  different  changes  in  temperature  occur  in  the  specimen  and  in  the  gage, 
all  such  provisions  are  useless,  and  serious  errors  may  result,  which  are  diffi- 
cult to  detect  and  allow  for.  Currents  of  warm  air  from  a  heating  system 
may  cause  serious  trouble  as  a  result  of  uneven  heating  of  this  sort.  If  gages 
and  specimens  are  brought  in  from  different  rooms,  ample  time  must  be 
allowed  for  them  to  reach  a  constant  temperature  before  assembling  or  taking 
zero  readings. 

If  it  is  desired  to  measure  absolute  movements,  whatever  their  cause,  with 
great  precision,  it  may  be  desirable  to  use  instruments  made  of  Invar  or 
having  temperature-compensating  devices  such  as  are  used  in  clocks  (some- 
times compensation  can  be  achieved  by  making  different  parts  of  different 
materials)  or  else  to  use  great  care  to  prevent  or  allow  for  temperature  changes. 

4.  Flexure  of  Parts.  This  depends  of,  course,  on  the  forces  present,  and 
a  study  of  these  forces  must  be  made  to  understand  it.  Forces  which  vary 
between  wide  limits  are  most  important  in  this  connection,  as  the  flexure  or 
other  type  of  deformation  clue  to  constant  forces  could  easily  be  allowed  for. 
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5.  Slippage  and  creep  in  friction  drives,  when  such  mechanisms  are  used, 
might  be  mentioned  in  the  same  connection  as  flexure,  since  its  effect  also 
depends  on  the  forces  and  particularly  the  variable  forces  which  are  present. 
The  possibilities  in  such  drives  are  frequently  disregarded  because  they  are 
not  positive.  However,  this  does  not  mean  that  the  errors  involved  will  be 
greater  than  with  other  types  of  instrument.  The  errors  are  likely  to  be 
cumulative,  and  such  a  mechanism  would  not  be  suitable  for  an  instrument 
which  is  to  be  used  over  long  periods  of  time  without  resetting  or  rechecking 
the  zero  reading.  In  such  use  there  would  be  likely  to  be  gradual  drift,  which 
might  mount  up  to  large  proportions. 

However,  for  use  in  short  tests,  where  the  instrument  can  be  reset  or  a 
zero  reading  taken  at  the  beginning  of  each  test,  such  mechanisms  have  great 
possibilities.  For  example  it  is  possible  to  obtain  a  linear  amplification  of  a 
hundred  to  one  or  more  in  a  single  stage,  with  unlimited  range,  by  means  of 
friction  gears.  The  percentage  errors  during  a  single  use  may  be  kept  quite 
low. 

F.  The  Forces  Involved  in  the  Operation  of  Instruments 

These  forces  are  of  many  kinds.  They,  of  course,  do  not  produce  errors 
of  themselves,  but  they  are,  as  has  been  discussed,  the  cause  of  errors  due  to 
flexure  and  slippage,  and  are  also  important  for  their  possible  effect  on  the 
behavior  of  the  specimen,  as  has  been  discussed.  They  must  also  be  consid- 
ered in  connection  with  the  strength  of  the  instrument  parts,  although  in 
many  cases  the  dimensions  required  may  be  determined  by  stiffness,  to  keep 
down  errors  due  to  flexure,  rather  than  by  strength. 

The  most  important  forces  involved  might  be  classified  as  the  clamping 
forces  due  to  attaching  the  instrument  to  the  specimen  or  foundation,  forces 
due  to  the  weight  and  inertia  of  the  instrument  and  its  parts,  frictional  resist- 
ance to  the  motion  of  the  parts  (solid,  fluid,  and  rolling  friction),  and  elastic 
spring  forces. 

Two  radically  different  kinds  of  inertia  forces  must  be  distinguished:  (1) 
inertia  forces  in  the  instrument's  parts  in  the  direction  of  and  opposing  their 
motions  due  to  rapid  changes  in  the  strains  or  relative  motions  which  the  instru- 
ment is  measuring;  (2)  those  due  to  accelerations  of  the  specimen  and 
instrument  as  a  whole,  independent  of  the  strain  or  relative  motion  which  the 
instrument  is  supposed  to  measure.*  This  latter  type  of  inertia  force  would 
be  experienced  by  a  strain  gage  and  all  its  parts  when  mounted  on  a  connecting- 
rod  or  some  part  of  a  dive  bomber  in  a  dive,  even  when  the  strains  being 
measured  happen  to  be  zero  or  constant.  The  first  type  involve  acceleration 
in  what  might  be  called  the  "operating  motion"  of  the  instrument. 

Two  kinds  of  spring  forces  should  similarly  be  distinguished:  (1)  forces 
required  to  bend  flexure  plates  and  pivots,  which  vary  between  wide  limits 
during  an  instrument's  operation,  (2)  those  clue  to  springs  such  as  shown  in 

*  Methods  for  compensating  for  errors  due  to  such  inertia  forces  are  described 
in  reference  24. 
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Fig.  3-4,  which  exert  practically  constant  forces  between  parts  and  have  no 
effect  on  errors  except  insofar  as  they  increase  friction. 

It  may  be  illuminating  also  to  consider  a  different  type  of  classification  of 
forces  into  (1)  those  which  act  in  the  direction  of  the  operating  motion  of  the 
instrument,  and  (2)  those  which  act  perpendicular  to  this  direction  and  which, 
therefore,  affect  the  motion  only  indirectly  through  friction.  The  first  type 
is  largely  produced  by  friction  forces  and  by  the  first  types  of  inertia  and 
spring  forces,  whereas  the  second  type  is  associated  more  with  weight,  clamp- 
ing forces,  and  the  second  types  of  inertia  and  spring  forces. 

G.  Effect  of  Location  on  Importance  of  Factors 

Now  that  the  various  factors  which  affect  errors  and  the  forces  associated 
with  them  have  been  enumerated,  it  is  possible  to  discuss  a  few  broad 
generalizations  which  are  useful  in  planning  instruments.  In  every  instru- 
ment involving  mechanical  amplification,  whether  this  concerns  a  single  lever 
or  a  complex  train  of  gears  and  levers,  there  is  a  "low-speed"  end  of  the 
mechanism  (the  gage  points  or  contact  points  which  pick  up  the  motion  to  be 
measured)  and  a  "high-speed"  end  (at  the  pointer  and  scale,  where  the  mag- 
nified motion  is  read)  with  intermediate  speeds  between. 

Now  it  is  evident  that  deviations  from  the  desired  motion  (in  the  direction 
of  this  motion)  due  to  lost  motion,  flexure  of  parts,  and  so  on  are  much  more 
serious  when  they  occur  at  the  Zoro-speecl  end,  where  their  effect  on  the  read- 
ings is  greatly  magnified,  than  they  are  if  they  occur  at  the  high-speed  end, 
where  their  effect  on  the  readings  is  unmagnified.  On  the  other  hand,  forces 
resisting  the  motion  (which,  of  course,  cause  most  of  the  afore-mentioned 
deviations)  are  much  more  serious  when  they  originate  at  the  high-speed  end, 
since  their  effect  is  magnified  as  we  go  towards  the  low-speed  end.  This  is 
true  whether  the  forces  are  due  to  friction  or  inertia  or  other  causes. 

This  means  that  especial  care  is  necessary  to  prevent  any  lost  motion  (or 
other  irregularities  of  motion  which  cannot  be  balanced  out  or  allowed  for) 
at  the  low-speed  end  of  the  mechanism,  whereas  this  becomes  less  and  less 
important  for  parts  of  the  mechanism  closer  to  the  high-speed  end.  It  also 
means  that  parts  should  be  made  more  and  more  rigid  as  we  approach  the 
low-speed  end,  both  because  the  operating  forces  are  greater  there  and  because 
the  effects  of  deformation  under  these  forces  are  much  more  serious. 

This  also  means  that  the  increase  in  inertia  forces  at  the  low-speed  end,  due 
to  the  added  weight  necessary  for  stiffness  there,  does  little  harm.  But 
inertia  forces  at  the  high-speed  end  are  very  serious,  and  so  the  parts  at 
that  end  should  be  as  light  as  possible.  The  resulting  flexibility  does  little 
harm  at  that  point. 

Since  the  pointer  at  the  reading  end  is  the  highest-speed  part,  a  good  deal 
of  thought  devoted  to  making  it  as  light  as  possible  may  be  well  repaid.  This 
indicates  that  a  pointer  moving  on  a  fixed  scale  is  generally  better  than  the 
alternative  of  a  scale  moving  past  a  fixed  point,  since  a  pointer  can  be  made 
much  lighter  than  a  scale.  Most  pointers  rotate  and,  hence,  have  a  higher 
velocity  at  the  outer  end  than  closer  to  the  axis,  and  the  minimum  moment 


82  MECHANICAL  GAGES  AND  EXTENSOMETERS 

of  inertia  of  the  pointer  is  the  object  to  be  aimed  at.  For  instruments  meas- 
uring motions  or  strains  which  vary  with  time  the  design  of  the  pointer  may 
be  more  important  than  any  other  detail  of  the  instrument.  The  use  of  a 
very  light  pointer,  even  if  it  is  so  fragile  that  it  must  be  protected  by  a  trans- 
parent enclosure,  may  justify  itself  by  permitting  a  mechanical  gage  to 
be  employed  where  optical  or  electronic  devices  would  otherwise  be  required. 
A  study  of  materials  and  shapes  for  mechanical  pointers  indicates  that  a 
solid  pointer  made  of  balsa  wood,  with  cross-sectional  dimensions  of  about 
four  thousandths  of  an  inch  at  the  point  and  a  taper  of  about  one  in  ten, 
gives  the  smallest  moment  of  inertia  practicable.  The  moment  of  inertia  of 
such  a  pointer  may  be  only  1  or  2  per  cent  of  that  of  a  conventional  pointer. 
Such  a  pointer  is  of  course  very  fragile  and  must  be  handled  with  care,  but 
once  installed  in  a  protected  location  it  is  amply  strong  and  stiff  to  resist  its 
own  very  small  inertia  forces.  Balsa  wood  has  rather  large  pores  at  intervals 
in  an  otherwise  fine,  even,  cellular  structure,  and  such  pores  must  be  avoided 
near  the  small  end  of  the  pointer.  Since  the  wood 
is  cheap  and  easily  cut,  a  large  percentage  of  rejects 
can  be  tolerated.  Firm  balsa,  treated  to  inhibit  decay 
and  warping,  can  be  obtained  with  a  density  of  less 
than  !io  oz  /in.3 

Parallax  in  making  pointer  readings  can  be  avoided 

**|  *   about  0.005"         ]5y  ^]ie  usual  method  of  providing  a  mirror  behind  the 

'/////A  ~ ^       pointer  and  lining  up  the  pointer  with  its  image.     A 

v///////////////////.        better  method,   which  does  not  require  moving  the 

x?  „     o  a      t?i-     •  observer's   head   to  a  certain  position  every  time  a 

h\G.    3-D.      Ehmina-  .  .  . 

tion  of  Parallax  reading  is  taken,  is  to  place  the  pointer  flush  with 

the  face  of  the  scale,  as  illustrated  in  Fig.  3-6.  If 
the  dial  and  pointer  mounting  are  accurate  and  the  width  of  the  pointer  is 
a  tenth  or  less  of  the  width  of  the  scale  division,  readings  can  be  made 
consistently  to  a  fifth  of  one  division  with  this  arrangement,  even  from  a 
considerable  viewing  angle. 

H.  Mechanisms  for  Magnification 

In  the  foregoing  paragraphs  an  attempt  has  been  made  to  discuss  the  main 
factors  affecting  instrumental  errors.  Another  thing  which  must  be  considered 
at  an  early  stage  of  design  is  the  range  of  movement  which  each  part  of  the 
machanism  must  undergo.  Most  mechanisms  for  mechanical  magnification 
resolve  themselves  into  a  series  of  levers  or  gearing  (toothed  or  friction). 
The  principles  of  levers  and  gears  are  of  course  fundamentally  similar,  but 
levers  are  capable  of  only  limited  motion,  especially  if  linearity  is  to  be  pre- 
served, whereas  gears,  racks,  and  pointers  operating  on  full  circular  scales 
permit  unlimited  motions  with  at  least  theoretical  linearity. 

The  range  of  motion  required  depends  both  on  the  purpose  for  which  the 
instrument  is  designed  and  on  the  part  of  the  instrument  considered.  Obvi- 
ously, much  more  range  of  motion  is  required  at  the  high-speed  end  of  an 
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instrument  than  at  the  low-speed  end,  and  a  type  of  mechanism  suitable  at 
one  point  may  be  quite  unsuitable  at  another. 

The  selection  of  the  type  of  mechanism  to  be  used  at  each  point  can  now 
be  made  on  the  basis  of  the  range  required  and  the  importance  of  the  various 
factors  affecting  errors.  Only  general  statements  can  be  made  here  on  this 
question.  For  instance,  levers  are  evidently  suitable  only  for  small-range 
instruments  or  for  the  low-speed  end  of  instruments  designed  for  greater 
range,  while  toothed  or  friction  gears  must  be  used  where  unlimited  range  is 
required  or  desirable. 

Flexure  plates  or  pivots  are,  of  course,  suitable  only  for  use  with  levers, 
because  of  the  small  angular  motion  to  which  they  are  limited.  They  are 
ideally  suited  for  the  low-speed  end  of  a  gage,  because  their  freedom  from  lost 
motion  is  most  important  there,  and  their  limited  motion  and  the  force 
required  to  operate  them  are  of  little  importance.  If  more  range  is  required 
at  the  low-speed  end,  then  bearings  such  as  shown  in  Fig.  3-4  are  desirable, 
because  they  eliminate  lost  motion,  and  the  increased  friction  associated 
with  their  use  is  relatively  unimportant  at  that  

end-  /  \/  \      ch,ft 

•   •  (  Y  \      bhart 

Gearing,  using  a  type  of  pivot  with  minimum      I       O       \       0_^-4-acting  as 

friction,  is  particularly  suited  to  the  high-speed  x^^^^vT.^/     a  pin'on 

end  of  a  gage,  where  great  range  is  required  and  (^  y~ 

the  backlash  and  gear-tooth  irregularity  asso-  I  H— Driving  gear 

ciated    with    toothed    gearing    are     relatively  X>.    ^/ 

harmless.     A  promising  mechanism  for  the  high-      -^         „  _      „  .   ,.        „ 

„  .        ,  .     .  ,  .  r  Fig.    3-7.     Friction-Gear 

speed  end  of  a  gage  is  a  friction  gear  drive  using  Drive 

a  very  small  shaft  for  the  pinion,  the  shaft  being- 
rolled  between  rolls  as  in  centerless  grinding,  instead  of  being  mounted  in 
ordinary  bearings.     One  of  the  rolls  can  act  as  the  driving  gear,  as  indicated 
in  Fig.  3-7. 

I.  Methods  for  Calculating  Errors 

As  has  been  pointed  out,  elementary  principles  of  geometry  or  mechanism 
suffice  for  designing  an  instrument  to  give  the  required  sensitivity  or  magnifica- 
tion. It  is  necessary  also,  however,  that  the  errors  be  held  down  to  a  value 
commensurate  with  the  sensitivity,  if  an  instrument  is  to  be  fully  successful. 
The  discussion  of  the  factors  affecting  errors  may  suggest  ways  of  keeping 
the  errors  down,  but  there  will  always  be  some  present,  and  it  is  important 
to  calculate  their  magnitude  even  if  very  approximately. 

Such  a  calculation  is  a  problem  in  mechanics  involving  the  usual  principles 
of  statics,  dynamics,  and  strength  of  materials  and  can  be  discussed  only  in 
general  terms.  The  calculations  should  start  with  the  study  of  the  forces 
acting  on  each  part  under  each  of  various  extreme  conditions. 

The  extreme  conditions  can  be  taken  as  those  existing  just  before  and  just 
after  the  instrument  reaches  its  two  extreme  positions.  The  directions  of  the 
friction  forces  reverse  as  we  go  from  just  before  to  just  after  each  extreme 
position,  whereas  the  directions  of  the  inertia  and  elastic  forces  reverse  as  we 
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go  from  one  extreme  position  to  the  opposite  one.  Although  it  may  be  neces- 
sary to  consider  these  four  conditions  to  determine  the  maximum  changes  in 
forces  occurring,  it  will  usually  be  sufficient  to  calculate  only  the  two  condi- 
tions at  one  extreme  position  and  assume  that  the  forces  are  equal  but  opposite 
at  the  other  extreme  position. 

After  the  extremes  of  forces  acting  on  each  part  have  been  calculated,  the 
total  error  can  be  computed  as  the  algebraic  sum  of  the  errors  caused  by  each 
source  of  error  present.  Individual  sources  of  error  can  be  taken,  for  instance, 
as  the  lost  motion  at  some  point  due  to  reversal  of  the  direction  of  the  forces 
or  the  distortion  of  some  part  due  to  the  maximum  change  in  the  forces  acting 
on  it.  The  error  due  to  such  a  source  is  the  motion  of  the  pointer  tip  which 
such  a  lost  motion  or  distortion  would  cause.  This  is,  of  course,  the  actual 
motion  at  that  point  (or  rather  its  component  in  the  direction  of  the  operating 
motion)  times  the  geometrical  magnification  between  that  point  and  the 
pointer  tip. 

Strictly  speaking,  the  directions  and  magnitudes  of  the  errors  which  can 
occur  simultaneously  between  any  two  of  the  four  extremes  conditions  should 
be  summed  up  separately.  Complete  calculations  of  this  nature  would,  of 
course,  be  very  complicated.  However,  if  the  extreme  errors  due  to  each  of 
the  main  possible  sources  are  computed,  without  regard  to  how  they  may 
combine  together,  most  of  them  can  usually  be  disregarded  as  negligible,  and 
the  attention  can  be  fixed  on  one  or  two  important  sources  whose  possible 
combinations  can  be  readily  seen.  If  there  are  many  small  errors  of  about 
the  same  magnitude,  the  total  error  obviously  lies  between  zero  and  their 
arithmetical  sum,  and  an  estimate  of  half  or  two  thirds  of  their  arithmetical 
sum  should  at  least  give  the  right  order  of  magnitude. 

Some  calculations  along  these  lines,  even  if  very  incomplete,  should  not 
only  give  the  order  of  magnitude  of  the  maximum  error,  but  also  suggest  the 
most  promising  methods  for  substantially  reducing  it.  The  calculations  of 
the  extreme  forces  acting  on  the  different  parts  are  evidently  also  useful  for 
computing  the  strength  of  the  gage  parts,  although  this  is  not  likely  to  be 
critical,  as  has  been  mentioned. 

J.  History  of  the  Development  of  Mechanical  Strain  Gages 

6.  General.  Prior  to  1870  very  few  instruments  had  been  developed  for 
measuring  strains  accurately,  but  by  1875  interest  in  this  phase  of  mechanics 
was  lively.  This  interest  has  continued  to  the  present  time  with  but  few 
lapses  and  has  resulted  in  a  considerable  array  of  equipment  for  many  diverse 
applications.  For  the  most  part,  instruments  utilizing  mechanical  amplifica- 
tion employ  wedges,  screws,  levers  (including  optical  levers),  gears,  or  a  com- 
bination of  these,  and  these  mechanisms  were  adopted  in  the  order  given 
during  the  evolution  of  strain-measuring  instruments. 

Naturally,  interest  was  first  directed  to  the  investigation  of  tensile  and 
compressive  strains  in  test  specimens  but  was  shortly  extended  to  cover 
strains  in  actual  machines  and  structures.  Later,  means  were  contrived  for 
recording  graphically  the  behavior  of  materials  under  test  loading  and,  even- 
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tually,  the  behavior  of  structural  members  in  actual  service.  Recent  endeav- 
ors in  the  development  of  mechanical  instruments  have  been  largely  in  the 
nature  of  refinements  of  previously  established  methods. 

7.  Wedge   and   Screw  Magnification.     The  wedge   gage,   Fig.   3-8,   was 
simply  a  triangular  plate  with  its  longer  sides  related  by  a  1:10  slope.     When 
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Fig.  3-8.     Wedge  Gage 


Fig.  3-9.     Unwin's  Touch  Micrometer 

inserted  between  two  shoulders  clipped  to  the  test  specimen,  extensions  could 
be  detected  to  approximately  the  nearest  0.002  in.  Professors  Easton 
Hodgkinson  and  W.  C.  Unwin  used  this  method  of  measurement  in  about 
1856. 

Developed  by  Unwin  in  1883,  the  touch  micrometer,  Fig.  3-9,  was  used 
principally  as  an  extensometer.  Extension  was  measured  by  expanding  the 
instrument  manually  between  two  reference  shoulders  firmly  clipped  to  the 
test  specimen.     Scale  A  and  vernier  B  were  affixed  to  the  slide  for  measuring 
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its  motion.  Measurements  of  vernier  B  were  further  refined  by  use  of  a 
micrometer  microscope.  The  instrument  was  graduated  to  the  nearest 
0.0001  in.  Although  no  provisions  were  made  to  insure  uniform  contact 
pressure,  an  accuracy  of  0.0002  in.  was  claimed. 

Many  types  of  extensometers  were  developed  during  the  period  1870-90, 
usually  employing  one  or  more  screw-type  micrometers.  Pairs  of  microm- 
eters were  generally  used  alone,  whereas  single  micrometers  were  used  in 
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Fig.  3-10. 


Double-Screw   Micrometer  Ex- 
tensometer 


Fig.    3-11.     Single-Screw    Mi- 
crometer Extensometer 


combination  with  mechanical  levers  for  establishing  an  average  axial-strain 
value. 

Although  Professor  Thurston,  in  1875,  was  probably  the  first  to  employ 
dual-micrometer  screws  in  an  extensometer  to  measure  average  axial  elonga- 
tion, one  of  the  most  reliable  instruments  of  this  type  was  developed  by  Hen- 
nig  and  Marshall  (Fig.  3-10).  Two  frames,  A  and  B,  carrying  contact  points 
and  screw  micrometers,  respectively,  were  attached  to  the  test  specimen, 
each  with  a  pair  of  pointed  screws.  Extension  was  measured  directly  with 
the  two  screw  micrometers.  A  weak  electric  circuit,  actuating  a  visual  or 
audible  signal,  was  used  to  obtain  a  more  uniform  micrometer  contact.  The 
instrument  was  graduated  to  measure  to  the  nearest  0.0001  in.  and  had  a 
probable  accuracy  of  0.0002  in. 

Other  instruments  which  should  be  mentioned  in  this  group  include  Unwin's 
single-screw  extensometer  with  spirit  levels,  developed  about  1886  (Fig.  3-11), 
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and  the  extensometer  made  by  the  Cambridge  and  Paul  Instrument  Co., 
Ltd. 

The  strain  gage  developed  by  J.  E.  Howard  about  1888  (Fig.  3-12)  was  one 
of  the  pioneer  instruments  used  for  measurement  of  strain  in  actual  structures. 
The  magnification  was  accomplished  solely  by  a  screw  micrometer,  which 
measured  the  relative  motion  of  two  coaxial  tubes,  each  provided  with  a 
conical  contact  point.     The  contact  points  were  inserted  in  prepared  holes 
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Fig.  3-12.     The  Howard  Strain  Gage 

marking  a  known  gage  length  on  the  structure.  Measurements  were  deter- 
mined to  the  nearest  0.0001  in.  and  had  a  probable  accuracy  of  0.0002  in. 
under  normal  operating  conditions.  Two  men  were  required  for  most  satis- 
factory operation. 

Another  application  of  the  screw  micrometer  is  illustrated  by  Searle's 
apparatus  for  measuring  extension  of  wire  (Fig.  3-13).  The  instrument  was 
supported  in  a  level  position  by  identical  wires  Wx  and  Wo.  Elongation  of 
W2  under  load  P  was  measured  as  the 
micrometer  movement  required  to  re- 
turn spirit  level  L  to  its  original  level 
position.  Wire  Wi  served  as  compen- 
sator for  the  effects  of  temperature 
change. 

The  accuracjr  of  an  instrument  em- 
ploying spirit  levels  depends  to  a  large 
degree  on  the  sensitivity  of  the  levels. 
Levels  are  available  with  a  sensitivity 
of  5  sec  of  arc,  which  is  suitable  for 
most  applications. 

8.  Simple  Mechanical -Lever  Ex- 
tensometers.  The  mechanical  lever 
was  adopted  at  an  early  date  for  mag- 
nification of  strains.  Two  general 
types  may  be  discerned:  (1)  instru- 
ments in  which  the  lever  system  was 
actuated  through  members  attached  to  the  specimen,  and  (2)  instruments  in 
which  one  of  the  contact  points  on  the  specimen  served  also  as  a  fulcrum,  or 
pivot,  of  a  lever. 

Type  1  is  illustrated  by  the  instrument  shown  in  Fig.  3-14.  This  instru- 
ment was  patented  in  1883  and  used  by  Col.  W.  H.  Paine  in  tests  made  at  the 
East  River  Bridge,  New  York.     It  utilized  a  single  lever  for  multiplication 


Fig.    3-13.     Searle's    Apparatus    for 
Measuring  Extension  of  Wire 
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of  the  motion  between  two  sliding  bars  clipped  to  the  specimen,  attained  a 
magnification  of  100,  and  had  a  probable  accuracy  of  0.0008  in. 

Other  instruments  of  this  type  are:  The  Benjamin  extensometer  (Fig. 
3-15)  in  use  about  1895;  the  Busby  Hairline  Extensometer  (Fig.  3-16)  in 
use  about  1907;  Strohmeyer's  Roller  Extensometer,  described  in  1886;  and, 
those  designed  by  Kennedy,  Goodman,  Wicksteecl,  Ashcroft,  and  Dupuy. 


Fig.  3-14.     Paine's 
Extensometer 


Fig.  3-15.     Benjamin's  Extensometer 


The  Strohmeyer  instrument,  shown  in  Fig.  3-17,  is  of  interest  because  of 
its  pioneer  applications  in  the  measurement  of  structural  strains  resulting 
from  live  loads.  Bridge  members  and  ship  and  boiler  shells  were  included 
in  the  structures  studied.  The  wire,  which  was  rotated  by  the  relative  motion 
of  two  frame  members  attached  to  the  testpiece  (being  rolled  between  them) 
was  the  basis  for  the  magnification  system. 

The  wire  was  0.015  in.  in  circumference  and  carried  a  light  pointer  which 
indicated  the  strain  directly  on  a  scale.  The  scale  was  graduated  in  150 
divisions,  each  corresponding  to  0.0001  in.  of  motion.     Apparently  consid- 
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erable  difficulty  was  experienced  in  the  installation  and  use  of  the  instrument. 
Some  investigators  expressed  doubts  concerning  its  accuracy. 

Instruments  of  type  2  are  illustrated  by  the  extensometer  which  was  designed 
by  Kennedy  about  1890  and  later  modified  by  Martens.  The  principles  of 
operation  may  be  seen  in  Fig.  3-18.  The  main  frame,  which  is  fastened  to 
the  testpiece  with  a  pair  of  pointed 
screws,  supports  the  graduated  scales 
and  two  bar  springs,  which  extend 
parallel  to  the  testpiece.  Small  rhomb- 
shaped  levers  are  held  firmly  against  the 
specimen  by  the  opposite  pair  of  bar 
springs.  Lightweight  pointers,  attached 
to  the  rhombs,  indicate  strain  on  the 
graduated  scales,  with  a  magnification 
of  50:1. 

Capp's  Multiplying  Divider  (Fig. 
3-19)  should  be  mentioned  in  this  group. 
Although  intended  for  qualitative  indi- 
cation of  yield  point  rather  than  quan- 
titative strain  measurement,  it  is  of 
interest  for  its  simplicity.  The  pointed 
ends  of  the  short  levers  are  held  manu- 
ally in  gage  marks  spaced  2  in.  apart. 
Strain  is  magnified  10 : 1  on  the  graduated 
scale. 

9.  Compound-Magnification  Sys- 
tems. In  general,  the  self-contained 
mechanical  instrument  can  be  installed 
and  used  with  greater  ease  than  the 
optical  type.  To  meet  the  demand  for 
greater  sensitivity,  while  retaining  the 
advantage  of  relative  ease  of  applying 
the  mechanical  gage,  compound  magni- 
fication was  introduced. 

The  Berry  strain  gage  (Fig.  3-20), 
was  developed  about  1910.  It  consisted 
of  a  frame  with  two  conically  pointed 
contact  points.  One  point  was  rigidly 
fixed  to  the  frame,  while  the  other  was  pivoted  from  the  frame  and  was 
integral  with  a  lever  arm,  which  alone  magnified  the  strain  about  5:1.  A 
screw  micrometer  was  used  to  measure  the  motion  of  the  arm,  thus  permitting 
measurements  of  strain  to  the  nearest  0.0002  in.  with  a  0.001-in.  micrometer. 
However,  variations  of  micrometer  contact  pressure  and  seating  of  the  conical 
points  in  holes  marking  the  gage  length  probably  reduced  the  accuracy  to 
about  0.0006  in. 

The  Hurst-Tomlinson  Extensometer  (Fig.  3-21)  patented  in  1918  is  another 


Fig.  3-16.  Busby  Hairline  Exten- 
someter Developed  about  1907 
(Courtesy  Riehle  Testing  Machine 
Division,  American  Machine  & 
Metals) 
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Fig.  3-17.     Strohmeyer's  Roller  Extensometer. 


Fig.  3-18.     Lever  Extensometer 
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Fig.  3-19.     Capp's  Multiplying  Divider  Developed  about  1907 


(a)  2-in.  Gage  Length. 


(6)  8-in.  Gage  Length. 

Fig.  3-20.     Early  Models  of  the  Berry  Strain  Gage  Exhibited  about  1910  (Courtesy 

Prof  H.  C.  Berry) 
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illustration  of  a  compound  system.  It  consists  of  frames  A  and  B,  which 
are  attached  to  the  specimen's  axis,  each  by  a  pair  of  pointed  screws;  lever  G; 
and  dial  indicator  C.  Frames  A  and  B  are  joined  at  D  and  E  by  an  elastic 
hinge  (which  is  denned  as  a  slender  flexible  spring  offering  little  resistance  to 

bending  while  simultaneously  re- 
straining the  relative  motion  be- 
tween two  parts  to  one  or  more 
directions).  Elongation  of  the  spec- 
imen causes  a  rotation  of  B  relative 
to  A.  Lever  G  is  actuated  by  the 
motion  of  B  and,  in  turn,  moves  the 
dial  indicator  spindle  through  a  dis- 
tance equivalent  to  approximately 
ten  times  the  elongation.  An  ac- 
curacy of  0.00002  in.  was  claimed 
for  the  instrument,  but  this  figure 
seems  questionable. 

10.  Recording  Instruments. 
Autographic  recording  of  load-de- 
formation relations  probably  dates 
to  R.  H.  Thurston's  recorder  for 
torsion,  described  in  1874.  Since 
that  time  a  variety  of  instruments 
have  been  devised  for  recording 
data  from  laboratory  test  specimens 
and  structures.  The  early  efforts 
naturally  were  directed  towards 
laboratory  investigations,  in  which 
the  interest  was  primarily  concerned  with  determining  the  relation  between 
force  and  deformation.  Most  of  these  instruments  were  designed  primarily 
for  use  on  tension  test  bars  and  featured  some  means  for  magnifying  the 
strain.  Instruments  for  use  on  structural  members  were  designed  to  record 
strain  only. 


Fig.  3-21. 


Hurst-Tomlinson  Extensom- 
eter 


Fig.  3-22.     Kennedy-Ashcroft  Autographic  Recorder 


In  1886  Professor  Kennedy  and  A.  G.  Ashcroft  announced  the  instrument 
shown  in  Fig.  3-22.  The  load  was  indicated  by  the  calibrated  bar  b,  whose 
elongation  rotated  pointer  c  in  angular  proportion  to  the  load.  Elongation 
of  test  bar  a  was  given  a  multiplication  of  2 : 1  by  means  of  the  chord  and 
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pulley  arrangement  and  was  recorded  as  the  motion  of  smoked-glass  plate  d 
with  respect  to  pointer  c.  The  recording  appeared  as  a  scratched  line  in 
the  smoke.  The  load  ordinates  were  necessarily  curved.  Further  magnifica- 
tion was  obtained  through  photographic  enlargement  of  the  marked  glass  plate. 

Under  the  auspices  of  the  American  Society  of  Civil  Engineers'  special 
committee  on  stresses  in  railroad  tracks,  the  stremmatograph  (Fig.  3-23)  was 
developed  about  1915.  It  was  patterned  to  some  extent  after  an  instrument 
developed  by  Dr.  P.  H.  Dudley  about  1898  and  was  intended  primarily  for 
strain  measurements  in  the  lower  flanges  of  railroad  rails  under  the  action  of 
live  loads. 

Frames  A  and  B  are  connected  to  the  lower  flange  by  contact  points  Pi, 
P2,  Pz,  and  P4  and  are  prevented  from  rotation  about  these  points  by  screws 
Si,  *S2,  S3,  and  $4.  The  bars  N  are  fixed  in  frame  A  with  setscrews  and  termi- 
nate in  spherical  ends  which  slide  in  the  guide  sleeves  of  frame  B.  Elastic- 
hinge  plates  inserted  in  bars  N  maintain  the  proper  contact  pressure  of.  the 
phonograph  needle  L,  against  a  smoked-glass  disk,  D,  where  the  strain  is 
recorded  without  magnification.  The  disk  was  rotated  by  shaft  H  to  cor- 
relate the  strain  magnitude  with  time.  The  unique  mounting  for  the  phono- 
graph needle  was  devised  to  minimize  the  effect  of  vibration. 

In  the  early  Riehle  apparatus  shown  in  Fig.  3-24,  the  force-deformation 
relation  was  recorded  on  a  drum,  the  load  ordinate  being  vertical,  parallel  to 
the  drum's  axis.  Load  measurements  were  transmitted  directly  from  the 
crank  H  (which  turned  the  screw  moving  the  balance  poise)  through  bevel 
gears  to  screw  V,  which  moved  the  recording  pen  vertically.  Elongation  of 
the  specimen  between  collars  C\  and  Ci  was  transmitted-  from  the  gear  rack  on 
the  slide  collar  C,  successively,  through  pinion  P,  the  shaft,  and  the  universal 
joints  and  bevel  gears,  to  appear  somewhat  magnified  as  rotation  of  the  drum. 
The  apparatus  appearing  at  the  lower  right  of  the  figure  was  designed  to 
control  automatically  and  electrically  the  motion  of  the  balance  poise.  Neces- 
sarily the  results  obtained  with  this  apparatus  were  affected  by  the  inertia 
of  the  testing  machine's  members,  particularly  the  balance  beam. 

The  instrument  illustrated  in  Fig.  3-25  was  developed  about  1907  by  the 
University  of  Wisconsin.  Designed  primarily  for  obtaining  strain-time 
curves  in  bridge  members,  the  strain,  magnified  50:1  by  a  simple  lever,  was 
recorded  on  a  strip  of  paper  actuated  by  a  clock-driven  drum. 

The  gage  length  was  established  between  the  clamp  shown  at  the  left  end 
and  a  second  clamp  (not  shown)  attached  to  the  connecting  rod  shown  on  the 
right  end.  The  connecting  rod  extended  through  the  instrument  and  termi- 
nated with  a  hook  which  caused  a  rotation  of  the  spindle  (see  detail  at  extreme 
left).  A  lightweight  magnifying  arm,  which  was  fixed  to  the  spindle,  was 
thus  actuated  and  in  turn  moved  the  pencil  along  a  guide  perpendicular  to 
the  paper's  motion. 

The  instrument  was  used  for  comparing  the  strains  resulting  from  the  live 
load  of  a  moving  train  with  those  observed  for  the  static  load  of  the  same 
train.  In  this  manner,  ratios  of  the  effect  of  moving  load  to  static  load  were 
obtained  without  direct  calibration  of  the  instrument. 
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Fig.  3-24.     The  Riehle  Autographic  Recorder  (Courtesy  Riehle  Testing  Machine 
Division,  American  Machine  &  Metals) 
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Section  of  spindle 


Distortion  of  member  measured 
over  about  48  inches 


To  clamp 


End  view 
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Fig.  3-25.     University  of  Wisconsin  Recording  Extensometer   (Courtesy   Dean 

M.  O.  Withey) 

Although  the  Dalby  Stress-Strain  Recorder  (Fig.  3-26)  could  be  more 
properly  classed  as  optical,  it  is  included  in  this  section  because  of  its  compact 
and  self-contained  form.  Load  measurement  is  accomplished  by  means  of 
the  calibrated  hollow  steel  bar  W,  which  is  held  in  the  upper  head  of  the  testing 
machine.  The  mirror  M,  supported  at  three  points,  rotates  about  axis  ab 
in  proportion  to  the  load.     Elongation  of  the  test  bar  is  transmitted  through 
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levers  G,  L,  and  link  U,  appearing  as  rotation  of  mirror  N  about  an  axis  per- 
pendicular to  axis  ab.  Light  from  source  Z  passes  through  prism  Q,  is  reflected 
from  mirror  M  (which  is  rotated  in  proportion  to  the  load) ,  thence  is  reflected 
from  mirror  N  (which  is  rotated  in  proportion  to  elongation),  and  appears 
on  film  P  as  a  continuous  record  of  the  load-deformation  relations.     The 

inertia  effect  was  very  small  and, 


.Weight 


Fig.  3-26.     Dalby's  Optical  Recorder  (Cour- 
tesy Sir  Isaac  Pitman  &  Sons,  Ltd) 


it  was  claimed,  could  not  be  de- 
tected even  in  tests  performed 
at  such  speeds  as  to  be  of  only 
a  few  seconds  duration. 

K.  Modern    Instruments   for 

Indicating  Strain  and 

Small  Motion 

11.  Compound-Lever  Magni- 
fication. The  Huggenberger 
Tensometer  is  a  lightweight  self- 
contained  instrument,  relying 
solely  on  a  compound-lever  sys- 
tem for  magnification.  Five 
models  are  available,  some  for 
specialized  applications,  having 
magnifications  of  300  to  2000, 
depending  on  the  model.  The 
gage  length  is  fixed  on  most 
models  at  either  }■%  in.  or  1  in. 
but  may  be  extended  by  means 
of  a  bar,  carrying  a  stationary 
contact  point,  which  is  clamped 
to  the  gage  frame.  One  model 
(Fig.   3-27)   is  provided   with  a 


variable  gage  length  controlled  by  a  micrometer  screw. 

Figure  3-28  illustrates  diagrammatically  the  operation  of  the  instruments. 
Frame  C  supports  the  lever  system,  including  the  fixed-contact  point  a  and 
rhomb  b  which  serves  dually  as  part  of  the  lever  system  and  as  a  contact 
point.  Rhomb  b  is  integral  with  the  arm  h.  Its  rotation,  resulting  from  the 
motion  A/,  magnifies  the  motion  and  transmits  it,  through  link  i,  to  the  pointer 
g,  where  further  magnification  occurs.  The  readings  taken  from  scale  z  are 
converted  to  actual  strain  values  by  application  of  the  multiplication  factor, 
which  is  established  for  each  instrument  by  calibration.  Normal  wear  or 
abusive  use  necessitate  recalibration  at  intervals. 

The  screw  q,  by  moving  the  pointer's  pivot,  provides  a  means  for  resetting 
the  pointer  during  measurement  of  large  strains. 

Mounting  may  be  accomplished  with  clamp,  spring,  or  screw  pressure  on 
the  frame  to  hold  points  a  and  b  in  contact  with  the  testpiece.  However, 
a  spring  pressure  mounting  is  most  desirable.  Excessive  mounting  pressure 
may  damage  the  instrument  or  cause  nicks  in  the  testpiece  which  might  prove 
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detrimental  if  fatigue  stresses  are  involved.  However,  sufficient  pressure 
must  be  provided  to  prevent  slippage  of  the  contact  points  under  the  action 
of  operational  forces. 

Despite  elaborate  precautions  in  mounting,  a  "lag"  usually  attributed  to 
slippage,  is  characteristic  of  the  instrument.  Although  the  lag  may  be  of 
little  consequence  in  large  strains,  serious  errors  may  result  in  the  measure- 
ment of  small  strains.     Vibration  of  the  gage  by  means  of  a  light  buzzer  has 

been  recommended  to  minimize  the  lag 
effect.  This  is  important  in  rosette 
measurement  where  an  error,  in  the 
minimum  strain  especially,  may  cause 
serious  error  in  the  calculated  results. 


Fig.    3-27.     Huggenberger    Tensom- 

eter     with     Variable     Gage     Length 

(Courtesy  Dr  A.  U.  Huggenberger) 


Fig.  3-28.     The  Huggenberger  Ten- 

someter  Lever  System  (Courtesy  Dr 

A.  U.  Huggenberger) 


Position  of  mounting  has  also  been  observed  to  exert  an  effect  on  the  instru- 
ment's accuracy. 

In  general,  excellent  results  may  be  obtained,  in  measurement  of  static 
strains,  by  a  skilled  operator.  Inexperienced  operators  usually  find  difficulty 
in  mounting  the  instrument,  which  is  augmented  by  its  relatively  great  length 
perpendicular  to  the  testpiece.  Although  the  instrument's  weight  is  small 
and  the  force  required  to  operate  its  levers  is  likewise  small,  its  usefulness  for 
measurement  of  rapidly  applied  strain  is  rather  limited,  particularly  if  the 
specimen  under  study  is  subject  to  motion. 

In  some  instruments,  the  lever  system  is  inclosed  and  reasonably  weather- 
proofed  to  permit  outdoor  application. 
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Typical  Specifications  (Type-A  Gage) 
Multiplication:  1200  (approx.) 
Gage  lengths:     1  in.,  convertible  to  J 2  in- 
Scale:  38  divisions  of  0.05  in.  each 

Strain  range:      0.004  in.  (without  resetting) 
Dimensions:       6J^  in.  X  2}{Q  in.  width  X  %  in.  depth 
Weight:  2Y2  oz 

Dr.  Huggenberger  has  employed  the  compound-lever  system  in  another 
instrument,  called  the  Tensotast,  which  permits  separation  of  bending  strains 
from  direct  strains,  by  measuring  the  effect  of  curvature  in  the  testpiece. 


Fig.  3-29.     The  Porter-Lipp  Strain  Gage  (Courtesy  P.  L.  Porter) 

Another  instrument  of  the  general  type  employing  compound  levers  is 
the  Porter-Lipp  gage  shown  in  Fig.  3-29.  For  many  applications  its  compact- 
ness and  extreme  light  weight  would  prove  advantageous.  It  has  a  self- 
contained  scale  and  requires  calibration.  In  mounting  and  operation  it  is 
very  similar  to  the  Huggenberger. 

Specifications 
Gage  length:      1  in. 
Magnification:  300  (approx.) 
Accuracy:  0.000  02  in.* 

Range:  0.0004  in.  (approx.)  without  resetting 

Dimensions:       134  in.  length  X  2  in.  X  %  in-  depth 
Weight:  0.4  oz 

*  Manufacturer's  specification. 

12.  Magnification  by  Means  of  Gears.  A  most  important  class  of  instru- 
ments, employing  gear  magnification  for  measuring  small  motions  accurately, 
has  been  developed  in  the  form  of  the  dial  indicator  or  dial  gage.  Figure  3-30 
illustrates  the  typical  mechanism  employed.     These  instruments  have  been 
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favored  for  many  applications  because  of  their  compactness,  ease  of  applica- 
tion, and  accuracy.  For  strain  measurement,  dial  indicators  have  been  used 
frequently  in  conjunction  with  lever  systems,  although  many  instruments 
incorporating  them  depend  only  on  the  indicator  for  magnification. 

In  general,  a  dial  indicator  consists  of  an  encased  gear  train  actuated  by  a 
rack  cut  in  the  spindle,  which  follows  the  motion  to  be  measured.  A  spring 
imposes  a  spindle  force  of  about  1  to  3  oz  to  maintain  a  reasonably  uniform 
and  positive  contact  with  the  moving  part.  The  train  terminates  with  a 
lightweight  pointer  which  indicates 
spindle  travel  on  a  graduated  dial. 
Lost  motion  in  the  train  is  minimized 
by  the  positive  force  of  a  small  coil 
spring. 

The  American  Gage  Design  Com- 
mittee, in  cooperation  with  the  U.  S. 
Bureau  of  Standards,  the  American 
Standards  Association,  and  others,  has 
established  certain  external  dimensions 
as  standard,  but  details  of  the  gage's 
internal  mechanism  are  left  to  the 
choice  of  the  individual  manufacturer. 

Most  manufacturers  build  dial  indi- 
cators to  conform  with  specifications 
for  accuracy  issued  by  the  Bureau  of 
Standards.  The  accuracy  generally 
specified  for  a  gage  graduated  in 
0.0001-in.  divisions  requires  that  it  read 
correctly  within  1.5  divisions  any  of 
several  designated  increments  of  spindle 
travel.  The  specifications  further  re- 
quire that  the  reading,  on  return  of  the 
spindle,  vary  less  than  0.75  division  from  the  previous  one  observed  at  the 
same  increment.  Thus  the  maximum  probable  error  would  be  0.000  225  in. 
including  backlash. 

Many  excellent  gages  of  this  type  are  available  from  several  companies, 
including  Standard  Gage  Company,  B.  C.  Ames  Company,  Federal  Products 
Corporation,  and  the  L.  S.  Starrett  Company.  The  term  "least  graduation" 
or  "least  count"  is  used  to  describe  the  smallest  division  of  the  scale.  The 
usual  least  graduations  are  0.001,  0.0005,  and  0.0001  in.  and  the  usual  range 
is  0.100  to  0.250  in.,  although  some  special  gages  are  available  with  a  range 
up  to  6  in.  and  a  least  graduation  of  0.001  in. 

The  "Last  Word"  Indicator,  furnished  by  the  L.  S.  Starrett  Company, 
has  been  used  considerably  in  extensometers  because  of  its  extreme  compact- 
ness, light  weight  (about  lli  oz),  and  accuracy.  Most  models  have  a  range 
of  about  0.02  to  0.03  in.  and  a  least  graduation  of  0,001  in.  However,  one 
model  is  graduated  to  0.0001  in.  with  a  range  of  0.024  in. 


Fig.    3-30.     Dial    Indicator    Mecha- 
nism   (Courtesy  Standard   Gage   Co) 
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Fig.  3-31.     Dial  Indicators  Employed  for  Direct  Measurement  of  Strain  (Courtesy 

Prof  P.  C.  Huntly) 


MODERN  INSTRUMENTS  FOR  STRAIN 


101 


13.  Direct  Measurement  of  Strain  with  Dial  Indicators.  Many  exten- 
someters  utilize  the  dial  indicator  directly  for  strain  measurement,  as  illus- 
trated in  Fig.  3-31.  Such  extensometers  usually  employ  two  or  more  dial 
indicators  mounted  in  a  frame  which  is  attached  to  the  testpiece.  A  second 
frame  is  similarly  mounted,  at  a  set  gage  length  (usually  8  in.)  and  their 
relative  motion  measured  as  the  strain.  The  frames  usually  are  secured  to 
the  specimen  by  means  of  pointed  screws  or  "knife-edge"  contacts.  Rea- 
sonable accuracy  in  measuring  unit  strains  can  be  obtained  using  a  0.0001-in. 
indicator,  because  of  the  relatively  large  gage  length. 

Gages  mounted  in  this  manner  are  generally  useless  for  measuring  plastic 
strains,  because  the  rapid  decrease  in  diameter,  which  accompanies  yielding 


Fig.    3-32.     The    Whittemore    Fulcrum-Plate    Strain    Gage    (Courtesy    Baldwin 
Southwark  Division,  Baldwin  Locomotive  Works) 

of  the  specimen,  results  in  loosening  of  at  least  one  of  the  frames.  This 
suggests  the  desirability  of  a  spring  force  in  mounting  instruments  for  meas- 
urement of  plastic  deformation. 

The  Whittemore  gage  (Fig.  3-32)  is  a  self-contained  instrument  consisting 
essentially  of  two  frame  members  A  bound  together  by  two  elastic  hinges  B 
for  parallel  frictionless  motion.  One  45°  conical  contact  point  C  is  attached 
to  each  frame  member.  For  strain  measurements,  the  contact  points  are 
inserted  into  drilled  holes  defining  a  predetermined  gage  length.  Motion 
between  the  two  frame  members,  or  strain,  is  measured  directly  with  a  dial 
indicator. 

In  another  model,  not  shown,  the  frames  A  have  been  replaced  by  two 
coaxial  tubes  connected  with  a  pair  of  elastic  hinges,  and,  since  the  gage  is 
intended  for  repeated  measurement  at  a  series  of  stations  rather  than  for 
fixed  mounting  at  one  station,  consideration  has  been  given  to  controlling 
accidental  longitudinal  forces  which  might  be  applied  by  the  operator.  A 
handle,  serving  doubly  as  a  shield  against  temperature  change  and  as  an  aid 
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to  uniform  seating  of  the  points,  is  attached  to  the  gage  by  means  of  two 
elastic  hinges.  These  hinges  prevent  application  of  excessive  longitudinal 
forces.  A  force  of  about  5  lb  is  recommended  for  properly  seating  the  points 
in  the  drilled  holes.  The  holes  are  reamed  slightly  to  an  angle  of  60°,  pro- 
viding a  reasonably  definite  line  of  contact  with  the  45°  gage  points. 

Seating  the  gage  is  one  of  the  chief  sources  of  error.  Other  sources  of  error 
arise  from  the  dial  indicator,  measurement  of  a  chord  rather  than  an  arc 
length,  and  temperature  changes.  However,  the  effect  of  temperature  change 
is  practically  eliminated  by  the  use  of  an  Invar  tube  for  the  inner  tube  of 
the  coaxial  pair.     The  use  of  Invar  necessitates  a  reference  reading  on  a 


Vy^^__  Stationary  Movable 

v        contact  point  contact  point 

Fig.  3-33.     The  Berry  Strain  Gage  (Courtesy  Prof  H.  C.  Berry) 

standard  unstressed  bar,  placed  in  the  immediate  vicinity  of  each  station, 
with  each  measurement  on  the  station.  Accuracies  of  0.00002  unit  strain 
have  been  reported  in  field  use  of  the  10  in.  gage. 

Manufacturer's  Nominal  Specifications 
Gage  length:  2  in.,  10  in.,  or  to  order  (above  2  in.  length) 
Sensitivity:     5:100,000 
Accuracy:       0.0002  in.  (approx.) 
Range:  0.100  in. 

Size:  1%  in.  X  3}i  in.  X  15  in.  (approx.) 

Weight:  2  lb  (approx.) 

The  initial  instrument  was  designed  for  the  committee  on  arch  dam  investi- 
gation of  the  Engineering  Foundation,  by  Professor  H.  L.  Whittemore  of  the 
National  Bureau  of  Standards. 

14.  Combination  of  Levers  with  Dial  Gages.  The  Berry  Strain  Gage 
(Fig.  3-33)  was  one  of  the  first  instruments  designed  primarily  for  measure- 
ments on  structures  to  be  widely  used  and  was  only  an  improvement  of  the 
original  designs  shown  in  Fig.  3-20. 

The  lever  system  illustrated  is  basically  identical  with  that  of  the  original 
gage  developed  by  Professor  H.  C.  Berry.  However,  a  dial  indicator  replaces 
the  micrometer.  Intended  for  use  at  several  stations  rather  than  for  fixed 
mounting  at  one  station,  the  contact  points  must  be  inserted  in  carefully 
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prepared  holes  marking  the  gage  length.  Correction  must  be  made  for  tem- 
perature changes.  This  is  usually  accomplished  by  reference  readings  on  an 
unstressed  bar  of  similar  material  to  the  structure,  which  is  placed  in  the 
near  vicinity  of  the  measurements.  The  holes  are  carefully  drilled  with  a 
no.  58  drill,  spaced  at  the  gage  length  with  close  tolerance.  They  are  then 
countersunk  slightly  with  a  60°  conical  cutter.  Thus  a  reasonably  dependable 
contact  is  defined,  by  the  intersection  of  the  drilled  hole  and  the  tapered 
countersink,  for  seating  the  gage's  conical  contact  points. 

If  an  indicator  graduated  to  0.0001  in.  is  used,  strain  may  be  measured  to 
0.000  01  in.     The  accuracy  of  this  type  of  gage,  however,  depends  largely 


Fig.   3-34.     Special   Adjustable    Extensometer    (Courtesy   Tinius   Olsen   Testing 

Machine  Co) 

on  the  operator's  skill  and  consistency.  With  exercise  of  reasonable  care, 
average  field  measurements  should  be  accurate  to  0.0001  in. 

Other  instruments  using  this  principle  are  available  under  other  trade 
names.  Longer  contact  legs  are  featured  on  some  of  the  newer  instruments 
to  permit  measurements  on  reinforcing  bars  in  concrete. 

The  Olsen  Special  Extensometer,  Fig.  3-34,  is  a  very  compact  and  con- 
venient instrument  for  laboratory  use.  Combining  a  lever  and  a  Last  Word 
Indicator,  the  strain  in  the  2-in.  gage  length  may  be  read  to  the  nearest  0.0001 
in.  The  lever,  visible  at  the  left  inside  the  case,  serves  also  as  a  knife-edge 
contact.  A  fixed  knife-edge  is  provided  at  the  right.  It  contacts  the  side 
of  the  specimen  opposite  the  lever  contact  and  is  spaced  a  distance  of  2  in. 
axially  therefrom.  Thus  the  knife  contacts,  acting  on  opposite  sides  of  the 
specimen,  should  give  an  average  of  the  strain  values  on  the  two  sides  with 
only  one  gage  reading.  A  cantilever  spring  acting  on  the  specimen  opposite 
each  knife-edge  provides  the  necessary  mounting  force  and  contact  pressure. 
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The  frame  is  constructed  to  permit  rapid  and  easy  mounting  to  the  speci- 
men. One  available  model  is  adjustable  to  permit  use  on  specimens  ranging 
from  }{6  in.  to  0.505  in.  in  diameter.     Specifications  are: 

Gage  length:  2  in. 
Sensitivity:     0.000  05  in. 
Accuracy:       0.0001  in.  (approx.) 
Dimensions:  2%  in.  X  1%  in.  X  %  in. 
Weight:  12  oz 

15.  The  Mikrokator.  The  Mikrokator*  (Fig.  3-35),  developed  by  C.  E. 
Johansson,  utilizes  a  principle  uncommon  in  strain  gages.  The  amplification 
unit  is  a  thin  metal  strip  of  rectangular  cross  section  (1)  which  is  twisted 


2^'         L4  1-'  3^  6  J 

Fig.  3-35.     The  Johansson  Mikrokator  (Courtesy  Swedish  Gage  Co  of  America) 

symmetrically  on  each  side  of  the  pointer  attached  to  its  middle  and  is  held 
at  its  ends  under  a  tensile  force.  Variation  of  the  tensile  force  results  in 
additional  twisting  or  untwisting  of  the  two  halves  of  the  strip,  with  resultant 
rotation  of  the  pointer.  Within  reasonable  limits,  the  rotation  is  propor- 
tional to  the  change  in  tensile  force. 

One  end  of  the  twisted  strip  (1)  is  held  by  an  adjustable  bracket  (4).  The 
other  end  is  attached  to  a  cantilever  spring  (5)  which  applies  a  continuous 
tensile  force  on  the  strip.  Knife-edge  (2)  is  fixed,  while  edge  (3)  is  mounted 
to  an  assembly  which  is  constrained  to  move  parallel  to  the  direction  of  strain 
by  the  elastic  hinges  (8).  Pointer  (7)  is  attached  to  the  twisted  strip,  and 
indicates  strain  values  on  a  calibrated  scale.  Screw  (6)  permits  adjustment 
of  the  tension  in  the  strip. 

The  instrument  is  extremely  sensitive  and  essentially  Motionless  and 
requires  very  little  force  to  operate.  Necessarily,  its  working  parts  are 
delicate,  although  it  is  represented  as  being  protected  sufficiently  for  outdoor 

*  Distributed  by  the  Swedish  Gage  Company  of  America. 
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exposure  and  as  being  sufficiently  rugged  for  application  to  structures  such 
as  bridges.  In  any  case  its  use  in  the  laboratory  as  a  precision  instrument 
for  static  strain  measurement  should  only  be  limited  by  physical  dimensions, 
difficulty  of  mounting,  or  its  weight.  Normally  the  instrument  is  held  in 
place  by  means  of  a  light  clamping  force.     The  mounting  clamp  must  have 


Fig.  3-36.     Method  of  Calibration  with  Precision  Gage  Blocks  (Courtesy  Swedish 

Gage  Co  of  America) 


sufficient   spring   action   to    maintain   mounting   force    despite    dimensional 
changes. 

Several  models  are  available,  but  only  the  specifications  for  the  least  sensi- 
tive and  the  most  sensitive  of  the  large  size  are  given  here. 

Manufacturer's  Specifications 

Most  Sensitive  Least  Sensitive 

Gage  length                                                2  in.  2  in. 

Least  graduation                                       0 .000  01  in.  0 .0005  in. 

Range                                                           0.0005  in.  0.02  in. 

Figure  3-36  shows  one  of  the  instruments  mounted  in  a  calibration  jig  and 
illustrates  the  method  of  using  precision  gage  blocks  for  such  calibration. 
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L.  Recording  Instruments 

16.  The  DeForest  Scratch  Recording  Strain  Gage.  This  gage  is  intended 
for  recording  dynamic  strains  occurring  in  structures  and  moving  machine 
parts.  No  provision  is  made,  within  the  instrument,  for  magnification  of  the 
motions,  but  the  record  may  be  examined  at  a  convenient  magnification  by 
means  of  a  microscope.     Several  advantages  for  numerous  applications  arise 


Fig.  3-37a. 
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The  DeForest  Scratch  Recording  Strain  Gage  (Courtesy  Baldwin 
Southwark  Division,  Baldwin  Locomotive  Works) 


Fig.   3-376.     Magnified   Strain   Record   (Courtesy  Baldwin  Southwark  Division, 
Baldwin  Locomotive  Works) 

from  the  instrument's  light  weight,  simplicity,  ease  of  installation  and  opera- 
tion, and  small  operational  force. 

The  instrument  (Fig.  3-37a)  consists  of  two  parts:  a  target,  and  a  scratch 
arm.  These  parts  may  be  secured  to  the  test  piece  by  screw,  solder,  or  clamp 
applied  at  g  and  e.  The  target  is  a  small  plate  with  a  chromium-plated  surface 
and  includes  a  raised  clip  arm  a.  The  scratch  arm  b  is  pivoted  at  the  elastic 
hinge  c  and  carries,  at  /,  several  grit  particles  embedded  in  cured  rubber. 

Motion  between  e  and  g  is  recorded  as  scratches  made  by  the  grit  particles 
/  on  the  chromium-plated  target.  Propulsion  of  the  scratch  arm  across  the 
target  is  accomplished  by  the  spring  action  of  the  elastic  hinge  c.  The  cross 
motion  is  regulated  by  the  pressure  of  clip  a  on  arm  b.  This  pressure  develops 
sufficient  static  friction  to  restrain  the  arm,  but  cross  motion  is  permitted  by 
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the  smaller  sliding  friction,  which  results  from  relative  motion  of  the  target 
and  arm  as  the  testpiece  is  strained.  The  rate  of  the  scratch-arm  cross  travel 
is  a  function  of  the  sliding  motion  occurring,  rather  than  of  time.  It  can  be 
controlled  by  variation  of  the  clip  pressure  and  the  thickness  of  the  spring 
hinge. 

Figure  3-376  illustrates  the  type  of  record  obtained.  The  several  grit 
particles  scratch  patterns  of  varying  depth,  depending  on  the  alignment  of 
target  and  arm.  Of  course,  the  most  clearly  defined  pattern  is  used  for  inter- 
preting the  record.  The  base  line  is  established  by  moving  the  arm  across 
the  target  while  the  testpiece  is  in  an  unloaded  condition. 
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Fig.  3-38. 


Fulcrum  plate 


Recording  Strain  Gage  Employing  a  Simple  Lever  (Courtesy  Public 
Roads  Administration) 


Reliable  results  are  reported  at  strain  rates  approaching  sonic  speed.  The 
gage  seems  to  be  little  affected  by  its  own  inertia  forces.  Readings  may  be 
estimated  to  0.0001  in. 

Manufacturer's  Specifications 
Gage  length:  2  in. 
Sensitivity:     0.0001  in. 
Accuracy:       0.0002  in.  (approx.) 
Range:'  0.050  in. 

Weight:  2  oz 

17.  Recording  Strain  Gage  Employing  a  Simple  Lever.  Figure  3-38  illus- 
trates Teller's  improved  model  of  an  instrument  developed  about  1923,  by 
Goldbeck  of  the  U.  S.  Bureau  of  Public  Roads.  The  instrument  was  designed 
particularly  for  application  to  concrete  roads  and  structures.  One  of  the 
most  interesting  features  of  the  present  instrument  is  the  method  used  to 
correct  automatically  for  thermal  changes  of  the  concrete  testpiece. 
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The  Invar  steel  gage  body  A  extends  to  the  vicinity  of  the  stylus  H  where 
it  supports  a  smoked-glass  plate  and  terminates  with  a  fixed  conical  point, 
which  firmly  contacts  a  lug  set  in  the  concrete.  Pin  D,  which  slides  in  the 
gage  body,  is  seated  firmly  against  another  lug  set  in  the  concrete,  establishing 
a  6-in.  gage  length.  Post  E  is  rigidly  fixed  to  the  stylus  support  block  and 
exposes  a  vertical  knife-edge  to  the  horizontal  motion  of  the  sliding  pin  with 
which  it  is  in  contact.  The  stylus  support  block,  thus  actuated  by  D,  rotates 
about  a  vertical  axis  through  the  elastic  hinge  F  and  imparts  a  magnified 
motion 'to  stylus  H.  Strain  is  recorded  on  the  glass  plate.  The  plate  may 
be  moved  manually  in  a  longitudinal  direction,  by  means  of  a  capstan  nut, 
to  permit  recording  the  results  of  several  loadings. 

Correction  of  measurements  for  temperature  change  is  accomplished  in  the 
stylus  support  arm.  Materials  for  each  of  the  rods  in  the  arm  is  such  that 
the  difference  in  the  thermal  expansion  of  the  two  tend  to  correct  for  the 
dimension  change  in  the  concrete.  However,  considerable  error  still  could 
arise  in  the  event  of  sudden  change  in  atmospheric  temperature,  since  the 
metal  gage  parts  would  change  temperature  more  rapidly  than  a  relatively 
large  body  of  concrete. 

The  magnification  obtained  with  the  gage  is  approximately  60.  Further 
magnification  may  be  obtained  by  projection  of  the  recording  on  a  screen. 
For  example,  a  projection  ratio  of  30  would  give  an  over-all  magnification 
of  1800.  The  strain  could  then  be  measured  with  reasonable  accuracy  to 
the  nearest  0.000  03  in.  The  instrument  was  tested  for  accuracy  by  imposing 
several  successive  displacements  of  0.0010  in.  and  checking  the  scribed  record. 
Ten  such  check  tests  indicated  a  maximum  deviation  of  5.7  per  cent  and  an 
average  deviation  of  1.6  per  cent. 

18.  Goodyear  Stress  Change  Recorder.  Instruments  which  record  strain 
variations  by  marks  on  tape  or  by  scratches  on  targets  are  suitable  for  observa- 
tions lasting  a  few  minutes  or  at  most  a  few  hours.  For  longer  periods,  per- 
haps extending  to  months  and  years,  the  mere  interpretation  of  the  miles 
of  records,  not  to  speak  of  the  maintenance,  would  become  prohibitive. 

The  Goodyear  Stress  Change  Recorder  is  designed  for  observation  over 
periods  of  any  length,  of  the  stress  variations  in  machines  or  structures  such 
as  aircraft,  automobiles,  bridges,  and  ships,  subjected  to  varying  and  gen- 
erally unpredictable  forces  imposed  by  weather,  road  conditions,  volume  and 
frequency  of  traffic,  wave  action,  and  a  variety  of  other  uncontrollable  con- 
ditions. The  instrument  records  the  maximum  stresses  ever  experienced 
by  the  member  to  which  it  is  attached  and  counts  the  number  of  repetitions 
of  stress  changes  occurring  in  each  of  six  predetermined  ranges.  Methods 
have  been  developed  by  which  the  data  so  obtained  may  be  applied  to  predic- 
tion of  life  expectancy  of  the  member. 

Essentially,  the  instrument,  Fig.  3-396,  consists  of  a  frame  and  a  slide 
which  are  attached  to  the  specimen  at  opposite  ends  of  the  gage  length  as 
shown.  Motion  between  the  slide  and  the  frame,  representing  strains  taking 
place  in  the  specimen,  is  magnified  by  arm  r  rotating  the  lever  about  the  pivot. 
Pawls  attached  at  various  points  to  the  lever,  thus  having  different  mechanical 
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Reading  from  the  right  end,  the  arrows  show 
whether  top  or  bottom  figure  is  to  be  read  when 
two  complete  figures  are  visible. 
Correct  reading  above  is:  (0)1,972,600 

(d) 

Fig.  3-39.     The  Goodyear  Stress  Change  Recorder  (Courtesy  Goodyear  Aircraft 

Corp) 

(a)  Top  of  instrument  showing  maximum  tensile  and  compressive  strain  indi- 
cators and  arrangement  of  counters 

(6)   Side  of  instrument 

(c)  Cam  arrangement  for  weighting  the  effect  of  mixed  tensile  and  compressive 
stresses 

(d)  Method  for  reading  the  continuous  counter 


advantages,  actuate  ratchet  wheels  (not  shown).  Each  ratchet  wheel  is  con- 
nected to  a  separate  counting  device  and  is  provided  with  a  friction  brake  to 
prevent  backward  motion. 

The  value  of  the  minimum  stress  change  which  will  operate  each  counting 
device  depends  on  the  magnification  of  the  stress  and  is  a  function  of  the 
length  of  the  arm  (r),  the  gage  length  I,  the  spacing  of  the  ratchet  wheel 
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teeth,  the  location  of  the  pawl,  and  the  specimen's  modulus  of  elasticity  E. 
This  smallest  stress  change  recorded  may  be  expressed  as 

(r 
E- 

where  K  is  a  constant  for  each  counter,  which  depends  on  the  pawl  location 
and  the  ratchet  tooth  size,  having  the  values  given  in  Table  3-1. 

The  different  ratchet  wheels  are  designed  so  that  each  successive  value  of 
Act  recorded  is  about  1.5  times  the  value  for  the  preceding  wheel.  Each 
wheel,  of  course,  records  the  occurrences  of  not  only  the  minimum  stress 
change  for  which  it  was  designed  but  all  greater  stress  changes  as  well.  How- 
ever, the  frequency  of  each  stress  change  can  readily  be  calculated  from  the 
data  from  all  the  wheels  taken  together. 

No  provision  is  made  for  distinguishing  tensile  from  compressive  stresses 
in  the  total  number  counted.  However,  if  both  tensile  and  compressive 
stresses  occur  promiscuously,  compensation  may  be  made  for  difference  in 
sensitivity  of  the  material  to  tensile  and  compressive  stresses.  Compressive 
stresses  usually  exert  a  smaller  effect  on  fatigue  life  than  tensile  stresses  of 
equal  value,  and  they  may  be  weighted,  by  using  a  greater  arm  r  length 
(Fig.  3-39c),  so  that  they  will  be  recorded  as  equivalent  tensile  stresses. 

A  simple  gear  train  operating  a  continuous  counter  was  employed  rather 
than  the  ordinary  discontinuous  type  of  counter  which  requires  considerably 
more  torque  to  operate,  especially  when  several  numbers  are  changing  simul- 
taneously. The  maximum  stress  recorder  incorporated  in  the  instrument 
utilizes  very  lightweight  sliders  or  pointers  which  are  pushed  only  in  one 
direction,  in  proportion  to  the  strain.  Their  motion  in  the  opposite  direction 
is  prevented  by  friction.  They  indicate  the  maximum  tensile  and  compressive 
stresses  occurring  (Fig.  3-39«)  since  the  instrument  was  installed  or  reset. 

The  counting  devices  for  the  six  different  ratchet  wheels  are  designated  by 
letters  A  to  F,  inclusive.  Descriptive  data  for  the  instrument  are  given  in 
Table  3-1. 

Data  obtained  with  this  instrument  may  be  prepared  for  analysis  as  fol- 
lows: Let  the  number  of  cycles  indicated  by  counters  A,  B,  etc.,  be  designated 
by  Na,  Nb,  etc.  Since  each  ratchet  wheel  records  all  stress  changes  larger 
than  the  minimum  stress  change  that  it  was  designed  to  be  rotated  by,  the 
number  of  cycles  occurring  in  each  range  Aaa  to  Aai„  Aai,  to  Acrc,  etc.  are  deter- 
mined as  functions  of  differences  in  successive  counter  readings,  and  are 
designated  as  Nab,  Nhc,  etc.  Nab,  Ni,c,  etc.  are  defined  as  the  actual  number 
of  stress  changes  having  magnitudes  between  Acr0  and  Act,,  A<Jb  and  AaC)  etc., 
respectively.  Nfm  designates  the  number  of  cycles  having  magnitudes  between 
A07  and  the  stress  change  Aam  =  {<rmi  —  amo)  given  by  scales  Mi  and  M». 
Approximate  relations  for  computing  Nab,  Nac,  etc.,  are  given  in  Table  3-1. 
These  relations  were  derived  by  assuming  that  the  number  of  cycles  are 
evenly  distributed  over  each  interval,  and  that  Nb  is  small  with  respect  to 
Na,  etc.     The  finite  differences  between  the  stress  changes  operating  the  dif- 
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ferent  counters  would  be  a  source  of  considerable  error  in  measuring  fluctu- 
ating stresses  of  nearly  constant  value,  but  a  high  degree  of  accuracy  can  be 
expected  when  a  diverse  variety  of  stress  fluctuations  is  involved,  as  in  appli- 
cations for  which  the  instrument  is  intended. 

TABLE  3-1 
Descriptive  Data  for  the  Goodyear  Stress  Change  Recorder 

Actual  Number  of 

Cycles  of  Stress 

Change  Between 

Aaa  and  Aat„ 

Ac;,  and  Aov, 

etc.,  as  Indicated 

by  the  Brackets 


Number 

Stress  Change  Which 

of  Cycles 

Just  Operates 

Recorded 

Counting  Device  for: 

Count- 

without 

Indicated 

E  =  107  psi 

ing 

Repiti- 

Number 

r  =  0.41  in., 

Device 

tion 

K 

of  Cycles 

I  =  5M  in. 

A 

10s 

0.008 

Na 

A<ra  =  6000  lb /in.2 

B 

107 

0.012 

N, 

Aah  =  9000  lb /in.2 

C 

10fi 

0.018 

Nr 

Aac  =  13,500  lb  /in.2 

D 

105 

0.027 

Nd 

Aad  =  20,200  lb /in.2 

E 

104 

0.041 

Ne 

Ao>  =  30,700  lb /in.2 

F 

103 

0.062 

Nf 

A07  =  46,400  lb /in.2 

Mx 

0.007 

1 

Aam  =  (<rmi  -  <rmJ 

M2 

0.008 

I  Nab 
f  Nbc 
\  N(d 

\  Nde 
\Nef 
\N/m 


=   Na 

=  Nb 
=  Nc 
=  Nd 

=   Ne 

=  Nf 


l.BNb 

1.3  Nc 
1.3Nd 
1.3Af 
1.3  Nf 
1 


A  simple  interpretation  of  the  data,  sufficiently  accurate  for  most  purposes, 
may  be  achieved  by  plotting  the  quantities: 

•j(Ao-6  +  Aaa),     i(A<rc  +  Affb),     etc. 

against  the  quantities: 


NB 


N„ 


Nak'iA*,,    -  A<Ta)  Nbc'(A(Tc    ~  A(Th) 


etc. 


Nab'  is  the  number  of  stress  variations  of  magnitude  }i  (Ao&  +  Aaa),  deter- 
mined from  an  established  S-N  fatigue  curve,  Fig.  3-40a,  for  the  material  or 
type  of  built-up  structure  in  question  which  would  cause  failure,  and  simi- 
larly for  Nbc',  etc.  The  area  under  a  curve  such  as  shown  in  Fig.  3-406, 
drawn  through  the  seven  points  thus  obtained,  should  be  a  good  approxima- 
tion to  the  'proportion  of  total  fatigue  life  which  the  specimen  has  undergone 
at  the  time  the  instrument  recordings  are  noted.  The  fatigue  life  of  the 
member  in  question  can  be  computed,  in  hours  of  operation  time,  as  the 
reciprocal  of  the  area  under  the  curve,  if  the  ordinates  are  calculated  using 
nxy  (the  number  of  stress  changes  per  hour  in  each  stress  range)  rather  than 
./Vxj,  (the  total  number  of  cycles  observed). 

Justification  for  thus  superimposing  parts  of  the  fatigue  life,  experienced 
under  various  conditions,  has  been  shown  by  Biezeno  and  Koch.*  This 
procedure  probably  would  be  unjustified  if  some  of  the  stresses  were  exces- 
sively high  and  caused  appreciable  plastic  flow.     However,  a  stress  condition 

*  Experiments  at  Delft  by  Professor  C.  B.  Biezeno  and  J.  J.  Koch,  unpublished 
at  the  time  of  reporting. 
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of  this  type  would  be  indicated  by  the  maximum  stress  record  and  probably 
would  justify  redesign. 

The  instrument  may  be  installed,  as  shown  in  Fig.  3-396,  by  screwing  or 
riveting  directly  to  the  specimen,  or  may  be  attached  with  special  jaws  or 
clamps  as  necessity  dictates.     The  arm  r  is  adjusted  to  make  the  stress  changes 
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Fig.  3-40a.     S-N  Curve  (Courtesy  Goodyear  Aircraft  Corp) 


Smooth  curve  drawn 
through  eight  points: 
Area  under  curve  is 
approximate  proportion 
of  total  fatigue  life  undergone. 

Center  of  gravity  of  area 
under  curve  between  Aax 
and  Acr^,  (in  this  case 
x  =  e  and  y  =  f) 


£ 


12=- 


Acra  Act,  Act, 


Aae 
Stress  variation 


Acr, 


Ao-„; 


Fig.  3-406.     Curve  for  Evaluating  Fatigue  Life  (Courtesy  Goodyear  Aircraft  Corp) 

actuating  the  different  counters  cover  the  range  of  stresses  which  are  expected 
actually  to  occur,  or  which  the  material  can  stand.  In  installations  on  mild 
steel  or  other  materials  with  a  high  modulus  and  low  strength,  the  gage  length 
may  also  have  to  be  extended  somewhat. 

In  mounting,   care  should  be  exercised  to  locate  the  movable  mounting 
frame  midway  of  its  travel.     The  maximum  stress-indicating  sliders  should 
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then  be  gently  pushed  into  firm  contact  with  their  actuater  and  should  appear 
as  in  Fig.  3-39a.  Usage  for  measurement  on  aircraft  has  indicated  that,  once 
mounted  properly,  the  instrument  requires  little  or  no  attention  except  for 
reading,  that  the  instrument's  mechanical  functioning  is  satisfactory,  and 
that  it  is  adequately  durable.  Interpretation  of  the  data  generally  indicates 
that  the  instrument  adequately  covers  the  stress  range  for  arriving  at  rea- 
sonably accurate  "life"  curves.  The  continuous  counters  necessitate  the 
exercise  of  care  in  reading.  Figure  3-39d  illustrates  the  proper  method  for 
reading  the  instrument. 

M.  Instruments  Using  Other  Mechanical  Principles  of  Magnification 

19.  Magnification  by  an  Acoustical  Method.     About  1933  Dr.  0.  Schaefer 
devised  an  instrument  which  employed  vibrating  strings.     It  depends  on  the 
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Fig.  3-41.     Schaefer's  Acoustical  Strain  Gage 


property  of  strings  by  which  the  tensile  force  on  the  string  governs  its  fre- 
quency of  vibration.  Figure  3-41  illustrates  the  operation  of  such  a  strain- 
measuring  device. 

Essentially,  the  strain  gage  is  a  wire,  which  is  stretched  between  two  sup- 
ports affixed  to  the  testpiece,  and  marking  a  nominal  gage  length.  It  also 
contains  a  magnetic  "pickup"  which  plucks  the  wire  and  then  transforms  its 
mechanical  vibration  into  electric  impulses.  Strain  changes  in  the  specimen 
impose  proportional  changes  in  the  gage  wire's  tension.  Interpretation  is 
accomplished  by  comparing  the  tone,  created  by  vibration  of  the  gage  wire, 
with  the  tone  of  a  vibrating  standard  wire.  The  tension  in  the  standard  wire 
may  be  adjusted,  by  means  of  a  calibrated  screw,  until  its  tone  corresponds 
with  that  of  the  test  gage.  Matching  of  the  tones  is  simplified  and  made  more 
accurate  by  "tuning  out"  the  beats  which  result  when  the  vibration  fre- 
quencies of  the  two  wires  are  nearly  the  same. 

The  apparatus  for  interpreting  the  strain  values  which  are  indicated  by 
vibration  of  the  gage  wires  is  assembled  as  a  unit.  It  may  be  used  in  conjunc- 
tion  with  several   gages,   successively,   by  means  of  a  selector  switch.     It 
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contains:  a  standard  wire  attached  to  a  screw,  which  is  calibrated  to  indicate 
the  wire's  tension;  a  battery,  to  energize  the  magnets  which  pluck  the  gage 
wires;  a  "pickup"  unit  for  plucking  the  standard  wire  and  transforming  its 
vibrations  into  electric  impulses;  an  amplifier  unit;  headphone  or  loudspeaker, 
to  permit  audible  comparison  of  vibrations;  and  the  necessary  switches  for 
controlling  the  circuits.  For  convenience,  the  two  switches  shown  may  be 
incorporated  in  a  double-pole  double-throw  switch,  which  in  the  contact  posi- 
tion shown  deflects  the  wires.  Moving  the  switch  to  the  opposite  contacts 
releases  the  wires,  allowing  them  to  vibrate,  and  places  the  audio  system  in 
the  "pickup"  circuit.  Calibration  may  be  checked  by  placing  a  standard 
tuning  fork  in  the  circuit. 

Although  the  instrument  could  not  be  readily  applied  to  measurement  of 
extremely  short-duration  stresses,  it  has  been  used  for  studying  aircraft  and 
bridge  structures.  The  average  operator,  after  a  little  practice,  requires  3  to 
5  sec  to  obtain  a  strain  reading.  The  instrument's  small  mass  and  relative 
ease  of  operation  after  installation  recommend  it  for  many  applications.  The 
use  of  wires  having  a  termal  expansion  coefficient  equal  to  that  of  the  test- 
piece  minimizes  the  effect  of  temperature  change.  Instruments  having  gage 
lengths  of  20,  120  and  150  mm  have  been  used.  Only  the  specifications  for 
the  latter  are  given: 

Specifications 
Gage  length:  5.9  in.  (150  mm) 

Calibration:    500  divisions  (of  0.000  006  unit  strain  each) 
Sensitivity:     1^  division  (0.000  0012  unit  strain) 
Range:  0.0015  in. 

20.  Magnification  by  Pneumatic  Flow  through  Orifices.  Pneumatic  flow 
was  used  first  for  measurement  of  strain  by  Menneson  about  1930.  His 
instrument  utilized  the  pressure  differential  which  exists  in  an  air  stream 
restricted  by  two  successive  orifices,  one  of  which  varies  in  size.  The  instru- 
ment has  been  described  as  extremely  sensitive,  accurate,  and  easy  to  operate. 
Figure  3-42  shows  schematically  (1)  the  air  supply  and  manometer,  and  (2) 
the  extensometer  and  operation  of  the  variable  orifice. 

The  principle  of  operation  is  simple.  Air,  under  constant  pressure  H,  flows 
through  two  orifices  placed  in  series  (the  first  and  larger  G  being  called  the 
nozzle,  and  the  second  and  smaller  S  being  called  the  exhaust  orifice).  The 
pressure  h  which  prevails  between  these  two  orifices  is  a  function  of  the  ratio 
of  their  areas.  Consequently,  if  the  nozzle  G  is  of  fixed  dimensions  and  the 
exhaust  orifice  S  is  variable,  the  pressure  h  serves  to  measure  the  dimension 
of  S. 

The  orifice  may  be  varied  in  many  ways.  For  measuring  length  changes, 
two  methods  have  been  used  satisfactorily.  One  utilizes  the  motion  being 
measured  to  lift  a  valve,  which  enlarges  or  constricts  the  orifice.  A  second 
method  depends  on  the  relative  displacement  of  the  orifice,  which  is  set  in 
the  end  of  the  discharge  tube,  and  a  plate,  perpendicular  to  the  tube  axis, 
against  which  the  orifice  discharges. 
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Air  at  constant  pressure  is  usually  furnished  by  means  of  a  reducing  valve. 
A  differential  manometer  may  be  installed  between  the  air  supply,  at  pressure 
H,  and  the  chamber  between  the  orifices  G  and  S,  at  pressure  h,  to  measure 
the  variation  of  orifice  S.  Experience  has  indicated  that  a  magnification  of 
the  order  of  100,000  may  be  obtained  with  this  method  under  optimum  con- 
ditions of  operation. 
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and  Manometer 
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Fig.  3-42.     Extensometer  Employing  the  Pneumatic  Principle 


The  theory  utilized  in  this  instrument  may  be  summarized  briefly  as  fol- 
lows, if  air  is  assumed  to  be  incompressible,  and 
G  =  nozzle  orifice  area 
S  =  discharge  orifice  area 


C  = 


=  Cs  =  coefficient  of  contraction,  assumed  to  be  the  same  for  both 


orifices 
p  =  density  of  air 
g  =  acceleration  of  gravity 
The  flow  through  each  orifice  is  the  same;  so: 


whence 


CG  V2g(H  -  h)/p  =  CS  V2gh/p 
H 


h  = 


S2 


Obviously,  the  function  h  =  f  (S)  is  not  linear.     However,  it  has  an  inflection 
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point  when  h/H  =  %  or  S/G  =  0.58.  Hence,  for  values  in  this  neighbor- 
hood, the  relation  is  very  nearly  linear. 

An  extensometer  employing  the  pneumatic  principle  is  shown  in  Fig.  3-42. 
The  orifice  S  is  located  between  two  levers.  One  end  of  each  of  the  levers 
is  attached  to  a  collar,  which  is  mounted  on  the  testpiece  with  a  pair  of  pointed 
screws.  At  the  opposite  end,  the  levers  are  spaced  apart  at  a  fixed  distance. 
The  variable  orifice  mechanism,  set  between  the  two  levers  at  their  midspans, 
thus  measures  the  specimen's  elongation,  reduced  mechanically  by  a  factor 
of  }i.  If  a  nozzle  diameter  of  1.5  mm  and  a  discharge  orifice  diameter  of 
0.45  mm  are  used,  the  magnification  is  greater  than  7000.  The  weight  of 
the  complete  extensometer  is  1.34  oz. 

Another  application  of  this  principle,  for  measurement  of  lateral  contrac- 
tion, attained  a  magnification  of  130,000.  The  lever  system,  in  this  gage, 
amplified  the  strain  rather  than  reduced  it.  It  used  a  nozzle  diameter  of 
1.5  mm  and  a  discharge  orifice  diameter  of  0.2  mm.  However,  it  was  found 
that  dust  particles  may  cause  trouble  by  interfering  with  the  flow  through 
such  small  orifices.     The  weight  of  the  gage  was  }i  oz. 
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A.  Introduction 

This  chapter  is  divided  into  four  sections.  First,  definitions  and  elements 
of  optical  theory  are  stated,  without  the  details  which  would  be  of  interest 
mainly  to  the  lens  designer  or  the  builder  of  industrial  instruments.  The 
facts  stated  are  sufficient  for  an  understanding  of  the  functioning  of  optical 
systems  used  in  engineering  investigations  and  for  help  in  the  building  of 
experimental  systems  used  in  the  analysis  of  strength  of  materials.  Several 
books  have  been  recently  published  which  give  details  about  lens  aberrations 
and  the  theory  of  optics,  and  for  those  interested  in  pursuing  the  subject 
further  a  list  of  these  is  given  in  the  bibliography.1-4  For  practical  labora- 
tory technique  in  the  handling  of  optical  instruments,  Strong5  and  Deve6  give 
many  useful  procedures;  for  the  theoretical  aspects  and  explanations  of  optical 
phenomena,  Wood7  and  Monk8  are  recommended.  The  analysis  of  lens 
aberrations  is  extensively  treated  by  Conrady,9  Czaspki,10  and  Gardner.11 

In  the  second  section,  the  various  optical  elements  are  described,  mainly 
from  the  point  of  view  of  the  engineer  who  is  to  give  specifications  for  the 
making  or  the  purchase  of  an  element  to  be  used  in  an  optical  setup.  Infor- 
mation regarding  the  manufacture  of  optical  glasses  and  the  manufacture  of 
optical  elements  will  be  found  in  Wright,12  Twyman,13  and  Deve.6 

In  parts  III  and  IV  instruments  and  optical  systems,  respectively,  are 
described.  Instruments  which  can  be  commercially  purchased  are  mentioned 
without  referring  to  the  names  of  manufacturers,  as  most  can  be  obtained 
from  several  different  firms. 

I.  DEFINITIONS  AND  ELEMENTS  OF  OPTICAL  THEORY 

B.  Lenses 

The  refracting  surfaces  of  lenses  are  usually  spherical,  sometimes  cylin- 
drical. Aspheric  surfaces  are  difficult  to  generate  and  are  not  of  practical 
significance  at  the  present  time  except  in  the  case  of  parabolic  mirrors,  which 
are  corrected  by  hand,  or  aspheric  condensers  and  reflectors,  which  are  molded 
to  shape  without  regard  to  obtaining  a  true  optical  surface.  Some  molded 
plastic  lenses  with  aspheric  surfaces  have  been  made,  but  they  are  still  in  the 
development  stage  and  are  not  yet  produced  on  a  commercial  basis. 

A  single  lens  is  made  from  one  piece  of  glass  only;  a  doublet  is  a  lens  made  of 
two  single  lenses  cemented  together,  or,  in  some  cases,  a  doublet  may  be 
"air-spaced"  when  the  two  elements  are  not  cemented  but  are  separated  by 
a  thin  metal  spacer.  A  compound  lens  is  made  up  of  combinations  of  three 
or  more  single  lenses,  which  may  be  cemented  together  or  may  be  air-spaced 
(Fig.  4-1). 
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The  material  used  to  cement  lenses  together  is  usually  Canada  balsam. 
During  the  last  5  years  synthetic  cements  were  developed,  and  these  are  now 
used  in  the  optical  industry  when  lenses  are  submitted  to  temperatures  above 
130°F  or  are  subjected  to  rapid  changes  in  temperature. 


Single 
lens 


Cemented 
doublet 


Compound 
lens 


Fig.  4-1.     Lens  Elements 


C.  Focal  Length  and  Principal  Points  (Fig.  4-2) 

The  line  joining  the  centers  of  the  spherical  surfaces  of  a  lens  is  called  the 
optical  axis.  A  bundle  of  parallel  rays  incident  on  the  lens  and  parallel  to 
the  optical  axis  will,  after  being  refracted  through  the  lens,  converge  to  a 
point  called  focal  point  F2.  The  plane  normal  to  the  optical  axis  at  F2  is 
the  focal  plane.  A  similar  point  Fi  is  determined  by  parallel  rays  incident  to 
the  other  side  of  the  lens.  The  usual  convention  is  to  assume  that  the  light 
travels  from  left  to  right.  F\  is  then  called  the  front  or  first  focal  point  and 
Fi,  the  back  or  second  focal  point.  For  a  bundle  of  parallel  rays  oblique  to 
the  optical  axis,  there  will  be  one  ray  which  will  emerge  from  the  lens  parallel 
to  its  original  direction.     The  intersection  of  the  entering  ray  with  the  optical 


Focal 
plane 


Parallel  rays 
Optical  axis 


Fig.  4-2.     Effect  of  Lens  on  Parallel  Rays  of  Light 

axis  determines  the  first  principal  point  P\,  and  the  intersection  of  the  emerg- 
ing ray  with  the  optical  axis  determines  the  second  principal  point  P%.  The 
distance  P1F2,  is  called  the  focal  length  of  the  lens  and  is  designated  by  F. 
In  the  case  of  compound  lenses  or  a  single  thick  lens,  this  distance  is  called 
"  equivalent  focal  length"  and  is  designated  by  EF . 

The  focal  length  can  also  be  defined  as  the  length  F  which  is  a  character- 
istic of  a  lens,  such  that  when  a  bundle  of  parallel  rays  enters  the  lens  at  an 
angle  a  from  the  optical  axis,  it  will  converge  to  a  point  located  at  the  distance 
h  from  the  optical  axis  (Fig.  4-2)  so  that 

h  =  F  Xt&na  (1) 


LENS  SPECIFICATIONS 
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D.  Power  of  a  Lens 

The  power  of  a  lens,  designated  by  <f>,  is  usually  expressed  in  diopters  and 
is  the  inverse  of  the  focal  length  expressed  in  meters: 


F, 

1    11 


=  power  in  diopters 


(2) 


It  is  to  be  noted  that  a  lens  of  1000  mm  (about  40  in.)  has  a  power  of  1  diopter. 
A  lens  is  said  to  be  converging,  or  positive,  when  it  converges  an  incident 
bundle  of   parallel  rays.     Such  a  lens  is  thicker  at  the  center  than  at  the 
periphery  (Fig.  4-3). 


Focal  point 


F  >  0  Converging  Lens 
Fig.  4-3. 


F  <  0  Diverging  Lens 
Positive  and  Negative  Lenses 


A  lens  is  said  to  be  diverging,  or  negative,  when  it  diverges  an  incident 
bundle  of  parallel  rays.     Such  a  lens  is  thicker  at  the  periphery. 

E.  Lens  Specifications 
For  manufacturing  purposes  the  following  data  are  required: 

1.  Radii  of  curvature  of  the  surfaces. 

2.  Central  thickness. 

3.  Diameter. 

4.  Type  of  glass. 

Radii  with  very  close  tolerances  should  be  selected  after  consulting  the  manu- 
facturer, because,  when  a  radius  value  with  close  tolerances  is  specified  and 
a  manufacturer  does  not  have  the  tools  for  this  dimension,  expensive  tools 
have  to  be  made  before  the  lens  can  be  produced.  It  is  best  to  consult  the 
lens  manufacturer  or  to  give  him  large  enough  tolerances  so  as  to  permit 
him  to  select  radii  for  which  he  is  already  tooled  up. 

Commercial  tolerances  on  the  central  thickness  are  ±0.004  in.  and  on 
the  diameter  +0.002  in.  The  central  thickness  should  be  so  chosen  that  the 
edge  thickness  should  never  be  less  than  about  0.040  in.,  or  more  in  case  the 
curvatures  are  steep.  The  central  thickness  of  a  positive  lens,  or  the  edge 
thickness  of  a  negative  lens,  if  accurate  surfaces  are  to  be  made,  should  be  at 
least  one-eighth  the  diameter  of  the  lens,  and  the  central  thickness  of  the 
negative  lens  should  never  be  less  than  1  mm  for  small  lenses  of  up  to  J^  in. 
and  correspondingly  thicker  for  lenses  of  larger  diameters. 
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There  is  quite  a  variety  of  optical  glasses  available,  but  it  is  always  advisable 
to  check  with  the  lens  manufacturer  to  determine  those  readily  obtainable 
from  stock.  The  most  common  type  of  glass  for  single  lenses  or  for  optical 
windows  and  mirrors  is  ordinary  crown,  with  an  index  of  refraction  Nd  =  1.523 
and  a  dispersion  V  =  58.6.  For  prisms  of  long  glass  path,  borosilicate  crown 
is  frequently  used  because  of  its  clearness  and  low  light  absorption. 

F.  Thin  Lenses 

For  most  optical  systems  used  in  experimental  work,  it  is  sufficient  to  con- 
sider thin  lenses  only.  A  thin  lens  is  considered  to  have  no  thickness;  the 
vertex  of  the  refracting  surfaces  and  the  principal  points  Pi  and  P2  (Fig.  4-2) 
are  considered  to  be  at  the  same  point  on  the  optical  axis.  The  power  of  a 
single  thin  lens  in  air*  is,  expressed  in  diopters, 


( n  -  1       n  -  \\ 


(3) 


where  n  is  the  index  of  refraction  of  the  lens  material,  R\  and  P2  are  the 
radii  of  curvature  of  the  refracting  surfaces  in  millimeters,  taken  as  positive 
if  a  surface  is  convex,  and  negative  if  concave. 

If  two  lenses  of  power  0i  and  02  are  separated  by  a  distance  d,  the  resultant 
power  of  the  combination  is  given  by 

0    =    01   +  02   -   d    X   01    X   02  (4) 

It  is  seen  that  for  lenses  in  contact  the  powers  are  simply  additive. 

A  compound  lens,  such  as  a  photographic  lens  or  projection  objective,  can 
be  treated  as  a  thin  lens  by  determining  the  locations  of  the  principal  points 
of  the  lens  and  by  taking  the  midpoint  between  these  as  the  location  for  the 
thin  lens.  This  is  an  approximation  only,  but  sufficiently  accurate  in  most 
cases  since  the  distance  between  the  principal  points  is  usually  small. 

G.  Aperture  of  Lenses  (Speed) 

The  ratio  of  the  focal  length  to  the  opening  or  free  aperture  of  the  lens  is  a 
useful  characteristic  number.  This  ratio,  called  the  "/  ratio,"  is  well  known 
for  photographic  lenses  and  is  significant  in  optical  design.  The  smaller  it  is, 
the  larger  the  diameter  is  compared  to  the  focal  length,  and  the  more  light 
enters  the  lens,  but  also  the  more  difficult  it  is  to  bring  all  rays  to  a  common 
focal  point.  Values  commonly  used  are  given  in  part  II  for  the  various  types 
of  lens  elements. 

H.  Field  of  Lens 

Let  a.  (Fig.  4-2)  be  the  angle  an  oblique  bundle  of  rays  makes  with  the 
optical  axis.  Then  the  angular  field  designates  the  largest  value  of  a  un- 
bundles admitted  into  the  lens  and  used  in  the  optical  system.  Care  should 
be  taken,  when  specifying  angles  of  field,  to  state  whether  the  half  field  a  is 

*  For  the  use  of  lenses  in  other  media  and  for  the  theory  of  optical  path  in  sub- 
stances other  than  air,  see  references  1-3. 


OBJECT  AND  IMAGE   (FIG.  4-4) 
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meant  or  whether  the  full  field  (which  is  represented  by  twice  the  angle)  is 
specified. 

It  can  easily  be  realized  that  lenses  which  must  bring  to  convergence  bundles 
of  large  diameters  and  are  required  to  image  large  fields  are  the  most  difficult 
type  to  produce. 

I.  Object  and  Image  (Fig.  4-4) 

If  an  object  is  at  a  finite  distance  p  from  a  lens,  the  location  of  the  image 
produced  by  the  lens  will  be  at  a  distance  q,  satisfying  the  relation: 


1        1        1 

"  +  "  =  w 

v      q     * 


(5) 


When  the  light  is  taken  to  travel  from  left  to  right,  p  is  positive  if  the  object 
is  on  the  left  side  of  the  lens;  negative  if  on  the  right  side.  Distance  q  is  posi- 
tive if  on  the  right  side  of  the  lens;  negative  if  on  the  opposite  side.     F  is 


Fig.  4-4.     Formation  of  Image  by  a  Lens 

positive  for  converging  or  positive  lenses;  negative  for  diverging  or  negative 
lenses.     Another  useful  relation  is 


iC  l    X  #2 


(6) 


where  X\  is  the  distance  of  the  object  from  F\  and  is  taken  as  positive  if  the 
object  is  at  left  of  Fu  Xo  is  distance  of  image  from  F2,  taken  as  positive  if  the 
image  is  at  right  of  F2. 

Magnification  is  the  ratio  of  the  size  of  the  image  to  the  size  of  the  object. 
It  is  designated  by  M  and  can  be  computed  as  follows: 


M 


F_ 

Xi 


(7) 


If  the  distance  from  the  object  to  the  image  is  given  and  is  designated  by  L 
and  the  magnification  M  is  specified,  the  focal  length  of  the  lens  will  be 


M  XL 

(M  +  iy 


(8) 


Inversely,  given  the  focal  length  F  and  the  distance  L,  the  magnification  M  is 
obtained  by  solving  equation  8. 
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J.  Depth  of  Focus 

If  the  object  is  in  one  plane  normal  to  the  optical  axis,  the  image  (excluding 
lens  aberrations)  will  also  be  in  a  plane  normal  to  the  optical  axis.  If  the 
object  has  depth,  or  if  several  objects  located  at  various  distances  from  the 
lens  are  simultaneously  observed,  it  is  possible  to  obtain  a  satisfactory  image 
at  some  average  image  plane,  provided  the  aperture  or  /  ratio  of  the  lens  is 
kept  small.  In  general,  the  lower  the  magnification,  the  greater  the  depth 
of  focus  will  be. 

K.  Parallax 

Parallax  is  found  in  optical  systems  where  the  image  of  an  object  is  brought 
to  focus  on  a  focal  plane  where  a  reticule  is  placed.  If  the  locations  on  the 
optical  axis  of  the  image  plane  and  of  the  reticule  do  not  coincide  exactly, 
the  system  is  said  to  have  parallax.  It  can  readily  be  observed  in  a  telescope 
provided  with  cross- wires;  if  one  moves  the  eye  up  and  down,  it  will  be  noted 
that  the  image  produced  by  the  telescope  has  an  apparent  movement  relative 
to  the  cross- wire. 

L.  Diaphragms 

The  size  of  the  bundles  of  rays  can  be  limited  by  the  lens  apertures  or  by 
other  apertures  placed  throughout  the  optical  system.  These  are  known  as 
aperture  diaphragms.  If  a  limiting  aperture  is  at  a  focal  plane  it  becomes  a 
field  diaphragm,  since  at  this  location  it  limits  the  field  of  the  system. 

M.  Reflections,  Antireflection  Coating  of  Lenses 

Modern  lenses  are  usually  provided  with  an  antireflection  coating.  This  is 
a  hard  deposit  of  a  material,  the  index  of  refraction  of  which  has  a  value 
between  the  index  of  refraction  of  glass  and  air.  The  most  common  material 
is  magnesium  fluoride  which  is  evaporated  under  high  vacuum  until  the  optical 
thickness  of  the  deposit  on  the  lens  surface  is  about  one  quarter  of  a  wave 
length  thick.  By  various  methods  this  coating  is  hardened  so  that  lenses 
coated  at  the  present  time  do  not  need  any  special  care  other  than  the  usual 
precautions  taken  with  any  highly  polished  surface.  These  coatings  reduce 
stray  light  caused  by  reflection  at  lens  surface  which  interferes  with  the  optical 
quality  of  the  image. 

A  good  optical  system  should  always  be  so  diaphragmed  that  only  those 
rays  which  actually  form  the  image  reach  the  focal  plane.  To  prevent  internal 
reflections,  the  inside  surface  of  the  metal  parts  should  have  a  dull-black 
finish. 

N.  Mirrors 

Mirrors  are  optically  flat  elements  which  are  used  to  change  the  direction 
of  a  beam  of  light.  The  angle  of  reflection  i'  is  always  equal  to  the  angle  of 
incidence  i  (Fig.  4-5).  If  the  reflecting  surface  is  a  nonconductor,  such  as 
glass,  some  light  will  be  transmitted  through  the  plate,  and  some  will  be 
reflected,  and  this  reflected  beam  will  be  polarized.     Maximum  polarization 
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takes  place  for  crown  glass  when  the  angle  i  is  about  57°  or  more  specifically 
for  any  glass  when  i  =  arc  tan  n,  where  n  is  the  index  of  refraction.  This 
fact  is  used  in  constructing  simple  polariscopes. 


O.  Prisms 

Prisms  are  glass  elements  which  are  also 
used  to  deflect  a  beam  of  light.  In  many 
cases,  a  mirror  or  a  prism  may  be  used.  Mir- 
rors are  to  be  preferred  for  experimental  work, 
since  they  are  more  easily  obtainable.  The 
more  common  types  are  described  in  the 
article  on  prisms  in  section  II. 
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Fig.     4-5.     Reflection    at     a 
Surface 


P.  Pyramidal    Error    and    Deviation    of 
Prisms  (Fig.  4-6) 

If  a  ray  of  light  enters  the  prism  normal  to  the  first  face,  it  should  emerge 
normal  to  the  last  face.  Any  angular  deviation  from  this  direction  is  due  to 
an  error  in  the  construction  of  the  prism.  The  error  measured  in  a  plane 
normal  to  the  reflective  surface  and  containing  the  normal  to  the  exit  face  is 
known  as  deviation.  The  error  measured  perpendicularly  to  the  same  refer- 
ence plane  is  called  pyramidal  error.  These  errors  are  commercially  held 
within  a  tolerance  of  10  min;  for  precision  optics  to  less  than  5  min.     The 


Pyramidal 
error 


Deviation 


Fig.  4-6.     Prism  Errors 


greater  the  number  of  reflections  which  take  place  within  the  prism,  the  more 
difficult  it  is  to  keep  these  limits. 

Q.  Erection  of  Image 

As  seen  looking  at  the  ground  glass  of  a  camera,  the  image  formed  by  the 
lens  is  completely  inverted.  In  order  to  bring  it  back  to  normal,  the  image 
on  the  ground  glass  should  be  imaged  by  another  lens  to  another  focal  plane. 
Because  of  the  inversions  caused  by  the  second  lens,  the  image  on  this  second 
focal  plane  will  be  erect.  Inversions  are  also  caused  by  reflections.  A  single 
reflection  by  a  mirror  or  a  prism  causes  an  inversion  in  one  direction  only. 
When  an  optical  setup  is  made,  consideration  should  be  given  to  the  number 


126  OPTICAL  METHODS  OF  STRAIN  MEASUREMENT 

of  focal  planes  and  the  number  of  reflections  used  in  order  to  determine  whether 
the  orientation  of  the  final  image  will  be  satisfactory. 

R.  Care  of  Optical  Elements 

Polished  surfaces  are  easily  scratched.  In  cleaning  them  the  dirt  or  grit 
accumulated  on  the  surface  should  be  gently  removed  bjr  means  of  a  brush 
(preferably  camel's  hair),  after  which  the  surface  may  be  lightly  wiped  with  a 
clean  linen  towel  or  a  piece  of  lens  tissue,  moistened  with  alcohol  or  lens- 
cleaning  fluid.  If  the  lens  does  not  have  finger  marks  or  grease  on  its  surface, 
water  may  be  sufficient.  A  final  cleaning  can  be  accomplished  by  breathing 
on  the  lens  to  deposit  some  moisture  and  then  drying  the  surface  with  a  dry 
clean  linen  towel  or  lens  tissue. 

If  the  lens  is  scratched  by  accident,  no  attempt  should  be  made  to  remove 
the  blemish,  for  a  scratched  lens  will  perform  satisfactorily,  whereas  a  lens 
whose  surface  has  been  deformed  and  is  not  a  true  sphere  may  produce 
severe  imagery  defects. 

II.   ELEMENTS   OF   OPTICAL  INSTRUMENTS 

S.  Objective  Lenses 

The  lens  nearest  the  object  in  an  optical  system  is  designated  as  the  objective 
lens;  it  is  generally  a  positive  lens,  which  forms  a  real  image.  In  an  optical 
system,  the  objective  lens  is  the  most  critical  of  its  elements,  and  poor  design 
or  workmanship  will  easily  render  the  system  useless.  The  simplest  form  of 
an  objective  is  an  achromatic  doublet,  generally  cemented  and  corrected  for 
color,  spherical  aberration,  and  coma.  Such  a  lens  will  give  good  results  for 
moderate  speeds  up  to/10  and  for  fields  not  exceeding  10°  full  field. 

Since  the  quality  of  the  optical  characteristics  depends  so  much  on  the  objec- 
tive, it  is  usually  advisable  to  select  a  lens  which  can  easily  satisfy  the  require- 
ments of  speed  and  field  to  be  obtained.  There  is  a  wide  choice  of  objectives 
available,  if  use  is  made  of  those  manufactured  for  various  commercial  instru- 
ments such  as  cameras,  movie  cameras,  telescopes,  projectors,  and  micro- 
scopes. It  will  often  be  found  more  convenient  to  purchase  a  camera  lens 
or  a  projection  lens  for  use  where  a  doublet  lens  would  be  satisfactory,  than 
to  purchase  a  doublet  which  would  have  to  be  specially  made. 

The  requirements  to  consider  in  selecting  objectives  are,  first: 

1.  Focal  length. 

2.  Angular  field. 

3.  Aperture  ratio  (or  speed). 

As  previously  stated,  large  fields  and  high  speeds  lead  to  complicated  lenses. 
In  experimental  engineering  work,  when  large  fields  are  required,  large  aper- 
tures can  be  avoided  by  increasing  the  illumination  of  the  object.  Large 
fields  can  be  avoided  by  proper  selection  of  the  dimensions  of  the  system. 
The  other  requirements  which  will  lead  to  the  proper  selection  of  the  objectives 
are: 
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1.  Definition  at  the  center  of  the  field. 

2.  Definition  at  the  edge  of  the  field. 

3.  Distortion. 

4.  Photographic  or  visual  use. 

Before  listing  the  various  classifications  of  objectives,  these  last  factors 
will  first  be  briefly  discussed.  Concerning  definition,  most  photographic 
objectives  will  resolve  when  used  at  their  rated  speed,  a  minimum  of  40  lines 
per  millimeter  at  the  center  of  the  focal  plane;  the  better  ones  will  resolve 
up  to  140  lines  per  millimeter.  At  the  edge  of  the  field,  also  for  the  rated 
speed  and  the  rated  field,  the  resolving  power  is  approximately  50  per  cent 
of  the  value  at  the  center.  The  resolving  power  is  also  controlled  by  diffrac- 
tion which  becomes  important  for  objectives  of  small  diameter.*  If  the 
image  of  the  objective  is  to  reproduce  on  a  photographic  plate  or  film,  the 
sensitivity  of  the  emulsion  to  be  used  should  be  ascertained.  Common 
photographic  emulsions  will  resolve  40  lines  per  millimeter.  Emulsions  for 
process  plates  are  rated  up  to  60  lines  per  millimeter,  and  emulsions  for  micro- 
films up  to  140  lines  per  millimeter.  Special  emulsions  used  in  spectrographic 
work  can  be  obtained  to  resolve  up  to  500  lines  per  millimeter.  Complete 
data  on  photographic  materials  and  their  use  are  given  in  reference  14. 

It  will  be  found  that  most  lenses  show  up  to  about  2  to  3  per  cent  distortion 
at  the  edges  of  the  rated  field.  It  is  an  error  which,  in  general,  is  not  serious, 
but,  if  the  requirements  for  lack  of  distortion  must  be  met,  an  objective  should 
be  selected  so  that  it  will  be  used  only  at  a  fraction  of  its  rated  field.  Lenses 
especially  designed  to  be  free  of  distortion  are  those  used  in  photographic 
mapping  and  are  not  easily  obtainable. 

If  the  optical  system  is  to  be  used  both  visually  and  photographically,  a 
lens  corrected  for  photographic  use  should  always  be  selected  unless  mono- 
chromatic light  in  the  visual  range  is  used.  In  this  case,  as  well  as  for  visual 
work,  the  color  correction  of  any  commercial  objective  will  usually  give  sat- 
isfactory results.  For  various  requirements,  the  following  objectives  are 
suggested : 

1.  Maximum  Total  Field  10°;  Maximum  Speed  /10.  Suggested  type: 
Achromatic  Doublets.  Doublets  in  various  focal  lengths  up  to  a  diameter 
of  1}4  in.  can  be  obtained  from  most  manufacturers.  Above  1V2  hi.,  it  is 
best  to  inquire  which  focal  lengths  can  be  obtained  from  stock.  Diameters 
between  2}i  and  6  in.  can  usually  be  obtained  without  too  much  difficulty 
but  will  in  most  instances  require  special  orders.  Above  6  in.  the  lenses 
become  quite  expensive,  and  their  use  should  be  avoided  as  much  as  possible. 

2.  Maximum  Total  Field  20°;  Maximum  Speed  /3.5.  Suggested  type: 
Projection  Anastigmats.  These  lenses  are  commercially  obtainable  in  focal 
lengths  from  2  to  about  7  in.  For  longer  focal  lengths,  the  maximum  speed 
is  usually  about  /  4.5.  These  lenses  are  corrected  for  the  visual  range  of  the 
spectrum  and  give  good  central  definition.     Most  of  these  lenses  are  used 

*  The  theoretical  resolving  power  of  an  objective  is,  if  D  is  expressed  in  inches, 
5.5/D  sec  of  arc.     (See  Jacobs,2  p  178). 
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for  slide  projectors  and  can  be  obtained  from  dealers  handling  projection 
equipment. 

3.  Maximum  Total  Field  30°;  Maximum  Speed /2.  Suggested  type:  Pro- 
fessional Projection  Anastigmats.  Most  lenses  of  this  type  are  commercially 
obtainable  in  focal  lengths  from  2  to  5  in.  in  steps  of  \i  in.  The  more  expen- 
sive ones  are  flat  and  give  good  definition  at  the  center  and  at  the  edges, 
although  for  the  longer  focal  lengths  they  should  be  used  for  total  fields  not 
exceeding  20°.  Lenses  used  in  16-  and  8-mm  motion-picture  projectors  can 
be  used  for  shorter  lengths  (1  to  2  in.),  with  a  speed  for  these  short  focal 
length  of/1.6. 

4.  Maximum  Total  Field  45°  to  50°;  Maximum  Speed  /4.5.  Suggested 
type:  Photographic  Anastigmats.*  Lenses  used  in  commercial  cameras  can 
be  obtained  in  focal  lengths  from  2  to  8  in.  Those  for  motion-picture  cameras 
will  offer  a  choice  of  focal  lengths  between  )4  to  2  in.  For  longer  focal  lengths, 
process  lenses  up  to  25  in.  focal  length  are  manufactured.  Although  they 
should  be  used  for  reproduction  of  near  objects  only,  they  may  be  found  sat- 
isfactory for  longer  ranges  also.  For  visual  use,  some  anastigmats  recom- 
mended in  article  2  may  be  used  for  these  wider  angles. 

5.  Special  Requirements,  (a)  High-Speed  Lenses.  The  lenses  previously 
described  are  only  the  more  commonly  found  where  a  wide  choice  of  focal 
lengths  is  available.  Photographic  high-speed  lenses  (/  2  or  faster)  are  found 
only  in  short  focal  lengths  up  to  2  in.,  such  as  those  used  in  motion-picture 
cameras. 

(b)  Wide-Angle  Lenses.  For  angles  above  50°  of  total  field,  wide  angle 
lenses  are  required,  but  the  choice  of  focal  lengths  is  limited. ! 

(c)  Near  Works.  For  reproduction  of  objects  at  close  distances — that  is,  a 
small  multiple  of  the  focal  length  of  the  lens — most  of  the  afore-mentioned 
lenses  can  be  satisfactorily  used  at  the  expense  of  a  loss  in  definition  and  optical 
quality.  If  the  requirements  are  strict,  lenses  used  in  photographic  enlargers 
are  recommended,  and  they  will  be  found  available  in  focal  lengths  from  2  to 
about  7  in.     Process  lenses  can  be  used  for  the  longer  focal  lengths. 

(d)  Large  Magnification.  For  large  magnification  of  objects  placed  very 
close  to  the  lens,  lenses  of  very  short  focal  length  are  required,  for  which 
microscope  objectives  may  be  selected. 

T.  Eyepieces  (Magnifiers) 

As  the  name  implies,  an  eyepiece  is  a  lens  which  is  usually  placed  near  the 
eye  of  the  observer.  Its  function  is  to  collect  bundles  of  rays  coming  from 
all  points  of  an  object  or  of  an  image  on  a  focal  plane  and  so  to  refract  these 
bundles  that  they  will  converge  to  a  common  region  (eye  point)  where  the 
pupil  of  the  observer's  eye  can  be  placed  (Fig.  4-7).  In  order  for  the  observer 
to  be  able  to  focus  the  bundles  of  rays  entering  his  eye,  it  is  necessary  that 
these  bundles  consist  of  rays  nearly  parallel  to  each  other.  This  condition 
requires  that  the  object  be  placed  at  the  front  focal  point  F\  of  the  eye  lens. 
The  manner  in  which  the  bundles  of  rays  pass  through  the  lens  shows  a  striking 

*  A  complete  list  of  photographic  lenses  is  given  on  pp  53-66  of  reference  14. 
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difference  for  the  optical  requirements  of  a  lens  used  as  an  eyepiece  compared 
to  one  used  as  an  objective.  In  an  eyepiece,  each  bundle  of  rays  strikes  a 
different  portion  of  the  lens,  whereas,  in  general,  in  an  objective  all  bundles  use 
the  full  opening  of  the  lens  (Fig.  4-2).  Because  of  this  difference,  the  aperture 
ratio  of  eyepiece  lenses  is  much  higher  than  the  aperture  ratio  of  objective 
lenses  (the  aperture  ratio  for  each  individual  bundle  of  an  eyepiece  is  small). 
It  is  also  seen  that  there  is  no  functional  difference  between  an  eyepiece  and 
a  magnifier.  The  latter  is  used  to  observe  objects,  whereas  the  former  is 
used  in  optical  instruments  to  magnify  the  image  of  a  focal  plane.  It  is, 
therefore,  quite  satisfactory  in  experimental  work  to  use  magnifiers  as  eye- 
pieces for  optical  systems.  The  only  requirement  is  that  the  bundles  of  rays 
coming  through  the  system  are  so  directed  that  they  will  enter  the  lens  (see 
section  U  paragraph  3).     The  path  of  the  bundles  can  easily  be  determined 


Apparent  field:  2a 


Fig.  4-7.     Diagram  Showing  Eyepiece  Principle 

by  calculation,  using  the  formula  shown  in  part  I  and  tracing  a  few  simple 
diagrams  of  the  optical  system. 

The  requirements  for  an  eyepiece  usually  are  that  the  focal  length  be  as 
short  as  possible  and,  generally,  that  the  field  of  view  be  as  large  as  possible. 
Unfortunately,  short  focal  lengths  (which  mean  large  magnification)  also  imply 
small  dimensions  of  the  observed  object.  The  relation  between  field  and 
focal  length  is  easily  derived.  Because  of  the  condition  that  a  ray  passing 
through  the  center  of  the  lens  emerges  at  the  same  angle  as  the  entering  ray, 
it  is  seen  that  ray  AO  in  Fig.  4-7  gives  the  direction  of  the  extreme  bundle  of 
the  apparent  field.     Angle  a  will  then  be  determined  by 


tan  a.  = 


AFX       AF\ 
OF,'     F 


(9) 


Since  in  ordinary  eyepieces  a  rarely  exceeds  25°,  the  maximum  dimensions 
of  the  observed  field  will  be 

2  X  A~F i  =  0.94  X  F  (10) 

That  is,  the  linear  field  is  proportional  to  the  focal  length  of  the  eyepiece. 

The  magnification  of  an  eyepiece  is  commonly  measured  by  the  ratio  of  the 

apparent  size  of  the  object,  as  seen  by  the  observer  through  the  eyepiece,  to 

the  apparent  size  of  the  same  object  as  seen  from  a  distance  of  10  in.     In 
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Figure  4-8,  S  is  measure  of  the  apparent  size  of  the  object  seen  through  the 
eyepiece,  and  /So  is  the  apparent  size  as  seen  from  10  in.     We  have  the  relation, 


which  gives 
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tan  S 

tan  (So       h/10  in. 
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(12) 


Using  equation  10  and  this  last  relation,  the  values  of  magnification  and 
size  of  field  for  various  focal  lengths  will  be  as  shown  in  Table  4-1. 


Fig.  4-8.     Magnifying  Effect  of  Eyepieces 


TABLE  4-1 

Focal 

Appr.  Size 

Length,  in. 

Magnification 

of  Field,  in 

1 

10X 

0.9 

2 

5X 

1.9 

3 

3.3X 

2.8 

5 

2X 

4.7 

*  These  values  are  obtainable  only  with  well-corrected  magnifiers. 

The  different  types  of  eyepieces  (or  magnifiers)  commercially  available  can 
be  classified  as  follows: 

6.  Single  Lenses  (Fig.  4-9a).  Single  lenses  are  used  mostly  as  reading 
glasses,  made  usually  for  magnifications  of  2X  and  3X.  Short  focal  lengths 
cannot  be  used  because  of  color  aberrations,  which  become  too  noticeable  at 
higher  powers,  and  because  of  distortion,  which  limits  the  field.  The  flatter 
surface  should  be  turned  toward  the  object  to  reduce  distortion. 

7.  Doublets  (Fig.  4-96).  These  are  obtainable  as  achromatic  magnifiers 
and  are  made  up  to  magnifications  of  10  X.  The  field  is  also  limited  because 
of  distortion. 

8.  Ramsden  Eyepiece  (Fig.  4-9c).  By  combining  two  single  lenses,  it  is 
possible  to  correct  substantially  the  color  aberration  and  also  to  increase  the 
field  of  view.  These  lenses  are  commonly  used  in  magnifiers  made  for  powers 
up  to  6 X.  A  clear  glass  plate  is  sometimes  placed  between  the  lenses  to  act 
as  a  semireflector  for  the  purpose  of  illuminating  the  object  on  the  scale. 
This  type  is  called  "Gauss  eyepiece"  and  is  commercially  available. 

9.  Kellner  Eyepiece  (Fig.  4-9d).  This  is  the  most  common  type  of  eye- 
piece used  in  optical  systems  but  is  not  usually  obtainable  commercially  as  a 
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magnifier.     This  type  of  eyepiece  can  be  obtained  from  optical  firms  in  focal 
lengths  varying  between  %  and  2  in. 

10.  High -Power  Magnifiers  (Figs.  4-9e  and  /).  The  better  types  of 
magnifiers  found  commercially  for  magnifications  between  6X  to  20  X  are  of 
the  compound  type.  To  use  these  lenses  as  eyepieces,  it  is  necessary,  fre- 
quently, to  place  another  lens  near  the  focal  plane  in  order  to  direct  the 
bundles  of  rays  into  the  magnifier.  These  magnifiers  are  corrected  for  color 
and  distortion  over  a  large  field  and  are  corrected  for  good  definition. 

11.  Compound  Eyepieces  (Fig.  4-9^).  This  type  of  eyepiece,  which  is 
similar  to  the  Ramsden  eyepiece  but  consisting  of  doublets  instead  of  single 
lenses,  is  found  in  the  better  types  of  instruments.     It  can  be  used  equally 
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Fig.  4-9.     Representative  Eyepieces  and  Magnifiers 


well  as  a  magnifier  and  is  likely  to  be  most  suitable  for  a  wide  variety  of  uses. 
Focal  lengths  available  vary  between  %  to  2  in.;  a  focal  length  of  1  in.,  giving 
10  X  magnification,  is  recommended  for  general-purpose  use. 

12.  Other  Types  of  Eyepieces.  In  the  types  discussed  previously  the  focal 
plane  lies  outside  the  lens.  The  Huygens  eyepiece,  consisting  of  two  single 
elements  with  the  focal  plane  between  them,  has  better  color  correction  than 
the  simple  Ramsden  eyepiece  but  is  not  suitable  for  general  experimental  and 
engineering  purposes  because  of  the  difficulty  in  placing  a  scale  or  cross-line 
between  the  lenses. 

Eyepieces  with  an  apparent  field  of  view  larger  than  45°  are  usually  not 
commercially  available;  for  a  discussion  of  these  (as  well  as  for  other  special 
types)  see  references  1-3. 

U.  Collecting  Lenses 

It  often  happens  that  bundles  of  rays  diverge  from  each  other,  such  as 
bundles  A  and  B  of  Fig.  4-10,  when  it  would  be  convenient  to  have  them  con- 
verge so  as  to  limit  the  size  of  the  lenses  or  because  of  space  limitations. 
Bundles  A  and  B  emerge  from  lens  1  and  are  focused  on  focal  plane  2;  and 
it  is  desired,  for  instance,  to  form  an  image  of  plane  2  on  plane  3.  The  ratio 
of  the  sizes  of  the  images  on  planes  3  and  2  determines  the  location  of  the  lens 
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in  accordance  with  equation  7,  and  the  focal  length  of  the  lens  is  determined 
by  equation  8.     The  location  of  plane  4  is  then  determined. 

The  size  of  the  lens  must  then  be  large  enough  to  accommodate  all  the  rays 
of  bundles  A  and  B  which  would  require  a  large  aperture.  This  aperture 
can  be  made  smaller  by  placing  a  positive  lens  at  2  to  change  the  direction  of 
bundles  A  and  B  and  to  make  them  converge,  thus  reducing  the  size  of  lens 
4.  A  lens  used  in  this  manner  is  called  a  collecting  lens  or  collector  and  is 
always  placed  at  or  preferably  near  a  focal  plane  so  as  not  to  disturb  the  optical 
characteristics  of  the  other  lenses  of  the  system. 

Collecting  lenses  are  usually  single  lenses  made  of  ordinary  crown  glass, 
and  their  aperture  ratio  should  be  limited  to  speeds  not  exceeding  /5.     Positive 
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Fig.  4-10.     Action  of  Collector  Lens  in  Reducing  Lens  Size 

spectacle  lenses  or  reading  glasses  can  be  satisfactorily  used  as  collectors  in 
experimental  systems.  Negative  spectacle  lenses  can  be  used  if  it  is  desired 
to  make  the  bundles  of  rays  diverge. 


V.  Reticles 

These  elements,  on  which  lines  or  measuring  scales  are  provided,  are  placed 
at  the  focal  plane  to  be  used  as  reference  markers  or  measuring  devices  being 
superimposed  on  the  image  formed  by  the  optical  system.  These  lines  are 
usually  etched  in  glass.  Lenses  provided  with  cross-lines  or  single  lines  can 
readily  be  obtained  from  optical  firms.  However,  since  these  lenses  are 
placed  at  the  focal  plane  and  are  themselves  visible  with  the  image,  the  glass 
used  must  be  especially  free  from  defects,  and  the  surfaces  must  be  polished 
to  the  highest  degree  possible.  These  lenses  are,  therefore,  expensive,  and 
for  experimental  purposes  the  cost  can  be  reduced  by  relaxing  the  specifica- 
tions on  allowable  defects.  The  optical  manufacturer  should  be  so  advised, 
and  the  design  should  be  limited  to  straight  lines  only,  in  order  to  reduce  the 
cost. 

Etched  lines  can  be  obtained  in  widths  between  0.0008  and  0.004  in.; 
thinner  lines  or  wider  lines  will  also  increase  the  cost.     Various  standard  scales 
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Fig.  4-11.     Simple  Lens  Cell 


used  in  "measuring  eyepieces"  and  other  instruments  can  be  commercially 
obtained,  and  their  adaptation  is  recommended  rather  than  the  designing 
of  a  special  scale. 

Another  method  satisfactory  for  laboratory  use  is  reproducing  the  scale 
on  a  photographic  plate  by  photographing  a  drawing  of  the  design.  The 
only  disadvantages  in  this  method  are  that  there  will  be  some  loss  in  the  light 
transmission  of  the  system  and  the  scale  will  not  be  so  clean  as  an  optical 
reticle  made  of  etched  glass. 

It  should  be  noted  that  reticles  often  are  given  refracting  power  for  use  as 
collecting  lenses. 

W.  Lens  Cells 

It  is  advisable  to  buy  lenses  already  assembled  in  metal  mounts,  for  then 
the  matching  of  the  optical  axis  with  the  mechanical  axis  of  the  mount  is 
taken  care  of  by  the  manufacturer.  This  facilitates  the  optical  line-up  of  the 
system,  usually  a  matter  of  considerable  im- 
portance. If  a  lens  is  to  be  mounted  for  an 
experimental  setup,  a  simple  mount  such  as  that 
illustrated  in  Fig.  4-11  can  easily  be  made.  It 
consists  of  the  cell  proper,  where  the  inside  di- 
ameter is  accurately  machined  to  run  true  with 
the  outside  diameter.  The  inside  diameter  is 
made  large  enough  to  provide  an  easy  sliding  fit 

for  the  lens.  The  lens  is  held  in  place  by  a  threaded  clamp  ring  which  can  be 
secured  by  means  of  a  drop  of  shellac  placed  on  the  threads.  The  shoulder 
of  the  main  cell  must  be  clean  and  free  of  burrs  so  as  to  provide  a  uniform 
resting  surface  for  the  lens;  the  same  applies  to  the  inside  surface  of  the  clamp 
ring.  Notches  are  provided  to  tighten  the  clamp  ring,  which  should  be 
tightened  only  sufficiently  to  hold  the  lens  in  place,  for  if  too  much  pressure  is 
exerted  the  lens  will  be  deformed,  thus  losing  the  true  spherical  shape  of  its 
surfaces.  Too  much  pressure  on  cemented  lenses  may  cause  the  components 
to  separate. 

To  build  up  compound  lenses,  each  lens  can  be  assembled  in  a  cell,  and,  in 
turn,  the  various  cells  can  be  assembled  in  a  common  cell,  or  tube,  to  hold 
them  in  their  proper  locations.  This  method  provides  accurately  centered 
optical  systems  and  is  recommended  for  laboratory  work. 

X.  Mirrors 

Mirrors  can  be  classified  as  back-surface  mirrors,  front-surface  mirrors, 
and  semireflecting  mirrors  (Fig.  4-12). 

13.  Back-Surface  Mirrors  have  good  reflecting  properties  (the  loss  of  light 
amounts  to  about  5  per  cent)  but,  because  some  reflection  also  occurs  at  the 
front  surface  of  the  mirror,  double  images  will  result  unless  the  mirrors  are 
used  where  the  bundles  consist  of  parallel  rays.  Because  of  the  development 
of  front-surface  mirrors  which  are  more  stable  and  less  sensitive  to  handling 
than  those  available  heretofore,  the  need  for  back-surface  mirrors  in  experi- 
mental work  has  considerably  diminished. 
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In  ordering  a  back-surface  mirror,  it  is  advisable  to  indicate  where  the  mirror 
is  to  be  used  so  that  the  manufacturer  can  determine  the  quality  of  surface 
required  and  the  degree  of  parallelism  desired  between  the  two  surfaces. 
Mirrors  can  be  made  to  a  parallelism  of  2  sec  of  arc  between  the  two  faces 
but  are  expensive.  Angles  of  10  to  20  sec  are  common  and  commercially 
available.  The  reflecting  surface  is  usually  silvered,  copper-plated,  and 
lacquered  to  protect  the  silver  from  deterioration. 

14.  Front-Surface  Mirrors  require  optical  accuracy  only  on  one  side  of 
the  mirror  and  are,  therefore,  much  cheaper  to  manufacture.     Their  main 

drawback  was  that  those  with  good 
reflecting  material  could  not  be  ade- 
quately protected  and  the  surface  de- 
teriorated rapidly,  and  those  with  re- 
sistant coatings  had  poor  reflecting 
properties.  Recent  developments  have 
lead  to  the  manufacture  of  front-surface 
mirrors,  with  good  reflecting  properties, 
the  coating  of  which  is  as  resistant  to 
handling  as  any  optical  polished  surface. 
Loss  in  light  caused  by  the  reflection  is 
somewhat  higher  than  for  back-surface 
mirrors  but  does  not  exceed  12  per 
cent.  These  mirrors  are  commercially 
available  in  almost  any  size  up  to  about 
10  in.,  and  the  only  requirement,  if  good 
surfaces  are  required,  is  that  the  thick- 
ness of  the  mirror  should  be  at  least  one- 
tenth  to  one-eighth  of  the  longest  dimen- 
sion. Mirrors  used  near  an  objective 
should  have  a  surface  quality  comparable 
to  the  quality  of  the  surface  of  the  ob- 
jective lens;  if  they  are  used  near  a  col- 
lecting lens  or  an  eye-piece,  the  surface  quality  is  not  so  important. 

15.  Semireflecting  Mirrors.  If  the  reflecting  surface  of  a  mirror  is  coated 
with  a  substance  which  allows  some  of  the  light  to  be  reflected  and  some  to 
pass  through,  splitting  of  beams  of  light  can  be  accomplished.  This  type  of 
mirror  suffers  the  same  drawback  of  double  reflection  as  the  back-surface 
mirror,  and,  unless  employed  in  parallel  light  or  for  the  splitting  of  rays  used 
for  illumination  only,  it  should  be  avoided.  Splitting  prisms  should  then  be 
used.  Mirrors  which  transmit  and  reflect  approximately  equal  percentages 
of  light  are  now  available,  with  coatings  which  will  withstand  ordinary 
handling.  Coatings  which  give  various  ratios  of  transmitted  light  to  reflected 
light  can  be  made  but  are  rather  delicate  to  handle,  and  usually  the  color  of 
the  reflected  beam  is  not  the  same  as  the  color  of  the  transmitted  beam.  The 
simplest  type  of  semireflecting  mirror  is  a  glass  plate  which  reflects  about 
10  per  cent,  probably  more,  of  the  incident  light  and  which  is  used  in  various 
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instruments  to  illuminate  the  reticle.  Thin  membranes,  which  act  as  semi- 
reflecting  mirrors  are  also  made  and  are  commercially  available;  they  are 
fragile,  however. 

Strong5  gives  an  extensive  description  of  the  making  and  use  of  mirrors. 

Y.  Special  Mirrors 

Various  instruments  use  other  types  of  mirrors  which  can  be  found  useful. 
For  instance,  galvanometer  mirrors  are  very  small  (as  little  as  %  in.)  and  also 
very  thin  (as  little  as  0.015  in.).  They  are  used  where  the  mass  and  the 
moment  of  inertia  must  be  as  small  as  possible.  These  mirrors  are  commer- 
cially available  in  various  sizes. 

Convex  and  concave  reflectors  can  easily  be  made  by  using  positive  or 
negative  lenses,  the  surface  of  which  can  be  coated  as  a  front-surface  mirror, 
or  for  some  purposes,  back-surfaced. 

Z.  Mounting  op  Mirrors 

A  perfectly  good  mirror  can  be  rendered  useless  by  the  method  in  which  the 
mirror  is  held  in  place.  The  most  accurate  method  is  to  provide  a  flat  bearing 
surface  which  touches  the  mirror  around  the  edges  of  the  back  surface  only 
and  to  provide  three  flexible  clamps  which  press  the  mirror  against  the  bearing 
surface.  If  a  frame  is  placed  over  the  mirror,  some  layers  of  paper  should 
be  interposed  between  the  frame  and  the  mirror  to  equalize  the  pressure,  and 
the  frame  should  not  be  pressed  too  tightly  against  the  mirror.  In  any  case, 
it  should  be  held  in  such  a  way  that  no  bending  moment  is  applied  to  the 
mirror. 

AA.  Prisms 

The  two  most  common  types  of  prisms  are  the  90°  prism  (Fig.  4-13),  with 
one  reflecting  surface,  and  the  Penta  prism,  which  deflects  a  beam  of  light 
to  a  direction  perpendicular  to  the  direction  of  incidence  and  has  two  reflecting 
surfaces.  Prisms  or  top-surface  mirrors  must  be  used  when  a  beam  of  light 
consisting  of  convergent  or  divergent  bundles  is  reflected.  The  90°  prism  is 
fairly  common  and  can  be  commercially  obtained  in  dimensions  up  to  5  in. 
for  the  entering  and  exit  faces.  To  order  a  prism,  the  size  of  one  face  only 
need  be  given,  and  the  tolerances  desired  for  deviation  and  pyramidal  error 
should  be  specified  (see  section  P).  Prisms  commonly  available  are  usually 
made  of  borosilicate  crown  or  ordinary  crown. 

A  roof-edge  prism  (Fig.  4-13)  is  a  prism,  the  reflecting  surface  of  which  is 
replaced  by  two  surfaces  which  must  be  at  exactly  90°  to  each  other  within 
a  tolerance  of  a  few  seconds.  The  90°  prism  produces  an  inversion  in  one 
plane  only,  whereas  the  90°  roof-edge  prism  completely  inverts  the  image. 
Roof-edge  prisms  are  usually  avoided  in  optical  instruments  because  of  their 
high  cost,  caused  by  the  accuracy  required  in  the  making  of  the  roof. 

There  is  a  variety  of  other  types  of  prisms,  but  they  are  not  commonly 
used  in  engineering  research.*1-3 

*  For  applications  of  Nicol  prisms  used  in  photoelasticity,  see  chapter  17. 
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Fig.  4-13.     Types  of  Prisms  Frequently  Used  ' 

BB.  Splitting  Blocks  and  Prisms 

By  using  two  90°  prisms  cemented  together  after  the  reflecting  face  of  one 
of  them  has  been  provided  with  a  semireflecting  coating,  a  splitting  block  is 
obtained.  These  are  used  to  split  beams  of  converging  or  diverging  rays  to 
avoid  double  reflections.  Splitting  or  coincidence  prisms  are  made  similarly 
but  by  using  various  types  of  prisms. 

Prisms  giving  various  ratios  of  reflected  to  transmitted  light  can  be  obtained 
by  varying  the  density  or  the  composition  of  the  semireflecting  coating. 

CC.  Condensers 

Condensers  are  strong  positive  elements  used  to  obtain  proper  illumination 
by  directing  bundles  of  light.  They  are  similar  to  collecting  lenses  except 
that  the  requirements  for  fine  optical  correction  and  sphericity  of  surfaces  are, 
in  general,  not  necessary.  Their  speed,  therefore,  is  high,  may  reach  /l. 
The  optical  quality  of  their  surfaces  cannot  be  compared  to  the  quality  of 
lenses  used  in  systems  forming  well-defined  images  and  often  are  only  molded 
to  shape  with  a  "fire  polish." 

They  are  commercially  available  in  various  diameters,  up  to  about  8  in.; 
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in  the  smaller  diameters  there  is  a  wide  choice  of  focal  lengths.     The  larger 
diameters  are  usually  one-half  to  two-thirds  of  the  focal  length. 

Cylindrical  lenses  are  used  as  condensers  when  it  is  desired  to  elongate  a 
bundle  of  light  in  one  direction  and  are  found  mostly  in  recording  instruments 
and  for  slit  illumination. 

DD.  Optical  Windows 

Parallel  plates  whose  surfaces  are  finished  to  an  optical  quality  are  used  as 
windows  in  optical  systems  either  to  protect  these  from  dirt  or  fumes  or  for 
observation  into  pressure  vessels.  The  quality  of  the  surface  is  determined 
by  the  location  of  the  window  and  must  be  as  good  as  the  quality  of  the  nearest 
lens  surface. 

In  passing  through  a  window  whose  surfaces  are  out  of  parallel  by  an  angle 
5,  a  ray  of  light  will  change  its  direction  by  an  angle  (n  —  1)5,  or  approxi- 
mately 5/2  (valid  for  angles  5  less  than  1°).  This  deviation  may  become 
important  in  front  of  high-power  systems,  and  the  order  of  parallelism  desired 
should  be  specified  in  ordering  windows.  Commercial  tolerances  are  of  the 
order  of  30  sec.  For  windows  subjected  to  gas  pressure,  round  windows  are 
preferable  because  of  the  regularity  of  deformation  under  pressure.  Sealing 
is  accomplished  by  means  of  gaskets  of  rubber  or  synthetic  material  which 
also  distributes  more  evenly  the  force  exerted  by  the  window  frame,  and 
prevents  points  of  stress  concentration. 

With  a  window  properly  mounted  and  free  of  scratches  or  pits  on  the  side 
subjected  to  tension,  a  glass  window  can  be  made  to  withstand  a  pressure  of 
several  hundred  pounds  per  square  inch.  Glass  does  not  appear  to  have  an 
ultimate  strength,  and  the  allowable  stress  depends  on  the  length  of  time  the 
load  is  to  be  supported.37  Very  little  is  known  about  the  action  of  repeated 
loads.  An  allowable  stress  of  1500-2000  psi  in  tension  offers  a  factor  of  safety 
for  extended  periods  of  loading.  Precautions  should,  however,  be  taken  in 
case  of  failure  of  the  window. 

Irrespective  of  strength  considerations,  optical  window  thickness  should 
be  one-tenth  to  one-eighth  of  the  largest  dimension  if  good  optical  surfaces 
are  required. 

III.   OPTICAL  INSTRUMENTS 

EE.  Condensing  Systems — Sources  of  Illumination 

Because  optical  tolerances  for  condenser  lenses  are  not  high,  the  general 
belief  exists  that  condensing  systems  can  easily  be  made  by  placing  a  few 
condenser  lenses  back  of  a  light  source.  For  low-speed  systems  and  low 
utilization  of  the  light  available,  this  assumption  is  substantially  correct; 
however,  for  high-speed  systems  and  high  efficiency,  the  designing  of  a  con- 
densing system  is  not  a  simple  task. 

Commercially,  various  instruments  designed  especially  as  sources  of  illu- 
mination are  available,  and  it  will  be  found  advantageous  to  utilize  these 
whenever  possible,  rather  than  to  attempt  the  design  of  a  system. 

Condensing  systems  can  be  classified  into  two  broad  groups :  those  designed 
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for  uniform  illumination  of  a  surface,  and  those  required  to  produce  uniform 
illumination  and  parallel  bundles  of  light,  or  "collimated  light." 

16.  Uniform  Illumination.  In  order  to  obtain  uniformity  of  illumination 
in  an  optical  system  it  is  necessary  that  light  furnished  by  the  condensing 
system  enter  and  be  transmitted  by  the  optical  system.  For  instance,  in 
Fig.  4-14,  A  is  the  front  aperture  of  an  optical  instrument.  At  location  Eh 
it  receives  all  bundles  furnished  to  object  A  by  the  condensing  system.  If 
the  aperture  were  placed  at  E-2  all  the  light  would  not  enter  the  optical  system 
and  also  more  light  would  be  cut  off  from  the  edges  of  the  image  than  at  the 
center,  thus  preventing  any  possibility  of  obtaining  uniformity  of  illumination 
in  the  system. 

It  is  seen  that  uniform  illumination  of  an  object  depends  both  on  the  optical 
system  used  and  on  the  condensing  system  and  source  of  light.     Knowing 
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Fig.  4-14.     Condensing  System 


the  size  and  orientation  of  the  bundles  of  rays  which  will  pass  through  the 
optical  system,  the  following  procedure  should  be  used  to  obtain  the  proper 
illumination.  By  refracting  the  objective  bundles  by  condensers  d  and  C2, 
it  can  be  determined  whether  these  bundles  strike  a  source  of  light,  which 
should  be  of  uniform  illumination,  and  whether  all  bundles  strike  it  in  a  uni- 
form manner. 

For  maximum  utilization  of  the  light  source,  it  can  be  noted  that  the  con- 
densers image  the  source  in  the  aperture  of  the  optical  system.  This  is  an 
ideal  condition,  rarely  realized,  as  the  source  of  light  (usually  the  filament  of 
an  electric  bulb)  is  not  perfectly  uniform  in  illumination  and  the  sizes  available 
cannot  always  be  matched  to  the  size  of  the  aperture  of  the  optical  instrument. 
Also,  in  most  optical  instruments,  the  bundles  from  the  edges  of  the  object 
have  a  smaller  area  than  the  bundles  from  the  center.  This  condition,  known 
as  "vignetting,"  also  prevents  uniform  illumination. 

Lamps  which  will  be  found  useful  in  experimental  work  and  are  commercially 
obtainable  are:' 

1.  Lamps  used  in  surgical  and  industrial  recording  instruments.  These 
occupy  little  space  and  use  low  voltage,  but  give  low  intensity  of  illumination. 

2.  Lamps  used  in  projectors  provide  filaments  distributed  over  a  rectangu- 
lar or  square  area  of  various  sizes.     To  equalize  the  light  over  this  area  a 
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reflector  is  used  on  the  back  side  of  the  lens  to  provide  rays  of  light  into  the 
spaces  between  the  filament.  They  require  110  volts  alternating  current  and 
are  available  up  to  1000  watts.  These  lamps  generate  a  great  deal  of  heat. 
The  height  and  orientation  of  the  filament  is  determined  by  special  sockets 
and  "prefocused"  bases. 

3.  Lamps  having  a  narrow  straight  filament  are  used  as  exciter  lamps  in 
motion-picture  projectors.  They  are  useful  for  illumination  of  a  slit,  require 
4  to  6  volts,  and  are  usually  less  than  10  watts. 

Besides  sources  of  illumination  which  are  commercially  available  as  such, 
well-designed  condensing  units  can  be  obtained  by  using  condensing  units 
from  motion-picture  and  slide  projectors  to  illuminate  areas  up  to  l}i  in.  in 
diameter.  The  8-mm  projector  covers  }i  in.,  the  16-mm,  J^  in.;  slide  pro- 
jectors, IK  in.  Light  tubes  used  in  sound  projectors  can  be  employed  to 
obtain  uniformly  illuminated  slits.     In  35-mm  sound  projectors  the  slit  is 
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Fig.  4-15.     Collimated  Light 

0.001  X  0.084  in.,  and  in  16-mm  sound  projectors  the  slit  is  0.0005  X  0.072  in. 
The  speed  of  these  systems  is  approximately  /2. 

17.  Collimated  Light.  If  it  is  desired  to  observe  a  surface  A  (Fig.  4-15) 
by  means  of  parallel  bundles  of  small  aperture,  a  source  of  illumination  pro- 
viding collimated  light  must  be  used.  Such  systems  are  used  in  photoelastic 
polariscopes  and  in  comparators  (see  section  HH).  Such  a  source  consists 
of  a  lens  C  and  a  small  source  of  light  placed  at  its  front  focal  point.  The 
better  the  correction  of  the  lens,  the  more  parallel  the  rays  will  be,  and,  the 
smaller  the  source  is,  the  smaller  the  aperture  of  each  bundle  will  be. 

Point  sources  of  very  high  intensity  and  specially  designed  for  this  purpose 
are  commercially  available.  The  recently  developed  "concentrated-arc" 
lamps16  give  the  smallest  source  with  the  highest  intensity.  A  special  power 
supply  must  be  used  with  these  lamps. 

For  sources  of  monochromatic  light,  such  as  are  required  for  interferometers 
and  photoelastic  polariscopes,  mercury  and  sodium  lamps  convenient  to  use 
are  available.  They  can  be  operated  on  110-volt  a-c  supply  by  means  of  a 
control  unit. 

For  engineering  work  where  observations  are  made  both  visually  and  photo- 
graphically, the  green  light  from  a  mercury  lamp  or  the  yellow  light  of  a 
sodium  lamp  is  preferred.  These  colors  are  in  the  range  of  maximum  visual 
acuity  of  the  human  eye,  most  photographic  emulsions  are  sensitive  to  these 
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wave  lengths,  and  the  correction  of  optical  instruments  and  lenses  is  well 
suited  to  these  colors.  To  obtain  green  light  with  mercury  lamps,  the  other 
colors  must  be  eliminated  by  means  of  filters,  obtainable  as  accessories  of  the 
lamps. 

FF.  Telescopes 

A  telescope  consists  of  an  objective  lens  forming  a  real  image  which  is 
observed  and  magnified  by  means  of  an  eyepiece  (Fig.  4-16).  If  an  object 
subtends  an  angle  a  measured  from  the  objective,  it  will  be  seen  by  the 


To  object  u 


Objective  lens 


Eye      \ 
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Approx.  location \ 

of  observers  eye 


Fig.  4-16.     Inverting  Telescope 


observer  at  an  apparent  angle  /3.     The  height  of  the  image  on  the  focal  plane 
corresponding  to  angle  a  is 


h  =  EFobj.  X  tan  a  =  EFeyepiece  X  tan  j8 
By  definition,  the  magnification  of  a  telescope  is 

tan  /3 


M 


tan  a 


(13) 


(14) 


and  from  equation  13  it  is  seen  that:  the  magnification  is  the  ratio  of  the  focal 
length  of  the  objective  to  the  focal  length  of  the  eyepiece.  Also,  as  can  be  seen 
from  equation  14,  the  true  field  of  view  of  a  telescope  is  approximately  the  rnaxi- 
mum  apparent  field  of  the  eyepiece  divided  by  the  magnification. 

The  telescope  illustrated  in  Fig.  4-16  is  an  inverting  telescope.  An  erecting 
telescope  can  be  made  by  re-imaging  the  objective  focal  plane  to  a  second 
focal  plane  by  means  of  lenses  known  as  "erector"  lenses  and  using  this 
erected  focal  plane  for  observation  by  means  of  an  eyepiece.  Other  erecting 
telescopes,  such  as  are  used  in  surveying  instruments,  combine  the  erector  lens 
with  the  eyepiece  to  form  a  combination  known  as  the  "terrestrial  eyepiece." 

Prisms  can  be  used  to  erect  the  image  as,  for  instance,  in  binoculars.  For 
measuring  purposes,  the  prism  erecting  telescope  is  not  satisfactory  as  the 
eyepiece  is  mechanically  offset  from  the  body  of  the  telescope,  which  causes 
difficulty  in  finding  the  target  when  high  power  is  used.* 

*  Erecting  telescopes  of  the  "Galilean  type"  are  not  considered  here  as  they 
do  not  have  a  real  focal  plane  and  cannot  be  used  for  sighting. 
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The  only  high-power  commercial  erecting  telescopes  provided  with  lines 
of  reference  at  the  focal  plane  are  surveying-instrument  telescopes,  which  are 
available  with  magnifications  of  10X  to  30 X.  Generally,  adjustment  for 
focusing  on  a  near  object  is  obtained  by  means  of  a  negative  lens  which  can 
slide  between  the  objective  and  the  focal  plane.  This  construction  is  known 
as  "internal  focusing."  In  the  simpler  types  of  surveying  telescopes,  the 
focusing  is  done  by  changing  the  distance  of  the  objective  to  the  focal  plane. 
For  powers  up  to  20 X  they  can  be  used  for  focusing  an  object  located  as 
close  as  6  ft  from  the  telescope;  higher  powers,  up  to  about  30 X,  will  focus  to 
9  or  10  ft.  The  focal  plane  of  these  instruments  is  small  because  the  equiva- 
lent focus  of  a  terrestrial  eyepiece  is  short  (of  the  order  of  Y^  in.)  and  they  do 
not  lend  themselves  easily  to  the  placing  of  a  scale  at  the  focal  plane  for  meas- 
uring purposes. 

Inverting  telescopes  are  used  in  various  optical  instruments  such  as  spec- 
trometers and  are  available  commercially. 

If  the  power  of  the  types  available  is  not  satisfactory,  a  telescope  with  the 
desired  power  can  be  made  with  component  parts.  The  main  requirement  is 
good  alignment  of  the  objective,  reticle,  and  eyepiece.  Powers  above  40  X 
are  not  recommended.  Focusing  can  be  accomplished  by  mounting  the 
objective  in  a  cell  sliding  inside  of  the  main  body  of  the  telescope.  High- 
power  telescopes  of  this  type  can  be  constructed  to  focus  to  very  short  dis- 
tances to  permit  observation  at  ranges  which  are  too  great  for  microscopes 
and  too  short  for  surveying  instruments. 

To  measure  dimensions  of  the  image  at  the  focal  plane,  a  micrometer  eye- 
piece can  be  provided.  This  type  of  eyepiece  can  be  moved  with  the  reticule 
across  the  focal  plane  by  means  of  an  accurately  calibrated  screw  carrying 
a  drum  which  permits  measuring  of  the  distance  traveled.  "Gauss"  eye- 
pieces for  scale  illumination  can  also  be  obtained. 

GG.  Microscopes  and  Other  Instruments 

The  optical  principle  of  microscopes  is  the  same  as  that  of  telescopes, 
except  that  the  working  distance  (distance  of  object  to  image)  is  very  small 
and  the  image  on  the  focal  plane  is  a  magnification  of  the  object.  The  higher 
the  magnification,  the  shorter  the  working  distance.  There  are  many  different 
types  of  microscopes  commercially  available;  for  stress  analysis,  microscopes 
provided  with  a  measuring  eyepiece  are  the  most  practicable.  Magnifica- 
tion should  be  kept  below  100  X;  as  higher  powers  do  not  have  sufficient 
depth  of  focus. 

Various  special-purpose  instruments  used  by  physicists  and  metallurgists 
and  instruments  developed  for  shop  measurements  may  be  used  in  stress 
analysis.  They  consist,  in  general,  of  a  telescope  (or  microscope)  mounted 
on  a  carriage,  the  displacement  of  which  can  be  accurately  measured  to  deter- 
mine distances  or  angular  displacements.  For  inspecting  the  condition  of 
internal  surfaces  of  tubes  and  parts,  but  not  to  make  accurate  measurements, 
horoscopes  are  available. 
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HH.  Collimators 

A  collimator  consists  of  a  reticle  placed  at  the  focal  plane  of  an  objective 
(Fig.  4-17).  The  teticle  is  provided  with  reference  lines  or  a  measuring  scale, 
and,  to  facilitate  observation,  it  is  artificially  illuminated.  A  simple  collimator 
does  not  have  an  eyepiece;  its  main  function  is  to  provide  bundles  of  parallel 

Parallel  rays 
from  point  a 


-  KF 

x  obiective 

tan  a  =  Oa/EFobl 
Fig.  4-17.     Elements  of  Collimator 


Parallel  rays 
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rays.  By  fastening  the  collimator  to  the  part  to  be  tested,  an  angular  motion 
of  this  part  can  be  followed  by  means  of  a  telescope  which  focuses  the  rays  of 
the  collimator  and  thereby  images  the  collimator  scale  on  the  telescope's  focal 
plane.  A  relative  displacement  of  the  image  of  the  collimator  relative  to  the 
telescopes  scale  indicates  and  measures  the  angular  displacement  of  the  col- 
limator and  of  the  test  part   rela- 
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tive  to  the  telescope.  Another  use 
is  illustrated  in  Fig.  4-24  and  is 
discussed  in  Section  KK. 

An  autocollimator  is  a  collimator 
provided  with  an  observing  eyepiece 
and  an  illuminated  reticle.  Illumi- 
nation can  be  supplied  in  two  ways, 
as  shown  in  Fig.  4-18.  One  method 
is  by  means  of  a  Gauss  eyepiece, 
which  will  show  the  reticle  lines  as 
dark  lines  in  a  light  background;  in 
the  other  method,  where  the  bulb  is 
placed  at  the  edge  of  the  reticle, 
the  lines  will  appear  brightly  illu- 
minated in  a  dark  field,  provided  the 
instrument  is  used  in  a  darkened 
space  to  prevent  outside  light  entering  through  the  objective.  The  parallel 
bundles  of  the  collimator  are  reflected  back  into  its  objective,  which  is  then 
used  as  a  telescope  objective.  The  reflected  image  is  observed  through  the 
eyepiece,  and  its  displacement  on  the  scale  gives  the  measurements  of  the 
angular  deflections  caused  on  the  bundles  by  the  reflection  which  has  taken 
place. 

If  the  autocollimator  is  set  to  reflect  the  "0  point"  of  the  scale  back  to 
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Fig.  4-18.     Two  Methods  of  Scale  Illu- 
mination 
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itself  when  mirror  A  (Fig.  4-19)  is  in  its  normal  position,  the  reflected  image 
will  move  to  point  a  of  the  scale  when  the  mirror  is  tilted  through  an  angle 
a.     The  linear  displacement  on  the  scale  will  be 


h  =  2  •  a  -  EFqbj.  (small  values  of  a) 


(15) 


Collimators  and  autocollimators,  in  order  to  be  of  any  value,  must  have  a 
well-corrected  objective  so  that  all  the  rays  of  a  bundle  are  parallel  within  a 
very  close  tolerance.  A  low-speed  objective  and  a  small  field  of  view  are 
indicated  for  high  accuracy  vyhich  limits  somewhat  their  use.  If  objective 
sizes  or  fields  are  desired  other  than  those  available,  a  collimator  can  easily 
be  built  by  means  of  component  parts. 

The  most  difficult  part  of  the  construction  is  the  proper  setting  of  the  scale 
at  the  focal  plane  of  the  objective.     This  can  be  done  by  using  the  collimator 


Reflected  image 
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of  objective 

Fig.  4-19.     Diagram  Showing  Principle  of  Autocollimation 

as  a  telescope,  sighting  on  a  distant  object  and  focusing  the  objective  until 
all  trace  of  parallax  disappear.  The  higher  the  power  and  the  longer  the  focal 
length  of  the  objective,  the  farther  away  the  object  should  be.  Another  more 
accurate  method  is  to  use  the  principle  of  autocollimation  and  to  reflect  from 
an  optically  flat  mirror  the  image  of  the  scale  back  into  the  telescope.  When 
there  is  no  parallax  between  the  scale  and  its  reflected  image,  the  scale  will  be 
exactly  at  the  focal  plane  of  the  objective. 

The  use  of  collimators  and  autocollimators  are  discussed  in  part  IV. 

II.  Optical  Flats  and  Interferometers 

The  measuring  of  displacements  by  means  of  interference  fringes  is  used 
whenever  the  displacements  to  be  measured  are  very  small,  for  instance,  of 
the  order  required  for  the  accurate  determination  of  Poisson's  ratio  or  Young's 
modulus  for  small  stress  values. 

The  use  of  interference  fringes  involves  a  rather  delicate  technique  and 
requires  proper  laboratory  conditions.  The  sensitivity  of  the  method  is  such 
that  the  slightest  change  in  the  test  conditions  will  distort  the  results  and 
introduce  errors.  The  principle  is  illustrated  in  Fig.  4-20.  Monochromatic 
light  is  used,  and  the  reflection  coming  from  two  surfaces  nearly  parallel  is 
observed.  Interference  between  the  light  waves  of  the  two  reflections  will 
produce  black  and  illuminated  fringes.     A  black  fringe  will  appear  if  the  dis- 
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tance  is  a  multiple  of  A/2  (X  being  the  wave  length  of  the  light  used),  and  a 
light  fringe  will  appear  for  odd  multiples  of  X/4.  Optical  flats  made  to  an 
accuracy  of  a  fraction  of  a  wave  length  must  be  used.  These  are  commercially 
available  and  are  sold  in  sets  for  use  in  the  inspection  and  testing  of  gages. 
A  typical  application  is  the  measuring  of  the  difference  in  size  of  two 
cylinders  illustrated  in  Fig.  4-20.  A  and  C  are  optical  flats;  B  is  a  piano- 
parallel  plate  in  optical  contact  with  A  and  of  such  thickness  that  a  small  air 
space  is  left  between  B  and  C.  By  using  monochromatic  light,  interference 
fringes  will  be  seen,  and  the  slope  of  C  relative  to  A  can  be  determined  from 
the  number  of  fringes  appearing  over  a  certain  distance.  If  the  slope  is 
known,  the  difference  in  size  between  A  and  B  can  be  computed.     The  direc- 
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Fig.  4-20.     Optical  System  for  Observing  Interference  Fringes 


tion  of  this  slope  can  be  determined  by  slightly  tilting  plate  C  on  one  side. 
An  increase  in  the  number  of  fringes  indicates  the  slope  is  in  the  direction  of 
the  tilt. 

Another  application  of  interference  fringes  is  the  measurement  of  changes 
of  distances.  For  instance,  if  plate  C  (Fig.  4-20)  is  slowly  lifted,  dark  and 
light  fringes  will  alternately  appear  at  every  point  as  the  distance  changes 
by  multiples  of  X/4.  By  counting  the  number  of  changes  at  any  point,  the 
changes  in  distance  can  be  measured.  This  principle  is  used  in  interferom- 
eters and  has  been  used  in  one  type  of  strain  gage  (section  LL).  The  principle 
of  interference  fringes  and  interferometers  is  extensively  discussed  in  refer- 
ences 1,  7,  and  8.  Application  of  interference  methods,  especially  the  meas- 
urement of  slopes  as  shown  in  Fig.  4-20,  is  exceedingly  useful  for  laboratory 
measurements,  such  as  calibration  of  gages,  but  will  be  found  too  sensitive 
for  most  engineering  investigations.  Unless  conditions  are  very  favorable, 
fringes  move  too  rapidly,  rendering  observations  practically  impossible. 
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JJ. 


IV.   OPTICAL   SYSTEMS 

Classification  of  Strain  Gages  and  Related  Instruments 


The  variety  of  optical  systems  used  to  measure  elongations  and  deflections, 
either  linear  or  angular  displacements,  can  ordinarily  be  classified  into  two 
groups  as  follows: 

1.  Instruments  using  the  optical-lever  principle. 

2.  Instruments  using  mechanical  levers. 

In  instruments  using  the  optical  lever,  the  lever  consists  of  a  short  mechan- 
ical arm  holding  a  mirror  which  reflects  a  beam  of  light.  The  reflected 
beam  is  the  other  arm  of  the  lever,  which,  because  of  the  law  of  reflection, 
moves  twice  as  fast  as  the  short  arm.  The  angular  movement  of  the  reflected 
beam  is  magnified  by  an  optical  system  or  measured  at  a  large  distance  from 
the  pivot  point  of  the  system,  thus  magnifying  the  displacement  of  the  end 
of  the  short  arm.  In  instruments  classified  under  the  mechanical-lever 
principle,  the  magnification  is  obtained  by  solid  levers.  At  the  end  of  the 
long  arms,  reference  marks  are  provided.  The  relative  movement  of  these 
points  can  then  be  measured  by  optical  or  other  means.  In  general,  from  the 
optical  point  of  view,  the  optical-lever  system  requires  the  measuring  of  an 
angle,  whereas  in  the  mechanical  system,  a  length  is  observed. 

The  type  of  optical  system  to  choose  is  determined  by  the  magnitude  of  the 
quantities  to  be  measured  and  the  degree  of  accuracy  desired.  Assuming 
that  a  quantity  A  is  to  be  measured  to  an  accuracy  e,  it  will  be  sufficient  to 
have  an  optical  system  of  such  magnification  that  e  will  be  magnified  so  as  to 
be  just  resolved  or  evaluated  by  the  observer.  This  statement  holds  for 
single  measurements  and  does  not  take  into  consideration  the  possibility  of 
obtaining  increased  accuracy  of  measurements  by  means  of  repeated  observa- 
tions. In  stress  analysis,  an  accuracy  of  1  per  cent  in  the  measurement  should 
be  considered  accurate  enough.  If  the  quantities  to  be  measured  are  known, 
for  instance,  given  30,000  psi  maximum  stress  and  a  required  accuracy  of 


Magnification 
None,  or  small ;  optical  sys- 
tem   used    for    conven- 
ience or  by  necessity 
10  X  to  20  X 

20  X  to  100  X 


100  X  to  1000  X 


1000  X  to  10,000  X 


TABLE  4-2 

Max.  Length  to  Be 

Measured 

l<4  in.  to  several  inches 

0.020  to  M  in. 
0.005  to  0.020  in. 


0.0005  to  0.005  in. 


0.0001  to  0.0005  in. 


Examples  of 
Application 

Deflection  of  structures, 
rails,  bridges;  plastic  de- 
formations 

Deflection  of  beams,  small 
parts;  creep  of  metals 

Strain  gages  with  gage 
length  of  several  inches; 
small  deflections;  vibra- 
tions of  structures 

Strain  gages  with  gage 
length  of  1  to  2  in.;  small 
deflections 

Strain  gages  with  short 
gage  length 
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Fixed  knife  edge 


1  per  cent,  the  smallest  quantity  to  be  resolved  will  be  300  psi.  A  stress  of 
this  magnitude  will,  in  some  cases,  produce  deflections  which  can  be  seen 
with  the  naked  eye.  At  the  other  extreme,  there  will  be  cases  where  a  thou- 
sand-fold magnification  will  be  re- 
quired. This  wide  range  requires, 
therefore,  a  wide  variety  of  optical 
systems.  For  any  particular  test,  the 
selection  of  the  system  will  depend  on 
the  magnification  required.  For  ease 
of  operation,  the  system  which  has 
sufficient  magnification,  but  no  more, 
will  be  the  most  economical  and  the 
most  practicable  to  use. 

Table  4-2  indicates,  approximately, 
the  ranges  of  magnifications  for  differ- 
ent magnitudes  of  quantities  to  be 
measured. 

KK.  Instruments  Using  the   Opti- 
cal-Lever-Principle  Single- 
Mirror  System 


Fig.  4-21.     Diagram  of  Single- Mirror 
Extensometer 


The  original  and  best-known  system 
working  according  to  this  principle 
is  the  single-mirror  system,  of  which  the  Martens  extensometer  is  an  example. 
A  fixed  scale  (Figs.  4-21  and  4-22)  is  observed  through  a  telescope  by  means 
of  the  tilting  mirror  M  which  is  fastened  to  a  rotatable  knife-edge  whose  pivot 
point  is  rigidly  held  by  a  fixed  arm.     The  other  end  of  this  arm  is  fastened  to 


Measuring  scale- 


Details 


Fig.  4-22.     Principle  of  Single-Mirror  System 

the  specimen  by  the  fixed  knife-edge.  As  the  specimen  is  elongated,  the 
measuring  knife-edge  will  rotate  about  its  pivot  point,  thereby  tilting  the 
mirror.  As  the  mirror  tilts,  different  portions  of  the  scale  are  seen,  giving  a 
reading  S  which  is  a  measure  of  the  angle  of  tilt.     S  is  a  magnified  value  of 
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the  quantity  to  be  measured  AL.     The  magnification  M  is 

S        H  tan  2a 

M  =  —  =  ; 

AL         r  sin  a 

For  small  angles  the  magnification  is  approximately 

M 


m 

r 


(16) 


(17) 


It  is  well  known  that  this  system  is  subject  to  many  errors.  The  gage,  test 
specimen  and  testing  machine,  or  equipment  being  tested,  must  have  no 
movement  relative  to  the  telescope  and  scale;  or,  at  least,  if  there  is  any 
motion,  its  magnitude  must  be 
smaller  than  the  smallest  scale  divi- 
sion used.  The  scale  must  be  in 
the  plane  of  travel  of  the  reflected 
beam,  and,  if  the  preceding  formu- 
las are  used,  it  must  be  perpen- 
dicular to  the  line  of  sight  of  the 
telescope.  If  the  distance  OA  is 
increased,  the  magnification  is  in- 
creased, but  the  main  advantage 
obtained  is  that  linear  displace- 
ments of  the  mirror  become  small 
relative  to  the  scale  graduations. 
There  is  no  advantage  in  using  a 
finely  divided  scale  at  a  large  dis- 
tance, and,  as  the  telescope  and  scale 
are  placed  far  from  the  tested  parts, 
the  chances  of  error  arising  from 
relative  angular  movement  increase. 

Another  error  may  arise  in  the  focusing  of  the  telescope, 
is  focused  on  a  near  object,   and  this  distance  varies, 
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4-23.     Simple     Mirror 
variometer  System ' 


;Gal- 


Since  the  telescope 
it  will  have  to  be 

refocused  during  the  test,  especially  if  a  high-power  telescope  is  used.  Move- 
ment of  the  objective  or  of  the  reticule  to  adjust  the  image  distance  should  be 
parallel  to  the  line  of  sight  to  a  close  tolerance.  Also  to  reduce  the  linear  dis- 
placement of  the  mirror  and  resulting  errors,  the  reflecting  surface  should  be 
as  close  to  the  pivot  point  as  possible. 

In  spite  of  its  inherent  errors  the  single  mirror  offers  a  convenient  means 
for  testing  purposes  and  should  be  used  where  small  magnifications  are 
required. 

Single  mirrors  are  also  used  to  measure  angular  deflection,  and  the  system 
shown  in  Fig.  4-23  illustrates  the  so-called  "galvanometer  system."  A  small 
electric  lamp  I  (a  lamp  with  a  condensing  system  and  a  small  diaphragm  can 
be  used)  acts  as  a  point  source  of  light;  L  is  a  lens  imaging  the  source  of  light 
onto  a  photographic  film,  or  a  screen,  after  being  reflected  by  the  mirror  m. 
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Particular  problems  arising  because  of  the  size  of  the  mirror  are  discussed  by 
Hardy.1  The  geometry  of  the  curve  obtained  and  of  the  errors  arising  if 
the  mirror  moves  in  two  directions  are  investigated  by  Dejuhasz.17  He  exten- 
sively describes  the  use  of  the  system  in  pressure  indicators  and  gives  drawings 
of  indicators  which  have  been  built. 

The  same  principle,  using  many  such  systems  to  determine  the  deflection 
characteristics  of  a  structure  at  its  various  joints,  has  been  employed  by 
Donnell  and  collaborators.18'  19  In  their  tests  they  did  not  use  a  telescope 
but  instead  used  a  peephole  to  fix  the  eye  of  the  observer  at  the  same  location 
for  every  measurement. 

The  use  of  collimated  light,  by  means  of  either  a  collimator  or  autocollimator, 
eliminates  the  error  caused  by  linear  displacement  of  the  mirror  in  front  of 


a  (of  tilt)    ~*J  Lr      Tilting 


20 
Apparent  linear  magnification  of  system  =  ■—  x  magnification  of  telescope 

Fig.  4-24.     Double-Mirror  System  with  Collimator 

the  telescope,  but  the  error  caused  by  an  angular  tilt  of  the  gage  as  a  whole 
remains.  Since  collimated  light  will  limit  the  maximum  tilt  of  the  mirror 
(the  rays  must  strike  the  objective  of  the  telescope),  the  use  of  the  instru- 
ment is  thus  limited  to  the  measurement  of  very  small  rotations,  for  which  it 
is  not  well  suited.  Collimated  light  can  be  put  to  better  advantage  in  the 
"two-mirror"  system. 

18.  Two-Mirror  Systems.  To  remove  errors  caused  by  relative  angular 
motion  of  the  measuring  system  and  testing  equipment,  a  fixed  reference  mirror 
can  be  fastened  to  the  body  of  the  gage.  By  measuring  the  angular  tilt  of 
the  reference  mirror  a  correction  can  be  applied  to  the  readings  of  the  measur- 
ing mirror.  This  method  requires  two  telescopes,  two  scales,  and  usually 
two  observers.  The  error  due  to  linear  displacement  of  the  mirror  remains. 
A  better  system  is  obtained  when  collimated  light  is  used. 

Because  of  the  variety  of  test  conditions  encountered,  many  different  types 
of  gages  have  been  developed,  especially  in  the  direction  of  making  gages 
with  gage  lengths  as  short  as  possible.  All  these  gages  differ,  not  in  principle, 
but  in  their  mechanical  construction.     Several  different  designs  are  described 


OPTICAL-LEVER-PRINCIPLE  SINGLE-MIRROR  SYSTEM         149 

by  Lehr;15  one  in  particular,  developed  for  the  Junkers  Company,  has  a  gage 
length  of  0.060  in.  and  a  magnification  of  10,000.  It  is  not  stated  whether 
consistent  and  reliable  results  were  obtained. 

By  using  a  fixed  reference  mirror  and  collimated  light,  the  two  principal 
sources  of  error  are  removed,  and  the  system  can  be  used  for  very  large  mag- 
nification. When  the  magnification  is  great,  however,  the  field  of  view  of  the 
telescope  is  small,  and  the  observer  is  apt  to  lose  the  reflected  images  during 
a  test.  The  setting  to  zero  is  also  quite  delicate,  and  small  vibratory  motions, 
if  present,  will  affect  the  image.  The  systems  becomes  accurate,  but  difficult 
to  operate. 

The  magnification  of  this  system  (Fig.  4-24)  is  computed  as  follows:  The 
movement  at  the  focal  plane  magnifies  the  displacement  of  the  knife-edge  by 

M  _  EFtel.  obj.  X  tan  2a 
r  X  sin  a 

Since  the  image  is  further  magnified  by  the  eyepiece,  this  magnification  is 
multiplied  by  10  in./ EF  of  eyepiece  (equation  12),  and,  since  the  magnifica- 
tion of  a  telescope  is  the  ratio  of  the  focal  length  of  the  objective  to  the  focal 
length  of  the  eyepiece,  and  also  since*  the  angle  measured  is  very  small,  one 
obtains,  for  the  apparent  magnification  of  the  system, 

M  =     ,.    20,     -  X  MTEL.  (19) 

r  (in  inches) 

For  instance,  with  a  pivot  radius  of  V±  in.  and  a  telescope  of  30  X,  the  mag- 
nification is  2,400  X.  If  it  is  assumed  that  the  eye  can  estimate  relative 
displacements  of  0.004  in.,  the  smallest  distance  that  could  then  be  estimated 
would  be  1.7  X  10-6.  Instruments  designed  for  the  testing  of  gages  to  this 
order  of  accuracy  and  using  this  principle  are  described  in  the  literature.20'  21 

19.  Three-Mirror  System.  An  improvement  over  the  two-mirror  system 
has  been  made  by  Tuckerman.22  The  principle  of  his  gage  is  shown  in  Fig. 
4-25.  It  was  shown  previously  that,  when  the  beam  of  light  is  reflected  on 
the  fixed  mirror  also,  the  reflected  image  will  not  be  affected  by  movements 
common  to  both  mirrors  but  will  measure  only  the  changes  of  the  angle 
between  them.  By  using  this  principle  in  two  perpendicular  directions  it  is 
possible  to  stabilize  the  gage  against  tilt  in  all  directions  and  avoid  the 
inconvenience  of  losing  the  image  during  a  test  period.  It  is  done  by  replac- 
ing the  fixed  mirror  with  a  roof-edge  prism  giving  a  double  reflection  in  a  plane 
normal  to  the  gage,  thus  obtaining  stabilization  in  that  direction.  Since  the 
gage  is  not  sensitive  to  a  tilt  normal  to  the  plane  swept  by  the  reflected  beam, 
it  becomes  necessary  to  obtain  an  indication  of  the  relative  inclination  of  the 
collimating  system  to  that  plane.  This  is  done  by  providing  a  flat  surface 
at  the  bottom  of  the  roof,  which  then  acts  with  the  tilting  mirror  as  an  unstab- 
ilized  two-mirror  system  which  reflects  an  image  sensitive  to  the  inclination 
of  the  collimator. 

The  observer  sees,  through  the  eyepiece  of  the  autocollimating  telescope  T, 
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the  image  of  the  index  line,  reflected  by  the  three-mirror  system.  The  index 
line  consists  of  an  0  line  and  a  vernier  scale,  and  the  location  of  its  image  in 
the  focal  plane  is  measured  by  means  of  a  scale  placed  in  the  focal  plane.  If 
the  orientation  of  the  telescope  is  close  to  the  plane  of  the  gage,  the  observer 
will  also  see  a  faint  reflection  of  the  same  index  line,  produced  by  surface  F 
(flash  surface)  and  the  tilting  mirror.  As  long  as  this  image  is  seen,  the  rela- 
tive inclination  of  the  collimator  is  small,  and  the  error  caused  thereby  can 
be  neglected.     It  is  also  only  because  of  the  stability  of  the  image  which  is 
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Fig.  4-25.     Optical  Principle  of  Tuckerman  Gage 


unaffected  by  vibration  or  small  shifts  of  the  gage  that  it  is  possible  to  provide 
a  vernier  with  the  index  line. 

The  characteristics  of  this  gage  have  been  recently  carefully  investigated 
by  Wilson,23  who  found  it  to  have  an  average  deviation  of  only  2  X  10-6  in. 
He  found  that  the  readings  are  proportional  to  the  changes  in  length  of  the 
gage  length,  and  that  the  material  of  the  specimen  does  not  influence  the 
calibration,  provided  the  gage  is  properly  attached.  He  also  investigated 
the  influence  of  the  clamping  force  and  found  that  best  results  were  obtained 
when  the  force  holding  the  knife-edge  against  the  specimen  did  not  exceed 
1  lb. 

This  type  of  gage  appears  to  be  the  most  convenient  to  use  with  the  optical- 
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lever  system  if  very  large  magnifications  are  desired;  it  is  commercially  avail- 
able in  gage  lengths  of  )■£  to  2  in. 

LL.  Strain  Gages  Using  Mechanical  Levers 

Only  those  gages  which  use  an  optical  system  for  observation  of  the  readings 
are  discussed  in  this  chapter.  All  of  them  have  been  designed  for  very  large 
magnifications,  principally  to  reduce  the  gage  length  to  permit  the  measuring 
of  stresses  in  regions  of  high  stress  gradient. 

20.  Instruments  with  Optical  Magnification.  If  a  movement  is  magnified 
by  mechanical  levers,  the  magnified  movement  of  the  end  of  the  levers  can 
be  further  magnified  if  it  is  observed  through  a  microscope.  Such  an  instru- 
ment has  been  built  and  used  by  Peterson  and  Wahl.24  The  gage  length  of 
their  instrument  is  0.1  in.,  and  the  long  arm  of  the  levers  is  made  of  hollow 
aluminum  tubing.  The  two  levers  are  held  together  by  means  of  two  springs 
which  permit  the  two  arms  to  rotate  relative  to  each  other  without  altering 
their  relative  distance  at  point  0,  which  acts  as  the  pivot  point. 

By  using  a  microscope  of  100  X  and  a  mechanical  magnification  of  50,  the 
total  magnification  can  reach  5000.  The  disadvantage  of  this  method  is 
that  the  focusing  of  a  high-power  microscope  is  always  quite  critical,  and,  in 
order  to  keep  the  ends  of  the  arms  in  the  field  of  the  microscope  and  in  sharp 
focus,  a  complicated  fixture  is  required  to  keep  the  microscope  properly 
aligned.  Peterson  and  Wahl  obtained  good  results  with  their  instrument  and 
claim  an  accuracy  of  1J^  per  cent.  Hill25  also  used  a  similar  instrument  but 
does  not  give  any  data  concerning  its  accuracy  or  ease  of  operation. 

21.  Instruments  with  Electronic  Magnification.  Instead  of  observing  the 
movement  of  the  levers,  it  is  possible  to  record  their  relative  movement  by 
means  of  a  variable  slit  which  they  actuate.  A  beam  of  light  is  passed  through 
the  slit  and  directed  to  a  photoelectric  cell.  As  the  gap  opening  changes, 
the  amount  of  light  reaching  the  cell  varies,  causing  a  varying  intensity 
in  the  current  generated  by  the  cell.  The  intensity  is  electronically  amplified 
and  measured.  Pochapsky  and  Mase26  used  this  method  to  study  damping 
of  forks  at  high  temperatures.  The  magnification  of  their  instrument  is  not 
given.  Gadd  and  Van  Degrift,27  instead  of  using  one  gap,  placed  gratings  of 
alternate  transparent  and  opaque  points  (120  per  inch)  at  the  end  of  the  levers 
in  such  a  way  that  one  grating  moved  in  front  of  the  other.  In  this  manner, 
they  obtained  a  large  number  of  slits  varying  in  identical  manner.  This 
system  has  the  advantage  of  using  a  wider  beam  which  can  be  uniformly  dis- 
tributed over  the  whole  surface  of  the  cell.  A  magnification  of  30,000  is 
claimed  for  this  system,  and  the  gage  lengths  used  were  }4_§,  H,  and  Y±  in. 
A  German  design,  based  on  the  same  principle,  was  developed  by  E.  Lehr.15 
The  gage  lengths  used  were  0.040,  }■{ 6  and  0.080  in.;  the  mechanical  magnifica- 
tion was  50  and  the  total  magnification  50,000. 

This  type  of  gage  seems  to  offer  great  possibilities.  Optically,  it  requires 
an  optical  system  which  is  carefully  designed  to  provide  uniform  illumination 
over  the  variable  gap. 
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22.  Strain  Gages  with  Interference  Fringes.  By  placing  optical  flats  at 
the  end  of  the  levers  the  variation  in  distance  between  the  arms  can  be  meas- 
ured by  interference  fringes.  Adjustments  must  be  provided  to  bring  the 
flats  nearly  parallel  at  the  zero  position  so  as  to  reduce  the  number  of  fringes 
caused  by  a  relative  tilt  of  the  surfaces.  As  was  mentioned  in  the  article  on 
interference  fringes,  this  system  is  too  sensitive  for  usual  research  work. 
This  system  was  used  by  Vose28  to  measure  the  change  in  thickness  of  stress 
bakelite  models  in  photoelastic  testing.  Gages  to  measure  Young's  modulus 
and  to  determine  Poisson's  ratio  are  described  by  B.  Chalmers4  and  Lehr.15 

MM.  Calibration  of  Gages 

Of  the  several  designs  discussed  in  the  preceding  article,  few  appear  to 
have  been  given  thorough  tests  to  determine  their  reliability  and  accuracy. 
These  many  designs  indicate  only  a  constant  search  for  better  means  to  meas- 
ure very  small  displacements  so  as  to  permit  the  use  of  very  small  gage  lengths. 
It  is  questionable  whether  present  gages  giving  computed  magnifications 
higher  than  4000  X  will  increase  the  accuracy  of  the  measurements  and  permit 
observation  of  quantities  which  cannot  already  be  accurately  measured  with 
magnifications  of  2000  to  4000  X.  With  the  exception  of  the  Tuckerman 
gage,  which  was  tested  by  Wilson,23  no  optical  gage  designed  for  stress  analysis 
with  a  small  gage  length  has  as  yet  been  thoroughly  tested. 

Before  the  results  are  accepted,  the  reliability  of  the  measurements  must 
be  determined  by  tests  on  specimens  with  known  stress  distributions.  Peter- 
son and  Wahl24  used  sections  of  a  beam  where  the  stress  was  uniform  and 
could  be  computed;  Gadd  and  Van  Degrift27  followed  a  similar  procedure 
with  standard  ASTM  specimens.  The  gage  should  be  used  in  actual  tests 
under  conditions  identical  to  those  which  existed  during  calibration.  Wilson23 
has  investigated  the  influence  of  temperature,  position  of  the  gage,  and  mount- 
ing pressure  and  has  shown  that  all  of  these  factors  may  influence  the  results. 
Vose29  had  already  shown  that  the  mounting  force  is  a  critical  factor  by  making 
tests  on  Huggenberger  strain  gages. 

NN.  Other  Instruments 

For  measurements  requiring  magnifications  of  less  than  100  X,  measuring 
microscopes,  comparators,  and  telescopes  mounted  on  micrometer  slides  are 
used  for  direct  readings.  A  portable  comparator  was  designed  by  W.  Klemp- 
erer  for  the  Zeppelin-Goodyear  Corporation.*  The  method  consisted  in 
accurately  stamping,  with  a  "marker,"  two  reference  lines  approximately 
10  in.  apart  on  the  parts  investigated  and  in  observing  the  relative  displace- 
ment of  these  two  marks  by  means  of  an  optical  instrument  calibrated  to  the 
"marker."  The  comparator  consists  of  two  microscope  objectives  which 
form  images  of  the  reference  lines  on  the  focal  plane  of  an  eyepiece,  bringing 
the  image  of  one  line  to  one  side  of  the  field  and  the  other  on  the  opposite 
side  of  the  field  by  means  of  a  splitting  prism.     When  the  testpiece  is  under 

*  This  information  was  received  from  Dr.  L.  H.  Donnell,  formerly  of  the  Good- 
Corporation,  now  at  the  Illinois  Institute  of  Technology. 
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stress  and  the  comparator  is  brought  above  the  reference  marks,  their  relative 
displacement  is  measured  by  means  of  a  scale  placed  in  the  focal  plane. 

For  observation  of  plastic  deformations,  Naclai30  used  the  Schlieren  method 
of  illumination  to  make  Lueder's  lines  visible;  this  method  is  described  in 
section  PP.  A  recent  method,  the  "photogrid"  method,  has  been  developed 
by  Brener31  to  measure  plastic  deformations  in  various  stages  of  development. 
A  photographic  emulsion  is  applied  to  the  surface  of  the  part  to  be  tested, 
and  a  fine  grid  of  lines  is  printed  thereon,  and  after  development  the  emulsion 
is  hardened  into  a  coating  strongly  resistant  to  abrasion.  When  the  part  is 
plastically  deformed,  the  grid  lines  follow  the  deformation  of  the  surface,  and 
the  plastic  flow  can  be  analyzed  by  measuring  the  relative  displacements 
of  the  grid.32  Gerard33  proposes  a  type  of  coating  different  from  that  used 
by  Brener,  which  he  states  has  superior  properties  and  is  easier  to  handle. 

00.  Photoelastic  Polariscopes 

For  accurate  photoelastic  work,  the  requirement  is  that  a  ray  entering  the 
specimen  at  point  A  (Fig.  4-26)  should  also  pass  through  all  points  having 


-Points  with  constant  stress  along  line  A-B 
Fig.  4-26.     Path  of  Light  Rays  through  Photoelastic  Model 

the  same  stress  conditions,  emerging  at  point  B.  Since  images  are  formed  by 
bundles  of  rays  instead  of  single  rays,  there  will  be  several  rays  passing  through 
point  A  which  will  then  be  affected,  not  by  the  stress  conditions  along  A-B, 
but  by  conditions  within  the  circular  cone  AB'B".  If  the  rays  intersect  in 
the  middle  of  the  specimen,  the  stress  conditions  within  the  double  cone 
A' A"  B'B"  will  influence  the  direction  of  polarization  of  the  bundle.  To 
obtain  a  true  image  of  the  stress  conditions  the  size  of  the  cone  must  be  as 
small  as  possible  to  give  good  definition  of  fringes  closely  spaced,  as  in  the 
case  of  steep  stress  gradients.  Since  this  condition  must  be  satisfied  at  every 
point  of  the  model,  well-corrected  collimated  light  must  be  used. 

Collimation  of  the  light  or  limitation  of  the  bundles  can  be  done  in  two 
ways:  either  by  the  optical  system  used  to  illuminate  the  specimen,  which 
means  a  source  of  illumination  with  collimated  light  (section  EE)  or  by  the 
objective  system  which  forms  the  image  of  the  testpiece;  that  is,  by  an  objec- 
tive system  properly  diaphragmed.  This  last  method  is  shown  in  Fig.  4-27. 
A  diaphragm  is  shown  at  D,  and,  if  it  is  placed  at  the  focal  point  of  the  col- 
lecting lens  C-2,  only  collimated  bundles  will  be  used  for  formation  of  the 
image.     For  ease  of  operation,  a  combination  of  the  two  methods  is  advisable. 
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The  source  of  illumination  is  made  to  provide  accurately  collimated  light 
with  the  aperture  of  the  bundles  somewhat  large  (Fig.  4-28).  On  the  objective 
side  a  variable  diaphragm  is  placed  so  as  to  vary  the  aperture.  It  is  then 
possible  to  set  the  model  with  the  objective  diaphragm  wide  open,  giving 
strong  illumination  at  the  expense  of  definition  of  the  fringes  but  still  retaining 
accuracy  in  their  location.  Then  the  aperture  of  the  diaphragm  on  the  objec- 
tive side  is  reduced,  thus  sharpening  the  fringes  to  record  the  picture  under 
better  conditions. 

If  Nicol  prisms  are  used,  in  view  of  their  small  size,  they  should  be  placed 
near  the  diaphragms.  With  polarizing  plates  the  question  of  size  is  not  so 
important,  and  they  may  be  placed  close  by  the  model.  The  function  of  the 
various  lenses  is  as  follows: 

Lens  Ci  is  a  collecting  lens  which  should  be  corrected  for  spherical  aberra- 
tions in  order  to  give  parallel  bundles.     A  single  planoconvex  lens  with  the 
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Fig.  4-27.     Method  of  Collimating  Light  on  Objective  Side 

piano  side  turned  toward  the  light  source  will  be  fairly  satisfactory  provided 
its  speed  is  not  more  than  /10  and  the  objective  system  is  accurately  dia- 
phragmed.  A  doublet  lens  will  permit  better  correction  and  better  matching 
of  the  collimated  light  emerging  from  the  illuminating  system  with  the  collima- 
tion  of  the  objective  side.  Lens  C2  is  also  a  collecting  lens,  and  it  should 
always  be  well  corrected  for  spherical  aberrations  in  order  to  collimate  properly 
the  system  and  to  prevent  distortion  of  the  image.  It  has  two  functions:  (1) 
refracting  of  the  bundles  and  (2)  it  is  part  of  the  objective  system  which  forms 
an  image  of  the  model  on  the  screen  S.  Its  speed  should  not  exceed  /8,  less 
is  preferable. 

Lens  Oi  is  an  objective  lens  which  focuses  the  bundles  and  forms  an  image 
of  the  model  at  location  I.  If  the  screen  is  to  be  placed  at  I  as  shown  in 
Fig.  4-28,  the  image  of  the  model  will  be  inverted.  Lens  Oi  should  be  a  well- 
corrected  lens.  If  Nicol  prisms  are  not  used,  the  best  solution  is  obtained  by 
placing  a  photographic  lens  with  iris  diaphragm  in  place  of  diaphragm  D 
and  using  the  iris  diaphragm  of  the  lens  as  the  collimating  aperture.  A 
process-type  lens  is  satisfactory.  Its  focal  length  can  be  approximately 
determined  by  means  of  equation  3  by  using  distance  DM  for  the  object 
distance  and  DS  for  the  image  distance. 

In  a  system  designed  to  give  an  image  on  the  screen  in  a  normal  position 
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(that  is,  erect),  focal  plane  I  must  be  re-imaged  on  plane  II  by  lens  02.  In 
this  case,  in  order  to  keep  the  size  of  lens  02  small  without  using  a  condensing 
lens  at  focal  plane  I,  lens  0\  should  be  placed  after  diaphragm  D.  Photo- 
graphic lenses  are  not  usually  designed  for  refracting  bundles  entering  the 
lens  in  this  manner.  A  well-corrected  compound  eyepiece  would  be  satis- 
factory, or  a  high-speed  projection  lens  can  be  used.  The  focal  length  of  this 
objective  should  be  small  so  as  not  to  make  the  focal  plane  too  large.  To 
image  plane  I  to  the  screen,  a  similar  type  of  lens  should  be  used.  Selection 
of  various  focal  lengths  will  give  different-size  images.  In  locations  Ox  and 
02,  if  projection  lenses  are  used,  the  back  of  the  lens  should  be  toward  plane 
I;  if  eyepiece-type  lenses  are  used,  plane  I  should  be  considered  as  the  focal 
plane  of  the  eyepiece. 

With  a  well-corrected  system,  and  with  the  diaphragm  D  set  for  low  speed, 
it  should  be  possible  to  move  the  test  model  along  the  optical  axis  between 
lenses  d  and  C2  with  only  a  loss  in  sharpness  in  the  extreme  locations  but  with 
the  size  of  the  image  remaining  constant  throughout  the  range. 

Because  of  the  low  apertures  used,  fringe  images  can  easily  be  obtained  by 
lenses  of  secondary  quality,  which  are  sufficient  for  demonstration  purposes; 
but,  for  accurate  experimental  work,  all  lenses  should  be  chosen  for  the  specific 
work  they  have  to  perforin. 

PP.  Other  Optical  Systems  Using  Collimated  Light 

It  has  been  shown  that  for  the  optical  system  used  in  the  polariscope  it  is 
possible  to  obtain  an  image  whose  magnification  of  the  object  is  independent 
of  the  location  of  the  object  in  the  space  contained  between  lenses  C\  and  C2 
(Fig.  4-2S).  This  principle  is  used  in  contour  'projectors,  where  the  magnifica- 
tion of  the  object  must  be  independent  of  the  accuracy  of  focussing.35  Such 
systems  are  used  to  magnify  objects  up  to  100X.  Reflected  collimated  light 
is  also  used  to  obtain  magnified  contour  lines  of  machined  surfaces  in  the 
inspection  of  surface  finish.36 

An  interesting  application  of  collimated  light  is  the  inspection  of  surface 
irregularities  and  of  irregularities  inside  of  transparent  materials  by  the 
Schlieren  'method.  Barnes  and  Bellinger34  give  a  description  for  its  application 
to  air-flow  analysis;  their  article  gives  a  complete  bibliography  on  the  subject. 
Figure  4-29  shows  the  principle  of  this  method  as  applied  to  the  inspection  of 
a  surface.  If  S  is  illuminated  by  collimated  light  and  S  is  perfectly  uniform, 
all  the  light  will  be  reflected  as  a  beam  of  collimated  light.  To  observe  the 
surface,  the  bundles  are  made  to  converge  to  point  E,  where  a  diaphragm  is 
placed.  When  the  observer  places  his  eye  behind  the  small  opening  E,  he 
will  receive  light  from  all  points  of  the  surface,  which  will  appear  of  uniform 
brightness.  If  there  are  irregularities  on  surface  S,  some  of  the  bundles  will 
be  reflected  at  a  different  angle  and  will  then  not  be  refracted  to  point  E 
and,  therefore,  will  not  enter  the  observer's  eye.  To  the  observer,  therefore, 
the  irregularity  will  appear  as  a  dark  spot  on  surface  S.  A  camera  objective 
can  be  placed  back  of  E  for  the  purpose  of  taking  pictures  of  the  surface 
observed. 
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Fig.  4-29.     Schlieren  Method  for  Surface  Examination 
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A.  Introduction 

The  theory  of  the  resistance  type  of  gage  is  to  express  a  displacement  as  the 
function  of  a  resistance  change  produced  by  the  displacement.  The  resistance 
change  is  usually  measured  by  a  determination  of  the  change  in  potential 
produced  in  an  electric  circuit,  called  the  gaging  circuit.  When  the  displace- 
ment to  be  measured  is  a  strain,  the  gage  is  called  a  resistance-type  strain 
gage.  In  general,  there  are  three  methods  by  which  a  change  in  resistance 
may  be  coupled  with  a  change  in  displacement.  The  first  is  the  common 
variable  potentiometer  that  has  its  resistance  ratio  changed  by  a  physical  vari- 
ation of  the  contact  point  of  the  potentiometer;  the  variation  of  the  contact 
point  is  controlled  by  the  displacement.  The  second  is  the  common  type  of 
variable  pressure  resistor,  composed  of  nonmetallic  material  such  as  the 
carbon-pile  resistor.  In  this  case  the  resistance  change,  or  potential  variation 
of  the  gaging  circuit,  is  coupled  to  the  displacement  by  a  variation  of  pressure 
controlled  by  the  displacement.  The  third  type  operates  by  varying  the 
stress  in  a  metal  wire  as  a  function  of  the  displacement  to  be  measured. 

Each  of  the  methods  mentioned  for  controlling  the  potential  in  the  gaging 
circuit  with  an  imposed  displacement  in  the  mechanical  system  to  which  the 
gage  is  attached  has  applications  that  are  limited  by  the  nature  of  the  phe- 
nomena to  be  measured.  The  selection  of  the  type  of  gage  to  be  used  depends 
on  the  magnitude  of  the  over-all  displacement,  and  the  precision  to  which  it 
is  to  be  measured.  All  of  the  afore-mentioned  methods  have  been  used  in  a 
variety  of  places  and  with  a  large  number  of  variations. 

It  is  apparent  that,  if  the  measured  displacements  are  small  quantities,  the 
resistance  changes  accompanying  them  will  be  small  quantities.  Such  cases 
will  require  careful  measuring  methods  for  their  determination,  such  as  a  good 
bridge  circuit,  or  a  high-fidelity  amplifier. 

Amplifiers  are  necessary  for  any  dynamic  measurements  since  the  time  for 
balancing  a  bridge  is  not  available,  and  a  much  higher  output  than  that  of 
the  gaging  circuit  is  necessary  for  the  operation  of  the  oscilloscope  or  meter. 
On  the  other  hand  many  applications  can  be  made  where  the  resistance 
change  is  large  enough  without  amplification  and  where  static  conditions 
allow  a  direct  measurement  with  a  galvanometer. 

The  general  use  of  resistance-type  gaging  methods  may  require  the  use  of 
four  separate  circuits  or  units.  The  first  is  the  supply  circuit  which  may  be 
either  a  simple  d-c  supply  or  an  a-c  oscillator  circuit.  The  second  is  the 
gaging  circuit,  which  has  the  function  of  relating  the  displacement  to  be 
measured  to  the  potential  difference  caused  by  the  displacement.  The  third 
is  the  amplifier  circuit,  which  has  the  function  of  increasing  the  magnitude 
of  the  signal  from  the  gaging  circuit  without  distorting  or  warping  the  signal. 
The  amplification  is  necessary  in  order  to  magnify  the  signal  to  the  point 
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where  it  will  operate  the  recording  mechanism,  or  oscilloscope.  Whether  the 
amplifier  is  essential  or  not  depends  on  the  phenomena  to  be  measured,  type 
of  recording,  and  gage  to  be  used.  The  fourth  is  the  recording  or  metering  cir- 
cuit. This  in  turn  may  be  divided  into  two  parts.  The  first  is  a  circuit  which 
has  the  function  of  giving  an  indication  of  the  direction  of  the  displacement, 
that  is,  the  sign  of  the  displacement.  This  circuit  is  sometimes  called  a  dis- 
criminator. The  second  is  the  recording  circuit  proper,  which  may  include  a 
meter,  a  galvanometer,  or  a  cathode-ray  oscilloscope. 

A  block  diagram  showing  the  various  units  is  shown  in  Fig.  5-1.     This 
diagram  shows  all  the  types  of  circuits  that  may  be  necessary  for  a  resistance- 
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Fig.  5-1.     Block  Diagram  of  the  Essential  Circuits  Used  in  Electrical-Gaging 

Measurements 

type  displacement  measurement.  In  any  particular  application  some  of  the 
units  are  not  used,  but  those  necessary  may  be  selected  to  fit  the  problem. 

In  the  discussion  that  follows  the  subject  matter  is  divided  into  three  major 
parts.  The  first  deals  with  the  resistance  type  of  gage,  and  the  second  with 
the  electric  circuits  used  in  electrical-gaging  operations,  while  the  third  deals 
with  principles  of  electronics  and  their  application  to  the  gaging  problem. 
The  second  and  third  parts  have  a  double  objective:  they  aim  to  be  basic 
enough  for  those  whose  knowledge  and  experience  with  electric  circuits,  espe- 
cially electronics,  is  very  limited,  and  at  the  same  time  sufficiently  detailed 
to  be  of  use  to  those  very  familiar  with  electric  circuits  and  their  use  in  elec- 
trical gaging. 

For  the  convenience  of  the  reader  all  symbols  are  defined  when  first  encoun- 
tered. 

I.   TYPES   OF  ELECTRICAL-RESISTANCE   GAGES 

There  are  a  number  of  possible  types  of  electrical-resistance  gages.  It  is 
not  the  purpose  of  this  section  to  discuss  in  detail  all  the  forms  and  types  in 
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which  such  gages  can  be  made  and  used,  as  there  is  practically  an  endless 
number  of  possibilities.  It  is  rather  the  purpose  to  discuss  in  detail  the  three 
main  types  referred  to  in  the  introduction:  namely,  the  variable  potentiom- 
eter, the  nonmetallic  pressure  resistor,  and  the  metallic  wire  gage. 

B.  Varying  Potentiometer  Resistance  Gages 

This  gage  simply  consists  of  applying  the  principle  of  the  slide-wire  poten- 
tiometer to  the  measurement  of  displacement  with  time.  The  variable  point 
of  the  slide  wire  is  attached  to  one  of  the  members  which  is  undergoing  relative 
displacement  with  respect  to  another  member  which  has  the  main  body  of 
the  resistor  attached  to  it.  The  type  of  resistor  that  may  be  used  in  this  case, 
as  in  all  application  problems,  depends  on  the  particular  application.  If  large 
displacements  are  to  be  measured,  the  slide-wire  potentiometer  may  be  used 

Sliding  contact  Resistor  element 

Contact  guide 

^|  Insulation 
mounting 
Insulation        element  block     Moun^ing  //         \  Mounting 

mounting  block  /(  »    block 


block 


(a)  (b) 


Fig.  5-2a.     Illustration  of  Slide- Wire  Variable  Potentiometer  for  Linear-Displace- 
ment Measurements 
Fig.  5-26.     Illustration  of  Slide- Wire  Variable  Potentiometer  for  Angular-Dis- 
placement Measurements 

in  the  simple  form  of  sliding  the  variable-contact  point  along  the  wire.  If 
smaller  displacements  are  to  be  measured,  the  resistor  may  be  composed  of  a 
close-wound  wire  resistor  of  the  sliding-contact  type,  and  a  mechanical  multi- 
plier which  increases  the  displacement  motion  at  the  resistor  may  be  added. 
The  contact  point  must  be  very  small  and  the  wires  of  the  resistor  quite  fine, 
depending  on  the  range  to  be  covered.  The  main  factor  in  the  design  of  such 
a  gage  is  the  size  requirement,  and  the  diameter  of  the  wound-coil  resistor  is 
often  controlled  by  this  factor  alone.  It  is  desirable  to  have  the  resistor  of 
such  a  size  that  the  resistance  change  produced  by  the  smallest  change  in 
displacement  that  one  wishes  to  detect  is  large  enough  to  operate  the  metering 
circuit  with  no  amplification.  This  can  be  done  when  the  displacements  are 
quite  large. 

The  physical  design  of  the  resistor  may  take  on  nearly  any  shape.  It  is  not 
necessary  for  the  displacement  to  be  rectilinear,  as  the  resistor  may  be  made 
in  the  shape  of  a  circular  arc  so  that  angular  displacements  can  also  be  recorded. 
The  method  has  limitations  as  to  the  smallest  displacement  that  it  is  practical 
to  measure  by  this  means.  This  is  controlled  by  the  size  of  the  contact  point 
and  by  the  size  of  the  wire  that  may  be  used  to  wind  the  resistor.  Displace- 
ments of  a  range  of  over  }4  in.  are  easily  measured  by  this  means  with  no 
mechanical  magnification  of  contact  resistor  motion.  Examples  of  this  type 
would  be  the  dynamic  displacements  of  long-span  girders,  bridges,  cranes, 
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large  flexible  couplings,  large  vibratory  motions,  etc.  The  gages  of  this  type 
are  particularly  useful  for  the  determination  of  the  position  of  a  piston  with 
time  and  are  often  used  to  obtain  indicator  cards  in  engines  and  pumps. 
Several  potentiometer  gages  of  this  type  are  illustrated  in  Fig.  5-2. 

The  circuit  requirements  for 
a  varying  potentiometer  type 
of  resistance  gage  are  very 
simple  and,  in  general,  may 
be  similar  to  that  shown  in 
Fig.  5-3. 


r 

-=-    Battery  or 
-==-  power  supply 

!i  Resistor 

1 WW\r 


Galvanometer, 

meter,  or 

recording 

mechanism 


Sliding  contact 

Fig.  5-3.     Simple  Circuit  for  Varying  Poten- 
tiometer Resistance-Gage  Measurements 


c.  nonmetallic  resistance 
Gages 


The  nonmetallic  type  of 
resistance  gages  may  be  di- 
vided into  two  classes^  the  unbonded  and  the  bonded  gages.  The  first  is  a 
mechanically  actuated  gage  that  contains  a  resistance  element  so  arranged 
that  when  one  part  of  the  gage  is  displaced  with  respect  to  another  there  is 
developed  a  change  in  pressure  on  the  measuring  element  of  the  gage.  This 
change  in  pressure  changes  the  resistance  of  the  element  which  may  be 
recorded  by  electrical  means.  The  second  type  is  a  simplification  of  the  first 
in  that  the  resistance  element  is  bonded  directly  to  the  material — hence,  its 
name — and  the  strain  in  the  material  changes  the  pressure  or  the  dimensions 
of  the  element  bonded  to  it  and  thus  couples  the  displacement  to  change  in 
resistance.     This  second  type  is  very  suitable  for  strain  measurements. 

1.  Unbonded  Nonmetallic  Resistance  Gages.  This  principle  is  best 
described  by  studying  a  particular  application.  A  gage  of  this  type  was 
developed  in  1923  and  1924  by  Burton  McCollum  and  O.  S.  Peters.4  This 
gage  is  composed  of  a  series  of 

Terminal  Terminal 

block  \  Carbon  plate  f  block 


carbon  plates  arranged  in  a 
stack.  The  stack  is  so  adjusted 
that  a  displacement  of  one  part 
of  the  gage  relative  to  another 
changes  the  pressure  on  the  stack 
of  plates.  This  pressure  must  be 
so  regulated  that  the  plate  stack 
behaves    like    an    elastic    body. 


Actuating  rod 


Strained  surface 


Fig.  5-4.     Diagrammatic  Illustration  of  the 
Principle  of  Carbon  Strain  Gage 


The  gage  arrangement  as  proposed  by  McCollum  and  Peters  is  as  shown  in 
Fig.  5-4.  It  can  be  seen  that  the  terminal  blocks  in  Fig.  5-4  are  so  arranged 
that,  when  the  strain  is  applied  in  the  structure  to  which  the  gage  is  attached, 
the  change  in  length  is  communicated  to  the  carbon-plate  stack.  This  change 
in  length  requires  a  change  in  pressure  in  the  stack,  and  the  resistance  of 
the  stack  changes.  This  gage  was  given  the  name  of  the  electric  telemeter. 
The  change  in  pressure  in  the  stack  of  carbon  plates  controls  the  resistance 
in  two  ways:  (1)  With  an  increase  in  pressure,  the  areas  of  contact  between 
the  plates  are  enlarged  and  new  areas  will  come  into  contact,  thus  decreasing 
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the  resistance  of  the  element;  (2)  if  the  pressure  is  released,  the  areas  of  con- 
tact are  reduced,  and  some  of  the  areas  in  contact  will  lose  contact,  thus 
increasing  the  resistance  of  the  element.  As  long  as  the  points  of  contact 
between  the  plates  are  not  disturbed,  and  remain  absolutely  the  same,  the 
results  of  the  gage  are  very  good.     If,  however,  the  pressure  becomes  excessive, 


Fig.  5-5. 


Battery  or 
power  supply 

Diagram  Showing  Principle  of  Connecting  Single-Element  Resistor  in 
Wheatstone  Bridge 


so  that  the  elastic  limit  of  the  carbon  in  the  gages  is  exceeded  or  the  carbon 
is  even  crushed,  or  if  the  plates  are  allowed  to  shift  in  the  lateral  direction 
with  respect  to  each  other,  the  results  become  very  erratic.  This  erratic 
result  is  due  to  the  change  in  the  number  and  size  of  points  in  contact.  Any 
construction  of  the  gage  must  be  such  as  to  avoid  the  occurrence  of  these 

Combined 
result 


Pressure  Pressure 

(a)  (b) 

Fig.  5-6a.     Characteristic  Relations  between  Pressure  and  Resistance  of  Single 

Unit 
Fig.  5-66.     Combination  of  Two  Units,  One  on  Each  Side  of  the  Bridge 

things.     Besides  these  difficulties,   there  is  a  further  defect  of  mechanical 
friction  and  hysteresis  in  the  mechanical  parts  of  the  gage. 

It  is  advantageous  to  place  the  unit  in  a  bridge  circuit  as  shown  in  Fig.  5-5. 
In  order  to  make  the  response  of  the  unit,  which  is  somewhat  like  the  curve 
shown  in  Fig.  5-6a,  more  linear,  it  is  advisable  to  place  two  units  in  the  bridge 
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circuit,  with  one  unit  undergoing  a  decrease  in  pressure  while  the  other  unit  is 
undergoing  an  increase  in  pressure.  Figure  5-7  shows  how  this  can  be  arranged 
from  mechanical  considerations,  and  Fig.  5-66  shows  how  the  two  response 
curves  add  to  give  a  nearly  linear  variation  of  resistance  with  displacement. 
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Lead  wires  to  bridge -See  Fig.  5-9 
Fig.  5-7.     Method  of  Mounting  Double-Resistor  Type  of  Strain  Gage 

The  use  of  these  gages  is  rather  cumbersome,  and  the  elements  are  some- 
what delicate.  The  gage  lengths  are  rather  long,  and  the  units  fairly  heavy. 
Figure  5-8  shows  the  attachment  of  this  type  gage  to  a  tension  member. 
Figure  5-9  shows  the  circuit  used  by  McCollum  and  Peters.  The  instrument 
is  held  into  the  stressed  member  by  the  use  of  steel  points  similar  to  most 


Fig.  5-8.     Strain  Gage  Clamped  on  Member  under  Test. 

mechanical  gages.  The  force  required  to  operate  the  gage  is  rather  high  and 
may  be  as  much  as  10  lb.  The  ratio  of  the  displacement  in  the  stressed  mem- 
ber to  that  of  the  resistor  is  10  to  1.  There  is  some  change  in  the  initial  value 
of  the  resistance  with  time  especially  when  the  resistor  is  new.  The  apparent 
reason  for  this  aging  of  the  new  resistors  is  that  the  end  pieces,  pivot  bearings, 
threads,  and  carbon  stacks  all  go  through  a  slow  and  permanent  deformation 
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process,  or  a  bedding  into  each  other,  which  tends  toward  a  reduction  in  the 
set  pressure  in  the  carbon  stack  and  a  resulting  increase  in  resistance.  This 
may  amount  to  a  resistance  change  of  a  few  per  cent.  The  gages  appear  to 
be  fairly  stable  with  time,  it  having  been  reported  that  they  changed  in  resist- 
ance in  \}i  years  by  about  1  per  cent.  The  gage  is  subjected  to  a  temperature 
effect  primarily  from  the  expansion  and  contraction  difference  of  the  frame 
which  holds  the  carbon  stacks  and  of  the 
carbon  stacks  themselves.  This  expansion 
or  contraction  difference  changes  the  pres- 
sure on  the  stacks  and,  thus,  its  resistance. 

Gages  of  this  kind  have  been  used  to  de- 
termine displacements,  loads  and  strains  in 
flexible  cables,  airplanes,  bridges,  vibrating 
members,  dynamometers,  and  pressure  gages. 
With  a  single  instrument  the  range  of  sensi- 
tivity is  rather  large.  The  bridge  current 
can  be  varied  from  0.1  to  0.6  amperes,  which 
gives  a  ratio  of  6  to  1,  and  the  ratio  of  the 
carbon-stack  displacement  to  the  stressed- 
member  displacement  may  be  varied  me- 
chanically, which  makes  the  total  change  of 
sensitivity  as  much  as  20  to  1. 

In  the  past  these  units  have  been  used 
with  a  good  measure  of  success.  However, 
the  development  of  other  types  of  electrical 
gaging  methods  which  are  less  cumbersome 
and  more  reliable  has  reduced  its  usefulness 
materially. 

2.  Bonded  Nonmetallic  Resistance  Gages. 
The  direct  bonding  of  nonmetallic  resistor 
elements  to  a  material  in  which  the  strain 
was  to  be  measured  is  probably  due  to  A. 
Bloch,  who  reported  in  a  note  appearing  in 
the  August  10,  1935  issue  of  Nature  Maga- 
zine that  he  had  prepared  a  carbon  coating 

which  could  be  applied  directly  to  the  surface  of  a  structure  to  be  tested  (in 
metallic  structures  the  surface  was  first  coated  with  a  nonconducting  material). 
If  the  underlying  surface  of  such  a  coating  was  stretched,  the  carbon  particles 
moved  apart,  and,  if  the  undercoating  was  compressed,  the  particles  moved 
closer  together,  and  the  resistance  changed  in  the  same  manner  as  the  resistance 
of  a  microphone.  If  the  coatings  are  properly  prepared,  they  behave  in  a 
sufficiently  stable  manner  and  also  give  a  linear  response  without  hysteresis. 
Bloch  found  that  an  ordinary  two-stage  amplifier  was  adequate  for  the  opera- 
tion of  the  coating. 

The  development  of  this  coating  by  Bloch  was  a  forerunner  of  the  impreg- 
nated-plastic resistor  developed  at  Hamilton  Standard  Division  of  United 
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Aircraft  Corporation  by  Kearns*  These  impregnated-plastic  gages  are  pre- 
pared by  the  impregnation  of  colloidal  carbon  particles  in  plastic  sheets. 
These  sheets  are  cut  into  strips  about  }4  in.  wide  and  1  in.  long.  Each 
little  strip  has  a  silver  band  plated  to  each  end  so  that  lead  wire  may  be 
attached  and  forms  one  gage  unit.  A  sketch  of  one  of  these  gage  units  is 
shown  in  Fig.  5-10a.     The  gage  is  bonded  directly  to  the  surface  to  be  strained 

with  a  common  glue. 

The  carbon  gages  developed  at 
Hamilton  Standard  had  a  resistance 
which  varied  between  15,000  and 
35,000  ohms.  The  high  resistance 
of  the  gage  minimizes  the  trouble 
from  interference  induced  from  slip- 
ring  applications  and  allows  a  rela- 
tively high  energizing  potential  with- 
out excessive  currents.  The  wide 
variation  of  the  resistance  makes  it 
nearly  impossible  to  use  fixed  bridge 
circuits  and  amplifier  units.  The 
sensitivity  and  resistance  of  the 
gages  are  affected  by  temperature 
and  humidity.  The  width  of  the 
gage  induces  a  resistance  change 
due  to  the  lateral  stress;  this  is 
termed  cross  sensitivity,  f  The  ra- 
tio of  transverse  sensitivity  to  axial 
sensitivity  is  called  cross-sensitivity 
factor.  For  these  gages  the  cross-sensitivity  factor  is  high.  This  high 
cross-sensitivity  factor  can  be  materially  reduced  by  bonding  only  the 
ends  of  the  gage  to  the  surface  of  measurement.  These  gages  have  the 
center  of  the  strain-sensitive  element  about  0.02  in.  above  the  strained  surface. 
This  is  not  a  serious  objection  except  when  the  measurements  are  made  on 
thin  sheets  which  are  subjected  to  bending  stresses.  In  such  case  the  error 
may  be  quite  large.  The  gages  have  been  used  when  applied  with  a  bakelite 
cement  to  temperatures  of  300°F.  The  gage,  in  general,  is  rather  rugged  and 
can  stand  very  rough  handling  compared  to  most  resistance-type  gages. 

The  conventional  gage  circuit  used  with  these  gages  by  Hamilton  Standard 
is  shown  in  Fig.  5-106.  These  cages  have  been  used  very  successfully  for 
the  measurement  of  stresses  in  the  propellers  of  aircraft  while  in  flight.  For 
many  applications  the  gage  has  been  replaced  by  the  bonded  wire  strain  gage. 
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Fig.  5-106.     Conventional  Gage  Circuit 

Used  by  Hamilton  Standard  for  Control 

Carbon  Strip  Gage 


D.  Metallic  Resistance  Gages 

The  metallic  resistance  gage  may  be  divided  into  the  same  two  classes  as 
the  nonmetallic  gage:  namely,  those  gages  in  which  the  measuring  element 

*  Information  on  carbon  strip  strain  gage  furnished  by   Hamilton    Standard 
Division  of  United  Aircraft  Corporation,  D.  E.  Richards. 
f  See  page  175. 
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Lateral  guide  sleeve 
Fig.  5-11.     Coil  Arrangement  in  Carlson  Gage 


is  a  metallic  wire  whose  resistance  is  controlled  by  motion  of  the  mechanical 
parts  of  a  gage,  and  those  which  have  the  element  bonded  directly  to  the 
material  in  which  the  strain  is  to  be  measured. 

3.  Unbonded  Metallic  Gages.  The  physicist  has  known  and  used  the 
change  in  resistance  of  metals  with  a  change  in  external  forces  for  some  time. 
However,  the  first  engineering  application  of  this  phenomenon  appears  to 
be  in  an  electrical-resistance  wire  strain  gage  employed  in  the  measurement 
of  strains  in  concrete  structures.  This  first  device  appears  to  have  been 
designed  by  R.  W.  Carlson2  and  reported  in  the  Engineering  News  Record  by 
E.  C.  Eaton1  in  the  October  15,  1930,  issue. 

The  principle  of  the  Carlson  resistance  gage  is  based  on  the  change  in 
electrical  resistance  of  an  elastic  steel  wire  clue  to  the  change  in  tension  of  the 
wire.     The  breaking  strength 

of  the  wire  used  is  reported  as  Lateral  guide  sleeve 

700,000  psi,   with  an   elastic 

limit  of  300,000  psi.     Eaton 

reported   that  the   change  in 

resistance  due  to  the  change 

in  tension  on   the    wire   was 

about  four  times  the  per  cent 

change  in  length  due  to  the 

tension,  and  that  the  resistance  changed  0.35  per  cent  per  degree  centigrade. 

The  gage  that  was  constructed  was  sensitive  to  10  psi  and  0.25°C. 

The  gage  was  constructed  by  winding  wire  in  three  coils,  the  first  providing 
a  coil  unaffected  by  the  gage  motion,  and  the  other  two  having  tensions  altered 
by  the  gage  motion,  each  in  an  opposite  manner:  for  example,  one  had  its 
tension  increased  and  the  other  had  its  tension  reduced  by  a  given  gage  dis- 
placement (see  Fig.  5-11).  The  fixed  coil  is  marked  FC  in  the  schematic 
sketch  of  the  gage,  and  the  movable  coils  are  marked  as  MCi  and  MC2. 
The  whole  unit  is  mounted  in  a  sleeve  that  allows  only  longitudinal  movement. 
The  coils  are  placed  under  initial  tension.  The  electrical  arrangement  of  the 
coils  allows  each  to  be  checked  against  the  standard  coil  or  neutral  coil.  In 
such  an  arrangement,  the  gage  under  strain  shows  each  coil  with  an  equal  but 
opposite  resistance  change  with  respect  to  the  fixed  coil. 

In  the  gage  constructed  by  Carlson  only  a  small  portion  of  the  Wheatstone 
bridge  is  made  variable.  The  larger  portion  of  the  arm  and  all  the  other  arm 
were  buried  in  paraffin  and  not  disturbed. 

The  effect  of  temperature  to  the  nearest  0.5°  could  be  determined  from  the 
combined  resistance  of  the  two  coils  of  the  strain  meter.  This  is  possible 
since  the  increase  in  strain  of  one  is  offset  by  an  almost  equal  decrease  in 
strain  in  the  other.  The  operation  of  the  gage  required  a  force  of  about 
1  lb  to  cause  a  strain  of  0.0005  in.  in  the  gage  length.  The  main  application 
of  this  type  of  gage  was  for  the  measurement  of  strains  in  the  interior  of 
concrete  structures  and  slab  displacements  in  concrete  at  the  joints,  as  well 
as  shrinkage  strains. 

An  elaboration  of  the  wire-resistance  principle  as  developed  by  Carlson 
in  the  unbonded  form  has  been  carried  out  by  Statham  Laboratories.5  Los 
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Angeles,  Calif.  These  units  have  been  incorporated  into  accelerometers  and 
pressure  pickups  and  promise  much  in  a  new  approach  to  the  measurement  of 
force,  pressure,  acceleration,  and  movement. 

4.  Bonded  Metallic  Gages.  The  idea  of  bonding  the  resistance  element 
directly  to  the  material  was  conceived  at  California  Institute  of  Technology 
in  the  application  to  a  tension  impact  test.  This  application  was  made  by 
Simons  and  reported  by  Clark  and  Datwyler.6  In  this  case  approximately 
14  ft  of  no.  40  constantan  wire  was  laid  longitudinally  on  four  successive  faces 
of  a  bar  in  zigzag  fashion  and  coated  with  glyptal  as  a  binder.  The  wire  was 
protected  by  Scotch  tape.  The  complete  unit  was  used  as  a  dynamometer 
in  impact  testing. 

Ruge  at  Massachusetts  Institute  of  Technology  at  about  the  same  time 
conceived  the  idea  of  bonding  the  wire  to  a  paper  and  then  bonding  the  paper 
with  a  common  glue  to  the  material  where  the  strain  is  to  be  measured. 

This  bonded-wire  type  of  electrical-resistance  strain  gage  consists  of  a  gird 
of  fine  alloy  wire  bonded  to  a  paper  base.  In  use  this  gage  is  cemented  to  the 
surface  of  the  structural  member  to  be  tested.  Two  constructions  of  the  gage 
are  shown  in  Fig.  5-12.  The  strain-sensitive  wires  are  about  0.001  in.  in 
diameter.  These  fine  alloy  wires  are  soldered  or  welded  to  heavier  copper 
lead  wires.  This  type  of  gage  is  typified  by  the  SR-4  gage  manufactured  by 
Bald  win-South  wark. 

Since  each  incremental  length  of  wire  is  bonded  by  the  cement,  the  wires 
cannot  buckle  and  need  not  be  preloaded.  The  cement  gives  enough  support 
so  that  the  gage  will  respond  to  compression  as  well  as  tension. 

The  principle  of  operation  is  based  on  the  formula  for  the  resistance  of  a 
conductor. 

R=PJ  (!) 

where 

R  =  resistance  of  conductor 

p  =  specific  resistance 

L  =  length  of  conductor 

A  =  cross-sectional  area  of  conductor 

If  a  wire  is  stretched,  its  length  L  will  increase,  and  its  area  of  cross  section 
A  will  decrease;  this  will  result  in  a  change  of  its  resistance  R.  From  experi- 
mental observations  the  changes  in  resistance  R  are  found  to  be  larger  than 
would  be  predicted  from  the  pure  geometrical  changes  owing  to  elastic  strain- 
ing. In  order  to  determine  the  unit  change  in  resistance  per  unit  strain, 
equation  1  is  differentiated  with  all  terms  considered  variable,  and  the  result 
is  shown  as  follows: 

pA  dL  +  LA  dp  —  Lp  d.A 

d,R  =  — (a) 

A1 

Let  the  volume  of  the  wire  be  written  as  V  =  AL.     Then, 

dV  =  AdL  +  L-  dA  (b) 
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For  a  given  strain  the  expression  for  dV  may  also  be  written  as 

dV  =  L(l  +  e)A(l  -  we)2  -  LA 

where  e  is  the  unit  longitudinal  strain  and  m  Poisson's  ratio  and  dV  = 
L  ■  Ae(l  —  2m)  if  the  strain  is  small  so  that  second-order  terms  of  e  may  be 
neglected.     The  unit  strain  e  may  be  written  dL/L,  and  dV  then  becomes 

dV  =  A  •  dL{\  -  2m)  (c) 

Equations  b  and  c  may  be  equated,  and  then 

A  dL  +  L  ■  dA  =  A  ■  dL  -  2mA  •  dL 

or  L-dA  =  -A  •  dL  •  2m  (d) 

This  expression  d  may  be  substituted  in  equation  a. 

PA(dL)  +  LA(dp)  +  PA(dL)2m 

dR  =  ~  " 

A2 

P  dL{\  +  2m)       L  dp 
and  dR  = -j +  —£■  (e) 

Now  divide  equation  e  by  equation  1  and 

dR       dL  ^       dp 

—  =  —1  +  2m)  +  -  (f) 

R        L  p 

Equation  f  may  be  written  as 

dR/R       t    ,   '        ,    dp/p 

dL7E  =  1  +  2m  +  dWL  (g) 

dR/R  „  , .        .  ^ 

The  factor  rr  is  called  the  gage  factor  and  is  written  as  Ks,  and 

dL/L 

dp/p 

K-  =  » + 2m  +  S7Z  (2) 

dp/p 
The  term  is  positive  for  most  materials  and  nearly  zero  for  some;  in  a 

dL/L 

few  cases  it  is  negative.     Values  of  the  gage  factor  Ks  taken  from  the  literature 

are  shown  with  source  for  the  common  gage  wires  in  Table  5-1,  and  for  other 

materials  in  Table  5-2. 

The  choice  of  wire  to  be  used  in  wire-resistance  measurements  is  based 
primarily  on  the  gage  factor  Ks.  However,  the  change  of  resistance  with 
temperature  is  also  an  important  factor.  The  temperature  coefficient  of 
resistance  is  shown  in  Table  5-3. 

The  change  in  resistance  per  degree  of  temperature  change  for  a  gage  may 
be  considerably  larger  than  the  temperature  coefficient  of  resistance  of  an 
unbonded  wire.  This  is  due  to  the  differential  coefficient  of  expansion  between 
gage  wire  and  the  base  metal  to  which  the  gage  is  bonded.     The  magnitude 


172     ELECTRICAL-RESISTANCE  GAGES  AND  CIRCUIT  THEORY 

of  this  effect  for  the  common  gage  wire  (Advance  and  Iso  Elastic)  gages 
mounted  on  various  metals  is  listed  in  Table  5-4.  Another  disturbing  factor, 
the  thermal  electromotive  force  is  important  when  d.c  amplifiers  are  used  in 
the  controlling  circuits  and  the  junctions  are  not  at  the  same  temperature. 
In  most  applications  both  copper-alloy  junctions  will  be  at  the  same  tempera- 
ture, and  this  effect  can  be  neglected,  but  it  should  be  guarded  against.     The 


Material 
Advance* 


2.12 

2.1 
2.12 

2.05 


TABLE  5-1 
Commonly  Used  Gage 
Observer 
J.  H.  Meier 


Iso  Elastic* 


Nichrome' 


01 
56 

6 

53 

6 


2.55 


*  These  are  trade  names 
approximately  as  follows: 


A.  V.  DeForest 
TMB  Reportf 

R-212 
W.  R.  Campbell 
NACA  Technical  Note 

954 
Baldwin-Southwark 
J.  H.  Meier 

A.  V.  DeForest 
Baldwin  Southwark 
TMB  Report 

R212 
J.  H.  Meier 

A.  V.  DeForest 
TMB  Report 
R212 

for   these   materials. 


Material 

Remarks 
Tested    as    a    single-wire 
gage  on  test  bar  of  steel 
Method  not  stated 
Tested    as    an    unbonded 

wire 
Tested  on  tensile  testpiece 
as  a  standard  gage 


Tested  as  a  gage  on  beam 

Tested  as  a  single-wire 
gage  on  cold-rolled  steel 

Method  not  stated 

Tested  as  a  gage  on  beam 

Tested  as  an  unbounded 
wire 

Single-wire  gage  on  cellu- 
loid beam 

Method  not  stated 

Tested    as    an    unbonded 


wire 
Their  actual 


composition   is 


Advance:  54-55%  copper     Iso  Elastic:  36%  Nickel  Nichrome:  75%  nickel 


44-46%  nickel 


8%  chromium 

4%  (manga- 
nese   silicon 
and  molyb- 
denum) 

Remainder 
iron 

Small  amts. 
carbon    and 
vanadium 


12%  iron 

11  %  chromium 

2%  manganese 


t  Taylor  Model  Basin. 


thermal  electromotive  force  when  joined  to  copper  lead  wires  is  shown  in 
Table  5-5. 

The  mechanical  properties  of  the  gage  wire  are  important  in  that  the  yield 
point  of  the  wire  should  be  high  compared  to  that  of  the  base  member  to 
which  the  gage  is  attached.  This  is  nearly  always  the  case  for  the  common 
gage  wires. 

From  Table  5-1  and  Table  5-2  it  will  be  observed  that  tests  of  A's  for  com- 
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TABLE  5-2 

Special  Materials 

Material 

Ks 

Observer 

5%  iridium 

5.1 

De  Forest 

Platinum 

5.83 

J.  H.  Meier 

Monel* 

1.9 

De  Forest 

Platinum 

4.12 

J.  H.  Meier 

6.1 

TMB  Report 
R  12 

Chromel  C* 

2.5 

L.  M.  Ball 

Manganin* 

0.47 

De  Forest 

0.5 

TMB  Report 
R  212 

0.47 

J.  H.  Meier 

Palladium 

4.0 

J.  H.  Meier 

Gold 

3.22 

J.  H.  Meier 

Remarks 
Method  not  stated 
Tested  as  single-wire  gage 
Method  not  stated 
Tested     on     beam     as     a 

single-wire  gage 
Unbonded  wire 

Tested  as  a  gage  on  steel 
Method  not  stated 
Tested  as  unbonded  wire 

Single-wire   gage   on   steel 
Tested  as  single-wire  gage 


Phosphor 
bronze* 
Nickel 

Constantan  * 

*  These   are 
approximately : 


1.93  J.  H.  Meier 

-12  to  -20  J.  H.  Meier 

-12  De  Forest 

1.79  J.  H.  Meier 

trade  names  for  these  materials.     Their  actual   composition  is 


As  a  single-wire  gage 
Method  not  stated 
As  a  single-wire  gage 


Monel 


Chromel  C: 


onei:  Kjhromel  u: 

}i  copper       60%  nickel 

%  nickel        24%  iron 

16%  chrom- 
ium 


Manganin: 

9-18%  man- 
ganese 

1>274% 
nickel 

Remainder 
copper 


Phosphor  Bronze:    Constantan: 


5%  tin 

0.1-1%  phos- 
phorus 
Trace  lead 
Remainder 
copper     • 


60%  copper 
40%  nickel 


TABLE  5-3 

Temperature  Coefficient  of  Resistance  per  Degree  Centigrade 


Copper 

Advance* 

Constantan  * 

Manganin  * 

Monel* 

Nichrome* 

Nickel 

Palladium 

Phosphor  bronze' 

Platinum 

Iso  Elastic* 


0.003  93 
0.000  01 
0.000  01 
0.000  01 
0.002 
0.000  4 
0.006 
0.003  3 
0.0018 
0.003 
0.000  47 


*  For  composition  of  these  materials  see  footnotes  to  Tables  5-1  and  5-2. 

plete  grid-type  gages  are  considerably  lower  than  for  unbonded  wire  or  single- 
wire  bonded  gages.  This  is  due  to  the  loss  of  effectiveness  of  part  of  the  wire 
when  the  end  loops  are  used.  This  wire  at  the  end  loops  results  in  a  cross 
sensitivity  to  strain  at  right  angles  to  the  principal  axis  of  the  gage.  The 
Ks  value  given  for  SR  4  gages  is  based  on  a  m  =  0.285  for  the  calibrating 
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TABLE  5-4 

Apparent  Stress 

Source  of 

Base  Material 

per  °C 
Advance  Gages 

Data 

On  Steel 

-30 

A. 

V.  de  Forest 

-66 

L. 

R.  Ball 

On  aluminum 

46 
Iso  Elastic  Gages 

L. 

R.  Ball 

On  steel 

1930 

L. 

R.  Ball 

5000 

A. 

V.  de  Forest 

On  Aluminum 

755 

L. 

R.  Ball 

TABLE  5-5 
Thermoelectric  Electromotive  Forces 


Type  of  Junction 
Copper  Advance* 
Copper  Iso  Elastic' 
Copper  Niehrome* 
Copper  Manganhv 


Microvolts  per  °C 
43 

3.0 
22 
2.0 


For  composition  of  these  materials  see  footnotes  to  Tables  5-1  and  5-2. 


TABLE  5-6 


SR  4*  Type 
A-l 
A-3 
A-5 
A-6 
A-7 
A-8 
A-9 
A-ll 
A-l  2 
A-l  3 
A-14 
A-15 
A-l  8 
C-l 
C-5 
C-7 
C-8 
C-10 
C-ll 
C-14 


% 


.5 

.75 


K(, 
2 

2 

3. 

1 
-1 
-2 
Negligible 

0.5 

1 
-0.75 
-0.75 
-0.75 
-2 

1.75 

4 

1 
-2 

0.75 

2 

0.75 


*  Trade  name — Baldwin-Southwark  Wire  Resistance  Strain   Gages,  manufac- 
tured by  the  Baldwin  Locomotive  Company,  the  Baldwin-Southwark  Division. 


METALLIC  RESISTANCE  GAGES 


175 


beam  material.     The  cross  sensitivity  is  defined  as 

transverse  sensitivity 

Across  .1  ■  ,.      •, 

axial  sensitivity 

Table  5-6*  gives  the  value  of  Kc  for  SR  4  gages.     For  additional  data  on  this 
effect  consult  the  chapter  on  strain  rosettes  pp.  407 — 10. 

The  low  values  of  cross  sensitivity  for  A 7,  As,  and  Ci  are  due  to  a  different 
method  of  construction  in  which  a  flat  helical  winding  is  used  instead  of  a 


Paper  winding  form 


0.001  in.  diam. 
gage  wire  ^ 

1          ' 

l                     ) 

Lead 

f 

> 

wires 

< 

1                     ) 

J 

Paper  base 
(a) 


Lead 

wires 

Paper  base 
(b) 


Fig.  5-12a.     Bonded-Wire  Strain-Gage  Flat  Grid 
Fig.  5-126.     Bonded- Wire  Strain-Gage  Helical  Coil 


flat  grid.     The  end  loops  are  arranged  in  a  direction  normal  to  the  surface 
of  the  number  (see  Fig  5-126). 

The  values  of  the  gage  factor  Ks  for  wire  strain  gages  has  been  shown  by 
William  R.  Campbell9  to  be  slightly  different  in  tension  and  compression. 
Table  5-7  is  taken  from  his  work. 

TABLE  5-7 

Comparison  of  Average  Calibration  Factors  in  Tension  and  in 

Compression 
Average  Calibration  Factors 

100 


Gage 

Tension, 

Compression, 

L         Ks(c) 

Type 

Ks(t) 

Ks(c) 

A 

2  mi 

2.024 

-0.1 

B 

2.083 

2.082 

0.0 

C 

2.034 

2.035 

0.0 

D 

2.058 

2.063 

0.3 

E 

2.104 

2.067 

-1.8 

F 

2.037 

2.033 

-0.2 

G 

2.314 

2.357 

1.8 

I 

2.149 

2.127 

-1  .0 

J 

2.088 

2.070 

-0.9 

K 

2.170 

2.134 

-1.6 

L 

2.243 

2.331 

3.8 

M 

1.980 

1.959 

-1.1 

N 

3.480 

3.461 

-0.5 

O 

2.086 

2.089 

0.1 

*  Taken  from  reference  8. 
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E.  Bonding  of  Gages  to  Strain  Surface 

The  usual  practice  in  bonding  a  gage  to  the  material  in  which  the  strain 
is  to  be  measured  is  to  use  a  commercially  prepared  fast-drying  cement  (such 


100 

90 

80 

*    70 
o 

3    60 

QO 

S>  50 
"o 
c    40 

o 

£  30 
20 
10 


Fig.  5-13. 
Cements. 
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8  700 

.E  600 
o 

|  500 

.5  400 

to 

"£  300 
-o 

CD 

■g  200 
1  100 


^ 

te 

pr- 

* — St 

i — & — - 

• 1» 

<—*> 

j» 

/ 

/ 

-X 

vDuco  cement  5458 
"~-Duco  cement  4605 

°  Gage  1  -  4605  cement,  K  =  1 .82  ±  2  % 

•  Gage  2-4605  cement,  K=  1.72  ±2% 
a  Gage  3-5458  cement,  K=  1.82  ±  2% 

*  Gage  4-5458  cement,  K=  1.82  ±2% 

4 


6        7        8        9       10      11      12      13      14      15 
Drying  time,  days 

Gage  Factor  versus  Drying  Time  for  Two  Commercial  Nitrocellulose 
Normal    Temperature    and    Humidity    Drying.     SR-4-Type    Strain 
Gages 


DuPo 

nl  E 

45 

8 

DuPo 

nt4 

60 

5 

DuPc 

nt545 

8 

i-l  <M 

O  O 


O     O        ^h 


r-l  CM 


Fig.  5-14. 


Hours  under  20,000  psi  of  stress  in  steel 
Performance  of  A-8  SR-4  Strain  Gages  under  Sustained  Strain 


as  DuPont  Company's  Duco  Cement).  The  question  often  arises  as  to  the 
creep  in  the  cement  under  sustained  strain  and  also  the  effect  on  the  meas- 
urement of  the  length  of  time  from  which  the  gages  are  first  applied  to  the  time 
of  straining.  The  results  of  tests  run  at  the  Caterpillar  Tractor  Company's 
research   laboratory   on   this   effect   are   shown  in  Fig.   5-13  and  Fig.   5-14. 
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Figure  5-13  shows  the  effect  of  drying  time  as  a  function  of  per  cent  gage 
factor,  and  Fig.  5-14  shows  the  effect  of  sustained  strain.  It  can  be  seen  that 
the  effects  are  small.  The  indication  is,  however,  that  the  Duco-type 
cements  should  be  allowed  to  set  one  day. 

F.  Slip  Rings  and  Sliding  Contacts 

Often  it  is  necessary  to  use  the  strain  gage  on  a  moving  part,  such  as  a  shaft. 
In  order  to  get  the  signal  from  the  gage  to  the  recording  mechanism,  some  form 
of  slip  ring  or  sliding  contact  must  be  used.     If  these  contact  points  are 

Slip  ring 


Fig.  5-15a.     Slip  Rings  in  Bridge  Circuit  Avoided  when  Possible 
Fig.  5-156.     Slip  Rings  in  Exciting  Circuit  Preferred  when  Possible 

enclosed  in  the  bridge  circuit  proper,  as  indicated  by  points  A  and  B  in  Fig. 
5-1 5a,  slight  variations  in  resistance  of  the  contact  points  may  be  as  large  as 
the  signal  from  the  gage,  and  poor  results  are  obtained  unless  this  difficulty 
can  be  overcome.  If  the  contact  points  can  be  outside  the  bridge  circuit 
(Fig.  5-156),  the  variation  of  resistance  is  not  of  so  much  importance.  This 
requires  that  the  complete  bridge  circuit  be  mounted  on  the  moving  part, 
which  in  some  cases  is  possible.  If  the  shaft  has  pure  torsion,  and  there  is  no 
space  limitation,  all  arms  of  the  bridge  can  be  made  to  record  strain  and,  thus, 
give  a  better  gain.  However,  if  the  moving  part  does  not  have  a  homogeneous 
stress,  the  four  arms  of  the  bridge  cannot  be  used  as  measuring  arms,  and  the 
placing  of  the  complete  bridge  circuit  on  the  moving  part  becomes  more 
involved  since  three  of  the  arms  must  not  suffer  any  change  during  stressing. 
It  is  necessary  under  any  condition  to  use  as  much  care  as  possible  in  holding 
the  resistance  change  at  the  slip  rings  to  a  minimum.  Some  idea  of  an  ade- 
quate device  may  be  obtained  from  Fig.  5-16.  The  effect  of  variation  in 
resistance  in  the  exciting  circuit  compared  to  that  in  the  bridge  circuit  is 
discussed  in  detail  in  Article  7. 

G.  Gage  Calibration 

Since  the  bonded  type  of  gage  is  not  generally  usable  more  than  once,  it  is 
desirable  to  calibrate  the  gage  without  actually  attaching  it  to  a  calibrating 
bar  and  testing  it.  This  can  be  done  by  measuring  the  resistance  of  the  gage 
proper    and   then   using  the   gage   factor   Ks   of   the   material   of  the  gage: 
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Ten -prong  cannon 
output  plug  ~~ 


Leads  from  strain 
gages  are  passed 
through  this  hole 


Strain -gage  lead 

emerge  from 

these  holes  and 

are  soldered  to 

corresponding 

terminals 


Cantilever -brush 
tension  springs 


rush-tension 

usting  screws 


Fig.  5-16a.     Strain-Gage  Slip-Ring  Assembly  Cover  not  Shown 


Slip  rings 


Cover  or  shield 


Fig.  5-16&.     Partially  Dismantled  Strain-Gage  Slip-Ring  Assembly 
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AR/R  _  AR/R  (_  AR 

Ks  =  AL/L   =      e         °r    6  ~~  RKS 

and  the  instrument  need  only  be  calibrated  against  known  AR  values.     In 
practice,  it  is  very  convenient  to  produce  a  known  AR  by  shunting  a  resistance 


-Knife-  edges--. 


Constant  -  bending  -  moment 
section  of  beam 


,vii(NW>1 


Pivot  - 


-Base 


Rigid  support 


Fig.  5-17.     Strain-Gage  Beam  Calibrator 

across  the  strain  gage  and  noting  the  change  in  output.     If  Rs  is  the  resistance 
of  calibration  resistor,  and  R2  the  gage  resistance,  then 


AR2 


and 


R2- 


R>Rs 


R2  -\-  Rs 


R-> 


KS(R,  +  Rs) 


If  this  resistance  is  shunted  across  the  compensating  gage,  it  will  correspond 
to  tension.     This  method  of  course,  requires  a  linear  amplifying  system. 

However,  if  the  gages  are  standard,  such  as  each  type  of  SR-4,  and  if 
electronic  units  are  used  in  the  circuit,  a  direct  calibration  of  each  type  rather 
than  each  gage  by  mechanical  means  is  preferred.  A  common  method  of 
calibration  is  by  the  use  of  a  beam  in  bending  as  shown  in  Fig.  5-17.  In  this 
case  a  beam  that  is  of  rectangular  section  at  least  six  times  as  wide  as  its 
depth  should  be  used.  The  equation  of  strain  in  terms  of  the  bending  moment 
is  given  then,  if  the  bar  is  assumed  to  remain  with  no  anticlastic  curvature, 
so  that  radius*  of  curvature  in  that  direction  is  00  and 
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Mx{\ 


EI 

This  value  of  ex  may  then  be  determined  as  a  function  of  meter  reading  and 
the  instrument  calibrated. 

II.   RESISTANCE     MEASUREMENTS     AND     ELECTRONIC     PRINCIPLES    FOR 

ELECTRICAL   GAGING 

H.  Theory  of  Resistance  Measurements 

In  order  to  use  the  electrical-resistance  type  of  gage  it  is  necessary  to  under- 
stand the  methods  by  which  the  change  of  resistance  set  up  in  the  gage  by 
the  displacements  can  be  measured.  The  basic  circuits  for  registering  the 
potential  difference  caused  by  the  change  in  the  resistance  have  been  called 
the  gaging  circuits.  These  circuits  are  of  two  kinds,  the  potentiometer  type 
and  the  bridge  type. 


-=-£ 


iJVW\An    l 

hIiIi 


E2 

due  to 


-^rE 


IF- 

,       E2 


(a) 


(b) 


Fig.  5-18a.     Potentiometer  Circuit  with  Auxiliary  Electromotive  Force 
Fig.  5-186.     Potentiometer  Circuit  with  Capacitor 

5.  The  Potentiometer  Circuit.  Circuits  of  this  type  are  shown  in  Fig. 
5-18.  Let  it  be  required  to  measure  the  change  in  voltage  AE»  that  would  be 
produced  by  changing  the  resistance  R2  by  AR>,  as  shown  in  Fig.  5-18.  The 
voltage  E2  will  be  large  compared  to  AE2. 

If  the  change  in  voltage  AE2  is  to  be  put  into  an  amplifier,  the  voltage  E2 
must  be  reduced  to  zero.  This  may  be  done  in  one  of  two  ways.  The  first, 
as  shown  in  Fig.  5-1 8a,  may  be  used  when  the  coupling  is  to  be  to  a  direct- 
coupling  amplifier  or  when  steady-state  conditions  are  to  be  measured.  The 
balancing  is  obtained  from  an  auxiliary  source  of  voltage  applied  at  A.  The 
second  way,  as  shown  in  Fig.  5-186,  may  be  used  if  the  conditions  in  the  cir- 
cuit are  dynamic  or  transient;  then  the  voltage  E2  is  eliminated  by  the  use  of 
a  coupling  condenser. 

The  magnitude  of  AE2  as  a  function  of  Ru  AR2,  R2,  and  E  may  be  found 
in  the  following  manner. 

Let  R2  be  the  resistance  that  is  to  be  varied  by  a  displacement  by  the 
amount  AR2  and  Ri  a  constant  or  ballast  resistor. 

E  is  the  impressed  voltages  on  the  circuit  by  the  battery. 
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E  =  Ei  +  E2  where  Ex  is  voltage  across  resistance  Ri  and  E2  voltage  across 
resistance  R2. 

E\  =  IRi,        Ei  =  IR2 

Ei       Ri 
"  E~2  =  ~R2 

E2  =  — 2  Ei     but     Ei  =  E  -  E2     :.  E2  =  ~^(E  -  E2) 
Ri  Ri 


E2  = 


Ri/R, 


ER2 


1  + 


R2       Ri  -\-  R2 
R~i 


(3) 


Now  let  R2  change  by  an  amount  AR2  and  E2  will  change  by  an  amount 
AE2,  and,  by  differentiation, 


dE2  = 
dE2  = 


E(RX  +  R2)  dR2  -  E2R2  d,R2 
(Ri  +  R2)2 
ERi  dR2 


(Ri  +  R,Y 


(4) 


Then,  AE2  =  ERi 


AR, 


This  equation  is  good  only  for  small  changes 


(Ri  +  K2)2 
in  AR2.     This  may  be  demonstrated  in  the  following  manner. 

If  R2  changes  by  an  amount  AR2,  then,  E2  will  change  in  the  following 
manner : 

E(R,  +  Afi2)  ER2 

E"  ~  [Ri  +  (R2  +  AR2)]  "  (Ri  +  R2) 

Let  (/?!  +  Ri)  =  R; 

E(R2  +  AR2)       ER2       E   R2  +  AR2        ER2 


Then,       AE2 


(R  +  A/22) 


R        R 


AR. 
,  (R2  +  AR2-  R2-  —  R2 


R 


(  AR\ 


This  may  be  expanded  in  series  form  by  division. 


AE2  =  E 


RiAR2 
R     R 


1  - 


ARi 

~R 


i  +  (fy_(fy  +  (Afy 


(5) 


A  first  approximation  is  to  assume  (AR2/R)2  is  negligible  compared  to  AR2/R. 
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Then  AE2  =  E 


(Ri  +  R-i) 
this  may  be  written  as  AE2 


-    the  same  as  equation  4.     Since  i  =  E/Rx  -f-  R2, 
AR2 


iRl 


-,  and,  if  Ri  =  R2  as  when  the 


#1    +   #2 

gages  are  matched,  then,  AE2  =  }4.i  AR2. 

6.  The  Bridge  Type  of  Circuit.     The  bridge  circuit  is  a  well-known  method 
for  establishing  the  values  of  resistances  and  change  in  resistances.     The 

simple  type  of  dc  bridge  circuit  is  shown  in 
|       ^\  I  Fig.  5-19. 

1  In  this  circuit  the   basic   relation  is   to 

have  the  current  in  resistance  R5  be  equal 
to  zero.  This  requires  no  potential  across 
the  bridge  from  point  A  to  point  B.  The 
problem  is,  therefore,  to  find  the  relation 
between  resistances  Rlt  R2,  Rs,  Ri  to  make 
1 5  =  0.  This  is  called  balancing  the  bridge. 
The  condition  necessary  to  balance  the 
bridge  is  obtained  by  applying  the  principles 
that  the  sum  of  the  potential  drops  taken 
around  a  closed  loop  is  zero  (Kirchhoff's 
second  law)  and  the  current  in  any  conductor  which  is  common  to  two 
meshes  is  the  difference  between  the  two  mesh  currents  (Maxwell's  Artifice 
of  hypothetical  cyclic  currents).  The  currents  are  assumed  positive  as 
shown  in  Fig.  5-19. 

Applying  these  principles,  let  the  current  in  the  closed  mesh  be  positive  if 
it  is  clockwise  in  that  mesh.     The  following  equations  result: 

E  =  (JRi  +  R2)I  -  Rxh  -  R,I2 

0  =  -Rd  +  (Ri  +  Rs  +  R5)h  -  RJ2 

0  =  -R,I  -  R5Ii  +  (#2  +  #4  +  Rs)h 


Fig.  5-19.     D-C  Bridge  Circuit 

Currents  I  are  taken  as  (  +  )  in 

clockwise  direction  as  shown 


and  1%  —  I\  +  lb-     lb  =  current  in  resistance  Rb. 
Then, 

E  =  -R2I5  -  (Ri  +  R3)Ii  +  (Ri  +  R2)I 
0  =  -Rbh  +  (Ri  +  R3)h  -  RJ 

0  =  (R2  +  Ri  +  Rb)h  +  (R-i  +  #4)/!  -  Rd 
If  determinants  are  used,  75  may  be  expressed  as 


(a) 
(b) 
(c) 

(d) 

(e) 
(f) 


h  = 


E, 

-(R1  +  R2), 

(Ri  +  R2) 

0, 

(Ri  +  Rs), 

-Ri 

o, 

(R2  +  Ri), 

—  R2 

E 


(RiRi  —  R2Rz) 


(6) 
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where 


If  7  5  is  to  be  zero  then 


—  R-2, 

—  Rb, 

(R,  +  R,  +  Bt), 

-  (&  +  R2),     (Rx  +  R2) 
(Ri  +  Rs),         —Ri 
(R2  +  Ri),         —  R2 

then 

RiRi  =  R2R3 

Ri      Rz 
R2      Ri 

(6a) 


(7) 


Ra 


the  condition  for  the  bridge  to  be  in  balance,  and,  if  R>  is  unknown,  R2  =  —  Ri. 

In  a  measurement  then  where  R2  is  given  an  increment  AR2  and  Rh  Rh  and 
Ri  are  constant,  this  increment  AR2  may  be  determined  by  adjusting  Ri  until 
the  bridge  is  again  in  balance  as  follows: 

Ri  +  A#4 

R2  +  AR2  = Ri 

tiz 


Ri  R\ 

AR2  =  —R,  +  --ARi 

tiz  tlz 


Ri  R\ 

-Ri^-AR* 

tlz  tiz 


constant  AR4 


.'.  AR2  is  determined  by  knowing  AR4 

If  the  value  of  displacement  as  a  function  of  AR>  is  known,  then  the  value 
of  the  displacement  is  determined  by  balancing  the  bridge. 

This  method  would  require  that  the  value  be  constant  long  enough  to 
allow  the  bridge  to  be  balanced.  This  is  often  not  only  inconvenient  or 
undesirable  but  also  impossible.  It  is  helpful  to  know  the  change  in  resistance 
as  a  function  of  the  galvanometer  reading  so  that  the  deflection  of  the  gal- 
vanometer indicates  the  displacement  of  the  gage. 


E 

Is  =  —  (R\Ri 


RoRz)  when  bridge  is  unbalanced. 


Now,  let  R2  change  by  a  small  amount  AR2.     Then, 

EI 

h  +AI5  =  -  (RiR4  -  (R-2  +  AR2)R3) 


E 
=  -  (RiRi  -  RJR3  -  AR2R3) 


and,  since  A  =  A'  for  small  values  of  AR2, 


E 
Ah  =  —  R3  ■  AR2  =  constant  •  AR2 


(8) 


Galvanometer  reading  is  proportional  to  AR? 
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If  we  extend  this  to  an  a-c  bridge,  then  equation  6  becomes  replacing  resist- 
ances R  by  impedance  Z  where  Z  =  (R  +  jX). 

X  =  reactance 

j  indicates  that  its  contribution  is  added  90°  out  of  phase  with  the  contribu- 
tion for  R. 

.'.  Z,  =  t  (Z,Z4  -  Z2Z3) 
o 


where  5  = 


-Z,  ,     -  (Zi  +  Zi),     (Zi+  Zz) 

-Z5         ,         (Zx  +  Z,),        -z, 
(Z,  +  Z4  +  Zs),        (Za  +  zt),        -z. 


The  condition  for  the  bridge  to  be  in  balance  is,  then,  as  before, 

Z\Z\  =  Z^Z3 

or  (Ri  +  jXi)(Ri  +  jXi)  =  (R2  +  jX2)(R3  +  jX,) 

Remembering  that  p  =  —  1 ,  we  have 

(RxRi  -  XiXO  +  iCM*  +  B*Zi)  =  (RzR,  -  X2X3)  +  j(R,X3  4-  #3Ar2) 

If  these  terms  are  to  be  equal,  and  since  they  are  90°  out  of  phase,  then, 

{RiRi  -  XiXt)  =  (R,R3  -  X,X3)  (9) 

and  (RxXi  +  R4X,)  =  (R2X3  +  R3X.2)  (10) 

Since  we  have  in  this  instance  more  terms  than  in  the  d-c  bridge,  the  balance 
may  be  obtained  in  a  number  of  ways. 
If,  for  example,  equation  9  is  written 

RiRi  =  R»R3  -\-  XiXt  —  XzX3 

and  the  resistances  and  reactances  are  arranged  so  that 

RiRi  =  R->R3>     and     A1A4  =  X-zX3 

equation  9  is  satisfied. 

These  conditions  may  be  substituted  in  equation  10  in  the  following  manner: 

R»R3  XiX3 

R\  =     ~  A  4 


R\  Xi 

Then,  equation  10  becomes 

A2A3         r  R2RS 
Ri  ~ t;     +  Xi  —     —  R2X3  4-  R3X2 

Ri2X%Xs  4-  X^RvRz  =  RiRzXiXz  4-  R3RXX \X* 
R2Xl(X1R3  -  RXX3)  =  R.XoXXrR,  -  R,X3) 
R2X1  =  R1X0 
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.•.  the  equations  9  and  10  are  both  satisfied  if 

Ri       R3      A'i  X3      Ri      X\ 
R2      Ri      X-2      X4      Rz      X2 

Ri       R3       Xi       X3 

)r  —  =  —  —  ~~r  —  — 

Ri      Ri      Zj  Xi 


(11) 


One  way  in  which  balance  may  be  obtained. 

If  now  the  resistance  Ri  is  changed  a  small  amount  AR2  without  any  of  the 
other  factors  being  changed, 

W 

h  +  A/B  =  t,  [Z,Zi  -  {Z,  +  AZ2)Z3] 
0 

8'  =  8  for  small  values  of  AR2  or  AZ2 

AEb  =  Z5  Ah  =  r  Z3  •  AZ2  ■  Z5  =  constant  AZ2 
0 

where  Z5  =  impedance  of  detector.     But  AZ2  =  AR2  here,  and  detector  read- 
ing is  proportional  to  A£"5. 

/.  Detector  reading  is  proportional  to  AR2. 

7.  Bridge  Circuits  in  Strain  Measurements.  A  simple  bridge  circuit  is 
shown  in  Fig.  5-19  where  the  resistance  R2  is  the  strain-measuring  element. 

Either  or  both  resistors  Ri  and  R3  may  be  made  variable.  If  R\  is  variable, 
then  the  change  A.R2  =  h\  ARi  where  ki  =  Ri/R3,  and  if  R3  is  variable,  then 

AR2  =  ko  AR3  where  k2  =  —  AR3. 
R\ 

If  both  Ri  and  R3  are  varied,  then 

Cgi  +  ARJRj 

(R3+AR3)    -R>  =  AR* 

RxRi  ARxRi 

+  n     . \n    ~  R2  =  AR2 


R3  +  AR3       Rs  +  AR3 

J?  /? 
RxRi  +  ARxRi  -  -±r  (Rs  +  AR3)  =  AR2(R3  +  AR3) 
Rz 

RxRi  +  AR.Ri  -  RxRi  -  -J—*  AR3  =  R2(R3  +  A#3) 


J1.R4  \  1 

^3  /  R3  -jr 


'■  J"  -%rAM&+^  --"'= 


if  A/?3  is  small  compared  to  ft3. 


Afl2  =  — ■  Afli  -  -^ '  A#3  =  d  ARi  -  C2  A#3  (12) 

Rs  Rs 
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In  any  case  where  the  resistance  in  the  bridge  is  varied,  the  contact  resist- 
ance must  be  carefully  controlled  since  a  small  change  in  the  contact  resistance 
would  be  of  the  same  order  of  magnitude  as  the  change  in  resistance  due  to 
strain.  This  contact-resistance  difficulty  may  be  avoided  by  arranging  the 
bridge  as  shown  in  Fig.  5-20. 

In  this  case  the  arm  R3  has  a  variable  resistor  R6  connected  in  parallel. 

The  resistance  of  the  arm  then  becomes 

X/*i\  p  R3Rr> 

XS      >ki ,  6        R/   and   R3    =  — — ; — — •     It  is  apparent 


-=-£ 


Fig.  5-20.     Varying  a  Bridge-Arm 

Resistance  by   Using  a   Shunting 

Circuit 


that  a  small  change  in  R 6  makes  a  smaller 
change  in  R3  .  To  illustrate  this,  give  R& 
an  increment  AR&;  then  R3  gets  an  incre- 
ment AR/,  or,  by  differentiation,  the  rela- 
tion between  the  error  due  to  contact 
resistance  without  R6  and  with  Rs  is  given 
by 

,r,n<"  (13) 


dRs'  = 


{Rz  +  R«)' 


.:  if  R6  is  the  same  order  of  magnitude  as  R3  the  error  is  reduced  to  }i  of  its 
value.     Usually  R6  is  greater  than  R3. 

The  strain  in  this  bridge  is  proportional  to  ARo,  and 

AR2  =  constant  AR3' 
For  large  values  of  ARo  the  relation  to  be  used  is  found  as  follows: 


AR/ 


R3(R6  +  AR, 


R.iRti 


R3  +  (Rs  +  AR6)       R3  +  R6 
R3  -\-  Rs  =  R 


R3 


Afl,  - 


Re,  +  AR6  —  Rs 


AR, 
R 


AR, 


R3  ARf 
~R  ~R~ 


1  + 


AR6       (AR, 
'        ~R    +  U 


Re 


(14) 


.•.  AR2  =  constant  (nonlinear  function  of  ARe).  This  method,  then,  requires 
that  it  is  necessary  to  work  from  a  calibration  or  set  of  curves  in  order  to 
evaluate  the  strain  resistance  AR^. 

Another  method  of  getting  around  the  contact  problem  in  these  gage  cir- 
cuits is  by  using  the  circuit  in  Fig.  5-21a.  In  this  case  the  resistance  contact 
at  point  C  is  not  in  the  bridge  circuit,  and,  thus,  it  has  no  influence  on  the 
values  of  resistance  measured. 


i  \ 
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Then  both  Ri  and  R3  are  varied  so  that  AR2  is  given  by  applying  equation 
13  in  the  form: 

(Rx       R'\ 
R2-R,>  =  Ri(---)  =  AR2 

8.  Deflection  of  a  Galvanometer  as  a  Measure  of  Strain  (Example).     If 

the  deflection  of  a  galvanometer  is  to  be  used  as  a  measure  of  the  strain,  it  is 
convenient  to  calibrate  the  galvanometer  in  terms  of  strain  on  the  gage. 
This  method  is  more  rapid  than  the  null  method  owing  to  the  time  required 
to  balance  the  circuit.  If  the  galvanometer  gives  a  linear  relation,  the  prob- 
lem of  using  the  deflection  as  a  measure  of  the  strain  is  simplified.  It  is  of 
importance  to  determine  the  sensitivity  of  the  galvanometer  to  be  used. 
This  may  be  best  illustrated  by  the  following  problem: 

Let  the  voltage  applied  be  represented  by  E  =  6  volts. 

Let  the  resistance  of  the  bridge  arms  be  Ri  =  R2  =  Ra  =  R\  =  120  ohms. 

Let  the  maximum  strain  to  be  recorded  be  0.001. 

Let  the  resistance  of  the  galvanometer  be  R-0  =  500  ohms. 

Let  7t?2  represent  the  resistance  of  the  strain  gage. 

Let  ARo  be  the  change  in  resistance  due  to  a  strain  of  0.001. 

Let  the  gage  be  of  Advance  wire;  gage  factor  from  Table  5-1  be  2.1 

Aflo/iJ,  AJR,/120 

••■  ~alJl  -  21   -^MT  "  21   AR'  "  °'25  ohm 

7 5  is  the  current  through  the  galvanometer  and  is  given  by  the  equation, 

75  =  —  Ri  ■  ARo,  A  from  equation  6a: 
A 

A  =  -120,      -240,         240  =  35.7  X  106 
-500,         240,      -120 
740,         240,      -120 


' 


6  X  120  X  0.25  X  10-6 

.'.  75  =  — — =  5.04  X  10~6  ampere  for  maximum  strain 

3o.7 

If  the  instrument  is  to  have  5.04  X  10~6  ampere  for  full  scale,  and  if  the 

least  strain  that  is  to  be  read  is  0.00002  per  division,  50  divisions  are  neces- 

5.04  X  10"6 

sary,  and  each  division  should  have  a  sensitivity  of — =  0.1  X  10~6 

,  50 

ampere. 

Such  a  galvanometer  requires  a  level  position  and  isolation  from  vibration 
and  shock.  Since  it  is  a  sensitive  instrument,  a  galvanometer  is  easily 
damaged  by  transportation.  Further,  the  period  of  a  galvanometer  is 
long  and  may  be  as  great  as  4  to  5  sec.  This  makes  the  instrument  difficult 
to  use  in  the  field. 

In  order  to  eliminate  the  use  of  sensitive  galvanometers,  the  d-c  excitation 
may  be  replaced  with  an  alternating  voltage.     The  frequency  of  the  voltage 
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depends  on  the  phenomena  to  be  measured  and  may  range  from  as  low  as 
60  cps  to  several  thousand.  In  this  case  the  output  of  the  bridge  is  placed 
into  an  amplifier  with  a  rectifier  and  a  milliammeter  used  to  indicate  the 
off-balance.  This  system  is  much  less  sensitive  to  shock  and  vibration,  and 
the  sensitivity  can  be  controlled  through  varying  the  gain  of  the  amplifier. 
9.  Simplified  Bridge  Theory.  The  afore-mentioned  treatment  of  an  a-c 
bridge,  although  rigorous,  is  difficult  to  apply.  Since  the  amplifier  circuit 
can  be  designed  to  have  a  very  high  input  impedance,  R5  of  Fig.  5-19  can  be 
assumed  to  be  infinite,  and  the  signal  voltage  then  becomes  the  differential 
between  two  potentiometer  voltages.     This  is  shown  in  Fig.  5-216. 


Fig.  5-21a  and  b.      Method  of  Varying  Ri/Rs  and  Keeping  Contact  Resistance  in 

External  Circuit 

If  R2  represents  an  active  strain  gage  and  R\,  Rs,  and  R4  represent  fixed 
arms,  from  the  analysis  of  a  potentiometer  circuit  the  following  equation  can 
be  obtained: 

ERx  AR2 

e  =  #4  -  (E2  +  AE2)     but    AE2  = 


Since  Ea  =  E2  at  balance, 


AE, 


E 


RiAR2 


(Bi  +  RiV 


approximately 


(fti  +  R*Y 

Now,  if  two  arms  are  active, 

e  =  (Ei  +  AEA)  -  (E2  +  AE2) 
e  =  AEi  -  AE2 

Thus,  if  AEi  and  AE2  have  the  same  sign,  they  will  cancel,  but,  if  they  have 
opposite  signs,  the  output  will  be  twice  that  for  a  single  gage. 

In  a  similar  manner,  it  can  be  shown  that,  if  all  four  arms  are  active,  the 
output  signal  will  be  four  times  that  of  a  single  gage,  providing  the  signs  of 
the  strains  are  opposite  in  adjacent  bridge  arms. 

This  simplified  analysis  assumes  that  the  bridge  is  first  balanced  to  remove 
all  capacitance  unbalance  and  that  capacitance  unbalance  is  independent  of 
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resistance  unbalance.  From  the  rigorous  solution  capacitance  unbalance  will 
actually  vary  somewhat  as  the  resistance  balance  changes  with  strain,  but 
this  error  should  be  small  for  the  incremental  changes  in  resistance  correspond- 
ing to  actual  strain  measurements. 

10.  Theory  of  the  Carrier  Amplifier  System.  If  a-c  bridge  excitation  is 
used  and  a  dynamic  strain  is  observed,  a  modulated  wave  will  result.  When 
the  bridge  is  initially  balanced  the  carrier  will  be  suppressed.  The  following 
analysis  is  of  value  in  determining  the  side  bands  and  distortion  terms  which 
will  be  present  in  the  output  signal  from  the  bridge. 

Referring  to  the  bridge  circuit  shown  in  Fig.  5-216,  let  AR«  vary  in  a  sinu- 
soidal manner, 


Ri  +  ARz  =  ^2(1  +  m  cos  cost) 


where 


© 


-fkniftx  *Itj 


R0 

/l\  (g,  +  Afl2)  -  (R-i  -  A/go)  _  AR2 
=  \2/  R,  "  ~R^ 

Ri 

Ei  =  E^  cos  cod 


El    =    E'mav   COS  Cod 


Rz  -\-  Ri 

R2(l  +  m  cos  cost) 
Ri  +  Ri(l  +  m  cos  cod) 


where 

fc  is  the  frequency  of  the  bridge  excitation  and  /s  is  the  frequency  of  the 

sinusoidal  strain. 

coc  =  2irfc 

cos  =  2x/s 

e  =  E2  -  Ei 

jB2(1  +  in  cos  cost) 


-E'max  COS  COd 


Ri  +  ^2(1  +  m  cos  cost) 
e  =  E2  -  E4 

Ro(l  +  m  cos  cost)  R4 


Em„  cos  cod 


Ri  +  fi2(l  +  m  cos  cod)        R3  +  Ri 
Now,  for  a  balanced  bridge  R2  =  Ri,  and  Ri  =  R3. 

m  cos  cod  \ 


/    R1R2    \( 
\#i  +  R2)  \Ri 


e  =  -E'max  cos  cod  .  , » 

+  Ro  -\-  m  cos  cod  j 
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Let 

Ri  RiRo 

—  +  1  =  h     and  =  RT 

K2  Hi  ~r  tC-i 


then 


Rt 

e    =    #max  7T    COS  COJ 
it  2 


(m  cos  cod     \ 
h  +  m  cos  cod) 


By  division, 


RTEnmJ  m  m2  w3 
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+ 


The  carrier  term  indicates  that  as  the  bridge  is  unbalanced  as  R2  varies,  a 
carrier  voltage  appears  which  is  proportional  to  the  magnitude  of  AR2. 

The  distortion  terms  are  small  in  magnitude  compared  to  the  useful  side- 
band terms. 

If  the  bridge  is  slightly  unbalanced  by  one  of  the  arms  being  adjusted, 
a  larger  carrier  term  can  be  introduced.  This  initial  unbalance  should  be 
selected  so  that  slightly  less  than  100  per  cent  modulation  results  for  the 
largest  expected  strain. 

The  foregoing  analysis  is  based  on  the  use  of  cosines  instead  of  sines  in 
order  to  be  valued  at  zero  frequency  and  for  the  result  to  be  obtained  as  a 
series  of  cosine  terms  instead  of  a  mixture  of  sine  and  cosine  terms. 

The  analysis  assumes  that  the  bridge  consists  of  nonreactive  elements. 
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When  the  carrier  frequency  is  very  low,  this  condition  is  approximately 
realized,  but,  when  the  high  carrier  frequencies  are  employed,  the  capacitance 
unbalance  will  result  in  additional  terms. 

11.  Choice  of  the  Bridge  Ratio.  The  choice  of  the  ratio  of  Ri/R2  for  a 
bridge  circuit  depends  on  the  conditions  selected.  If  AR2  and  E  are  fixed, 
the  ratio  should  be  unity  for  a  maximum  signal  output. 


Let 
Then, 


Now, 

Now, 

Let 
Then, 


=  AE2  =  EAR-, 
E  AR2  =  K 
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Ri  =  nR2 

=  K 


Ron 


E 
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Ri 
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R2   (n  +  1): 


Aflo  /          n  \ 
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A  curve  giving  the  relation  of  n  to 


is  shown  in  Fig.  5-21c. 


(n  +  \y 
When  any  value  of  E  is  employed,  merely  multiply  the  value  shown  by  E 

n 


to  obtain  the  proper  value  of 


(n  +  l)2 
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Fig.  5-2 lc.     Constant- Voltage  Curve 
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Fig.  5-21rf.     Constant  Current  /  =  

2R2 

If  E  is  varied  proportional  to  n  so  that  a  constant  current  is  maintained, 

Eq  jE-o  -E1 

*  =  Ri  +  #2  =  2^  =  i?2(l  +  n) 

i£     =     E(j 


m 


where  E0  is  bridge  voltage  corresponding  to  condition  n  =  1 
Since 


AE  =  E 


AR 
~Ri 


■l( 5 \ 

.  \n'  +  2n+  1/ 
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AE  =  E 


/l  +n\  Afl2  /  n  \ 

0  \     2     )  R2   \n2  +  2/1  +  1/       /.'     2(  n    \    I  > 


=    ^Jq 


This  relation  is  presented  in  Fig.  5-2 Id.     The  voltage  required  for  constant 
current  is  shown  in  Fig.  5-21e. 
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E 
Fig.  5-21e.     Voltage  Corresponding  to  a  Constant  Current  /  =  — —•     Multiply 

2/l2 

Voltage  from  Curve  by  Actual  Bridge-Excitation  Voltage 

From  these  curves  it  is  evident  that  increasing  the  ratio  n  above  the  unity 
value  can  result  in  increased  signal,  but  the  required  excitation  voltage 
increases  at  a  greater  rate  than  the  signal  developed. 

When  this  analysis  is  extended  to  a  carrier  system,  the  required  power  will 
usually  dictate  a  ratio  near  unity. 

III.  PRINCIPLES  OF  ELECTRONICS  AND  THEIR  APPLICATION  TO 
ELECTRICAL-GAGING  PROBLEMS 

I.  The  Vacuum  Tube 

If  a  filament  is  heated  in  an  evacuated  tube,  it  becomes  the  source  of  elec- 
trons, and,  if  a  plate  is  inserted  in  the  tube  and  positively  charged,  electrons 
will  flow  from  the  hot  filament  to  the  plate,  and  a  current  will  flow  in  the 
circuit.  If  the  polarity  of  the  circuit  is  reversed,  no  current  will  flow  (Fig. 
5-22).  This  simple  tube  is  called  a  diode.  If  now  a  third  electrode  is  intro- 
duced into  the  tube  so  that  it  is  midway  between  the  filament  and  the  plate, 
it  would  have  a  greater  effect  on  the  flow  of  electrons  than  the  plate  since  it 
is  nearer  the  filament  than  the  plate.  Therefore,  a  small  positive  charge  on 
this  electrode  would  pull  over  as  many  electrons  as  a  larger  positive  charge 
on  the  plate,  and  a  small  negative  charge  on  the  electrode  would  repel  some 
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/^\  Plate 


Filament        — 


=r-E, 


Ea 


(a) 

Fig.  5-22.     Simple  Diode  Tubes 

(a)  Current  flows  in  circuit 

(b)  Current  does  not  flow 


of  the  electrons,  and,  thus,  a  smaller  number  of  electrons  would  reach  the 

plate. 

If  this  electrode  were  to  be 
made  solid,  it  would  theoreti- 
cally block  the  flow  of  elec- 
trons to  the  plate.  In  order 
that  it  only  control  and  not 
block  the  flow  of  electrons  to 
the  plate,  the  electrode  is 
made  with  openings  and  is 
called  the  grid. 

Since  this  grid  controls  the 
flow  of  electrons  by  very  small 
potential    changes  placed   on 

it,  it  is  possible  to  control  the  flow  of  large  plate  currents  by  means  of  small 

potential  changes  on  the  grid.     This  three-element  tube  is  called  a  triode; 

Fig.    5-23  shows  this  tube  and  the 

variation  of  current  in  the  plate  cir- 
cuit produced  by  potential  differences 

placed  on  the  grid. 

The  grid  with  a  low  negative  charge 

will  not  cut  off  all  the  electrons  so 

that    cutoff    is    not    symmetrical    to 

signal,  and,  thus,  when  the  signal  to 

the  tube  is  varied,  the  current  from 

the  tube  is  not  varied  in  the   same 

manner.     This  may  be  overcome  by 

adjusting  the   negative   potential   on 

the  grid  so  that  the  tube  will  cut  off 

as  soon  as  the  signal  voltage  becomes 

negative.     This   is  obtained  by  the 

battery  source  Ec  in  Fig.  5-23a. 
12.  Characteristics      of     Vacuum 

Tubes.     The  important  feature  about 

vacuum  tubes  is  their  characteristics. 

The  basic  principle  is  that  the  heated 

filament  or  cathode  discharges  elec- 
trons which  are  attracted  to  a  posi- 
tively charged  plate  and  made  to  flow 

in  the  plate  circuit.     To  investigate 

the   characteristics   of  the   tubes   we 

plot  plate  current  as   a   function   of 

plate  voltage  when  the  filament  cur- 
rent is  kept  constant.     These  curves 

are  called  characteristic  curves. 

The  characteristic  curve  for  the  diode  is  as  shown  in  Fig.  5-24.     It  may  be 
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noticed  that  the  portion  of  the  curve  A  B  is  practically  a  straight  line  and  that 
the  two  ends  of  the  graph  are  curved.  The  curve  at  the  low  end  is  due  to  a 
space  charge,  consisting  of  a  cloud  of  electrons  which  gather  around  the  fila- 
ment and  repel  the  new  electrons  being  emitted.     After  the  potential  on  the 


(a) 

Fig.  5-24. 
(a)   Simple  circuit 


Plate  voltage  Eb 
(b) 
Characteristic  Curve  of  Diode 


(b)  Plate  current  versus  plate  voltage,  characteristic  curve 

plate  is  increased,  the  number  of  electrons  reaching  the  plate  is  increased 
until  at  B  nearly  all  those  emitted  by  the  cathode  reach  the  plate,  so  that 
further  increases  in  voltage  do  not  materially  increase  the  number  of  electrons 
reaching  the  plate — and,  thus,  only  very  little  increase  in  current  results 


Fig.  5-25.     Rectification  by  the  Use  of  a  Diode 

with  further  increase  in  voltage.  The  space  charge  effect  may  be  reduced 
by  making  the  plate-to-cathode  distance  quite  small.  The  effect  is  illustrated 
in  Fig.  5-25,  which  shows  rectification  by  use  of  a  diode,  as  well. 

The  characteristic  curves  of  the  triode  are  as  shown  in  Fig.  5-26.     Two 
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(a) 


(b)  "  (c) 

Fig.  5-26.     Characteristic  of  Triode  Tubes 

(a)  Simple  circuit 

(b)  Characteristic  ip  versus  Ep 

(c)  Characteristic  ip  versus  Eg 


(a)  Grid  Becomes  (+) 


(b)  Plate  Current  Becomes  Nonlinear 


(c)  Proper  Grid  Bias 
Fig.  5-27.     Effect  of  Grid  Bias  on  Output  of  a  Triode  Tube 
(a)   Graph  showing  the  effect  of  too  little  grid  bias 
(6)   Graph  showing  the  effect  of  too  much  grid  bias 
(c)   Proper  grid  bias 
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characteristic  curves  are  plotted:  (1)  plate  current  as  a  function  of  plate  voltage 
for  a  given  grid  potential  (Fig.  5-266),  and  (2)  plate  current  as  a  function  of 
grid  voltage  for  a  given  plate  potential  (Fig.  5-26c). 

In  this  case  as  in  the  case  of  the  diode  the  portion  of  the  curve  AB  is  a 
straight  line.  A  point  C  is  taken  between  these  two  points  on  the  IP-Eg 
curve,  and  it  is  called  the  operating  point  or  quiescent  point.  The  grid  is 
usually  operated  at  a  bias  voltage  corresponding  to  point  C.     This  is  usually 


160        240        320 
Plate  voltage  Ea 


400        480 


Fig.  5-28.     Familv  of  Plate  Characteristic  Curves.     6J5  Triode. 


a  fixed  direct  voltage  to  which  the  signal  input  is  added.  The  effect  of  having 
this  voltage  C  too  high  or  too  low  is  shown  in  the  plots  of  Fig.  5-27. 

This  characteristic  curve  is  for  a  given  voltage  between  plate  and  filament 
Ep.  If  Ep  is  changed  and  we  again  plot  the  grid  voltage  Eg  as  a  function  of 
plate  current  Ip,  we  get  a  second  curve  resembling  the  first  and  lying  parallel 
to  it.  In  such  a  manner  a  family  of  characteristic  curves  may  be  obtained 
(Fig.  5-28). 

In  a  like  manner  the  characteristic  family  of  curves  of  Ep  as  a  function  of 
Ip  for  a  given  Eg  value  is  shown  in  Fig.  5-29. 

All  the  curves  we  have  discussed  have  been  with  the  tube  with  no  load  on 
the  tube,  and  these  are  called  static  characteristic  curves.  Actually,  the 
output  of  a  tube  feeds  into  a  load,  such  as  the  primary  coil  of  a  coupling 
transformer.     If  we  show  this  load  as  resistance  Rl  in  the  diagram  of  Fig. 
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5-30  and  plot  the  curves  anew,  we  get  characteristic  curves  that  are  better 
representative  of  the  operating  conditions  of  the  tubes.     Such  curves  are 

called  dynamic  curves.  The  static 
curve  is  nearly  always  steeper 
than  the  dynamic  curve.  It  can 
be  noted  that  the  curves  cross  in 
the  region  of  point  C.  This  is  the 
same  point  noted  C  in  Fig.  5-30. 

When  the  tube  is  operating  at 
no  load  (static),  the  plate-to-cath- 
ode  potential  is  constant  regardless 
of  plate  current.  If,  however, 
there  is  a  resistance  Rl  in  the  plate 
circuit,  there  is  a  drop  in  potential 
across  the  resistance  Rl',  thus  the 
plate-to-cathode  potential  is  re- 
duced by  IvRl-  Therefore,  the 
changing  plate  current  causes  cor- 
responding changes  in  plate-to- 
cathode  potential,  and  the  dynamic 
curve  differs  from  the  static  curve. 

The  point  where  the  curves 
cross  indicates  a  condition  where 
the  characteristics  are  the  same 
under  load  conditions  and  no-load 
condition,  and  this  may  be  taken 
as  the  operating  point. 

Figure  5-31  shows  the  effect  of 
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Fig.  5-29.     Family  of  Transfer  or  Mutual 
Characteristic  Curves.     6J5  Triode 


different  resistance  loads  on  the  characteristic  curves  of  a  triode. 

The  characteristic  curves  tell  the  interrelation  of  grid  bias,  voltage,  plate 
voltage,  and  plate  current.     Thus,  if  we  apply  a  grid  voltage  of  8  volts,  a 


(a) 

Fig.  5-30.     Static  and  Dynamic  Tube  Characteristics 

(a)  Simple  circuit 

(b)  Characteristic  dynamic  and  static  curves 
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250  voltage  on  the  plate,  we  can  determine  the  current  that  will  flow  in  the 
plate  circuit  at  this  value  of  Ep  (see  Fig.  5-31). 

The  tube  has  three  important  characteristics:  amplification  factor,  plate 
resistance,  and  transconductance. 

(a)  The  amplification  factor  is  the  ratio  between  the  increase  in  plate 
voltage  and  the  increase  in  grid  voltage  and  is  defined  by 

dep 
fj.  =  —  —         dip  =  0 
oeg 

If,  for  example,  the  plate  voltage  increased  10  volts  when  the  grid  voltage  is 
increased  only  0.1  volt,  the  amplification 
is  then  100. 

(6)  The  plate  resistance  is  the  a-c 
internal  resistance  of  a  vacuum  tube; 
that  is,  the  resistance  of  the  path  be- 
tween plate  and  cathode.  Therefore,  it 
is  the  ratio  between  a  small  change  in 
plate  voltage  and  the  corresponding 
change  in  plate  current,  and  is  defined 
by: 

de% 

rP  =  — 


de„  =  0 


Fig.  5-31.     Effect  of  Increasing  the 

Load  on  the   Characteristic   Curve 

of  a  Triode  Tube 


(c)  The  transconductance  is  the  ratio 
between  a  small  change  in  plate  current 
and  a  small  change  in  grid  potential, 
with  plate  potential  remaining  constant,  and  is  defined  by 

dip 
gm  =  —        dep  =  0 

deg 

These  three  factors  are  interrelated  since, 

dep 
rP  X  gm  =  —  =  n 

deg 

13.  Amplification  of  a  Stage.  The  circuit  of  the  vacuum  tube  as  shown 
in  Fig.  5-32a  can  be  represented  by  its  equivalent  circuit  shown  in  Fig.  5-326. 
This  is  called  a  stage  of  an  amplifier.  Let  the  signal  voltage  be  eg  and  applied 
to  the  grid,  and  Rl  is  the  resistance  of  the  load,  and  n  is  amplification  factor. 


Since 


jJiRj 


"  rp  +  Ri, 
where  A0  is  the  amplification  of  the  stage 


ep  =  IR  = 


A0 


Rh\ieQ 
'p  +  Ri 
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This  equation  for  AQ  is  only  satisfactory  for  small  input  signals.  When 
these  signals  are  large,  the  nonlinear  characteristic  of  the  tube  becomes 
important,  and  a  graphical  solution  is  to  be  preferred.  To  illustrate  this,  the 
following  graphical  solution  is  given.  The  family  of  characteristic  curves 
with  plate  current  as  a  function  of  plate  voltage  is  used  as  the  basis  of  the 
solution  (Fig.  5-33).     These  are  curves  for  a  triode  tube. 


Output 


Input 


\-V-es 


(b) 


(b)   Equivalent  circuit 


(a) 
(a)   Simple  circuit 

Fig.  5-32.     Triode  Amplifier  Stage 
The  dynamic  load  impedance  is  given  by  R-2  =  RlRb/(Rl  +  Rg) 


In  general,  the  slope  of  load  line  may  be  determined  on  this  graph  from 
l/Rz  =  Ip/Ep,  and  the  no-load  slope  may  also  be  determined  from  1/Rl.  In 
addition,  the  maximum  point  of  plate  supply  voltage  is  known  as  Eh.  From 
point  Eb  the  no-load  slope  is  first  drawn  B\  —  —  1/Rl.  Next  it  is  necessary 
to  know,  or  select,  the  bias  voltage  at  which  the  tube  is  to  operate.  This 
value  is  called  E'p,  and  a  vertical  line  is  drawn  through  this  point.     The 


Fig.  5-33. 


Determination  of  Best  Value  for  Grid  Bias  and  Corresponding  Ampli- 
fication Factor 


intersection  of  this  point  with  the  no-load  line  is  then  the  operating  point. 
Through  this  point  the  load  line  is  drawn  at  angle  02  =  —  I/.K2.  This  line 
cuts  the  various  ea  curves,  and  the  limits  of  operation  must  be  in  the  linear 
portion  of  these  curves,  such  as  AB  on  the  graph.  This  fixes  the  grid  swing 
eg  that  may  be  used.     Vertical  lines  through  A  and  B  fix  the  value  of  eL  so 
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that  the  amplification  A0  =  eL/eg  is  thus  determined  by 

(EP)D  —  (E,,)c  _ 
{E0)B  -  (Eg)A  ~     ° 

J.  The  A-C  Vacuum-Tube  Amplifier  (Introduction) 

The  vacuum  tube  a.c  amplifier  is  usually  divided  into  two  major  classes. 
The  first  class,  called  audio-frequency  amplifiers,  is  used  to  amplify  currents 
whose  frequencies  are  between  30  and  15,000  cps.  The  second,  called  radio- 
frequency  amplifiers,  is  used  to  amplify  from  15  kc  to  over  300  megacycles. 
If  the  amplifier  is  designed  to  give  a  magnified  reproduction  of  the  input 
signal  without  regard  to  the  power  delivered,  it  is  called  a  voltage  amplifier, 
and,  if  it  is  designed  to  deliver  a  large  amount  of  power  to  some  load,  it  is 
called  a  power  amplifier. 

Generally  speaking,  the  last  stage  of  any  amplifier  system  is  a  power  stage, 
and  the  intermediate  stages  are  called  voltage-amplifier  stages.  A  good 
amplifier  must  be  capable  of  amplifying  signal  voltages  whose  frequencies  lie 
within  the  range  of  use  for  which  the  amplifier  was  designed.  This  must  be 
done  insofar  as  possible  to  exactly  the  same  degree  for  all  frequencies. 

K.  Classes  of  Amplifiers 

Amplifiers  are  commonly  classified  as  A,  AB,  B,  and  C,  according  to  the 
portion  of  cycle  during  which  plate  current  flows.  These  classes  are  defined 
as  follows: 

Class  A  amplifiers  are  those  in  which  grid-bias  and  alternating  grid  voltage 
are  such  that  plate  current  in  the  tube,  or  each  tube  of  a  push-pull  stage, 
flows  at  all  times. 

Class  AB  amplifiers  are  those  in  which  the  grid-bias  and  alternating  grid 
voltages  are  such  that  plate  current  in  the  tube,  or  each  tube  of  a  push-pull 
stage,  flows  for  more  than  half  but  less  than  the  entire  electric  cycle. 

Class  B  amplifiers  are  those  in  which  the  grid  bias  is  about  equal  to  cutoff 
value,  so  that  the  plate  current  is  approximately  zero  when  no  exciting  grid 
voltage  is  applied.  This  means  that  plate  current  in  the  tube  or  each  tube 
of  a  push-pull*  stage  flows  for  about  half  the  electric  cycle. 

Class  C  amplifiers  are  those  in  which  the  grid  bias  is  greater  than  cutoff 
value,  and  plate  current  flows  for  less  than  half  the  electric  cycle. 

Sometimes  a  suffix  1  or  2  may  be  added  to  the  letter  or  letters  of  class 
identification.  The  suffix  1  denotes  that  grid  current  does  not  flow  during 
any  part  of  the  electric  cycle,  and  2  denotes  that  grid  current  does  flow  for 
some  part  of  the  cycle. 

In  strain-gage  work  it  is  important  to  keep  distortion  to  a  minimum,  and 
all  amplifiers  are  class  A. 

L.  Distortion  in  an  Amplifier 

As  mentioned  previously,  it  is  the  aim  of  an  amplifier  to  produce  an  output 
whose  form  coincides  with  that  of  the  signal  input;  therefore,  any  tendency 
*  See  Fig.  5-48  for  a  push-pull  amplifier  circuit. 
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for  distortion  must  be  cut  to  a  minimum.  There  are  three  basic  types  of 
distortion  which  may  be  present  in  any  amplifier:  amplitude  distortion,  fre- 
quency distortion,  and  phase  distortion.  These  may  be  present  singly  or 
together. 

Amplitude  distortion  is  defined  as  the  production  of  new  frequencies  within 
the  device  so  that  a  Fourier  analysis  of  the  output  wave  form  will  differ  from 
that  of  the  input  wave  form.  Frequency  distortion  is  unequal  amplification 
of  various  frequencies  due  to  the  variation  of  input  and  output  impedance 
with  frequency.  Phase-shift  distortion  is  the  change  in  the  relative  phase 
between  the  various  components  of  a  complex  wave  in  passing  through  the 
amplifier.  In  most  amplifiers  both  amplitude  frequency  and  phase  distortion 
will  be  found  because  of  the  change  in  amplification  and  phase  shift  with 
frequency. 

The  production  of  new  frequencies  is  due  to  the  nonlinear  nature  of  a 
vacuum  tube.  In  general,  the  plate  current  can  be  represented  by  a  power 
series  which  means  that  there  will  always  be  some  amplitude  distortion  since 
the  new  frequencies  are  always  present.  In  practice,  the  signal  is  kept  small 
in  order  to  limit  the  production  of  new  frequencies.  In  power-output  stages 
where  large  output  voltages  are  necessary  considerable  distortion  may  result. 

The  type  of  distortion  that  takes  place  in  the  tube  itself  may  be  caused  by 
improper  selection  of  grid  bias,  forcing  the  tube  to  operate  under  conditions 
represented  by  the  nonlinear  portion  of  the  characteristic  curve  as  shown  in 
Fig.  5-27.  This  shows  the  effect  of  grid  bias  on  tube  output.  It  is  called 
nonlinear  distortion.  When  the  grid  bias  is  too  low,  the  top  of  the  output 
signals  are  flattened. 

Distortion  may  also  be  caused  by  overloading  the  amplifier.  If  the  grid 
bias  is  correct,  but  if  a  signal  comes  in  that  produces  too  great  a  swing  of 
the  grid  potential,  the  grid  may  be  driven  positive  on  the  positive  half-cycle, 
causing  a  grid  current  to  flow,  and  on  the  negative  half-cycle  the  operation 
is  forced  into  the  nonlinear  portion  of  the  plate  characteristic.  This  results 
in  the  flattening  of  the  tops  and  bottoms  of  the  output  signal.  This  distortion 
may  be  eliminated  in  a  simple  manner  by  choosing  a  tube  of  longer  straight- 
line  characteristic  or  else  using  an  input  signal  reduced  in  swing  or  inverse 
feedback  discussed  later.  This  distortion  is  controlled  by  the  load  in  the 
plate  circuit.  As  shown  in  Fig.  5-31,  the  higher  the  load  resistance,  the  less 
the  characteristic  curve  is  bent,  and  the  greater  the  straight-line  portion  of 
the  curve. 

In  any  given  amplifier  the  voltage  output  is  a  function  of  frequency.  This 
is  dependent  to  some  extent  on  the  method  of  coupling  the  various  stages 
of  the  amplifier.     The  variation  with  frequency  is  shown  in  Fig.  5-34. 

It  may  be  noted  that  there  is  a  marked  decrease  in  the  gain  of  the  amplifier 
at  low  and  high  frequencies.  At  some  arbitrary  value,  say  0.707  of  full  gain, 
the  amplifier  is  said  to  cut  off,  and  the  corresponding  low  and  high  frequency 
values  are  called  the  cutoff  frequencies.  These  points  also  correspond  approxi- 
mately to  the  45°  phase-shift  points.  The  phase-shift  curve  is  shown  in 
Fig.  5-35.     The  phase  shift  on  the  high-frequency  end  is  shown  as  lagging 
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because  of  the  180°  phase  shift  for  each  stage  of  the  amplifier.  These  phase 
relations  are  important  in  predicting  the  behavior  of  an  amplifier  with  inverse 
feedback. 


Frequency 
Fig.  5-34.     Typical  Frequency-Response  Curve 
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Frequency 
Fig.  5-35.     Typical  Phase-Shift  Frequency  Curve 

In  order  to  determine  the  frequency  response  of  the  amplifier  the  equivalent 
circuits  for  low,  medium,  and  high-frequency  ranges  are  used.  The  equiva- 
lent-circuit changes  with  frequency  are  due  to  the  relative  importance  of 
the  coupling  condenser  and  cathode  bypass  condensers  in  low  frequencies, 


c, 


"  Ra 


I -Meg 


and  the  lowering  of  the  effective  load  imped- 
ance by  the  input  capacitance  and  stray-wire 
capacitance  of  the  successive  stages  in  high 
frequencies. 

For  low-frequency  range  of  the  given  ampli- 
fier, the  equivalent  diagram  is  as  shown  in  Fig. 
5-36,  and  the  relation  between  frequency  and 
response  is  given  by  equation  A.  Here  ix  is 
amplification  factor,  Rl  is  the  plate-load  resist- 
ance, Rg  is  the  resistance  of  the  next  stage,  C\ 
is  the  coupling  condenser  and  w  is  the  circular  frequency  and  is  equal  to  2irf 
where  /  is  the  frequency.  Here  the  loss  of  low-frequency  response  is  due  to 
the  increase  of  reactance  of  the  coupling  condenser.  The  grid  voltage  is 
divided  between  the  grid  resistor  Rg  and  the  coupling  condenser  Xc. 


Fig.  5-36.     Triode  Equiva- 
lent    Circuit     at     Low-Fre- 
quency Input 
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e 
A  =- 


RlR„11 


Riip  +  RLRg  +  RgrP  —  j 


Rl  +  rp 


(A) 


The  value  of  G\  contributes  to  the  capacitance  reactance,  which  is  given  by 

1 


Xc  = 


2-kJC 


For  medium  frequency  of  the  given  triode  amplifier,  the  equivalent  diagram 
is  shown  in  the  Fig.  5-37.     In  this  case  the  capacitance  reactance  is  nearly 

zero,  as  shown  by  Equation  B.  Thus,  it  is  ap- 
parent that  frequency  does  not  influence  the 
output,  either  as  to  gain  or  phase  shift. 
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Fig.  5-37.     Triode  Equiva- 
lent    Circuit     at     Medium- 
Frequency  Input 
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The  equivalent  circuit  for  the  amplifier  in 
the  high-frequency  end  of  the  response  curve  is 
shown  in  Fig.  5-38  together  with  the  equation  for  gain,  equation  C.  The 
loss  of  high-frequency  response  is  due  to  the  shunting  effect  of  the  capacitance 
across  the  plate  load.  This  capacitance  is  due  to  the  plate-to-cathode 
capacitance  plus  the  input  capacitance  of  the  next  stage.  The  relative  gain 
and  phase  shift  as  a  function  of  the  ratio  RL  to  XCp  is  shown  in  Fig.  5-40. 
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C  includes  Cmput  and  Cpf  for  the  stage. 

The  input  capacitances  of  a  triode  tube  operated  with  a  resistance  load  is 
given  by  the  following  equation: 

Cinput    =    L,,f   +    C„;,(l    4-   Aq)    4-   C8tray 

CBf  =  grid-cathode  capacitance 

Cgp  =  grid-plate  capacitance 
A0  =  amplification  of  stage 
This   equation   illustrates   that,   when  a  triode 
tube  is  operated  with  a  resistance  load  in  the 
plate  circuit,  the  input  capacitance  is  increased 
by  the  factor  Cgp{\  +  A0).     This  is  often  called  the  "Miller  Effect"  and  is 
of  importance  in  cascaded  amplifier  stages  using  triode  tubes. 

The  importance  of  Cinput  depends  on  Rl,  and  the  choice  of  Rl  is  determined 
by  the  high-frequency  response  and  by  the  per  cent  of  amplification  factor 
that  can  be  used. 


Fig.   5-38.     Triode  Equiva- 
lent   Circuit    at    High-Fre- 
quency  Input 
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The  high-frequency  response  requires  a  low  value  of  RL,  and  the  lower  RL, 
the  higher  the  frequency  response.  The  dependency  of  Rl  on  per  cent  n  is 
shown  in  the  graph  of  Fig.  5-39. 


Fig.  5-39. 


Dependency  of  A0  on  Rl.     Eb  (the  supply  voltage)  is  Increased  to 
Keep  a  Reasonable  Plate  Voltage 


M.  Multiple-Stage  Amplifiers  (Triode) 

When  single-stage  amplifiers  are  cascaded,  the  over-all  gain  is  equal  to 
the  produce  of  the  gain  of  individual  stages,  and  the  over-all  phase  shift  is 
equal  to  the  algebraic  sum  of  the  individual  phase  shifts. 

As  in  the  case  of  a  single  stage,  the  low-frequency  response  is  determined 
by  the  coupling  condensers  and  grid  resistors.  The  high-frequency  response 
must  be  calculated  on  the  basis  of  the  shunting  effect  of  the  input  capacitance 
of  the  second  stage.     The  total  capacitance  is,  therefore, 

Cl    =    Cp/l    +   Cg/2    +    C3tray    +   CffP2(l    +   A2) 

where  CL  =  capacitance  shunting  RL 

Cpfi  =  plate-cathode  capacitance  tube  1 
Cg/2  =  grid-cathode  capacitance  tube  2 
CgPi  =  grid-plate  capacitance  tube  2 

CBtray  =  10  to  25  /x/zf.     (This  depends  on  circuit  wiring  and  layout  and 
for  good  design  should  not  exceed  20  nni.) 
A  2  =  gain  of  stage  2 


N.  Procedure  for  Amplifier  Design 

The  first  step  is  to  select  the  desired  gain  and  output  voltage  and  then 
select  the  cutoff  points  /i  and  /2.  From  the  lower  cutoff  frequency,  the  cou- 
pling condenser  can  be  calculated. 


R<i 


Xe 


Xc  = 


1 

27T/C 


C  = 


WRn 
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The  plate-load  resistor  Ri,  for  each  stage  should  next  be  determined  by 
referring  to  the  equation  for  gain  at  middle  frequencies,  equation  b.  This 
first-trial  load  resistance  may  not  be  satisfactory  for  high-frequency  response. 

Now,  start  at  the  last  stage  and  compute  the  high-frequency  gain,  taking 
account  of  the  capacitance  of  the  output  cables,  etc.  From  this  gain  compute 
the  Cl  for  the  next  to  the  last  stage  from  equation  1.  Then  from  Cl  the  gain 
for  the  next  to  the  last  stage  can  be  found,  if  it  is  remembered  that  at  /2  the 
high-frequency  cutoff,  Rl  =  XcL,  and  the  response  will  be  0.707  of  the  middle- 
frequency  value. 


27T/2Ci 


ZttAc 


Ci 


Now  if  this  fi  is  not  the  desired  value,  there  are  three  possible  corrective 
means : 

1 .  Use  less  gain  per  stage. 

2.  Use  tubes  having  lower  interelectrode  capacitances. 

3.  Apply     high-frequency    correction 

networks. 

The  use  of  less  gain  per  stage  will  mean 
lower  values  of  RL;  therefore,  f2  will 
occur  at  a  higher  frequency. 

The  new  miniature  series  of  tubes 
have  definite  advantages  in  providing 
fair  gain  possibilities  with  low  interelec- 
trode capacitances. 

A  simple  approximate  method  of  high- 
frequency  compensation  is  shown  in  Fig. 
5-40. 

For  essentially  flat  response  to  a  given 
frequency  /2l,  use  a  value  of  Ri,  which 
is  equal  in  ohms  to  the  reactance  of  the  shunting  capacitance  Cl,  and  make 
Xl  =  ()i)XcL. 

O.  Inverse  Feedback 

If  a  portion  of  the  voltage  output  of  an  amplifier  is  introduced  or  fed  back 
into  the  input,  the  amplifier  performance  will  be  improved.  These  improve- 
ments are  primarily  reduction  of  noise  and  distortion  and  increase  of  stability 
and  frequency  response.  The  feedback  may  be  one  of  two  types  of  negative 
feedback — current  feedback  and  voltage  feedback. 

14.  Current  Feedback.  The  current  feedback  can  be  introduced  into  the 
amplifier  circuit  by  omitting  the  bypass  condenser  Cc  as  shown  in  Fig.  5-41. 
The  voltage  across  Rc  will  be  180°  out  of  phase  with  the  applied  signal  e. 
This  is  equivalent  to  reducing  the  effective  signal  voltage  applied  to  the 


Fig.    5-40.     A    Method    for    High- 
Frequency  Compensation 
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amplifier  grid, 
formula : 


The  feedback  factor  in  this  case  is  given  by  the  following 


0=  - 


R^_ 

R  i. 


approx. 


The  gain  with  feedback  is  equal  to  the  gain  without  feedback  divided  by 
(1  -  AoP). 

A-       A" 


1  -  AS 


In  this  type  of  feedback  circuit  the  effective  plate  resistance  is  increased. 
If  rp  =  plate  resistance  without  feedback 
rp'  =  plate  resistance  with  feedback 
/x  =  amplification  factor 
then  the  change  rj  may  be  expressed  in  one  of  three  ways  according  to  assump- 
tion; all  give  values  that  are  in  fair  agreement.     (3)  is  probably  the  simplest 
to  use. 


rj  =  rp  +  (1  -  HcR) 

(1) 

rv'  =  r,(l  +  It JOhn)  -  Re 

(2) 

rv'  =  rp  +  ijlRc 

(3) 

Fig.   5-41.     Triode-Tube   Circuit. 

Inverse     Current     Feedback     by 

Removing  Capacitor  Cc 


Since  ZL  instead  of  Sl  controls  the 
value  of  (8  at  high  frequencies,  and  ZL 
will  change  with  frequency,  the  current- 
feedback  circuit  does  not  improve  fre- 
quency response. 

There  are  several  worth-while  benefits 
from  current  feedback:  reduction  of  noise  and  distortion  introduced  by  the 
plate  circuit  of  the  tube,  and  reduction  of  the  changes  in  gain  with  replace- 
ment of  tubes. 

If  D'  =  distortion  and  noise  with  feedback 
D  =  distortion  and  noise  without  feedback 
K  =  per  cent  change  in  gain  for  a  given  change  in  line  voltage  without 

feedback 
K'  =  per  cent  change  in  gain  for  a  given  change  in  line  voltage  with 
feedback 
then  the  relation  between  distortion  and  gain  with  and  without  feedback  is 
given  by 

D  K 

D'  =  : —         K'  =  : r^r  (4) 


1  -  Ao/3 


1 


AoP 


If  the  resistor  Rc  is  shunted  by  Cc,  then  Cc  is  selected  so  that,  at  the  low- 
frequency  "cutoff"  /,  Xc  does  not  exceed  10  per  cent  of  Rc.  In  practice,  this 
requires  a  very  large  condenser  for  C\.  If  Cc  is  eliminated,  the  advantages 
stated  in  the  preceding  paragraph  will  be  obtained. 
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With  current  feedback  any  heater  cathode  leakage  will  cause  hum  to  be 
introduced  into  the  amplifier-grid  circuit;  therefore,  all  tubes  in  low-level 
stages  must  be  checked  for  heater  cathode  leakage. 

15.  Voltage  Feedback.  The  second  type  of  inverse  feedback  is  the  voltage- 
feedback  circuit,  in  which  a  portion  of  the  voltage  developed  across  the  load 
impedance  is  introduced  into  the  grid  circuit.  This  feedback  circuit  is  shown 
in  Fig.  5-42.     In  general,   the  voltage  feedback  will  be   180°  out  of  phase 

with  the  signal,  and,  thus,   it  will 
tend  to  reduce  the  effective  input 
signal   so   that  larger  input  signals 
will  be  required  for  the  same  output. 
Cf  =  feedback  blocking  condenser 
Ri  =  feedback  resistor 
R-2  =  feedback  resistor 
li  =  amplification  factor 


P  =  - 


R2 


Fig.  5-42.     Voltage  Inverse  Feedback 
C/  =  feedback  blocking  capacitor 
Ri  =  feedback  resistor 
Ri  —  feedback  resistor 
^i  =  amplification  factor 


Ri  +  Ro 
when      XCf  <  <  (Ri  +  R2) 

A0 


A 


1  -  |8il« 


This  type  of  feedback  lowers  the  effective  plate  impedance  by  shunting  it 
with  a  fictitious  resistance  given  by  l/Rgm.     It  can  be  shown  that  rp'  = 

rp 

—     If  there  is  a  change  in  gain  of  K  per  cent  for  a  given  change  in 

1         pM 

supply  voltage,  the  change  with  feedback  will  be  reduced. 


K'  = 


1  -  0A( 


If  there  is  noise  and  distortion  without  feedback  of  D  per  cent,  with  feed- 
back this  will  be  reduced. 


D'  = 


I) 


1  -  0AO 


If  /i  and  /2  are  the  two  frequencies  at  which  the  gain  without  feedback  is 
reduced  to  0.707  of  the  maximum  mid-frequency  gain,  //  and  /■/  are  the  fre- 
quencies with  feedback. 


fl'       l-/3Ao 
U  =  Ml  -  |8Ao) 


(5) 
(6) 


It  should  be  pointed  out  that  these  equations  5  and  6  hold  only  for  single- 
stage  feedback. 
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In  general,  it  is  desirable  to  use  as  large  a  /3  as  possible  and  still  have  the 
required  gain.  With  modern  high-^  tubes  considerable  feedback  can  be  used. 
For  high  values  of  /3  the  gain  is  essentially  independent  of  tubes  and  circuit- 
voltage  fluctuations. 

It  is  no  trouble  to  use  any  value  of  (i  up  to  unity  for  single-stage  feedback 
since  the  feedback  voltage  cannot  shift  in  phase  through  360°  which  would 
be  required  for  positive  feedback  or  oscillation. 
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Fig.  5-43.     Variation  of  Gain  with  Feedback 

When  feedback  is  to  be  used  in  amplifiers  for  measurement  purposes,  it  is 
a  good  policy  to  use  single-stage  feedback  instead  of  attempting  multiple- 
stage  feedback. 

When  for  simplicity  or  saving  of  parts  multiple-stage  feedback  is  used,  it 
should  be  remembered  that  each  tube  introduces  180°  phase  shift,  and  so  for 
two  stages  the  feedback  voltage  must  be  introduced  into  the  cathode  circuit 
of  the  first  tube  or  reversed  in  phase  by  a  transformer. 

A  two-stage  amplifier  with  feedback  over  the  two  stages  is  likely  to  oscillate 
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at  high  and  low  frequencies  where  the  phase  shift  can  approach  180°  plus 
180°  for  one  amplifier  stage  making  360°  and  a  possibility  of  oscillation. 

A  three-stage  amplifier  is  almost  certain  to  oscillate  at  high  and  low  fre- 
quencies unless  at  least  one  stage  is  made  extremely  flat  in  respect  to  gain 
versus  frequency. 

A  convenient  graph  of  the  gain  versus  feedback  relations  is  shown  in  Fig. 
5-43;  its  use  saves  a  considerable  amount  of  time. 


(a) 


/WV 


Fig.  5-44.     Special  Feedback  Circuits 

The  circuits  of  Fig.  5-44  require  very  few  parts.  In  Fig.  5-44a  Rg  in  parallel 
with  Rl,  and  rp  of  the  preceding  tube  represents  the  resistance  R2  shown  in 
Fig.  5-42. 

16.  Multiple-Stage  Feedback.  If  feedback  is  arranged  over  two  stages 
having  identical  frequency  response  A0fi  must  be  less  than  —  2  or  oscillation 
may  occur  at  high  and  low  frequencies  where  the  over-all  phase  shift  equals 
360°  and  the  feedback  becomes  positive. 

If  feedback  is  introduced  over  three  stages,  oscillation  will  occur  unless  one 
stage  has  a  much  broader  frequency  response  than  the  other  two  stages. 
If  Fi  for  this  broad  response  stage  is  made  equal  to  Ho  °f  ^i  f°r  the  other 
two  stages,  and  F2  for  the  flat  stage  is  equal  to  10F2  for  the  other  two  stages, 
A o/3  can  be  made  any  value  less  than  —2  without  oscillation. 

It  should  be  pointed  out  that  single-stage  feedback  over  individual  stages 
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has  the  advantage  that  a  higher  over-all  Aofi  can  be  safely  applied  without 
fear  of  oscillation. 

P.  The  Tetrode  and  Pentode  Tubes 

Many  desirable  characteristics  can  be  attained  in  vacuum  tubes  by  the 
use  of  more  than  one  grid.  The  most  common  types  of  multigrid  tubes  are 
the  tetrode  and  the  pentode.  These  are  four-  and  five-electrode  types  of 
thermionic  tubes  containing  an  anode,  a  cathode,  a  control  electrode,  and 
one  or  two  additional  electrodes  that  are  ordinary  grids.  The  need  for  more 
grids  is  brought  about  by  the  necessity  of  reducing  the  capacitance  between 


Untreated  plate  secondary  emission 


V     / 


Plate  voltage  eb  eC2  =  90  v 

Untreated  plate  secondary  emission      Type  24A 


Fig.  5-45.     Typical  Screen-Grid  Tetrode  Plate  Characteristics 


the  grid  and  the  plate  of  the  triode.  If  a  second  grid  is  placed  between  the 
control  grid  and  plate,  this  capacitance  is  reduced.  This  second  grid  is 
called  a  screen  grid,  and  the  complete  tube  is  called  a  tetrode.  These  tubes 
can  be  designed  to  have  the  same  transconcluctance  as  that  of  an  equivalent 
triode  and  very  much  higher  amplification  factor  and  plate  resistance.  Fig- 
ure 5-45  shows  a  family  of  plate  characteristics  for  a  seven-grid  tetrode,  type 
24A. 

Tubes  of  this  type  gives  rise  to  an  undesirable  effect  when  operated  with 
high  plate  voltages  in  that  the  electrons  strike  the  plate  with  velocities  high 
enough  to  generate  secondary  emission  from  the  plate.  Because  the  screen 
is  at  a  higher  voltage  than  the  plate,  the  screen  draws  these  secondary  elec- 
trons to  it,  thus  reducing  the  net  plate  current.  If  the  plate  is  not  treated 
to  reduce  secondary  emission,  the  number  of  secondary  electrons  leaving  the 
plate  may  exceed  the  number  of  primary  electrons  that  strike  the  plate,  and 
so  the  plate  current  may  reverse  in  direction.  This  is  shown  by  the  dashed 
curve  in  Fig.  5-45.  These  effects  of  secondary  emission  can  also  be  reduced 
or  eliminated  by  preventing  the  secondary  electrons  emitted  by  the  plate 
from  going  to  the  screen.     This  can  be  done  by  placing  between  screen  grid 
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Fig.  5-46.     Typical  Plate  Characteristic  of  Voltage  Pentode 

and  plate  a  third  grid,  called  the  suppressor  grid.     Figure  5-46  shows  the 

characteristics  of  a  tube  of  this 
,|Cl      „_^      kind. 
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(a)  Equivalent -Circuit  Pentode 
Low  Frequencies 


(b)  Equivalent- Circuit  Pentode 
Medium  Frequencies 


Q.  Pentode  Amplifier  Stages 

Tubes  of  this  kind  are  used  in 
amplifiers  in  a  manner  similar  to 
triode  tubes.  The  pentode  am- 
plifiers have  equivalent  circuits, 
and  the  gain  as  a  function  of 
frequency  is  illustrated  in  a  like 
manner.  These  equivalent  cir- 
cuits are  shown  in  Fig.  5-47,  and 
the  equations  A,  B,  and  C  are 
equations  for  the  gain. 

Amplification  at  low  frequencies 
A' 


~Smei 
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Amplification  at  high  frequencies 
A' 


(0 


i  +  hr 


(c)  Equivalent- Circuit  Pentode 
High  Frequencies 

Fig.    5-47.     Equivalent    Circuits    Pentode       Amplification  at  medium 

Tubes  frequencies  =  GMRe  =  A' 
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Tr.RhR,, 


where  Re 


and  R.=  Rg  + 


rpRg  +  Rbrp  +  RbRg 

RbTp 


Rb  +  rT 


XCl  =  reactance  of  coupling  condenser 

ZC2  =  reactance   of  capacitance  shunting-plate  load  C2  =  Cpf  +  Cstray  + 

(1  +  A2)CgP 
A  2  =  amplification  of  next  stage 

R  =  resistance  of  Ra  in  series  with  rp  and  Rb  in  parallel 
Rl  =  resistance  of  parallel  combination  of  Rb,  Rg,  and  rp 
17.  Effect  of  Screen  Grid.  The  screen  grid  must  be  effectively  at  cathode 
potential  for  the  signal  frequency.  This  is  accomplished  by  the  use  of  a 
relatively  large  bypass  condenser  whose  reactance  at  the  signal  frequency  will 
be  very  low.  If  we  define  N  as  the  gain  reduction  factor  for  a  given  bypass 
condenser  relative  to  the  infinite  value  of  Cs, 


N  = 


Now 


/ 

P2 

+  p^rjil^c:2 

V 

(P  +  Rs)2  +  P2R*w 

lCs2 

p 

Mi 

~  Gm 

h          Mi 

M2 

p 

__  _Mj_ 
gm 

ip 
■  —  approx. 

Is 

Cs  —  screen  bypass  condenser 

Rs  =  screen  dropping  resistor 

Gm  =  pentode  mutual  conductance 

/xi  =  triode  amplification  factor 

M2  =  pentode  amplification  factor 

rp  =  pentode  plate  resistance 

ip  =  plate  current 

is  =  screen  current 

co  =  2tt/ 

/  =  frequency  at  which  iV  is  to  be  calculated 

18.  Cathode  Bias  Resistor.  The  cathode  bypass  condenser  must  be 
employed,  for  pentode  amplifiers,  like  triode  amplifiers  or  current  feedback, 
will  decrease  the  gain  of  the  stage. 

If  S  is  the  ratio  of  gain  with  a  given  value  of  cathode  bypass  condenser  to 
the  gain  with  an  infinite  bypass  condenser: 


1    +    (wCtfc 


(1  +  WA0RC)2  +  (a>CcRc)2 
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where  W  = 


1 


+ 


Rl 


Aq(Rl  +  rp) 
co  =  2irf 

f  =  frequency  at  which  S  is  desired 
Cc  =  cathode  bypass  condenser 
Rc  =  cathode  resistor 
A0  =  gain  at  medium  frequency 
Rl  =  load  resistor 
rp  =  plate  resistance 
A  close  approximation  is  to  make  wCc  =  2.2  G„,  for  which  S  =  0.8. 

19.  Amplification  of  a  Pentode  Amplifier.  Actual  amplification  =  A0SN 
where  A0  is  the  gain  of  the  amplifier  at  the  given  frequency  if  both  screen 
and  cathode  were  bypassed  by  infinite  large  condensers  so  that  their  reactance 
was  approximately  zero. 

20.  Advantages  of  Pentode  Amplifiers.  The  gain  which  can  be  obtained 
per  stage  of  amplification  is  considerably  higher  with  pentode  tubes  than 
with  triodes.  This  makes  it  feasible  to  use  feedback  and  still  have  the  same 
over-all  gain  as  would  be  obtained  with  the  same  number  of  stages  of  triode 
amplifier  without  feedback. 

The  high-frequency  response  is  considerably  improved  for  the  same  value 
of  plate  load  since  the  Cgp  of  a  pentode  is  very  small,  and,  therefore,  C2  (the 
capacitance  shunting  the  plate  load)  is  small. 


R.  Power-Output  Stages 

In  many  applications  of  amplifiers  it  is  necessary  to  deliver  a  considerable 
amount  of  power  to  the  load.     Typical  examples  of  loads  requiring  power  are 


Fig.  5-48.     Push-Pull  Amplifier  Stage 


magnetic  oscillographs,  rectifier-type  output  meters,  and  loudspeakers.  In 
some  cases  a  single-ended  output  using  a  single  tube  will  be  satisfactory. 
In  this  case  the  tube  will  normally  be  of  the  power-output  type.  Since  the 
tube-plate  characteristic  curve  is  nonlinear,  considerable  distortion  may  occur 
for  large  input  signals.  This  distortion  can  be  reduced  by  using  a  large  amount 
of  inverse  feedback. 
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If  the  power  required  is  much  greater  than  the  rated  power  output  of  a 
single  tube,  push-pull  circuits  should  be  used  (see  Fig.  5-48). 

In  this  circuit  the  input  signal  is  applied  to  the  grids  of  two  tubes.  Because 
of  the  connections  in  the  input  transformer,  the  applied  signals  are  180°  out 
of  phase.  The  plates  of  the  two  tubes  are  connected  to  the  ends  of  a  center- 
tapped  primary  winding  of  the  output  transformer,  and  the  plate  supply 
voltage  is  connected  to  the  center  tap  of  the  winding.  One  feature  of  this 
circuit  is  that  even  harmonics  generated  in  the  plate  circuit,  owing  to  the 
nonlinearity  of  the  tube  characteristic,  will  be  much  less  than  for  a  single  tube. 
In  general,  from  two  to  three  times  the  power  output  for  the  same  percent- 
age even-harmonic  distortion  can  be  obtained  from  push-pull  amplifiers. 
The  input  transformer  may  be  eliminated  if  the  input  voltage  is  obtained 
by  a  phase-inverter  circuit. 

S.  Phase-Inverter  Circuit 

In  this  circuit  Ro  and  Rl  are  equal,  and  the  outputs  1  and  2  are  out  of 
phase  by  180°  (see  Fig.  5-49).     The  gain  is  very  low,  even  less  than  unity, 


Fig.  5-49.     Phase-Inverter  Circuit 

owing  to  the  high  degree  of  current  feedback.  In  practical  cases  the  stage 
gain  is  about  0.9.  The  advantages  over  a  transformer  are  that  the  distortion 
and  the  cost  are  considerably  less.  The  frequency  response  will,  in  general, 
be  better  with  the  phase  inverter  than  with  an  ordinary  push-pull  input 
transformer. 

T.  Oscillators 

In  some  of  the  strain-gage  systems  a  source  of  audio-frequency  voltage  or 
power  is  required.  Two  types  of  oscillators  are  readily  constructed  from 
commercial  parts:  the  resistance-tuned  and  the  phase-shaft  oscillators. 

The  resistance-tuned  oscillator  consists  of  a  two-stage  resistance-coupled 
amplifier  whose  output  is  coupled  to  its  input  by  means  of  a  frequency-selec- 
tive network  (see  Fig.  5-50a). 

If  a  voltage  Ex  of  variable  frequency  is  applied  to  the  circuit  shown  in 
Fig.  5-50a,  the  output  voltage  E2  will  vary  as  shown  in  Fig.  5-50&.  It  may 
be  noticed  that  this  curve  appears  much  like  a  resonance  curve  except  that 
it  is  very  broad. 
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A  circuit  of  an  oscillator  is  shown  in  Fig.  5-51.  Since  there  are  two  stages, 
there  will  be  a  total  phase  shift  of  360°,  and,  therefore,  positive  feedback  or 
regeneration  will  occur,  owing  to  the  path  consisting  of  the  selective  network. 
The  output  of  the  second  stage  is  also  fed  back  into  the  cathode  circuit  of  the 
first  stage.  This  will  result  in  negative  feedback  or  degeneration,  and 
the  amount  of  negative  feedback  is  determined  by  the  feedback  factor.     The 


e2 


(b) 


(a)  Frequency 

Fig.  5-50.     Frequency-Selective  Network 

(a)  Circuit 

(b)  Response  curve 

cathode  resistor  of  the  first  stage  is  a  tungsten-filament  3-watt  mazda  lamp, 
which  has  a  cold  resistance  of  some  200  ohms  and  a  hot  resistance  of  about 
2000  ohms.  Thus  the  feedback  factor  will  depend  on  the  tube  current  and 
feedback  path  current.  The  result  of  using  this  3-watt  mazda  lamp  is  that 
a  high  degree  of  amplitude  stability  is  attained. 

The  combination  of  a  broadly  tuned  circuit  having  a  maximum  at  the 
operating  frequency  and  regeneration  at  the  operating  frequency  together 


Fig.  5-51.     Simple  Oscillator  Circuit 

with  degeneration  at  all  frequencies  results  in  the  equivalent  of  an  oscillator 
with  a  sharply  tuned  resonant  circuit. 
The  oscillator  frequency  is  given  by  the  following  formula: 


when  RiCi  =  R2C2. 


f 


1 


2ttRiCi 
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The  frequency  stability  is  primarily  determined  by  the  two  resistors  and 
two  condensers,  R1R2  and  C\C%,  which  must  be  temperature-stable.  It  is 
recommended  that  silver  mica  capacitors  and  temperature-stable  resistors 
be  used. 

The  circuit  diagram  for  a  single-frequency  oscillator  of  this  type  for  approxi- 
mately 1000  cps  is  shown  in  Fig.  5-51. 

U.  Phase-Shift  Oscillator 

A  simple  oscillator  is  the  so-called  phase-shift  oscillator  in  which  a  single 
tube  and  a  phase-shift  network  are  used.     The  circuit  is  shown  in  Fig.  5-52. 
In  this  circuit  180°  phase  shift  is  provided  by  the  tube  and  the  other  180°  by 
a   three-section   RC   filter.     It 
can  be  shown  that  a  gain  of  29 
is  required  for  oscillation. 

If  Ri,  <$C  R  the  frequency  will 
be  given  by  the  following 
formula: 


/  = 


2tt  V6  RC 


A  6AC7  tube  is  very  suitable, 
giving  ample  gain  with  a  low 


Fig.  5-52.     Phase-Shift  Oscillator 


value  of  Rb. 

Both  the  phase-shift  oscillator  and  the  resistance-tuned  type  require  a 
buffer  amplifier  for  best  results.  For  most  applications  a  single  6F6  or  6V6 
with  a  high  percentage  of  feedback  will  be  satisfactory.  In  certain  applica- 
tions distortion  must  be  minimized,  and  so  a  phase  inverter  and  a  push-pull 
amplifier  should  be  used. 

V.  Discriminators — Circuits  for  Indicating  the  Sign  of  the  Strain 

When  an  a-c  bridge  is  followed  by  an  amplifier,  some  circuit  for  indicating 
phase  between  the  oscillator  voltage  and  bridge  unbalance  voltage  must  be 
provided  in  order  to  show  the  sign  of  the  strain.  In  general,  there  is  a  180° 
phase  shift  in  going  through  balance.  Most  of  the  circuits  are  based  on 
comparison  of  a  voltage  from  the  oscillator  with  the  amplified  unbalance 
voltage  from  the  bridge  circuit. 

In  the  circuit  shown  in  Fig.  5-53a  the  copper  oxide  bridge  is  used.  The 
amplified  unbalance  voltage  is  applied  across  two  opposite  corners  of  the 
bridge,  and  the  reference  signal  from  the  oscillator  is  applied  across  the  other 
two  corners.  This  is  a  full-wave  rectifier  circuit  in  which  voltages  are  either 
in  phase  or  180°  out  of  phase.  If  they  are  in  phase,  the  rectified  currents 
will  add,  but,  if  they  are  180°  out  of  phase,  the  rectified  currents  will  subtract. 
When  the  bridge  is  off  balance  the  polarity  of  the  direct  voltage  acting  on  the 
meter  depends  on  whether  the  voltage  unbalance  from  the  bridge  circuit  is 
in  phase  or  180°  out  of  phase  with  the  reference  voltage. 
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In  Fig.  5-536  a  Lissajou  figure  is  employed  to  show  the  sign  of  the  strain. 
This  is  a  very  simple  method  and  convenient  in  balancing  of  dynamic  strain- 
gage  bridges  where  a  cathode-ray  oscilloscope  must  be  provided  for  photo- 
graphic recording.  The  procedure  is  simply  to  note  which  way  the  ellipse 
is  inclined  for  tension  and  for  compression  on  a  known  test  bar;  then  the 
sign  of  an  unknown  strain  can  be  readily  determined  by  observing  the  direc- 
tion of  inclination  of  the  ellipse  due  to  the  strain. 

The  circuit  shown  in  Fig.  5-53c  is  an  electronic  mixer  in  which  a  local  signal 
from  the  oscillator  is  added  to  the  second  grid  of  a  dual  tube  having  both 
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(c)  Discrimination  by  Electronic  Mixing  Using  a  Dual  Tube 
Fig.  5-53a,  b  and  c.     Three  Methods  for  Indicating  Direction  of  Bridge  Unbalance 

plates  coupled  together.  The  plate  current  will  depend  on  the  sign  of  the 
bridge  output  signal.  This,  of  course,  requires  that  a  phase-shift  network  is 
provided  for  adjusting  the  phase  of  the  oscillator  voltage  so  that  it  is  either 
in  phase  with  the  voltage  unbalance  or  180°  out  of  phase  with  this  unbalance 
voltage.  This  circuit  has  many  advantages  such  as  elimination  of  special 
transformers,  copper  oxide  rectifiers,  and  so  on.  The  only  disadvantage  is 
the  necessity  of  using  a  phase-shift  network  for  initial  phase  adjustment. 

Another  circuit  which  is  used  in  several  commercial  instruments  is  shown 
in  Fig.  5-53<l  In  this  circuit  the  local  oscillator  signal  is  applied  by  the  use 
of  a  center-tapped  transformer.  The  two  ends  of  this  winding  are  connected 
by  two  equal  resistors  which  are  in  series.  The  signal  voltage  is  rectified  by 
copper  oxide  or  diode  rectifiers.  The  unbalance  voltage  from  the  bridge  cir- 
cuit is  amplified  and  applied  between  the  center  tap  of  the  transformer  wind- 
ing and  the  junction  of  the  two  resistors. 
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The  operation  of  this  circuit  is  as  follows:  When  the  phase  of  the  signal  is 
such  that  point  G  is  +  in  respect  to  point  F,  point  H  will  be  —  in  respect  to 
point  F.  The  direct  voltage  drop  from  C  to  D  and  D  to  E  will  be  equal  and 
opposite  for  successive  half-cycles.  Since  the  meter  has  a  long  period  com- 
pared with  the  time  of  a  half-cycle,  the  meter  will  not  deflect.  Now  if  a 
voltage  is  applied  from  A  to  B  of  the  same  frequency  and  either  in  phase  or 
180°  out  of  phase  with  the  voltage  G  to  F,  there  will  be  a  definite  voltage 
F<ce  applied  to  the  meter.  If  the  phase  of  EAB  is  reversed,  ECe  will  also 
reverse,  causing  the  meter  to  read  in  the  opposite  direction.  The  reference 
voltage  should  be  at  least  twice  as 
large  as  the  maximum  amplified 
unbalance  voltage  in  order  to  keep 
the  meter  reading  proportional  to  the 
unbalance  of  the  bridge  circuit.  o 
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Fig.  5-53d.     Discrimination  by  Copper 
Oxide  Rectification 


W.  D-C  Amplifiers 

When  static  strain  must  be  meas- 
ured, a  direct-coupled  amplifier  may 
be  used.  This  type  amplifier  has 
poor  stability,  and  the  zero  will  usu- 
ally drift  with  time.  This  drift  is  due 
to  random  conditions  at  the  cathode 
of  low-level  stages  and  to  small 
changes  in  emission  caused  by  tube 
aging,  supply  voltage,  and  the  like. 

Direct-coupled  amplifiers  employ- 
ing  four   cascaded   push-pull  stages 

have  been  constructed  with  a  gain  of  10,000  and  a  frequency  response  of  0  to 
30,000  cycles.  This  amplifier  will  produce  a  deflection  of  2  in.  on  a  3-in. 
cathode-ray  tube  for  an  alternating  strain  of  300  ^in.  when  type  C-l  strain 
gages  are  used. 

The  drift  is  minimized  by  using  the  push-pull  stages  which  are  coupled 
directly  from  plates  of  one  stage  to  grids  of  the  next.  Any  changes  in  plate 
supply  voltage  will  tend  to  cancel  if  both  tubes  are  identical.  The  cathodes 
are  tied  together  and  returned  to  ground  by  means  of  a  common  resistor. 

The  circuit  diagram  of  the  first  two  stages  is  shown  in  Fig.  5-54,  and  the 
block  diagram  of  the  amplifier  is  given  in  Fig.  5-55. 

It  was  found  that  very  good  regulated  voltage  supplies  were  required  for 
these  amplifiers  and  a  regulated  filament  supply  as  well.  Forced-draft  venti- 
lation was  provided  to  shorten  the  time  required  for  reaching  temperature 
equilibrium. 

The  circuit  diagram  of  the  last  two  stages  is  very  similar  to  that  of  the 
first  two  stages  except  that  two  separate  tubes  were  used  in  the  output  instead 
of  a  dual  tube. 

In  general  d-c  amplifiers  can  be  constructed,  but  the  problems  of  aging 
tubes,  tube  selection,  and  adjusting  the  amplifier  are  very  difficult.     This  is 
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Rt  is  adjusted  to  give  desired  bias  on  7\ 
R2  is  adjusted  to  give  desired  bias  on  T2 
R3  =  RA  feedback  resistances 
R5  —  R6  feedback  resistances 

Fig.  5-54.     First  Two  Stages,  D-C  Amplifier 
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Fig.  5-55.     Block  Diagram,  D-C  Amplifier  System 

the  primary  reason  that  manufacturers  have  hesitated  to  build  a  commercial 
unit. 

X.  Carrier  System 

When  low-frequency  dynamic  strain  must  be  measured,  a  carrier  system  is 
the  best  means  of  measurement.  This  system  is  less  critical  to  construct  and 
use  than  a  d-c  amplifier.  A  carrier  amplifier  equipped  with  system  for  indi- 
cating tension  and  compression  is  shown  in  Fig.  5-56.  Like  the  d-c  amplifier 
it  can  be  readily  calibrated  by  dead  loading.  The  carrier  frequency  can  be 
selected  between  60  and  10,000  cps.  Sixty  cycles  per  second  is  very  satis- 
factory for  dynamic  strains  of  6  cps.  As  a  general  rule,  the  carrier  frequency 
should  be  at  least  ten  times  the  highest  desired  modulation  frequency.  For 
many  strain  measurements  on  large  structures  such  as  bridges  and  steam 
shovels  a  carrier  of  500  to  1000  cps  will  give  good  results.  The  amplifier 
should  be  designed  to  pass  a  limited  band  of  frequencies  since  the  noise  level 
is  determined  by  the  band  width. 
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For  certain  applications  in  laboratory  measurements,  the  leads  to  the  strain- 
gage  bridge  can  be  kept  very  short,  and  10,000-cycle  carrier  systems  can  be 
used. 

Figure  5-57  shows  the  circuit  diagram  of  a  simple  three-stage  pentode 
amplifier  having  a  response  curve  as  shown  in  Fig.  5-58.  The  coupling  con- 
densers are  much  smaller  in  value  than  would  normally  be  used  in  a  public- 
address  or  similar  amplifier.  Current  feedback  is  employed  in  order  to 
improve  stability  and  decrease  the  effect  of  the  variations  between  tubes. 
A  regulated  power  supply  is  used  in  order  to  further  improve  stability. 
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200  400       600  1000  2000  4000     6000       10,000 
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Fig.  5-58.     Frequency  Response  Curve  of  the  Amplifier  Shown  in  Fig.  5-57 


A  step  attenuator  can  be  used  to  give  the  amplifier  four  ranges,  in  steps  of 
1,  2,  5,  and  10.     If  the  attenuator  is  used,  it  can  be  installed  in  place  of  R6. 

Y.  Design  of  an  Amplitude-Modulation  Strain-Gage  Amplifier 

The  first  step  in  the  design  of  an  amplitude-modulation  strain-gage  system 
is  to  determine  the  signal  output  from  the  bridge  circuit.  In  Fig.  5-59  the 
output  in  millivolts  per  volt  of  bridge  excitation  as  a  function  of  the  strain 
is  presented  in  graphical  form.  This  curve  is  constructed  for  type  A-l  strain 
gages.  The  signal  to  be  obtained  can  be  determined  by  multiplying  the  value 
from  the  curve  by  the  number  of  volts  of  bridge  excitation  to  be  used. 

The  maximum  safe  bridge  voltage  depends  on  the  thermal  conductivity 
of  the  base  member  to  which  the  gage  is  attached.  When  the  gage  is  mounted 
on  metal,  a  bridge  voltage  of  6  volts  can  be  applied :  when  the  gage  is  mounted 
on  wood,  concrete,  plastic,  or  similar  materials,  a  bridge  voltage  of  1  to  2 
volts  can  be  employed  without  excessive  creep. 

The  second  step  in  the  design  is  to  determine  the  output  voltage  required. 
If  a  cathode-ray  oscilloscope  is  to  be  used,  the  deflection  sensitivity  can  be 
obtained  from  the  data  by  the  tube  manufacturer.  A  typical  3-in.  tube  will 
require  about  75  direct  volts  per  inch  of  deflection.  Since  the  signal  applied 
to  the  output  stage  is  a  sinusoidal  carrier  modulated  by  the  strain,  the  output 
signal  will  be  150  volts  peak  to  peak  for  a  2  in.  peak-to-peak  deflection.  This 
output  can  be  obtained  by  a  6AG7  video  output  pentode  with  a  signal  of 
approximately  4  volts  peak  to  peak. 

The  third  step  is  to  determine  the  required  gain  of  the  remaining  stages  by 
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taking  the  ratio  of  the  4  volts  to  the  bridge  signal.  The  circuit  component 
values  required  for  the  amplifier  can  be  determined  from  the  amplifier  analysis 
shown  in  previous  sections  or  by  referring  to  the  audio-amplifier  section  of  the 
RCA  tube  manual. 
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Fig.  5-59.     Unbalance  Voltage  versus  Strain  for  Type  A-l  Strain  Gages 

In  Fig.  5-56  the  circuit  of  a  special  amplifier  is  shown.  This  amplifier  has 
a  circuit  for  indicating  the  sign  of  the  strain.  In  Fig.  5-60  the  initial  offset 
corresponding  to  zero  strain  results  in  a  deflection  of  1  in.  A  compressive 
strain  corresponding  to  500  juin.  will  produce  a  deflection  of  approximately 
zero,  and  a  tension  strain  of  500  /xin.  will  produce  a  deflection  of  2  in.     This 
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Fig.  5-60.     Schematic  Representation  of  Strain  versus  Time  by  Showing  Balance, 
Tension,  and  Compression  in  Carrier  System 

is  accomplished  by  the  use  of  the  mixer  circuit  shown  in  Fig.  5-53c.  In  this 
circuit  a  carrier-frequency  signal  is  applied  to  one  grid  of  the  6SN7  tube, 
and  the  amplifier-bridge  unbalance  signal  is  applied  to  the  other.  The  phase- 
shifting  network  is  provided  so  that  the  initial  place  can  be  adjusted  to  be 
either  180°  out  of  phase  or  in  phase  with  the  signal.     Since  the  bridge  will 
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result  in  a  180°  phase  shift  in  going  from  a  tension  to  a  compression  strain, 
the  pattern  of  Fig.  5-60  will  result. 

A  step  attenuator  for  adjusting  the  magnitude  of  the  signal  applied  to 
the  signal  grid  of  the  mixer  is  provided.     Since  this  attenuator  does  not  affect 
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Fig.  5-61.     Effect  of  Coupling  Condenser  on  Amplifier  Response 

the  reference  signal  applied  to  the  other  grid,  changing  amplifier  ranges  will 
not  change  the  offset  or  reference  deflection.  If  this  offset  were  produced  by 
initially  unbalancing  the  bridge  in  a  tension  or  compression  direction,  it 
would  change  with  the  amplifier  sensitivity  range. 
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Fig.    5-62.     Effect    of    Shunting    Capacitance    across    Plate   Load    on    Amplifier 

Response 

The  optimum  plate-load  resistor  R  in  Fig.  5-56  depends  on  tube  character- 
istics but  should  be  about  5000  to  10,000  ohms. 

A  feedback  loop  is  provided  over  the  first  two  stages  and  used  as  an  initial 
gain  adjustment. 

The  curves  shown  in  Fig.  5-61  and  Fig.  5-62  will  be  of  considerable  value 
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in  designing  amplifier  circuits.  It  should  be  remembered  that  the  gain  of  a 
multiple-stage  amplifier  is  the  product  of  the  gains  of  the  individual  stages, 
and  the  phase  shift  is  the  sum  of  the  phase  shifts  of  the  individual  stages. 

Z.  Recording  Methods 

There  are  three  recording  systems  which  are  commonly  used  for  recording 
dynamic-strain  versus  time  curves.  The  first  system  is  the  cathode-ray  oscil- 
loscope in  which  the  electron  beam  is  deflected  in  one  direction  by  the  voltage 
from  the  output  of  a  strain-gage  amplifier.  The  time  axis  is  provided  by 
photographing  the  cathode-ray  trace  with  a  continuous-motion-film  camera. 
The  line  trace  is  at  right  angles  to  the  direction  of  film  travel.  This  system 
is  capable  of  recording  low  or  high  frequencies,  depending  only  on  the  optical 
system  and  film  exposure  time.     Figure  5-63  shows  this  type  of  recording. 


Fig.   5-63.     Typical   Record  of   Moving-Film   Type  of  Recording.     Amplitude- 
Modulated  Method.     Strain  Measurement  on  Press  Break 

This  is  a  high-impedance  recording  system  and  can  be  connected  to  voltage- 
amplifier  circuits. 

The  second  method  of  recording  is  to  apply  a  sawtooth  time  trace  to  the 
oscilloscope  instead  of  providing  the  time  axis  by  a  moving  film.  If  a  single- 
sweep  type  of  circuit  is  employed,  the  camera  lens  can  be  left  open  during 
the  measurement  and  closed  after  the  single  sweep  has  occurred.  Figure 
5-64  shows  more  records  made  by  this  type  of  recording.  This  system  of 
recording  has  the  advantage  that  any  camera  with  a  suitable  lens  can  be 
employed.  It  is  best  to  use  a  lens  with  a  speed  of  f2  or  higher  if  high-fre- 
quency dynamic  strains  are  to  be  measured.  Another  advantage  of  this  type 
of  recording  is  that  the  only  film  used  is  the  single  frame,  whereas  in  the 
continuous-drive  film  system  many  feet  of  film  are  wasted.  For  all  photo- 
graphic recordings  from  the  cathode-ray  tubes,  type  Pll  cathode-ray-tube 
screens  should  be  used. 

The  third  method  of  recording  is  the  magnetic  oscillograph.  These  oscil- 
lographs are  available  in  multichannel  models  for  recording  on  films  or  paper. 
The  oscillograph  consists  of  a  galvanometer  and  light  source,  optical  system, 
and  recording  film.  A  typical  magnetic  oscillograph  recording  on  paper, 
showing  a  damped  vibration  in  aluminum  is  demonstrated  by  Fig.  5-65.  The 
galvanometers  are  of  two  general  types,  the  moving-coil  and  the  bifilar  type. 
The  moving-coil  types  are  very  similar  to  a  D'Arsonval  galvanometer  of  the 
reflecting  type. 

The  moving-coil  types  are  limited  to  low-frequency  measurements  since 
there  is  considerable  mass  to  the  moving  system.  They  are  capable  of  a  high 
degree  of  current  sensitivity  and  can  be  readily  matched  to  an  amplifying 
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system.  Since  the  galvanometers  are  current-operated,  they  require  less 
voltage  amplification  than  cathode-ray  oscillographs.  This  is  a  decided 
advantage  for  field  work  or  low-frequency  strain,  acceleration,  and  so  on. 

The  bifilar  system  consists  of  a  hairpin-shaped  strip  of  metal  with  a  mirror 
mounted  across  the  hairpin.  The  deflection  of  this  system  in  a  magnetic 
field  is  directly  proportional  to  the  current.     Since  the  mass  of  the  moving 
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Fig.     5-65.     Typical     Magnetic-Oscillograph     Recording    on     Paper.     Damped 
Vibration  in  Aluminum  Strip 

system  is  very  small,  the  frequency  response  can  be  extended  to  several 
thousand  sinusoidal  cycles.  The  sensitivity  is  considerably  less  than  the 
moving-coil  type.  This  bifilar  type  has  a  low  impedance  and  is  usually  trans- 
former-coupled to  an  amplifier. 

AA.  Filter  Circuits 

When  carrier  systems  are  employed,  it  is  advantageous  to  use  filter  circuits 
to  eliminate  unwanted  frequencies,  such  as  60-cycle  interference  due  to  indue- 
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tion  from  nearby  electric-power  systems,  and  120-cycle  voltage  emanating 
from  power-supply  ripple.  In  the  elimination  of  such  interference  and  in 
performing  many  other  functions  in  electric  networks,  several  types  of  cir- 
cuit structure  are  available.  In  the  following,  filters  are  described  which 
may  be  broadly  classified  as: 

1.  RC  filters.  I   These  are  standard  notations.     RC  stands  for  Resistance  X 

2.  LC  filters,  j      Capacitance  and  LC  stands  for  Inductance  X  Capacitance. 

3.  Filters  inserted  in  a  feedback  loop. 

Each  of  these  basic  systems  is  briefly  described,  and  basic  design  formulas 
are  included. 

21.  RC  Filter  Circuits.     Fig.  5-66  illustrates  simple  RC  filters  as  used  in 
the  design  of  resistance-coupled  amplifiers.     The  attenuation  at  the  undesired 


R 

-vw 


X 
X 


E2 
-o 


(a)  RC  Filter  Circuit  Type  I 


(b)  RC  Filter  Circuit  Type  II 
Fig.  5-66.     Simple  RC  Filter  Circuits 

frequencies  is  too  low  for  real  effective  elimination  in  these  circuits.  The 
cutoff  frequency  fc  and  the  frequency  of  desired  network  response  are  given 
for  these  circuits  by 


fc 


1 


2ttRC 


f  =  fc 


-  1 


where /c  =  cutoff  frequency  (\XC\  =  \R\) 

f  =  desired  network  response  frequency 
22.  LC  Filters.  LC  filters  may,  of  course,  be  constructed  in  any  of  several 
basic  circuit  forms,  one  of  the  most  common  being  the  "ladder-type"  net- 
work, so  called  because  of  its  formation  from  several  "T"  or  "ir"  sections. 
A  "T"  section  is  shown  in  Fig.  5-67o.  The  series  impedance  Zx  is  divided 
into  two  equal  arms  on  either  side  of  the  shunting  impedance  Z2.  The  other 
basic  circuit  or  filter  section  is  a  "tt"  section;  the  schematic  configuration  of 
which  is  shown  in  Fig.  5-676.  Low-pass,  high-pass,  band-pass,  and  band- 
elimination  filters  are  commonly  constructed  of  several  of  these  sections  con- 
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nected  together.     These  so-called  composite  filters  come  under  two  different 
headings : 


1.  The  constant-K  filter. 

2.  The  M-clerived  filter. 

The  constant-iv  type  filter  is  one 
constructed  of  "T"  or  "ir"  sections 
in  which  Zi  and  Z2  are  constants. 
This  type  of  filter  is  of  much  sim- 
pler design  than  the  M  derived  type; 
however,  it  is  not  so  flexible.  In 
addition,  there  are  two  features 
which  make  difficult  its  use  in  exact- 
ing filtering  requirements.  First, 
the  "characteristic"  or  "surge" 
impedance  does  not  approximate  a 
constant  value  over  the  transmis- 
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(b)  LC  Filter  Circuit  w  Type 
Fig.    5-67.     Simple  LC    Filter    Circuits 
sion    range;    and,    second,    the    transmission    range    boundaries   are   not   so 


TABLE  5-8 
Design  Data  for  Constant-K  Filters 


Constant-^:  Filter 


Type 


Series  Arm  (Zt) 


Shunt  Arm  (Z2) 


Notation 


Low  pass 


c^-fTJW^^ 
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*•/, 
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TTf.R 


fc  =  cutoff 
frequency 

R  =  terminating 
impedance 


High  pass 
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4*f, 


iitf.R 


fc  =  cutoff 
frequency 


R  =  terminating 
impedance 


Band  pass 
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f2  =  upper  cutoff 
frequency 

f  =  lower  cutoff 
frequency 
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Band 
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C2d=         ~2       W** 


f2  =  upper  cutoff 
frequency 


/j  =  lower  cutoff 
frequency 
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sharp  or  abrupt  as  they  should  be.  However,  in  many  instances  these 
shortcomings  can  be  easily  overlooked,  and,  in  view  of  the  simple 
design  procedure  and  simpler  circuit  arrangements,  this  type  of  filter 
is  often  the  more  practical. 

The  M-derived  filter  is  a  composite  ladder-type  filter  constructed  of  several 
"T"  or  "t"  type  structures.  The  design  is  rather  complicated  and  is  beyond 
the  scope  of  this  discussion.  Let  it  suffice  to  say  that  filters  of  very  sharp 
cutoff  and  widely  varying  transmission  characteristics  can  be  constructed. 

Table  5-8  is  one  that  may  be  used  in  designing  a  constant-K  filter.  The 
fundamental  data  required  are  the  impedance  into  which  the  filter  is  to  work 
R,  and  the  cutoff  frequency  (in  the  case  for  the  low-pass  or  high-pass  filter) 
or  the  frequency  limits  (in  the  case  of  a  band-pass  or  band-elimination  filter). 

The  table  gives  values  for  the 
series  impedance  Zv  and  the 
shunt  impedance  Z2;  these 
values  are  arranged  in  either 
"T"  or  "71-"  form  as  shown 
in  the  diagrams. 

All  of  the  formulas  assume 
dissipationless  elements.  In 
a  practical  filter  the  coils  have 
an  appreciable  resistance  and, 
therefore,  this  dissipation  must 
be  corrected  by  adding  the 
coil  Q. 

„       coL 


Fig.  5-68. 
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where  Q  =  figure  of  merit  of 
the  coil 

CO    =    27r/ 

r  =  coil  resistance 
The     attenuation     of     the 
band-pass  filter  at  the  mid-band  frequency  is  given  by  the  following  formula 
(for  dissipationless  coils) : 

Zx 


cosh  a  =  I  -\- 


ZZ-, 


From  the  literature  on  filters,  if  Q  is  greater  than  20: 

z,       z  /    /„, 


decibels  approx. 


ZZ2      Q2  \/2  -  / 
17.3        /,„ 


q    n-n 


The  attenuation  at  the  cutoff  frequencies  /2  and  /i  can  be  obtained  from  the 
curve  in  Fig.  5-68 
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BB.  Filters  Inserted  in  a  Feedback  Loop 

The  desired  narrow-band  characteristic  can  be  obtained  by  inserting  a 
band  rejection  RC  filter  in  the  feedback  loop  of  a  three-stage  feedback  ampli- 
fier.    The  block  diagram  of  this  system  is  shown  in  Fig.   5-69a.     Figure 
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(c)  T  Rejection  Network  in  Feedback  Loop  of  Amplifier 

C6  =  Q  =  %ct'<  r5=zR6  =  2R1;  R5-  23c£ 
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Fig.  5-69.     Narrow-Band-Pass  Circuit 

5-69c  shows  the  narrow-band  pass  circuit  obtained  by  inserting  equivalent 
"T"  rejection  network  in  feedback  loop  of  amplifier. 

CC.  The  Cathode  Follower 

The  problem  of  connecting  low-impedance  cables  to  high-impedance  ampli- 
fier circuits  can  be  solved  by  the  use  of  a  circuit  called  a  cathode  follower. 
The  circuit  is  shown  in  Fig.  5-70. 

In  this  circuit,  the  resistance  is  common  to  both  grid  and  plate  circuits. 
This  circuit  will  be  recognized  as  a  special  form  of  the  current-feedback  circuit 
in  which  the  usual  plate-circuit  load  resistance  has  been  transferred  to  the 
cathode  circuit. 

The  gain  of  this  circuit  is  given  by  the  following  equation: 

A  nRCl 

rp  +  RCi(l  +  n) 
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where  /x  =  amplification  factor 

rp  =  plate  resistance 
This  circuit  gain  will  always  be  less  than  unity. 

The  input  resistance  is  given  by  the  following  equation: 


R  = 


Ro 


1  -  A 

The  input  capacitance  is  given  by 

Cgk 


Kj    —    ^gp  "t" 


1  +  gmRCl 


Fig.  5-70.     Cathode-Follower  Circuit 


The  output  impedance  is  given  by 
the  following  relation: 

r  1 

^output  =  — —     or  approx.     — 

1  +  M  9m 


The  cathode  followers  are  of  advantage  for  the  following  purposes: 

1.  To  match  a  high-impedance  device  to  a  low-impedance  transmission  line. 

2.  As  a  coupling  device  in  wide-band  amplifiers,  to  prevent  the  "Miller 
effect"  from  lowering  the  frequency  response  of  preceding  stages.  This 
makes  it  feasible  to  use  triode  stages  coupled  by  cathode  followers  instead  of 
pentode  amplifiers. 

3.  As  a  wide-band  electronic  attenuator  which  is  relatively  free  of  frequency 
or  phase  distortion. 

DD.  Regulated  Power  Supplies 

The  simplest  form  of  regulated  power  supply  is  the  voltage-regulator  tube. 
These  tubes  are  designed  to  maintain  a  reasonable  constant-voltage  drop 
over  a  considerable  range  of  load 
current.  They  are  fairly  satisfac- 
tory for  regulating  the  voltage  for 
voltage-amplifier  stages.  The  low- 
output  voltage  limits  the  number  of 
applications  of  these  tubes.  This 
type  of  regulation  is  shown  in  Fig. 
5-71. 

23.  Series-Tube  Regulators. 
The  series-tube  regulator  consists 
of  a  tube  in  series  with  the  load. 
The  grid-bias  voltage  for  the  series 
tube  is  derived  from  the  amplified  differential  between  the  output  voltage 
and  a  reference  voltage.  The  bias  for  the  series  tube  will  tend  to  maintain  a 
constant-output  voltage  for  reasonably  large  fluctuations  of  load.  The  cir- 
cuit is  shown  in  Fig.  5-72. 

By  adjusting  the  screen  voltage  of  the  6SJ7  tube,  the  power-supply  regula- 


Load 
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7=  full -load  current  rating  of  tube 


Fig.  5-71. 
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tion  can  be  adjusted  so  that  the  output  voltage  is  constant  over  broad  fluctua- 
tions of  load  or  line  voltage. 

Several  variations  of  this  circuit  can  be  employed  such  as  obtaining  screen 
voltage  from  the  output  side.     A  simple  RC  filter  in  the  grid  circuit  of  the 


110 

alternating 
volts 
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Fig.  5-72.     Series-Tube  Voltage  Regulator 


Tube  current  adjusted 
to  1  milliampere 


+  250  volts 


Trigger 
microswitch    7-5  vol£ 

Six' 


Output  to  CRO 
i 
22.5  volts 
Fig.  5-73.     Single-Sweep  Circuit 

pentode  tube  is  sometimes  employed  to  delay  the  response  and  minimize 
overshooting. 

The  resistance  R  should  be  designed  for  about  10  per  cent  of  the  full-load 
rating  of  the  VR  tube. 

24.  Single-Sweep  Circuits.  Commercial  cathode-ray  oscilloscopes  are 
normally  equipped  with  continuous-sweep  circuits.     Although  these  can  be 


234     ELECTRICAL-RESISTANCE  GAGES  AND  CIRCUIT  THEORY 

modified  to  give  a  single  sweep,  it  is  usually  better  to  provide  an  external 
single-sweep  generator.     A  suitable  circuit  is  shown  in  Fig.  5-73. 

The  condenser  is  normally  charged  and  is  discharged  when  a  pulse  is  applied 
to  the  grid  of  the  gas  tube.  The  condenser  then  charges  at  constant  current 
through  the  pentode  tube.  The  cathode-follower  amplifier  is  provided  to 
furnish  a  low-impedance  output  so  that  several  oscilloscopes  can  be  connected 
in  parallel. 

Although  a  microswitch  triggering  circuit  is  shown  in  the  diagram,  photo- 
electric triggering  systems  can  be  readily  adapted. 

The  same  triggering  pulse  can  be  used  to  trip  a  one-shot  multi-vibrator 
circuit  for  producing  a  square-wave  brightening  pulse  for  brightening  the 
cathode-ray  trace  during  the  sweep. 

EE.  Application  of  Resistances  Strain  Gages  to  the  Measurement  of 
Other  Physical  Qualities 

Where  it  is  possible  to  relate  other  physical  quantities,  such  as  pressures, 
accelerations,  displacements,  forces,  and  temperatures,  to  a  strain,  it  is  possible 
to  use  the  electrical-resistance  type  of  strain  measurement  as  a  measure  of 
these  other  mechanical  quantities.  In  each  case,  it  is  only  necessary  to 
arrange  for  a  known  relation  to  exist  between  the  strain  and  the  quantity  to 
be  measured.  This  sometimes  can  be  done  by  direct  measurement  on  part 
of  a  machine  or  structure  or  by  using  the  strain  gage  as  part  of  a  pickup  unit 
which  it  is  necessary  to  add  in  order  to  establish  the  desired  relation.  There 
is  a  large  number  of  different  arrangements  that  can  be  made  for  these  pur- 
poses, and  only  a  few  of  the  very  simple  ones  are  shown  here  to  illustrate  the 
possibilities  of  adapting  this  type  of  equipment  for  a  broader  measurement 
use.  Naturally,  in  constructing  these  instruments,  the  same  principles  of 
design  must  be  followed  as  in  using  any  other  type  of  mechanism  for  measuring 
mechanical  quantities. 

In  the  case  of  the  accelerometer,  several  simple  arrangements  are  indicated 
in  Fig.  5-74a.  The  first  is  simply  a  cantilever  beam  with  a  mass  attached  to 
the  end  and  gages  placed  so  as  to  measure  the  bending  of  the  beam.  The 
bending  becomes  proportional  to  the  acceleration  of  the  instrument  when  the 
natural  frequency  of  the  instrument  is  higher  than  the  frequency  of  the  phe- 
nomenon to  be  measured.  Naturally,  some  means  of  damping  has  to  be 
added  in  the  same  manner  as  in  the  design  of  any  accelerometer  pickup,  and 
the  instrument  cannot  be  used  to  measure  accelerations  of  high  frequencies, 
since  the  instrument  itself  has  a  low  natural  frequency,  and  the  highest  fre- 
quency of  the  measured  acceleration  should  not  be  greater  than  a  third  of 
the  natural  frequency  of  the  instrument.  Since  the  displacements  of  the 
mass  in  this  type  of  instrument  to  produce  bending  may  be  fairly  large,  suc- 
cessful magnetic  damping  may  be  possible.  Figure  5-74d  shows  the  circuit 
for  use  with  this  type  of  gage  application.  If  it  is  desirable  to  increase  the 
frequency  response  of  the  accelerometer,  the  arrangement  shown  in  Fig.  5-74c 
may  be  used.  This  consists  of  a  thin-walled  tube  with  a  series  of  gages 
arranged  longitudinally  around  the  cylinder  circumference.     Although  this 


APPLICATION  OF  RESISTANCES  STRAIN  GAGES 


235 


structure  can  be  designed  to  have  very  high  natural  frequency,  its  sensitivity 
may  not  be  too  large,  and  it  is  practically  impossible  to  attain  suitable  damping. 
Following  the  well-known  principles  of  mechanics,  the  device  suggested  in 
Fig.  5-74a  as  an  accelerometer  will,  of  course,  act  as  a  displacement  meter  for 
frequencies  considerably  higher  than  the  natural  frequency  of  the  instrument. 
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Fig.  5-74. 


(e)  Circuit  to  Be  Used  in  Bending 
When  the  Output  from  the 
Compression  and  Tension 
Gages  Are  to  Add 

Application  of  Resistance-Type  Strain  Gages  for  Physical  Measure- 
ments 


In  order  to  measure  pressures,  a  gage  may  be  placed  so  as  to  measure  the 
variation  of  strain  with  pressures  in  a  diaphram  or  thin-walled  tube.  One 
method  for  doing  this  is  shown  in  Fig.  5-746.  This  kind  of  setup  allows  for 
remove  indication  of  pressure  changes.  However,  in  devices  of  this  kind, 
the  gage  should  be  bonded  with  Bakelite.  Many  applications  of  the  resist- 
ance-wire-gage principle  have  been  made  for  weighing  and  measuring  objects 
in  the  industrial  plants  by  simply  measuring  the  strains  in  various  parts  of 
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equipment  such  as  in  the  hooks  and  attachments  for  cranes  and  on  the  shafts 
and  connecting  rods  of  various  rotating  equipment.  A  common  use  is  in 
dynamometer  bars  to  measure  drawbar  pull  on  various  types  of  equipment. 
For  force  and  direct-pressure  measurement  an  unbonded  type  of  pickup 
such  as  the  Statham  pickup  units  is  often  used.  Force  plates  have  been 
designed  to  weigh  dynamically  various  vertical  and  horizontal  loads  such  as 
might  be  exerted  by  aircraft  on  the  apron  during  the  warm-up  periods.  There 
are  a  number  of  ways  in  which  the  wire-resistance  gage  can  be  adapted  to 
measurements  of  particular  physical  quantities.  All  that  is  required  is  a 
little  thought  and  care  in  the  design.  In  all  these  cases  the  electronic  equip- 
ment necessary  for  control  is  similar  to  that  indicated  in  the  preceding  dis- 
cussions throughout  the  chapter. 
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A.  Definition.     General  Types 

An  electric-inductance  gage  is  a  device  in  which  the  mechanical  quantity 
to  be  measured  produces  a  change  in  the  magnetic  field,  and,  hence,  in  the 
impedance,  of  a  current-carrying  coil.  The  impedance  of  a  coil  depends  on 
its  inductance  and  on  its  effective  resistance,  and  either  or  both  of  these 
quantities  can  be  made  sensitive  to  the  mechanical  quantity  being  measured. 
The  inductance  which  is  changed  can  be  either  the  self-inductance  of  the  coil 
or  its  mutual  inductance  with  respect  to  another  coil. 

The  self-inductance  of  an  air-core  coil  depends  on  its  shape,  dimensions, 
and  number  of  turns.  Since  these  are  properties  which  are  not  easily  changed 
by  mechanical  force  or  displacement,  air-core  coils  are  not  often  used  in  electric 
gages.  The  exception  is  the  type  of  device  in  which  the  mutual  inductance 
between  two  air-core  coils  is  changed  by  changing  their  relative  position. 
The  inductance  of  an  iron-core  coil  depends  principally  on  the  number  of 
turns  and  on  the  reluctance  in  the  magnetic  circuit.  Its  resistive  component 
of  impedance  depends  principally  on  the  losses  in  the  magnetic  circuit. 
Reluctance  and  loss  can  easily  be  made  a  function  of  force  or  position,  and 
so  iron-core  coils  are  well  suited  for  use  as  electric  gages. 

Electric-inductance  gages  can  be  classified  according  to  the  method  they 
use  for  varying  impedance. 
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gages  in  which  the  losses  in  the  mag- 


1.  Variable-air-gap  gages  (Fig.  6-la)  are  gages  in  which  the  reluctance  of 
the  magnetic  circuit  is  varied  by  changing  the  air  gap. 

2.  Movable-core  solenoid  gages  (Fig.  6-16)  are  gages  in  which  the  reluctance 
of  the  magnetic  circuit  is  varied  by  changing  the  position  of  the  iron  core  in 
the  coil. 

3.  Eddy-current  gages  (Fig.  6-lc)  are 
netic  circuit  are   varied  by   changing 
the  thickness  or  position  of  a  high-loss 
element  inserted  in  the  magnetic  field. 

4.  Magnetostriction  gages  Fig.  ti-ld 
are  gages  in  which  the  reluctance  of 
the  magnetic  circuit  is  varied  by 
changing  the  stress  in  the  magnetic 
core  of  the  coil. 


=;     - 


B.  Fundamental  Relationships 

The  impedance  of  a  coil  to  the  pas- 
sage of  alternating  current  is  given  by 
the  expression, 


(a) 


Fig. 


Z  =  a/(2tt/L)2  +  R2  (1) 

where  Z  =  impedance  in  ohms,  /  =  fre- 
quency of  current  in  cycles  per  second, 
L  =  inductance  of  coil  in  henrys, 
R  =  resistive  component  in  ohms. 

In  a  coil  of  high  "quality  factor," 
q,  2x/L  is  large  compared  to  R  and  the 
impedance  varies  almost  in  proportion 
to  the  inductance. 

The   action   of   the   variable-air-gap 
gage  is  shown  by  the  expression  for  the 
inductance  of  an  iron-core  coil,  the  magnetic  core  of  which  contains  a  small 
air  gap. 

3.19  V2 

(2) 


(c)  (d) 

6-1.     Basic   Forms  of   Electric- 
Inductance  Gages 

(a)  Variable  air  gap 

(b)  Moving-core  solenoid 

(c)  Eddy  current 

(d)  Magnetostriction 
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U  U 
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where  L  =  inductance  in  henrys,  V  =  number  of  turns,  U  =  length  of  iron 
magnetic  circuit  in  inches,  l„  =  length  of  air  gap  in  inches,  n  =  permeability 
of  magnetic  material  at  the  maximum  alternating  flux  density,  a%  =  cross 
section  of  iron  in  square  inches,  aa  =  cross  section  of  air  gap  in  square  inches. 
If  the  permeability  of  the  iron  p.  is  sufficiently  high,  almost  all  the  reluctance 
of  the  magnetic  circuit  is  in  the  air  gap  and  U/fxcii  is  very  small  relative  to 
la/cia.     Equation  2  then  reduces  to 


L  =  —  X  3.19V2  X  10-8 


(3) 
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The  expression  aa/la  is  called  the  permeance  of  the  air  gap.     Permeance  is 
the  reciprocal  of  reluctance. 

The  relationship  between  the  voltage  applied  across  a  coil  and  the  flux 
density  in  its  core  is 

E  =  AAABaXf  X  lO"8  (4) 

where  E  =  voltage,  B  =  flux  density  in  lines  per  square  inch,  N  =  number 
of  turns,  a  =  cross  section  of  core  in  square  inches,  and  /  =  frequency  in 
cycles  per  second  of  the  applied  voltage. 


-  2 


Zero  stress 

SlVb  psi  ^^ 

/l4 

20  psi  / 

2840  psi 

0  4  8  12  16  20 

Field  strength,  oersteds 

Fig.  6-2a.     Effect  of  Tensile  Stress  on  the  Magnetization  Curve  of  Nickel17 

From  the  foregoing  it  may  be  seen  that  under  ideal  conditions  the  imped- 
ance of  an  iron-core  coil  varies  inversely  with  the  length  of  the  air  gap  in  the 
magnetic  circuit.  If  the  motion  to  be  measured  is  a  large  percentage  of  the 
initial  air  gap,  very  large  changes  in  impedance  can  be  produced,  and  large 
amounts  of  electric  energy  become  available.  Therefore,  the  variable-air-gap 
gage  is  one  of  the  best-known  methods  of  converting  small  motions  into  high- 
energy  electric  signals. 

The  inverse  linear  relationship  between  permeance  and  length  of  gap  holds 
only  for  cases  where  the  length  of  the  gap  is  small  relative  to  its  cross-sectional 
dimensions.  For  larger  gaps  the  fringing  flux  becomes  important,  and  a  point 
is  finally  reached  where  further  increase  in  length  produces  negligible  decrease 
in  impedance.  For  larger  motions  it  is  possible  to  make  use  of  the  direct 
linear  relationship  between  permeance  and  gap  area  by  moving  one  part  of 
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the  gage  in  a  direction  perpendicular  to  the  flux  lines  in  the  air  gap.  This 
arrangement  has  the  disadvantage  that  it  is  difficult  to  guide  the  motion 
with  sufficient  accuracy  to  prevent  changes  in  the  length  of  the  gap.  For 
large  motions  it  is  more  advisable  to  use  the  moving-core  solenoid. 

14 
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Fig.  6-26.     Effect  of  Tensile  Stress  on  the  Magnetization  Curve  of  "68  Perm- 
alloy"17 

The  inductance  of  a  long  solenoid  of  small  cross  section  a  sq.  in.  filled  through 
I  in.  of  its  length  with  magnetic  material  of  permeability  n  is  approximately 


L  =  3.19/nV*  X  IO- 


CS) 


where  n  in  this  case  is  turns  per  inch  of  length.  Therefore,  to  a  first  approxi- 
mation, the  inductance  increases  linearly  as  the  core  enters  the  coil.  This 
formula  shows  the  principles  involved  but  is  not  sufficiently  accurate  for  use 
in  designing  a  solenoid.  For  accurate  design  work  it  is  necessary  to  deter- 
mine the  reluctance  of  the  air  path  inside  and  outside  the  coil  by  means  of 
graphical  flux-mapping  methods. 

Eddy-current  gages  find  application  in  special  fields,  such  as  the  measure- 
ment of  motion  and  of  the  thickness  of  nonferrous  sheets.  The  impedance  of 
an  a-c  electromagnet,  particularly  its  resistive  component,  depends  on  the 


242 


ELECTRIC-INDUCTANCE  GAGES 


currents  generated  by  the  alternating  flux  in  the  iron  core  and  in  any  other 
conducting  material  through  which  the  flux  passes.  These  currents  are  known 
as  eddy  currents,  and  the  power  dissipated  by  them  depends  on  the  resistivity 
and  thickness  of  the  material  in  which  they  occur. 

Magnetostriction  gages  depend  for  their  action  on  the  fact  that  the  mag- 
netic properties  of  ferromagnetic  materials  are  affected  by  their  state  of 
stress.  The  effect  is  small  in  most  commercial  magnetic  irons  but  is  large 
in  nickel  and  some  nickel-iron  and  cobalt-iron  alloys.  Nickel  exhibits  what 
is  known  as  negative  magnetostriction  since  tension  decreases  its  permea- 
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Fig.  6-2c.     Maximum  Strain  Sensitivity  of  Iron-Nickel  Alloys17 


bility,  as  shown  in  Fig.  6-2«.  Compression  has  an  opposite  but  smaller  effect. 
One  of  the  most  strain-sensitive  materials  is  "68  Permalloy",  an  alloy  of 
nickel  and  iron  containing  68  per  cent  nickel.  As  shown  in  Fig.  6-26  it  exhibits 
positive  magnetostriction.  A  stress  of  11400  psi  increases  its  maximum 
permeability  by  a  factor  of  20.  The  strain  sensitivity  of  any  material  may 
be  defined  as  the  gausses  change  at  constant  magnetomotive  force  per  pound 
per  square  inch  of  stress.  It  varies  with  both  stress  and  induction  and  reaches 
a  maximum  usually  at  some  low  value  of  stress  and  an  induction  somewhat 
over  half  of  saturation.  Values  of  maximum  strain  sensitivity  for  various 
nickel -iron  alloys  are  shown  in  Fig.  6-2c. 

A  change  in  stress  changes  the  value  of  permeability  ju  in  equations  2  and 
5  and,  hence,  changes  the  inductance  of  the  coil.     The  effect  is  not  completely 
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reversible  under  all  conditions,  and  so  special  means  must  usually  be  provided 
for  reducing  hysteresis. 

C.  Types  of  Pickup 

1.  Variable  Air  Gap.  The  simplest  type  of  electric-inductance  gage 
(Fig.  6-la)  consists  of  a  laminated 
iron  U  or  E  core  carrying  a  coil  on  one 
or  more  legs  and  a  laminated  armature 
which  moves  relative  to  the  core  to 
form  the  variable  air  gap.  Figure  6-3 
shows  a  commercially  available  form 
of  this  gage.  It  has  a  gage  length  of  2 
in.  and  is  energized  with  a  few  watts  of 
2000-cycle  current.  For  deflections  of 
the  order  of  0.001  in.  it  will  provide 
enough  energy  output  to  operate  indi- 
cating instruments  and  oscillographs 
without  the  use  of  any  amplifiers. 
Smaller  gages  of  the  same  type  are 
also  made,  but  they  require  electronic 
amplification  of  the  output  signal. 

Owing  to  flux  leakage  and  other  fac- 
tors, single-gap  gages  are  not  linear  in 
their  response,  except  over  small  portions  of  their  ranges  or  when  used  with 
very  special  circuits.  In  order  to  improve  linearity,  and  also  to  provide 
other  advantages  described  later,  it  is  often  advantageous  to  go  to  the  more 


Fig.    6-3.     Hathaway    Type-MS-2 

Electric    Strain    Gage.     Single    Gap, 

2-in.  Gage  Length 
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Fig.  6-4.     Westinghouse  Magnetic  Strain  Gage.     Double  Gap,  3-in.  Gage  Length 

complicated  double-gap  gage.  An  example  of  this  gage  is  shown  in  Fig. 
6-4.  Here  two  E  cores  are  attached  to  a  common  base,  and  the  armature 
moves  between  them,  increasing  the  gap  of  one  core  by  the  same  amount 
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that  it  decreases  the  gap  of  the  other  core.  This  arrangement  has  been  called 
the  inductance-ratio  type  because  its  output  is  determined  by  the  ratio  of 
the  inductances  of  the  two  coils. 

The  single  gap  and  the  double  gap  gage  are  the  basic  forms  of  the  variable- 
gap  type,  but  innumerable  variations  are  possible.  Figure  6-5  shows  some 
of  the  arrangements  which  have  been  devised  for  special  puposes.  (a)  and 
(6)  are  the  basic  types,  already  mentioned;  (c)  is  an  adaptation  of  type  (b) 
to  the  measurement  of  angular  displacement;  (d)  is  an  adaptation  of  type  (6) 
to  the  measurement  of  lateral  motion  of  a  rotating  shaft ;  (e)  and  (/)  are  simple 
forms  of  the  variable-coupling  type  in  which  one  coil  is  energized  and  measure- 
ment is  made  of  the  voltage  generated  in  the  other  coil;  (g),  (h),  and  (i)  are 
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Fig.  6-5.     Forms  of  Variable-Air-Gap  Gages 

improved  variable-coupling  types  with  two  air  gaps  and  three  coils.  In  each 
case,  alternating  current  is  supplied  to  the  two  input  coils,  labeled  /.  When 
the  movable  armature  is  in  its  neutral  position  the  voltage  generated  in  the 
output  coil  0  is  zero,  but  when  motion  of  the  armature  destroys  the  symmetry 
of  the  gaps  a  voltage  appears  in  the  output  coil.  The  magnitude  of  this 
voltage  is  proportional  to  the  magnitude  of  the  armature  displacement,  and 
the  phase  of  the  voltage  is  determined  by  the  direction  of  the  displacement. 
The  input  and  output  coils  can  be  reversed,  in  which  case  power  is  applied 
to  the  center  coil  0  and  the  sum  of  the  voltages  of  coils  /  is  measured. 

2.  Moving-Core  Solenoid.  Various  forms  of  moving-core  solenoids  are 
shown  schematically  in  Fig.  6-6.  (a)  is  the  basic  type.  In  (b)  the  core  is 
tapered  and  always  extends  beyond  the  coil  on  both  ends.  It  is  useful  for 
measuring  very  large  motions  with  a  short  coil,  (c)  is  an  adaptation  of  the 
inductance-ratio  principle  to  the  solenoid  type  of  construction,  (d)  is  an 
application  of  the  variable-coupling  type  and  is  similar  in  its  action  to  Figs. 


TYPES  OF  PICKUP 


245 


Nonmagnetic 
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Fig.  6-6.     Forms  of  Moving-Core-Solenoid  Gages 


Fig.  6-7.     Variable-Coupling  Solenoid  with  Core  Removed  (Baldwin-Southwark 

"  Microformer") 
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6-5/?  and  6-5i.     Figure  6-7  shows  a  variable-coupling  solenoid  of  the  type 
of  Fig.  6-6d  designed  for  measuring  small  displacements. 

3.  Eddy-Current.  Figure  6-8  shows  two  forms  of  eddy-current  gage.  In 
Fig.  6-Sa  the  coil  impedance  is  sensitive  to  both  the  thickness  and  the  proximity 
of  the  nonmagnetic  sheet.  Thus,  it  can  be  used  to  measure  the  thickness  of 
nonmetallic  coatings  or  else  the  thickness  of  uncoated  sheets.  As  a  coating- 
thickness  gage  it  will  also  work  with  magnetic  sheets,  since  it  acts  then  as  a 
variable  air-gap  type.     It  is  not  satisfactory  for  measuring  the  thickness  of 

magnetic  sheets  because  the  alternating  flux 
does  not  penetrate  solid  magnetic  material. 
In  Fig.  6-86  the  impedance  of  the  solenoid  is 
sensitive  to  the  axial  position  of  the  metal 
tube,  since  the  tube  acts  like  a  short-circuited 
secondary  coil  in  a  transformer. 

4.  Torquemeters.  Electric-inductance 
gages  are  well  suited  to  the  measurement  of 
strains  in  rotating  members  since  it  is  not 
difficult  to  energize  them  through  slip  rings 
and  brushes.  Certain  limitations  must  be 
noted,  however.  The  gage  and  its  mounting 
must  be  rigid  enough  so  that  centrifugal  force 
will  not  distort  it  in  such  a  way  as  to  produce 
an  erroneous  reading.  The  brushes  must  run 
smoothly  on  the  rings  with  a  fluctuation  in 
contact  resistance  which  is  small  compared  to 
the  impedance  of  the  rest  of  the  circuit.  As 
long  as  the  brushes  maintain  contact,  it  is  not 
difficult  to  keep  the  contact  resistance  suffi- 
ciently low,  since  the  gage  circuit  is  mostly 
reactive  impedance  and  the  contact  drop  is 
resistive,  and,  thus,  the  two  acid  in  quadrature. 
Good  results  have  been  obtained  with  both  brass  and  silver  rings,  using  either 
graphite  or  silver-graphite  brushes.  Two  or  more  brushes  should  be  used 
on  each  ring  to  assure  continuity  of  contact.  Brush  pressures  higher  than 
those  used  in  industrial  practice  are  often  employed.  Industrial  brushes 
usually  operate  below  5  psi,  whereas  in  temporary  strain-gage  setups  it  is 
often  found  advantageous  to  go  to  50  or  100  psi.  The  most  important  factor 
in  the  successful  operation  of  slip  rings  with  strain  gages  is  the  roundness  and 
concentricity  of  the  rings  themselves. 

Many  special  devices  have  been  built  for  the  specific  purpose  of  measuring 
torque  in  a  rotating  shaft.  Use  is  made  of  the  torsional  deflection  of  the 
shaft  itself,  which  usually  has  a  section  with  reduced  diameter  to  provide 
sufficient  angle  of  twist.  Figure  6-9  shows  a  straightforward  application  of 
inductance  gages  and  slip  rings  for  this  purpose.  In  most  devices  of  this  type 
two  or  more  gages  are  equally  spaced  around  the  periphery  of  the  shaft  in 
order  to  cancel  out  the  effects  of  axial  stress  and  bending. 
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The  "Magnetic  Coupled  Torquemeter"  uses  the  principles  of  the  inductance 
gage  but  succeeds  in  eliminating  all  need  for  slip  rings.  The  arrangement  is 
shown  schematically  in  Fig.  6-10.  Elimination  of  the  slip  rings  is  achieved 
by  locating  the  point  of  transition  from  the  stationary  to  the  rotating  elements 
in  the  magnetic  circuit  instead  of  the  electric  circuit.  Magnetic  rings  with 
axially  extending  teeth  are  attached  to  collars  on  the  shaft,  and  the  air  gaps 
between  the  teeth  on  adjacent  rings  vary  with  the  twist  of  the  shaft.  Sta- 
tionary coils  surround  the  rotating  shaft  and  feed  magnetic  flux  into  the 
toothed  rings. 
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Fig.  6-9.     Electromagnetic  Torquemeter11  (Courtesy  General  Electric  Co) 

Another  interesting  method  of  measuring  twist  in  a  rotating  shaft  is  that 
which  uses  two  a-c  generators  spaced  at  some  distance  from  each  other  along 
the  shaft.  The  phase  difference  between  the  generated  voltages  is  a  measure 
of  shaft  twist.  The  disadvantage  of  this  method,  compared  to  those  just 
mentioned,  is  that  it  requires  a  comparatively  large  angle  of  twist.  It  also 
has  attractive  advantages.  For  one  thing  it  requires  no  slip  rings  or  brushes. 
It  is  also  easily  adaptable  to  the  direct  measurement  of  either  torque  or  horse- 
power, since  the  generated  voltages  can  be  made  either  proportional  to 
shaft  speed  or  independent  of  speed  over  a  limited  range.  At  zero  speed  no 
voltage  is  generated,  and  the  device  becomes  inoperative.  Therefore,  it 
cannot  be  calibrated  statically. 

Magnetostriction  has  been  used  occasionally  for  the  measurement  of  torque 
in  a  rotating  shaft.     It  has  the  advantage  that  the  pickup  is  very  simple, 


248 


ELECTRIC-INDUCTANCE  GAGES 


consisting  merely  of  a  stationary  coil  surrounding  the  shaft  but  not  touching 
it.  The  practical  difficulties  which  arise  from  hysteresis  and  temperature 
error  are  so  great,  however,  that  very  little  use  has  been  made  of  this  method. 
5.  Pressure  Gages.  Inductance  gages  of  the  types  described  in  the  fore- 
going are  used  for  the  measurement  of  pressures  in  both  gases  and  liquids. 
The  usual  method  is  to  transmit  the  pressure  to  a  flexible  diaphragm  and  then 
measure  the  deflection  of  the  diaphragm.     For  obtaining  sufficient  motion 
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Fig.  6-10. 
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Magnetic-Coupled  Torquemeter12-14  (Courtesy  Westinghouse  Electric 
Corp) 


with  small  pressure,  use  is  sometimes  made  of  a  sylphon  bellows.  Magneto- 
striction gages  can  be  used  for  pressure  measurement  by  transmitting  the 
force  on  a  diaphragm  or  piston  directly  to  a  nickel  rod. 

D.  Structural  Details 

Attention  to  mechanical  details  is  important  in  the  design  of  any  strain 
gage,  and  the  following  section  discusses  some  points  which  are  of  particular 
importance  in  the  design  of  inductance  gages  of  the  variable-air-gap  type. 

The  single-gap  gage  of  Fig.  6-3  is  built  in  two  separate  pieces,  one  carrying 
the  laminated  E  core  and  coil,  and  the  other  carrying  the  laminated  armature. 
Because  of  its  nonlinearity  of  response  the  air  gap  must  be  adjusted  after  the 
gage  is  attached  to  the  test  member  to  exactly  the  same  value  that  it  had  when 
the  gage  was  calibrated.  To  facilitate  this  adjustment  a  cam  is  provided  by 
which  the  armature  can  be  moved  through  very  small  amounts. 

The  gage  of  Fig.  6-3  is  quite  satisfactory  for  tests  in  which  the  member 
being  studied  remains  essentially  stationary,  but,  if  the  member  is  subjected 
to  large  acceleration  or  centrifugal  force,  this  overhung  construction  of  each 
half  allows  too  much  distortion  of  the  gage.     Attempts  have  been  made  to 
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use  sliding  surfaces  as  guides,  but  they  result  in  friction  and  binding  which 

prevent  the  motion  being  measured  from  being  transmitted  to  the  air  gap. 

A  good  solution  to  the  problem  is  the  use  of  flat  parallel  springs  such  as  are 

used  in  the  gage  of  Fig.  6-4. 

These  act  as  frictionless  guides 

between  the  two  halves  of  the 

gage. 

Attachment  of  the  gage  to 
the  test  member  is  usually 
effected  by  means  of  machine 
screws  or  clamps  which  push 
hardened  knife-edges  into  the 
test  member  at  the  gage  points. 
Knife-edges  are  necessary  for 
accurate  determination  of  the 
gage  length,  since  if  two 
smooth  surfaces  are  bolted 
together  the  exact  effective 
point  of  attachment  is  inde- 
terminate by  an  amount  somewhat  greater  than  the  diameter  of  the  bolt. 
This  may  be  a  considerable  percentage  of  the  total  gage  length. 

Particular  care  must  be  used  in  the  interpretation  of  the  results  of  tests  in 
which  bending  stresses  are  being  measured.  The  air  gap  of  an  inductance 
gage  is  not  at  the  same  distance  from  the  neutral  axis  of  the  beam  as  is  the 
surface  to  which  the  gage  is  attached.     Therefore,  if  the  mounting  is  such  that 
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Fig.  6-12.     Hathaway  Type  MS-1-B1  Electric  Strain  Gage 

each  half  of  the  gage  rotates  with  the  gage  point  to  which  it  is  attached  (see 
Fig.  6-1  la),  it  will  magnify  strains  due  to  bending.  The  magnitude  of  the 
error  is  proportional  to  the  ratio  between  the  height  of  the  gage  and  the  dis- 
tance to  the  neutral  axis  of  the  beam  or  plate.  When  strains  are  to  be  meas- 
ured on  a  surface  close  to  the  neutral  axis  it  is  necessary  to  use  a  gage  in  which 
the  two  halves  are  guided  with  respect  to  each  other  to  form  a  rigid  unit  and 
in  which  the  points  of  attachment  allow  some  rocking  of  the  knife-edges 
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Fig.    6-13.     Neutral-Axis    Mounting 

to     Eliminate     Error     from     Inertia 

Forces 


(see  Fig.  6-116).     A  small  gage  designed  specifically  for  this  purpose  is  shown 
in  Fig.  6-12. 

Errors  which  occur  owing  to  inertia  of  the  gage  itself  can  also  be  minimized 
by  proper  design  and  mounting.  The  construction  of  Fig.  6-1  la,  for  example, 
is  not  well  suited  for  use  on  rotating  members  because  each  half  will  bend 
as  a  cantilever  beam  owing  to  its  own  inertia.  The  construction  of  Fig. 
6-116  is  somewhat  better  because  the  gage  bends  as  a  simply  supported  beam 
instead  of  as  a  cantilever.  This  is  still  not  the  best  that  can  be  done,  however. 
If  the  knife-edges  are  located  on  the  level  of  the  center  of  the  air  gap  (see 

Fig.  6-13),  bending  of  the  gage  itself- 
will  result  in  opening  the  top  half  of 
the  gap  and  closing  the  bottom  half, 
so  that  the  gage  can  bend  a  consider- 
able amount  without  changing  the 
total  gap  reluctance. 

The  mechanical  construction  of  a 
variable-air-gap  gage  can  have  an 
important  effect  on  its  accuracy  under 
varying  temperature  conditions.  If  the  ambient  temperature  varies  rapidly, 
it  is  necessary  to  provide  thermal  insulation  to  reduce  the  temperature  differ- 
ential between  the  gage  and  the  testpiece.  Even  if  there  are  no  tempera- 
ture gradients  at  any  moment,  the  reading  can  be  changed  by  slowly  varying 
temperature  due  to  the  different  rates  of  expansion  of  the  magnetic  lamina- 
tions, the  nonmagnetic  frame  of  the  gage,  and  the  testpiece.  For  any  given 
testpiece  material,  however,  it  is  possible  to  construct  a  gage  which  is 
unaffected  by  temperature  variations,  provided  the  effective  points  of  attach- 
ment between  the  various  members  can  be  controlled.  The  simple  case  of 
the  single-gap  gage  illustrates  the 
principles  involved.  In  Fig.  6-14, 
AiA2  is  the  gage  length  over  which 
strain  is  being  measured.  Bx  and  B2 
are  the  effective  points  of  attachment 
between  the  magnetic  laminations  and 
the  nonmagnetic  base  plates.  If  a\, 
a2,  and  as  are  the  thermal-expansion 
coefficients  of  the  testpiece,  the  non- 
magnetic base  plate,  and  the  magnetic 
laminations,  respectively,  there  will  be  no  error  clue  to  differential  expansion 
if  the  distance  B\B2  is  made  to  satisfy  the  equation, 


Fig.  6-14.     Construction  to  Eliminate 

Error     from      Differential      Thermal 

Expansion 


B.Bo  =  A 


.aJ"-^) 

\a3  —  a-i/ 


(6) 


E.  Magnetic  Forces 

When  an  inductance  gage  is  used  to  measure  the  strain  in  a  structure,  the 
stiffness  of  the  structure  is  usually  so  great  compared  to  the  magnetic  forces 
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in  the  gage  that  the  magnetic  forces  can  be  neglected.  When  a  gage  is  used 
to  measure  deflections  in  a  flexible  system,  however,  occasions  arise  where  the 
magnetic  forces  cannot  be  neglected.  An  example  of  this  is  the  use  of  an 
inductance  gage  as  the  pickup  element  in  a  seismic  vibration  recorder. 

The  attractive  force  between  the  core  and  armature  of  a  single-air-gap 
gage  (Fig.  6-1  a)  is 

BJ       BJ 

Instantaneous  force  in  psi  of  gap  area  =  -—-  —  777  cos  2wt  (7) 

144       144 

where  Bm  =  peak  flux  density  in  kilolines  per  square  inch,  co  =  2x  X  frequency 
of  power  supply  in  cycles  per  second,  t  =  time  in  seconds. 

The  force  consists  of  a  steady  pull  plus  an  oscillatory  component.  The 
steady  pull,  in  terms  of  root-mean-square  flux  density  B  is  B2/72.  The  fre- 
quency of  the  oscillatory  component  is  double  that  of  the  electric-power 
supply.  It  is  important  to  make  sure  that  this  frequency  does  not  resonate 
with  a  natural  frequency  of  the  structure  on  which  the  gage  is  mounted. 
The  flux  density  B  is  inversely  proportional  to  the  air  gap  for  any  given  excita- 
tion current.  Since  the  force  is  proportional  to  B'1,  the  relationship  between 
air  gap  and  force  is  approximately  an  inverse-square  law.  Considerable 
deviation  from  the  inverse-square  law  can  occur,  however,  depending  on  the 
characteristics  of  the  circuit  into  which  the  coil  is  connected.  If  the  circuit 
is  such  that  the  voltage  remains  constant  when  the  air  gap  varies,  the  current 
will  decrease  as  the  air  gap  becomes  smaller,  owing  to  the  increase  in  induct- 
ance. Thus  the  force  will  increase  more  slowly  than  it  would  in  a  constant- 
current  circuit. 

For  any  given  armature  position  the  force  is  proportional  to  the  square 
of  the  excitation  voltage.  Therefore,  the  easiest  way  to  reduce  the  magnetic 
force  to  an  acceptable  value  is  to  lower  the  voltage.  This,  of  course,  decreases 
the  sensitivity  of  the  gage.  If  the  lower  sensitivity  is  not  acceptable,  a  better 
condition  can  be  obtained  by  using  a  larger  gage.  A  larger  gage  gives  a 
higher  ratio  between  sensitivity  and  magnetic  pull  because  the  sensitivity  is 
proportional  to  the  total  flux.  Thus  sensitivity  is  proportional  to  B  X  gap 
area,  whereas  total  magnetic  pull  is  proportional  to  B-  X  gap  area.  If  the 
gap  area  is  doubled  and  the  flux  density  halved,  the  sensitivity  will  be  the 
same,  but  the  total  magnetic  pull  will  be  halved.  Another  way  to  increase 
the  ratio  between  sensitivity  and  magnetic  pull  is  to  raise  the  frequency  of 
the  electric-power  supply  to  the  gage.  The  amount  of  improvement  obtained 
in  this  way  depends  on  how  well  the  eddy-current  losses  in  the  gage  can  be 
controlled  at  the  higher  frequency.  If  the  losses  can  be  kept  small,  say  by 
using  thinner  laminations,  the  decrease  in  magnetic  pull  can  be  proportional 
to  the  increase  in  frequency. 

The  same  principles  can  be  applied  to  the  case  of  the  double-gap  gage, 
except  that  here  the  magnetic  forces  are  comparatively  small  when  the  arma- 
ture is  midway  between  the  cores  since  it  is  being  pulled  both  ways.  It  is  in 
unstable  equilibrium,  however,  and  owing  to  the  inverse-square  relationship 
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between  air  gap  and  force  the  net  force  increases  rapidly  as  the  armature 
moves  away  from  the  center  of  the  gap. 

In  the  simple  solenoid  the  magnetic  force  acts  to  pull  the  core  to  a  central 
position  in  the  coil.  The  force  is  a  maximum  when  the  core  is  halfway  into 
the  coil.  The  magnitude  of  this  maximum  force  can  be  estimated  from  the 
formula, 


NIa 

Force  =  100/ lb 


(8) 
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Fig.  6-15. 


Simple  Ammeter 

Circuit 


where  N  =  number  of  turns,   I  =  instantaneous  amperes  of  current,   a  = 
square  inches  cross  section  of  core  and  /  =  inches  length  of  coil. 

F.  Typical  Circuits 

6.  Simple  Circuits.     The  simplest  method  of  measuring  the  impedance  of 

a  coil  is  to  apply  a  known  alternating  voltage 
to  it  and  measure  the  current  which  flows  (see 
Fig.  6-15).  If  the  voltage  is  kept  constant  the 
a-c  ammeter  gives  a  continuous  indication  of 
the  displacement  being  measured.  When  used 
with  a  variable-coupling  gage  the  a-c  instrument 
may  be  a  voltmeter  which  measures  the  voltage 
induced  in  the  secondary  coil  (see  Fig.  6-16). 

The  main  disadvantage  of  such  simple  circuits  is  that  only  part  of  the  scale 
of  the  indicating  instrument  is  used.  The  current  flowing  in  the  instrument 
is  an  indication  of  the  total  impedance  of  the  coil  whereas  the  useful  measure- 
ment is  the  change  of  impedance.  Few  inductance  gages  change  their  coil 
impedances  by  a  factor  of  more  than  two  over  the  operating  range,  and  in 
many  cases  the  change  is  only  a  few  per  cent.  Some  improvement  in  scale 
length  can  be  obtained  by  using  a  suppressed-zero  instrument,  in  which  a 
certain  amount  of  current  is  required  to  bring  the  pointer  up  off  the  lower 
stop  on  to  the  scale.  The  improvement  is  mostly  illusory,  however,  because 
the  coil  and  spring  of  the  instrument 
must  still  be  designed  for  the  total  cur- 
rent which  flows.  Another  disadvan- 
tage of  the  circuit  is  that  the  reading 
is  very  sensitive  to  fluctuations  in  sup- 
ply voltage  and  frequency.  Say,  for 
example,  we  have  a  coil  which  changes  its  impedance  by  33  per  cent  over  the 
working  range.  The  useful  scale  length  is  one  third  of  the  total  scale  length. 
If  the  supply  voltage  varies  1  per  cent  the  total  current  varies  1  per  cent, 
but  the  error  in  the  deflection  reading  is  3  per  cent  of  the  range  of  the  strain 
gage. 

7.  Bridge  Circuits.  The  usual  method  of  eliminating  the  foregoing  dis- 
advantages is  to  measure  the  impedance  of  the  gage  in  some  form  of  bridge 
circuit.  The  basic  form  of  this  circuit  is  shown  in  Fig.  6-17.  Here  the  gage 
coil  of  impedance  Zx  is  one  leg  of  a  four-leg  network.     The  reading  of  the 


Fig.  6-16.     Simple  Voltmeter  Circuit 
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instrument  is  proportional  to  the  expression  ZiZ4  —  ZiZz.  By  suitable 
adjustment  of  the  remaining  three  legs  it  is  possible  to  obtain  zero  reading 
on  the  instrument  for  any  desired  value  of  gage  impedance.  The  total  instru- 
ment current  is  then  proportional  to  the  change  in  gage  impedance. 

The  bridge  circuit  is  well  suited  for  use  with  the  double-coil  gage,  in  which 
one  coil  increases  its  impedance  at  the  same 
time  that  the  other  coil  decreases.  In  Fig. 
6-17,  Zi  is  the  active  coil.  If  the  second 
active  coil  is  placed  at  either  Z2  or  Zz,  the 
effects  of  impedance  changes  in  the  coils 
will  be  additive  at  the  instrument.  At  the 
same  time,  certain  parasitic  effects  which 
change  the  impedances  of  both  gage  coils 
in  the  same  direction  will  tend  to  cancel 
themselves  out  of  the  instrument  reading. 
An  example  of  such  a  parasitic  effect  is  the 
effect  of  temperature  on  the  resistivity  of 
the  coil.  The  same  advantage  can  be  ob- 
tained in  the  single-coil  gage  by  making  Z2 
or  Z3  a  dummy  coil  of  the  same  characteristics  as  the  gage  and  keeping  it  at 
the  same  temperature  as  the  gage. 

A  further  obvious  extension  of  the  bridge  circuit  is  to  make  all  four  coils 
active  and  connect  them  in  such  a  way  that  the  impedance  changes  due  to 
deflection  of  the  gage  are  additive  at  the  meter.  A  possible  application  is 
to  the  measurement  of  angular  displacement   (see  Fig.   6-18).     Clockwise 
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Fig.  6-18.     Circuit  for  Measurement  of  Angular  Displacement 

rotation  of  the  armature  about  point  0  increases  Zi  and  Z4  and  decreases  Z2 
and  Z3,  so  that  the  effect  is  additive  at  the  instrument.  Upward  displacement 
of  the  armature,  however,  increases  Zi  and  Z2  and  decreases  Z3  and  Z4,  which 
produces  no  unbalance  of  the  bridge. 

The  advantages  of  the  bridge  circuit  can  be  obtained  in  variable-coupling 
pickups  by  means  of  the  arrangement  of  the  pickup  elements  themselves. 
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The  principle  is  illustrated  in  Fig.  Q-5g  and  has  already  been  explained  in  the 
description  of  the  pickup. 

8.  Linear  Circuits  for  Single-Gap  Gages.  It  has  been  stated  in  section 
C  of  this  chapter  that  one  advantage  of  the  double-gap  gage  over  the  single- 
gap  gage  is  its  better  linearity  of  response.  The  nonlinearity  of  the  single- 
gap  gage  is  due  to  the  departure  from  the  inverse  relationship  between 
air  gap  and  impedance.  This  departure  is  due  to  (1)  reluctance  of  the  iron,  (2) 
impedance  in  the  external  measuring  circuit,  and  (3)  leakage  flux,  which 
becomes  more  and  more  important  with  increasing  air  gap.  These  effects 
are  additive.  In  the  double-gap  gage  the  nonlinearities  of  the  two  coils  are 
balanced  against  each  other  to  give  an  essentially  linear  response  over  a  much 
larger  range  of  displacements.  Circuits  have  been  devised,  however,  with 
which  it  is  possible  to  improve  the  linearity  of  a  single-gap  gage.  One  method 
is  to  use  a  capacitor  in  series  with  the  gage  coil  to  neutralize  the  leakage 

reactance.  Another  method  is  shown 
in  Fig.  6-19.  The  capacitor  Cis  chosen 
with  a  value  such  that  the  total  cur- 
rent /  in  the  metering  circuit  has  a 
leading  power  factor.  This  reverses 
the  relationship  between  air  gap  and 
current  and  makes  /  increase  with  de- 
creasing air  gap.  What  is  more  impor- 
tant is  that  it  is  now  possible  to  buck 
the  nonlinearity  due  to  the  impedance 
of  the  external  circuit  Z  against  the 
nonlinearity  due  to  leakage.  Accurate 
adjustment  of  linearity  is  obtained  by 
adjustment  of  the  external  impedance 

Z.     A  detailed  explanation  of  this  device  and  its  application  to  bridge-type 

circuits  is  given  in  U.  S.  patent  2,361,173. 

9.  Deflection-Type  Bridge  Circuits.  Most  electric-inductance  gages  use 
some  form  of  bridge  circuit,  but  there  is  considerable  variety  in  the  methods 
used  to  measure  the  unbalance  of  the  bridge.  Most  methods  can  be  classified 
as  either  deflection  methods  or  null-balance  methods.  In  the  deflection 
methods  the  bridge  is  allowed  to  remain  out  of  balance  when  the  gage  is 
deflected  and  the  degree  of  unbalance  is  measured  with  a  voltmeter  or  an 
ammeter.  All  circuits  used  with  oscillographs  for  recording  rapid  variations 
in  strain  are  of  the  deflection  type.  In  the  null-balance  methods,  adjustments 
are  made  either  manually  or  automatically  to  bring  the  bridge  back  into 
balance,  and  the  reading  is  obtained  by  noting  the  amount  of  adjustment 
required  to  produce  balance. 

The  simplest  deflection-type  bridge  circuit  is  that  shown  in  Fig.  6-17,  where 
the  voltmeter  is  a  repulsion-iron  or  electrodynamometer  type.  These  types 
of  voltmeter  are  inefficient,  however,  since  the  magnetic  field  of  the  instru- 
ment must  be  built  up  and  maintained  with  energy  taken  from  the  current 
which  is  being  measured.     D-c  instruments  of  the  permanent-magnet,  moving- 
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Fig.    6-19.     Linear- Response    Circuit 
for  Single-Gap  Gage8 
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coil  (d'Arsonval)  type  are  much  more  efficient,  by  a  factor  of  over  1000  in 
terms  of  power  consumed  for  full  pointer  movement.  Therefore  it  is  advan- 
tageous to  rectify  the  a-c  output  of  the  bridge  and  take  the  reading  on  a 
d-c  instrument,  even  if  a  large  fraction  of  the  a-c  power  output  is  lost  in  the 
rectifier.  The  rectifier  can  be  of  the  cop- 
per-oxide, selenium,  or  vacuum-tube  type. 
Various  methods  have  been  used  for 
adjusting  the  initial  balance  of  the  bridge 
circuit.  Sometimes  with  single-gap  gages 
the  only  provision  for  adjusting  the  bridge 
is  in  the  air  gaps  of  the  active  and  dummy 
gages.  Figure  6-20  shows  the  circuit  com- 
monly used  with  such  gages.  In  the 
double-gap  gage  the  exact  setting  of  the 
air  gaps  is  not  so  critical,  because  of  its 
better  linearity,  and  the  initial  balance 
can  be  adjusted  with  an  external  poten- 
tiometer (see  Fig.  6-21).  The  resistance 
of  the  potentiometer  makes  the  circuit 
inefficient,  however,  as  is  shown  in  sec- 
tion G.  Greater  power  output  to  the 
instrument  can  be  obtained  by  replacing 

the  potentiometer  with  a  variable  autotransformer,  as  shown  in  Fig.  6-22. 
The  autotransformer  balances  the  reactive  components  of  the  circuit,  and  it 
is  sometimes  necessary  to  add  a  resistance  balance  as  shown.  Instrument 
response  as  a  function  of  gage  displacement  with  and  without  resistance 
balance  is  shown  in  Fig.  6-23.     If  the  operating  range  is  kept  sufficiently  far 
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Fig.  6-20.     Typical  Circuit  Used 
with  Single-Gap  Gage 
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Fig.  6-21.     Bridge  Circuit 
with  Resistance  Balance 
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Fig.  6-22.     Bridge  Circuit  with  Resist- 
ance and  Inductance  Balance 


away  from  the  balance  point,  the  resistance  balance  is  not  required.  Figure 
6-24  shows  a  method  which  is  useful  where  fine  adjustment  is  required  over 
a  narrow  range.  This  can  be  combined  with  a  tap-changing  switch  to  provide 
both  coarse  and  fine  adjustment  over  a  wide  range. 
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10.  Deflection-Type  Bridge  Circuits  with  Phase  Sensitivity.  The  curves 
of  Fig.  6-23  disclose  a  basic  weakness  of  the  simple  bridge  circuits  which  have 
been  described  so  far.  The  a-c  voltmeter  can  detect  the  amount  of  bridge 
unbalance,  but  it  cannot  detect  the  phase  of  the  unbalance  voltage.  The 
phase  of  the  unbalance  voltage  reverses  when  the  bridge  passes  through  the 
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Fig.  6-23.     Response  Curves 
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Fig.  6-24.     Bridge  Circuit  with  Fine 
Balance  Adjustment 


balance  point,  but  the  voltmeter  is  unable  to  indicate  this  change.  There- 
fore, in  order  to  measure  both  amount  and  direction  of  a  displacement  it  is 
necessary  to  set  the  bridge  initially  off  the  balance  point  and  determine  direc- 
tion by  noting  whether  the  reading  increases  or  decreases.  With  such  an 
arrangement,  zero  strain  at  the  gage  does  not  correspond  to  zero  current  in 


-Gage  coils 


■A-c  supply- 


Gage         coils 


Fig.  6-25. 
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Fig.  6-26.     Phase-Sensitive  Circuit  with 
Two  Rectifiers 


the  voltmeter,  and  it  is  not  possible  to  adjust  the  gage  sensitivity  without 
also  affecting  the  zero-strain  setting.  Therefore  adjustment  to  a  definite 
sensitivity  requires  a  series  of  manipulations  of  the  two  controls. 

When  the  voltmeter  is  of  the  rectifier  type,  it  is  possible  to  correct  this 
difficulty  by  applying  a  d-c  bias  to  the  instrument,  as  shown  in  Fig.  6-25. 
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6-27.     Phase-Sensitive 
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Circuit 


Additional  resistors  must  be  used  as  shown  to  provide  adjustment  of  the  bias 
current  and  to  prevent  the  bias  rectifier  from  shunting  too  much  signal  current 
around     the     milliammeter.     Another  „  .. 

double-rectifier  arrangement  which 
gives  a  reading  sensitive  to  direction  of 
unbalance  is  shown  in  Fig.  6-26.  Here 
the  balance  adjuster  is  located  in  the 
d-c  end  of  the  circuit.  Similar  arrange- 
ments have  been  used  with  the  balance 
adjuster  in  the  a-c  bridge. 

Figure  6-27  is  an  example  of  one  of 
the  best  types  of  phase-sensitive  recti- 
fier arrangements.  It  has  been  widely 
used  with  resistance  gages  as  well  as 
with  inductance  gages.  Only  one  set 
of  rectifier  plates  is  used,  but  the  cur- 
rent in  the  d-c  milliammeter  is  directly 
proportional  to  the  strain  being  measured,  in  both  magnitude  and  direction. 
A  quite  different  method  of  obtaining  phase  sensitivity  is  to  use  an  a-c 
wattmeter  as  an  indicator.     The  field  coils  of  the  wattmeter  are  energized 

from  the  a-c  power  supply,  and  the 
moving  coil  is  energized  by  the 
unbalance  current  of  the  bridge. 
The  torque  on  the  instrument 
pointer  is  sensitive  to  both  the 
magnitude  and  the  phase  of  the 
bridge  unbalance.  No  rectifiers 
are  required.  A  disadvantage  is 
that  the  sensitivity  is  proportional 
to  the  square  of  the  line  voltage. 
11.  Circuits  for  Use  with  Oscil- 
lographs. Any  of  the  deflection- 
type  circuits  mentioned  in  the 
foregoing  can  be  used  for  the 
measurement  of  rapidly  varying 
strains  with  a  cathode-ray  or  mag- 
netic oscillograph.  The  oscillo- 
graphs themselves  are  discussed  in 
section  H  of  this  chapter.  It  is 
quite  possible  to  use  an  oscillograph 
to  measure  the  a-c  unbalance  of 
the  bridge  directly.  The  record  is 
then  an  a-c  carrier  wave  modulated 
by  the  strain  which  is  being  meas- 
ured. This  method  is  seldom  used,  however,  because  the  edge  of  an 
envelope  is  harder  to  read  than  a  single  line,   and  a  large  portion  of  the 


(a) 
(b) 
(c) 


Fig.  6-28. 
Oscillogram   of  modulated  a-c  bridge 
output 

Same  as  a  with  addition  of  full-wave 
rectification 
Same  as  b  with  addition  of  filter 
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record  is  covered  by  the  carrier  wave,  which  serves  no  useful  purpose. 
Also,  the  oscillograph  element  must  be  capable  of  following  carrier  frequency. 
The  usual  method  is  to  replace  the  d-c  milliammeter  in  one  of  the  circuits 
previously  described  with  a  filter  and  an  oscillograph.  Figure  6-2S  shows  the 
type  of  record  obtained  with  each  arrangement.  The  output  of  a  full-wave 
rectifier  is  a  direct  current  which  pulsates  at  twice  the  frequency  of  the  a-c 
supply  voltage.  The  filter  must,  of  course,  pass  the  frequency  of  the  vibration 
which  is  being  measured.  In  order  to  eliminate  ripple  on  the  record,  the 
filter  must  be  designed  primarily  to  block  a  frequency  double  that  of  the 
carrier.  It  must  also  block,  although  to  a  lesser  extent,  the  carrier  frequency 
and  several  of  its  harmonics.  The  carrier  frequency  appears  in  the  rectifier 
output  if  the  two  halves  of  the  full-wave  rectifier  are  not  perfectly  matched. 


Fig.  6-29 

(a)  True  picture  of  strain 

(b)  Fictitious  record  from  overmodulated  bridge  circuit 

(c)  True  record  from  phase-sensitive  circuit 

Higher  harmonics  appear  due  to  the  nonsinusoidal  wave  shape  of  the  signal 
current  after  it  has  been  modulated  and  rectified. 

Two  general  types  of  filter  have  been  used  successfully.  One  is  the  low- 
pass  type,  which  can  be  designed  to  pass  up  to  one-fourth  carrier  frequency 
with  good  accuracy  and  reject  everything  from  carrier  frequency  on  up.  The 
other  consists  of  band-rejection  filters  which  are  tuned  to  block  the  carrier 
frequency  and  its  second  harmonic.  In  many  cases  the  oscillograph  will  not 
follow  frequencies  higher  than  the  second  harmonic  of  the  carrier,  and  higher 
harmonics  can  be  ignored. 

The  subject  of  phase  or  direction  sensitivity  has  already  been  discussed  in 
connection  with  indicating  instruments,  and  it  is  of  equal  importance  in  oscil- 
lograph work.  In  a  simple  bridge  circuit,  if  the  strain  is  large  enough  to 
reverse  the  direction  of  bridge  unbalance,  a  condition  known  as  overmodula- 
tion  exists,  and  the  record  will  be  fictitious,  as  shown  in  Fig.  6-29.  If  a 
phase-sensitive  circuit  such  as  that  of  Fig.  6-27  is  used,  there  is  no  danger 
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of  overmodulation,  as  shown  in  Fig.  6-29<\  Other  advantages  are  that  the 
bridge  balance  and  sensitivity  adjusters  can  be  made  independent,  zero  strain 
can  be  made  to  correspond  to  zero  galvanometer  current,  and  the  maximum 
galvanometer  deflection  for  a  given  amplitude  of  record  can  be  reduced  by 
at  least  50  per  cent.  Phase-sensitive  circuits  also  provide  linearity  near  the 
balance  position,  whereas  the  output  voltage  of  ordinary  circuits  is  nonlinear 
near  the  balance  position  owing  to  resistance  unbalances. 

12.  Circuits  for  Use  with  Ratio  Instruments.  The  deflection-type  circuits 
described  in  the  foregoing  are  all  sensitive  to  fluctuations  in  the  a-c  supply 
voltage  and  require  manual  or  automatic  regulation  of  the  supply  voltage. 
The  use  of  a  d-c  ratio  instrument  instead  of  a  conventional  milliammeter 
eliminates  the  necessity  for  voltage  regulation  when  slowly  varying  strain  is 
measured.  A  d-c  ratio  instrument  consists  of  a  permanent-magnet  instru- 
ment movement  with  two  coils  set  at  a  wide  angle  to  each  other  on  the  shaft 
of  the  moving  element,  which  carries  the  pointer.  Connections  are  made  to 
the  moving  coils  through  soft-gold  conducting  spirals  instead  of  the  conven- 
tional springs,  and  the  resultant  spring  restraint  is  negligible.  When  each 
coil  is  made  to  carry  current,  the  position  which  the  pointer  will  assume  is 
determined  by  the  resultant  magnetic  field  of  the  two  coils,  and  the  instrument 
scale  is  marked  to  show  the  ratio  of  current  flowing  in  the  "forward"  coil  to 
that  flowing  in  the  "reverse"  coil.  In  the  application  to  electric  gages, 
the  "forward"  coil  carries  a  direct  current  proportional  to  gage  deflection 
and  the  "reverse"  coil  is  energized  from  the  supply  voltage  through  a  rectifier. 
If  the  currents  in  the  two  coils  are  both  proportional  to  line  voltage,  the  reading 
of  the  instrument  is  independent  of  line  voltage. 

Some  work  has  also  been  done  with  an  a-c  type  of  ratio  instrument  which 
has  a  movement  resembling  that  of  a  wattmeter  with  the  spring  removed. 
The  stationary  coil  of  the  instrument  is  energized  directly  from  the  supply 
voltage,  and  the  moving  coil  is  connected  to  the  bridge  output.  Current  is 
conducted  to  the  moving  coil  through  soft-gold  spirals,  and  the  moving  element 
comes  to  rest  when  the  inphase  component  of  the  voltage  induced  in  the 
coil  is  equal  to  and  opposes  the  bridge  output  voltage. 

A  third  type  of  ratio  instrument,  suitable  for  operation  on  either  alternating 
or  direct  current,  uses  two  stationary  coils  which  set  up  fields  at  an  angle  to 
each  other.  A  moving-magnetic  vane  lines  up  with  the  resultant  field.  This 
instrument  eliminates  the  errors  introduced  by  the  stiffness  of  the  gold  spirals 
but  takes  more  energy  from  the  current  being  measured. 

13.  Null-Balance  Circuits.  Null-balance  methods  differ  from  deflection 
methods  in  that  instead  of  the  amount  of  unbalance  being  measured  directly, 
adjustments  are  made  to  bring  the  unbalance  current  to  zero,  and  the  reading 
is  obtained  by  noting  the  amount  of  adjustment  required.  Null-balance 
methods  are  used  for  precision  measurements  of  slowly  varying  quantities. 
Their  advantages  over  deflection  measurements  are:  (1)  The  reading  is  essen- 
tially independent  of  fluctuations  in  supply  voltage;  (2)  a  longer  scale  length 
can  be  obtained;  and  (3)  the  errors  inherent  in  electric-current-measuring 
instruments  are  eliminated. 
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Almost  any  of  the  deflection-type  circuits  previously  described  can  be  used 
as  null-balance  circuits  by  employing  a  sensitive  indicating  instrument  and 
putting  a  graduated  scale  on  the  balance  adjuster.  Even  the  simple  circuits 
of  Figs.  6-21,  6-22,  and  6-24  acquire  direction  sensitivity  when  used  in  this 
way  because  the  direction  in  which  the  balance  adjuster  must  be  moved 
depends  on  the  direction  of  the  gage  displacement.  Even  so,  reference  to  the 
curves  of  Fig.  6-23  shows  that  a  phase-sensitive  circuit  such  as  that  of  Fig. 
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Fig.  6-30.     Schematic  Arrangement  of  McNab  Electric  Torsionmeter 


6-26  or  6-27  is  preferable  in  order  to  avoid  the  "flat  spot"  which  occurs  near 
the  balance  point  of  the  bridge.  When  copper-oxide  or  selenium  rectifiers 
are  used,  this  flat  spot  is  accentuated  by  the  current-voltage  characteristic 
of  the  rectifier  itself,  which  is  nonlinear  in  the  region  near  zero  current. 

Figure  6-30  shows  a  manually  operated  null-balance  system  of  the  variable- 
coupling  type  which  has  been  used  in  marine  torsion  meters.  An  interesting 
feature  is  the  use  of  direct  supply  voltage  and  a  motor-driven  interrupter. 
The  interrupter  "chops"  the  direct  current  in  the  primary  circuit  to  give  it 
an  alternating  component,  and  at  the  same  time  cuts  out  alternate  half-cycles 
of  the  secondary  current  so  that  a  d-c  indicator  can  be  used. 

Most  automatic  null-balance  systems  require  electronic  amplification  of  the 
unbalance  current  to  produce  sufficient  power  to  operate  the  rebalancing 
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motor.  A  typical  arrangement  is  shown  in  Fig.  6-31.  The  motor  operates 
the  potentiometer  to  rebalance  the  bridge  and  at  the  same  time  operates  an 
indicator,  recording  pen,  or  some  control  function.  The  motor  has  two  iden- 
tical windings  90  electrical  degrees  apart.     The  operation  is  similar  to  that 
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-o  Amplifier 
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VMotor/     ;! 
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Fig.  6-31.     Automatic  Null-Balance  System16  (Courtesy  Bailey  Meter  Co.) 

of  a  two-phase  motor,  and  the  direction  of  rotation  is  determined  by  the  phase 
relation  of  the  currents  in  the  two  windings. 

14.  Frequency-Modulation  Circuits.  A  different  type  of  circuit,  not 
related  to  any  of  those  described  in  the  foregoing,  is  that  in  which  the  react- 
ance change  of  an  inductance  gage  is  used  to 
vary  the  frequency  of  an  oscillator.  This  type 
of  circuit  is  more  frequently  used  with  capaci- 
tance gages  than  with  inductance  gages,  but  it 
has  been  used  with  the  latter  in  telemetering 
systems.  The  output  from  the  oscillator  is  used 
to  modulate  a  radio  transmitter. 

G.  Theory  of  the  A-C  Bridge 

The  basic  impedance  bridge  used  in  many 
inductance-gage  circuits  is  shown  in  Fig.  6-32. 
Certain  features  of  the  theory  associated  with 
this  network  are  important  in  the  understanding 
of  electric  gages. 

Z\,  Zi,  Z%,  and  Z4  are  the  impedances  of  the 
gage  coils  and  balancing  elements.  Z5  is  the 
impedance  of  the  instrument  circuit.  In  order 
to  reduce  the  voltage  across  Z5  to  zero,  both  the 
resistive  and  the  reactive  components  of  the  bridge  legs  must  be  balanced 
Both  of  the  following  conditions  must  be  fulfilled : 


A-c  supply 

Z1=R1+jX1,etc. 

Fig.     6-32.     Basic     Imped- 
ance-Bridge Circuit 
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This  shows  why  two  separate  adjustments  are  required  to  produce  perfect 
balance.  Often  the  R's  are  negligible  or  else  sufficiently  well  balanced  owing 
to  symmetry  of  construction,  and  they  can  be  ignored.  In  some  cases  notice 
must  be  taken  of  the  third  harmonic  which  appears  across  Z5  as  a  result  of 
nonlinearity  of  the  iron  magnetization  curve. 

When  the  bridge  is  out  of  balance  the  instrument  current  75  is 


(Zi+Z,)(Z,+Zi) 


E 


1  1 

z*  +  -. r  + 


(10) 


i_     _i       l       l 

Zj  \  Zj  2  /j  3  Zj  4 


The  numerator  of  this  expression  may  be  considered  the  unbalanced 
voltage  of  the  bridge  and  the  denominator  the  impedance  through  which  this 
voltage  forces  the  useful  current.  The  Z5  of  the  instrument  itself  is  usually 
largely  resistive,  but  the  rest  of  the  denominator  is  made  up  of  terms  which 
can  be  made  largely  reactive.  Therefore,  a  capacitor  placed  in  series  with  Zh 
will  cancel  out  a  large  part  of  the  denominator  and  considerably  increase  the 
instrument  current.     This  is  known  as  resonating  the  bridge. 

Maximum  power  to  the  instrument  is  obtained  when  I5'2R5  is  a  maximum. 
If  we  let 

Z;,    =    i?  5    +  jXb 


{  and  _±_+^l__  =  A+i5  . 

z\  +  z,     z3  +  z4 

maximum  power  will  be  obtained  when 

R,  =  A  (11) 


and  X5  =  -B  (12) 


The  condition  A"5  =  —  B  is  satisfied  by  the  use  of  the  capacitor  mentioned 
previously.  The  condition  Rb  =  A  may  be  satisfied  by  a  correct  choice  of 
the  instrument  or  else  by  using  a  matching  transformer  to  operate  the  instru- 

Iment  circuit.  If  it  is  necessarv  to  use  an  instrument  for  which  R5  =  nA,  the 
transformer  ratio  should  be  V  n.  If  a  resonating  capacitor  is  used,  it  should 
be  on  the  high-voltage  side  of  the  matching  transformer  to  make  its  size  as 
small  as  possible. 

Further  examination  of  equation  10  shows  that  maximum  sensitivity  is 
obtained  when  Zz  and  Z4  are  as  small  as  possible,  if  it  is  assumed  that  Zx 
and  Z2  are  the  gage  coils.  This  can  be  carried  to  the  limit  by  using  an  auto- 
transformer  for  Zz  and  Z4  so  that  the  same  flux  will  thread  both  coils  and  they 
will  have  a  large  mutual  inductance.  If  the  transformer  has  negligible  resist- 
ance and  leakage  reactance,  then  equation  10  becomes 
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zx  Vz~a  -  z2  Vzl 


(z1  +  z2)(Vz3  +  Vz4). 
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Zn  + 


E 
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1        J_ 
Z\       Li 

The  voltage  output  of  a  double-gap  gage  over  the  middle  60  per  cent  of  its 
total  possible  travel,  if  a  center-tapped  autotransformer  is  used  for  the  other 
two  legs  of  the  bridge,  is  approximately 


/<; 


(—) 

Vi  +  U) 


#5  =  0.65-1,     ,    ,    )  (Mi 

where  h  and  Z2  are  the  lengths  of  the  two  air  gaps.  The  0.65  is  an  empirical 
factor  to  account  for  fringing  flux,  iron  reluctance,  coil  resistance,  iron  losses 
of  the  gage  and  autotransformer,  and  the  resistance  and  leakage  inductance 
of  the  autotransformer.  This  factor  may  vary  a  good  deal  with  different 
gages.  The  value  0.65  was  determined  in  tests  on  the  double-gap  gage  shown 
in  Fig.  6-4.  The  voltage  given  by  equation  14  is  the  open-circuit  voltage, 
that  is,  as  measured  with  a  very  high-impedance  voltmeter.  If  the  impedance 
of  the  external  measuring  circuit  is  equal  to  the  internal  impedance  of  the 
bridge  (usually  a  little  more  than  one-half  the  impedance  of  one  coil  when  the 
armature  is  in  mid-position)  then  the  output  voltage  will  be  only  one-half 
the  value  given  by  the  previous  formula.  Thus  the  inductance  bridge  acts 
just  like  a  generator  having  an  electromotive  force  given  by  equation  14 
and  a  definite  internal  impedance. 

Figure  6-33  shows  a  typical  set  of  energy-output  measurements  on  a  large 
double-gap  gage  with  0.010  in.  total  gap  and  deflected  0.002  in.  The  cross 
section  of  the  magnetic  path  of  each  coil  was  0.7  sq.  in.  The  advantages  of 
the  resonant  bridge  with  proper  impedance  matching  are  obvious. 

The  energy  output  available  from  a  gage  with  a  given  cross  section  of  mag- 
netic path  is  proportional  to  the  frequency  of  the  power  supply  used,  provided 
the  thickness  of  the  core  laminations  can  be  reduced  as  the  frequency  is  raised. 
The  reason  is  that  Z\  *  •  *  Zn  of  equation  10  increase  with  the  frequency, 
and  the  allowable  E  for  a  given  flux  density  also  increases.  The  Z5  for  ideal 
impedance  matching  should  also  be  increased,  and,  thus,  1$  remains  con- 
stant. Therefore  the  instrument  current  remains  constant,  but  the  instrument 
voltage  and  power  increase  with  frequency.  This  rule  cannot  be  applied 
above  a  few  thousand  cycles  per  second  because  the  eddy-current  losses 
become  too  large  even  with  the  thinnest  practical  laminations. 

It  is  obvious  that,  unless  the  gage  cores  are  saturated,  the  instrument  cur- 
rent increases  in  direct  proportion  to  the  applied  voltage.  Therefore,  the 
available  energy  output  increases  as  the  square  of  the  voltage. 

The  effect  of  fluctuations  in  the  frequency  of  the  supply  voltage  on  the 
accuracy  of  the  reading  depends  on  the  impedance  matching  of  the  circuit. 
If   R5  is   much   larger   than  A  (see  equation  11)  fluctuations  in  supply  fre- 
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quency  will  cause  no  appreciable  error.  If  R$  is  equal  to  or  smaller  than  A, 
there  will  be  considerable  error.  Therefore,  in  order  to  obtain  a  system  which 
is  not  dependent  on  accurate  frequency  control  it  is  advisable  to  mismatch 
the  gage  and  indicator  by  using  a  high  resistance  in  the  instrument  circuit. 
Frequency  compensation  can  also  be  obtained  by  the  insertion  in  series  with 
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Fig.  6-33.     Energy  Output  Curves 


Z5  of  a  capacitor  which  has  a  frequency  response  equal  and  opposite  to  that 
of  the  rest  of  the  circuit. 

H.  Auxiliary  Equipment 

15.  Power  Supply.  The  operation  of  an  electric-inductance  gage  requires 
a  supply  of  a-c  power.  The  amount  of  power  required  is  usually  of  the  order 
of  a  few  watts,  seldom  less  than  1  watt  or  more  than  20.  For  low-energy- 
level  gages,  where  the  output  signal  is  electronically  amplified,  the  power 
taken  by  the  gage  is  very  small,  but  the  amplifier  requires  several  watts. 

The  frequency  of  the  power  supply  is  determined  by  various  conditions 
which  have  already  been  discussed,  such  as  the  frequency  of  strain  fluctuation, 
the  required  power  output,  and  the  limitation  on  magnetic  force.  When  the 
strain  fluctuations  are  slow  and  the  limitations  on  gage  size  are  not  stringent, 
it  is  always  advisable  to  consider  the  use  of  60-cycle  power  because  of  its 
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convenience  in  most  locations.  The  voltage  from  central-station  power  can 
be  very  easily  regulated  with  good  accuracy  by  using  various  commercially 
available  regulators. 

When  60-cycle  excitation  is  not  suitable,  use  must  be  made  of  one  of  the 
many  forms  of  frequency-changing  equipment.  For  frequencies  up  to  about 
2000  cps  the  best  economy  of  weight  and  size  is  obtained  with  rotating  equip- 
ment. Motor-generator  sets  can  be  built  up  for  converting  any  available 
power  source  into  whatever  voltage  and  frequency  are  desired,  although  it  is 
often  difficult  to  find  the  generator.  Inverted  rotary  converters  are  used  for 
changing  direct  current  into  alternating  current.  The  use  of  400-cycle  power 
on  aircraft  has  led  to  the  development  of  many  types  of  small  machines  for 
converting  24-volt  direct  current  into  400  cycles.  Regulation  of  voltage 
and  frequency  in  small  generating  apparatus  is  something  of  a  problem. 
Carbon  pile,  saturated  reactor,  and  electronic  devices  have  been  used,  but 
they  frequently  approach  the  size  and  weight  of  the  generator  itself.  Good 
results  have  been  obtained  by  one  or  two  manufacturers  with  centrifugal 
governors. 

Vibrator-inverters  can  be  used  for  changing  direct  current  into  frequencies 
up  to  180  cps.  Small  commercial  units  are  available  for  frequencies  of  60, 
105,  120,  and  180  cycles.  In  these  devices  a  vibrating  reed  acts  as  a  voltage- 
reversing  switch  to  convert  direct  current  into  alternating  current.  The  out- 
put is  not  sinusoidal  but  can  be  filtered  and  regulated.  Reliability  and 
contact  life  depend  very  greatly  on  adjusting  the  unit  for  the  power  factor  of 
the  load  with  which  it  is  to  be  used. 

The  trend  in  recent  years  has  been  away  from  rotating  machines  and  toward 
electronic-power  supplies  for  electric-gaging  systems.  An  oscillator  and  power 
amplifier  is  bulkier  than  a  rotating  machine  of  equal  output,  but  it  is  easier  to 
obtain,  more  flexible  as  to  frequency  and  voltage,  and  more  easily  stabilized, 
particularly  with  respect  to  frequency.  Some  of  the  carrier  systems  developed 
for  use  with  resistance  gages  have  sufficient  output  to  operate  inductance 
gages  also.  Power  supplies  developed  specifically  for  general  experimental 
use  with  inductance  gages  are  commercially  available. 

16.  Amplifiers  and  Carrier  Systems.  Electric  inductance  gages  are  gen- 
erally used  without  any  amplification  of  the  output  signal  because  their  chief 
reason  for  existence  is  their  high  energy  level  and  consequent  freedom  from 
the  difficulties  encountered  in  amplifying  low-voltage  signals.  Amplifiers 
are  used,  however,  in  automatic  null-balance  systems  and  in  cases  where  the 
size  of  the  pickup  is  severely  restricted.  The  carrier  systems  and  signal 
amplifiers  used  with  small  low-energy  gages  are  the  same  as  those  described 
in  Chapter  5,  sections  F  to  I. 

17.  Indicating  and  Recording  Instruments.  The  choice  of  an  instrument 
for  obtaining  the  readings  from  an  electric-gaging  system  depends  on  the 
following  considerations:  (1)  Whether  a  visual  indication  is  satisfactory  or  a 
permanent  record  is  required.  (2)  The  frequency  of  strain  fluctuation  which 
must  be  followed.  (3)  The  electric  energy  available  for  operation  of  the 
instrument.     (4)    The   scale    length   and   accuracy   required.     Figure    6-34 


266 


ELECTRIC-INDUCTANCE  GAGES 


shows  the  approximate  frequency  response  of  the  various  available  types  of 
instruments. 

Self-balancing  or  manual-balancing  potentiometers,  of  the  type  ordinarily 
used  for  the  measurement  and  control  of  temperature  are  well  suited  for  high- 
precision  low-speed  work.  The  gage  signal  must  be  reduced  to  direct  current, 
and  the  voltage  drop  of  this  current  passing  through  a  fixed  resistor  is  measured 
with  the  potentiometer.  A-c  null-balance  systems  should  also  be  included 
in  this  classification.  These  devices  can  be  made  either  indicating  or  recording 
or  both.     Frequency  response  varies  widely  in  different  types,  some  taking 
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Fig.  6-34.     Usable  Frequency  Ranges  of  Instruments 

about  a  minute  and  others  taking  as  little  as  a  second  to  travel  from  one  end 
of  the  scale  to  the  other.  The  readings  can  be  either  continuous  or  intermit- 
tent. The  energy  required  from  the  gaging  circuit  is  small  but  should  not  be 
ignored.  If  a  galvanometer  is  used  to  measure  the  voltage  drop  across  a 
resistor,  the  resistor  must  be  small  enough  to  give  the  galvanometer  adequate 
damping  for  stable  operation.  For  example,  one  instrument  of  this  type 
with  a  10-millivolt  scale  takes  a  maximum  resistance  of  about  50  ohms.  The 
energy  required  is  therefore  0.0102/50  or  2  X  10-6  watt.  Electronic  devices 
can  be  made  several  times  as  sensitive. 

Pointer-type  indicators  are  suitable  for  visual  readings  up  to  a  frequency  of 
about  1  cps.  Their  accuracy  is  seldom  better  than  }i  per  cent  of  full  scale. 
Sensitive  d-c  types  can  operate  on  as  little  as  1  X  10~6  watt,  although  the 
commoner  types  require  about  1  X  10~4  watt.  When  they  are  used  with  a 
rectifier  as  an  a-c  instrument  the  energy  required  is  about  ten  times  as  great, 
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to  allow  for  a  resistor  to  swamp  out  the  variable  resistance  of  the  rectifier 
itself.  Straight  a-c  instruments  such  as  the  repulsion-iron  type  require  of 
the  order  of  0.2  watt. 

Graphic  instruments  which  produce  ink  records  on  moving  charts  have 
movements  similar  to  the  pointer-type  indicators  but  require  much  more 
energy  to  overcome  pen  friction.  A  typical  d-c  recorder  takes  about  0.05 
watt  at  full  scale  and  can  follow  up  to  about  ^  cps.  Straight  a-c  types 
absorb  as  much  as  10  to  15  watts  of  power,  which  is  seldom  available  in  a 
gaging  system.  Special  devices  such  as  the  Westinghouse  "Pilotel"  and  the 
General  Electric  "Photo-Electric  Recorder"  use  amplification  to  obtain  ink 
records  at  the  energy  level  of  an  indicating  instrument.  The  amplifier  does 
not  introduce  any  lower  limit  of  frequency  response  because  the  amplification 
is  applied  to  the  torque  on  the  pointer  and  not  to  the  signal  current  itself. 

Direct-writing  oscillographs  can  be  used  for  frequencies  up  to  the  order  of 
100  cps.  These  are  essentially  graphic  instruments  in  which  the  frequency 
response  is  raised  by  making  the  pen  or  stylus  very  light  and  supplying  several 
watts  of  energy  to  the  pen  from  an  amplifier.  The  Brush  oscillograph  uses 
the  piezoelectric  effect  of  Rochelle  salt  to  actuate  the  pen.  Other  types, 
developed  primarily  for  medical  use,  employ  d'Arsonval  movements.  The 
lower  limit  of  frequency  response  is  dependent  on  the  type  of  amplifier,  since 
most  a-c  amplifiers  will  not  respond  below  2  cps. 

A  new  development  in  direct-writing  oscillographs  is  the  Brush  direct- 
inking  magnetic  oscillograph  which  can  be  operated  with  or  without  an 
amplifier.  Without  amplifier  it  has  a  flat  frequency  response  from  zero  to 
30  cps  and  draws  0.2  watt  power  for  its  maximum  displacement  of  2  in. 
With  a  specially  designed  amplifier  its  response  is  uniform  from  0.5  to  100  cps. 

Magnetic  oscillographs  with  photographic  recording  are  widely  used  in 
experimental  stress  analysis  with  electric  gages.  These  devices  might  best 
be  described  as  a  d'Arsonval  movement  with  the  pointer  replaced  by  a  small 
mirror  and  light  beam.  The  mirror,  coil,  and  suspension  are  made  as  light 
as  possible  in  order  to  give  a  high  natural  frequency.  The  bifilar  type  devel- 
oped by  Duddell  consists  of  a  single  loop  of  wire  stretched  across  fixed  sup- 
ports between  the  poles  of  a  permanent  magnet  (see  Fig.  6-35).  A  small 
mirror  attached  to  the  loop  reflects  a  light  beam  to  a  viewing  screen  or  sensi- 
tized paper.  The  tension  on  the  loop  affects  both  the  sensitivity  and  the 
natural  frequency.  The  sensitivity  is  inversely  proportional  to  the  tension, 
and  the  natural  frequency  is  directly  proportional  to  the  square  root  of  the 
tension.  Therefore,  all  manufacturers  supply  galvanometers  with  various 
characteristics,  some  designed  for  high  sensitivity  at  the  expense  of  frequency 
response,  and  some  designed  for  high-frequency  response  and  lower  sensitivity. 
Table  6-1  gives  typical  examples  of  available  oscillograph  galvanometers. 
Usable  frequency  is  that  at  which  the  response  has  dropped  to  about  90  per 
cent  of  the  d-c  response.  A  complete  oscillograph  contains,  in  addition  to 
the  galvanometers,  an  optical  system  and  a  film-drive  mechanism.  Some 
also  contain  numerous  accessories  such  as  timing  devices,  viewing  screens, 
attenuators,  and  special  devices  for  automatic  and  remote  control.     Most 
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Fig.  6-35.     Bifilar  Oscillograph  Element   (Courtesy  Hathaway  Instrument  Co) 


models  can  take  several  simultaneous  records  on  a  single  film,  which  is  very- 
valuable  in  studying  phase  relationships  between  various  vibration  phenomena. 
Film  speeds  can  be  varied  from  a  fraction  of  an  inch  per  second  to  several  feet 


TABLE 

6-1 

Examples  of  Available  Osci 

LLOGRAPH 

Galvanometers 

Manufacturer 

Type 

Sens., 

amperes/ 

inch 

Usable 

Freq., 

cps 

Gal. 

Resistance, 

ohms 

Power  req.  at 

1  in.  den., 

watts 

Westinghouse 

S877443 
S492484 
S492485 
S577706 

0.285 
0.150 
0.025 
0.0023 

5000 

3500 

2000 

900 

2.2 
0.8 
1.5 
5.5 

0.180 
0.018 
0.00094 
0.00003 

Gen.  Electric 

5310680-G5 
5310680-Gl 
5310680-G6 

0.190 

0.059 
0.0028 

6500 

2500 

700 

0.9 
0.9 
9.0 

0.033 

0.0031 

0.00007 

Hathaway 

OC-1  Gr.  1 
OA-2 
OA-2 
OD 

0.140 
0.354 
0.0014 
0.00014 

2700* 

6000* 

360* 

36* 

1 
12 

0.125 
0.000024 

Cambridge 

Low  freq. 
High  freq. 
Type  D 
Type  A 

0.076 
0.076 
0.127 
0.000035 

1900 

5400 

2400 

24 

7 
35 

Heiland 

0.113 

0.043  X  10-6 

Consolidated         7-102               0.100              1200 
Eng.  Co.                 7-112               0.000033            60 
*  Assumed  to  be  60  per  cent  of  undamped  natural 

3.0 

38 
frequency. 

0.03 

0.038  X  10-6 

AUXILIARY  EQUIPMENT 


269 


per  second.     Figure  6-36  shows  a  12-element  portable  oscillograph  designed 
primarily  for  strain  recording  in  the  field. 

Cathode-ray  oscilloscopes  are  not  used  so  extensively  with  inductance  gages 
as  are  magnetic  oscillographs.  The  chief  advantage  of  the  cathode  ray  is 
its  high-frequency  response,  and  this  can  seldom  be  utilized  with  an  inductance 
gage  because  of  the  frequency  limitations  of  the  gage  itself.  For  multielement 
recording  the  cathode  ray  is  quite  feasible,  but  completely  developed  systems 


Fig.  6-36.     Hathaway,  Type  S12-A,  12  Element  Oscillograph 

are  not  commercially  available  in  the  United  States.  A  single-tube  oscillo- 
scope is  very  useful  in  any  strain-gage  laboratory,  however,  for  making  quick 
observations  of  the  operation  of  a  gaging  system,  for  studying  periodic  phe- 
nomena which  can  be  synchronized  with  the  horizontal  sweep  of  the  electron 
beam,  and  for  studying  wave  forms  and  phase  relationships  in  a  gaging  system. 
The  tube  is  essentially  a  voltage-measuring  device  in  which  the  spot  on  a 
fluorescent  screen  is  deflected  in  accordance  with  the  voltage  applied  to  the 
deflector  plates.  Commercial  units  contain  a-c  or,  in  special  cases,  d-c  ampli- 
fiers so  that  voltages  as  low  as  several  millivolts  can  be  measured  with  no 
appreciable  power  absorption  from  the  gage  circuit.  A  fuller  discussion  of 
cathode-ray  oscilloscopes  is  given  in  Chapter  8. 
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I.  Applications  and  Limitations 

Each  type  of  electric  gage  has  its  own  advantages  and  limitations,  and  the 
choice  of  the  correct  type  for  any  particular  investigation  requires  a  thorough 
knowledge  of  these  factors.  The  properties  of  electric-inductance  gages 
which  are  discussed  in  the  following  paragraphs  are  the  ones  which  are  apt  to 
be  of  importance  in  the  choice  of  a  gaging  system. 

18.  Frequency  Response.  When  an  electric  gage  is  energized  with  alter- 
nating current,  the  frequency  of  strain  fluctuation  which  it  records  must  be 
considerably  lower  than  the  frequency  of  the  power  supply.  This  is  true  of 
any  electric  gage  but  is  of  particular  importance  with  inductance  gages  because 
the  flux  variations  produced  by  the  motion  of  the  armature  induce  a  voltage 
in  the  gage  coil  which  can  be  a  source  of  error.  The  magnitude  of  the  error 
depends  on  the  ratio  between  the  carrier  frequency  and  the  vibration  frequency 
and  also  on  the  per  cent  modulation  which  the  vibration  imposes  on  the  carrier 
wave.  The  author  does  not  know  of  any  adequate  study  which  has  been 
made  of  this  subject,  but  D.  V.  Wright  of  the  Westinghouse  Research  Labora- 
tories has  found  that,  for  a  4:1  ratio  between  the  carrier  and  vibration  fre- 
quencies and  50  per  cent  modulation,  the  amplitude  error  in  a  rectified  and 
filtered  record  is  less  than  2  per  cent  and  the  phase  error  is  negligible.  Owing 
to  iron  losses,  inductance  gages  are  seldom  used  with  carrier  frequencies 
higher  than  5000  cps  and  2000  cps  is  much  more  common. 

19.  Stability.  The  long-time  stability  of  an  inductance-gage  system  is 
inherently  better  than  that  of  most  other  electric  gages  because  (1)  the  gage 
parts  themselves  are  not  stressed  and,  therefore,  not  apt  to  creep;  (2)  the 

(magnetic  properties  of  the  gage  cores  can  be  made  quite  stable  by  proper 
choice  of  material  and  proper  heat  treatment;  (3)  the  permeability  of  the  air 
gap  is  not  affected  by  the  presence  of  nonmetallic  particles,  moisture,  or  oil; 
and  (4)  the  high  energy  level  of  the  system  eliminates  many  sources  of  trouble 
found  in  low-energy  systems,  such  as  leakage  currents  due  to  moisture,  deterio- 
ration of  insulation,  and  pickup  from  stray  fields.  In  inductance-gage  systems 
it  is  only  in  the  exceptional  case  that  any  thought  need  be  given  to  insulation 
resistance,  lead  resistance,  lead  capacitance,  stray  fields,  or  the  aging  of  elec- 
tronic components.  Usually  the  rectifier  is  the  least  stable  element  of  the 
system,  and  this  can  sometimes  be  eliminated.  Most  inductance  gages  con- 
tain no  sliding  surfaces  and,  therefore,  never  wear  out. 

20.  Sensitivity.  Sufficient  sensitivity  can  be  obtained  from  an  inductance 
gage  without  electronic  amplification  for  most  practical  purposes.  Ampli- 
fication factors  of  104  are  easily  obtained  with  ordinary  equipment,  and 
amplification  by  a  factor  of  105  is  quite  possible.  (Amplification  factor  is 
the  ratio  between  the  amplitude  of  the  final  record  or  pointer  motion  and  the 
amplitude  of  the  strain  being  measured.) 

21.  Effect  of  Temperature.  The  most  important  temperature  effect  in  an 
electric-inductance  gage  is  that  due  to  differential  expansion.  This  is  dis- 
cussed in  section  D  of  this  chapter.  Temperature  also  affects  the  resistance 
of  the  windings,  the  permeability  of  the  cores,  and  the  resistivity  of  the  core 
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material.  These  can  be  reduced  to  a  small  amount  by  designing  the  coils  for 
a  large  ratio  between  reactance  and  resistance.  The  permeability  of  the  iron 
should  be  high,  its  resistivity  should  be  high,  its  laminations  should  be  thin, 
and  the  wire  size  of  the  coils  should  be  large.  Use  should  also  be  made  of  a 
double-coil  gage  or  a  single-coil  gage  with  a  dummy  gage  held  at  the  same 
temperature  as  the  active  gage. 

In  some  cases  it  is  necessary  to  resort  to  temperature-compensating  ele- 
ments in  the  control  circuit  consisting  of  special  materials  with  high  tempera- 
ture coefficients  of  resistance.  Nickel,  iron,  and  some  of  their  alloys  have 
large  positive  temperature  coefficients  of  resistance.  Carbon  and  some 
specially  developed  materials  have  negative  temperature  coefficients.  Special 
resistance  wires  such  as  Advance  and  Manganin  are  available  with  extremely 
low  temperature  coefficients,  and  the  gage  coils  themselves  are  occasionally 
wound  with  these  materials  instead  of  copper. 

22.  Size  of  Pickup.  Inductance  gages  are  inherently  larger  and  heavier 
than  most  resistance  and  capacitance  gages  and  should  not  be  used  where  a 
small  pickup  is  of  great  importance.  One  exception  to  this  rule  is  telemetering 
systems  which  involve  a  radio  or  transmission-line  link  between  the  point  at 
which  the  strain  occurs  and  that  at  which  it  is  measured.  In  such  cases,  a 
large  signal  output  is  required  at  the  location  of  the  gage,  and  the  total  equip- 
ment required  to  produce  this  signal  is  lighter  and  smaller  for  an  inductance 
gage  than  for  a  resistance  gage.  Some  of  the  difficulties  encountered  due  to 
the  size  and  weight  of  inductance  gages  are  described  in  section  D  of  this 
chapter. 
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A.  Introduction 

This  chapter  relates  mainly  to  developments  for  which  the  contributors  have 
been  responsible,  and  some  of  the  work  in  the  field  of  capacitance  measurement 
is  listed  in  the  references.  The  methods  described  deal  with  the  use  of  ele- 
ments for  measuring  displacement  and  strain  using  changes  in  capacitance 
from  0  to  20  nfxi  employing  carrier  frequencies  from  1  to  2.5  megacycles  per 
second. 

The  main  advantage  of  capacitance  gages  is  the  opportunity  afforded  for 
mechanical  design,  but  for  the  applications  described  in  the  chapter  the  use 
of  a  high-frequency  carrier,  which  permits  static  calibration,  introduces 
difficulty  in  the  installation  and  use  of  the  strain  elements.  Resistance-wire 
strain  gages  and  inductive  elements  responding  to  velocity  and  with  low  values 
of  the  carrier  frequency  can  be  used  with  less  effort.  In  some  applications 
capacitance  gages  designed  to  meet  conditions  of  the  application  give  more 
accurate  information  and  amply  justify  the  additional  effort  required. 
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Each  type  of  strain  gage  has  a  field  of  application  in  which  it  is  most  suited, 
and  if  possible  amplifiers  and  recording  equipment  should  be  used  that  can 
be  connected  to  the  outputs  of  various  precircuits  with  associated  elements 
for  example,  resistance,  electromagnetic  capacitance  or  induction. 

The  capacitance  of  a  capacitor  may  be  varied  by  changing  either  the  gap 
or  the  effective  area  of  the  electrodes.  Thus,  in  general,  two  bases  of  design 
are  available,  depending  on  variation  of  gap  and  variation  of  area  respectively. 

I.   VARYING   GAP  PICKUPS 

B.  Pressure  Indicators 
Contributed  by  M.  0.  W.  Wolfe 

For  a  parallel-plate  capacitor  the  relationship  between  capacitance  and  the 
separation  between  the  plates  is  given  by 

ak 


3.67rf 


where  C  =  capacitance  in  micromicrofarads 

a  =  area  of  plate  in  square  centimeters 
t  =  separation  between  the  plates  in  centimeters 
k  =  dielectric  constant  (unity  for  air) 

Simple  pressure  indicators  based  on  this  principle  may  be  designed  for  a 
wide  variety  of  applications,  and,  when  they  are  used  in  conjunction  with 
modern  carrier-frequency  circuits,  steady  or  fluctuating  pressures  up  to  fre- 
quencies of  20  or  30  kc  may  be  indicated  with  accuracy. 

Devices  of  this  type  consist  of  a  fixed  insulated  plate  mounted  close  to 
an  elastic  diaphragm  which  is  arranged  to  deflect  and  vary  the  gap  under 
the  influence  of  applied  pressure. 

Since  the  relationship  between  capacitance  and  the  separation  between  the 
plates  is  hyperbolic,  it  is  necessary  to  use  very  small  gaps  and  a  small  range 
of  movement  to  obtain  an  approximately  linear  relationship.  It  is  not  feasible 
in  practice  to  use  smaller  gaps  than  0.001  in.  However,  the  linearity  and 
sensitivity  may  be  improved  by  introducing  into  the  gap  a  disk  of  material 
of  high  dielectric  constant  such  as  mica  which  is  arranged  partially  to  fill  the 
gap. 

The  influence  of  the  mica  is  to  make  the  "equivalent"  air  gap  smaller  which 
increases  the  sensitivity  and  permits  a  reduced  range  of  diaphragm  movement, 
thereby  improving  the  linearity. 

In  practice,  the  relative  dimensions  of  total  gap  and  mica  are  determined 
experimentally.  The  curves  drawn  in  Fig.  7-1  illustrate  the  method  employed. 
Curve  A  represents  the  condition  where  the  ratio  of  mica  to  air  in  the  gap  is 
too  great  (in  this  case  the  mica  is  being  compressed  by  the  diaphragm) ;  curve 
B  represents  the  ideal  ratio  of  mica  to  air;  and  curve  C  represents  the  condition 
where  the  ratio  of  mica  to  air  is  too  small. 

A  further  advantage  of  mica  is  that  it  minimizes  a  possible  breakdown  of 
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insulation  between  the  plates  due  to  the  presence  of  small  particles  of  conduct- 
ing material. 

A  typical  indicator  of  this  type  is  shown  in  Fig.  7-2  which  has  been  designed 
for  the  indication  of  pressure  ranges 
varying  from  0-50  psi  to  0-6000  psi 
with  diaphragms  of  appropriate 
stiffness.  This  pickup  is  suitable 
for  various  applications  falling 
within  these  ranges,  provided  that 
large  cyclic  variations  in  tempera- 
ture do  not  occur  in  the  measured 
fluid. 

The  diaphragm  movement  range 
is  of  the  order  of  10~4  in.,  and  for 
large  variations  in  temperature  this 
may  be  comparable  with  the  move- 
ments produced  by  differential  ther- 
mal expansions  in  the  elastic  sup- 
ports. For  this  reason  it  is  necessary 
to  insure  in  the  design  of  the  pickup 
that  the  thermal  expansion  paths 
are  as  small  as  possible,  but  for  very 
extreme  applications,  such  as  the 
indication    of    internal-combustion 


Pressure 


Fig.    7-1.     Curves    Showing    Effect    of 

Mica    Dielectric    in    Capacitor    Pressure 

Pickups 


engines,  it  is  necessary  to  resort  to  artificial  cooling  of  the  pickup  element. 

Figures  7-3  and  7-4a  show  a  water-cooled  instrument  which  has  been  devel- 
oped for  the  indication  of  reciprocating  internal-combustion  engines.  This 
consists  essentially  of  two  diaphragms  connected  together  by  a  small  pillar 


14-mm 

spark-plug 

thread 


Insulated  plate 
Small  air  gap 

Mica  disk 
Steel  diaphragm 


FiG.  7-2.     Typical  Capacitance-Type  Pressure  Element 
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formed  on  the  inner  member  between  which  the  water  is  passed.  The  water 
is  circulated  round  the  whole  of  the  inside  of  the  pickup  so  that  the  working 
portion  is  maintained  at  a  steady  temperature.  Figure  7-46  shows  two  records 
of  combustion  pressures  in  a  typical  piston-engine  cylinder.  One  indicates 
the  presence  of  a  detonating  disturbance  at  a  frequency  of  approximately 
7000  cps  and  the  other  indicates  a  nondetonating  cycle. 
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ring 
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Fig.  7-3.     Water-Cooled  Capacitance-Type  Engine  Indicator 

1.  Design  Considerations.  The  dynamic  characteristics  of  the  elastic 
system  of  a  pressure  indicator  have  an  important  influence  on  the  accuracy  of 
indication  and  must  be  taken  into  account.  The  most  important  of  these  is 
the  natural  frequency  of  the  system  and  the  amount  of  damping  present. 

The  fundamental  requirements  are  that  the  displacements  of  the  system 
should  be  proportional  to  and  in  phase  with  the  applied  pressure,  and  there 
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should  be  no  relative  distortion  of  the  harmonic  components  up  to  the  highest 
component  it  is  desired  to  measure.  It  is,  therefore,  necessary  to  design  so 
that  the  natural  frequency  of  the  elastic  system  will  give  a  value  for  the  ratio 
of  the  forcing  frequency  to  the  natural  frequency  less  than  unity  and  low 
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Fig.  7-4a.     Water-Cooled  Capacitance-Type  Engine  Indicator 


Fig.  7-46.     Typical  Engine-Indicator  Diagrams 
Top — Detonating  cycle 
Bottom — Nondetonating  cycle 

enough  to  provide  a  working  range  over  the  asymptotic  portion  of  the  reso- 
nance characteristic. 

In  practice,  the  value  of  this  ratio  should  not  be  greater  than  0.3. 

Damping  is  important  insofar  as  it  reduces  the  free  vibrations  of  the  system. 
Its  influence  on  the  phase  angle  between  the  applied  force  and  the  movements 
of  the  system  up  to  values  of  the  natural  frequency  ratio  of  0.3  is  small  and 
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for  the  amount  of  damping  normally  present  its  effect  may  be  ignored.  Some 
clamping  is  provided  by  the  presence  of  the  water  in  the  engine-indicator 
pickup. 

To  achieve  a  high  natural  frequency  it  is  necessary  to  choose  a  stiff  dia- 
phragm. The  stiffness  is  limited,  however,  by  the  range  of  movement  neces- 
sary to  provide  an  adequate  sensitivity. 

Two  series  of  semiempirical  curves  have  been  derived  from  experiments 
made  on  single-diaphragm  types.  From  these  it  is  possible  to  choose  appro- 
priate dimensions  for  the  pickup  system  for  particular  frequency  and  sen- 
sitivity requirements. 
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Fir,.  7-5.     Natural  Frequencies  for  Pressure-Element  Diaphragms 

2.  Natural-Frequency  Curves.  The  first  of  these  (Fig.  7-5)  is  a  family  of 
curves  giving  the  natural  frequencies  for  various  areas  and  thickness  of  dia- 
phragm. For  convenience  of  reference,  the  area  of  the  insulated  capacitor 
plate  a  has  been  taken  as  one  parameter,  the  area  of  the  corresponding  dia- 

TV 

phragm  may  be  taken  as  -  (D  +  0.06) 2  where  D  is  the  diameter  of  the  capacitor 

plate  and  0.06  the  diameteral  clearance  necessary  to  maintain  a  low  capacitance 
between  the  diaphragm  fixing  and  the  perimeter  of  the  insulated  capacitor 
plate. 

The  natural  frequency  of  a  circular  plate  fixed  at  its  perimeter  is  given  by 


where 
/  =  natural  frequency 


/  = 


a       gD 


ph 
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a  =  a  dimensionless  constant  (its  value  is  10.21  for  the  fundamental  mode) 

g  =  acceleration  due  to  gravity 

p  =  density  of  material  of  diaphragm 

h  =  thickness  of  diaphragm 

r  =  radius  of  diaphragm 

D  =  12(1  -  m2) 
H  =  Poisson's  ratio 
E  =  modulus  of  elasticity 
For  steel  this  relationship  may  be  expressed  as 

h 

f  =  1.934  X  106- 

J± 

where 

A  =  area  of  diaphragm  (all  dimensions  in  inches) 

From  natural-frequency  measurements  made  on  various  diaphragms  in 
actual  pressure  pickups  it  has  been  determined  that  for  such  fixing  conditions 
the  relationship  is  given  approximately  by 

h 

f  -  0.460  X  106  - 

A 

The  curves  have  been  plotted  on  this  basis. 

3.  Sensitivity  of  Pressure  Pickup.  From  the  relationship  among  the 
capacitance,  area  of  plate,  and  plate  separation  for  a  parallel-plate  capacitor, 
that  is, 

a 
C  =  -K 

t 

the  sensitivity  is  given  by 

dC       —a 

where 

a  =  area  of  plate 

t  =  separation  between  the  plates 
K  =  constant 
(for  a  mixed  dielectric  of  mica  and  air,  t  may  be  considered  the  equivalent 
air  gap). 

For  a  circular  plate  fixed  at  its  periphery  the  deflection  b  produced  at  the 
center  by  a  uniform  pressure  q  is  given  by 

qA2 

*  -  V  <2) 

where 

A  =  area  of  diaphragm 
h  =  thickness  of  plate 
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Effect  of  curvature  of  the  diaphragm  is  neglected,  from  equations  1  and  2 
the  change  of  capacitance  for  a  uniform  pressure  q  is  proportional  to 


a       qA' 


(3) 


Experience  has  shown  that  the  best  results  are  obtained  if  a  total  gap  of 
0.001  in.  and  a  thickness  of  mica  of  0.00075  in.  are  used  and  the  range  of  move- 
ment at  the  center  of  the  diaphragm  is  limited  to  approximately  0.0002  in. 

For  these  conditions  a  series  of  tests  have  been  made  on  several  diaphragms 
of  different  thickness  and  area  from  which  the  following  empirical  relationship 
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Fig.  7-6.     Curves  of  Sensitivities  for  Capacitance-Type  Pressure  Elements 

has  been  derived  for  the  inverse  sensitivity  expressed  as  pounds  per  square 
inch  for  20  /z/if  change  of  capacitance 


Inverse  sensitivity  Q  = 


4.64  X  lQ-3^1-8 
a  A2 


The  fact  that  Q  varies  as  hls  instead  of  as  h3  over  the  range  of  diaphragms 
considered  is  thought  to  be  due  to  the  effect  of  yielding  at  the  diaphragm 
fixing. 

From  this  relationship  the  inverse  sensitivity  curves  given  in  Fig.  7-6 
have  been  derived,  and  these  curves  considered  in  conjunction  with  the  fre- 
quency curves  of  Fig.  7-5  may  be  used  to  determine  the  best  combination 
of  diaphragm  area,  diaphragm  thickness,  and  capacitor-plate  area  for  any 
stipulated  natural-frequency  and  inverse-sensitivity  requirements  within  the 
limits  of  the  ranges  considered. 
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C.  Strain  Element  for  Measuring  Forces  Transmitted  through  Feet 

of  Aircraft  Engine 

This  strain  element  is  an  application  of  a  parallel-plate  capacitor  where  the 
change  of  gap  . 


ratio 


gap 


is  very  small,  which  gives  a  practically  linear  relationship 


between  change  of  capacitance  and  change  of  load.  This  application  required 
a  very  stiff  strain  element  (a)  to  eliminate  any  resonant  frequency  in  the 
mounting  system  below  15,000  cycles  per  minute  and  (b)  to  reduce  to  negligible 
quantities  the  inertia  forces  resulting  from  movements  of  the  supports.     The 
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Fig.  7-7.     Calibration  Curve  of  Strain  Element  for  Measuring  Forces  Transmitted 
through  Feet  of  Aircraft  Engine 

area  of  the  capacitor  plates  was  2.5  sq.  in.,  gap  0.001  in.,  with  air  as  dielectric. 
The  portion  of  the  strain  element  over  which  the  strain  is  measured  is  equiva- 
lent to  a  steel  block  8.5  sq.  in.  cross-sectional  area,  1.875  in.  long,  subjected 
to  a  compressive  load.  A  typical  calibration  curve  of  capacitance  change 
plotted  against  change  of  load  is  shown  in  Fig.  7-7.  The  strain  element  as 
shown  in  Fig.  7-8  comprises  a  block  of  steel  7  in.  by  2}4  in.  by  1.75  in.  cut  into 
two  parts  A  and  B  to  facilitate  manufacture.  The  center  portion  of  A  is 
the  grounded  capacitor  plate,  and  the  other  plate  D  is  attached  to  block  B 
through  the  "Mycalex"  insulator  C.  Cover  plates  E  and  F  seal  the  strain 
element  after  special  precautions  are  taken  with  cleaning.  Attached  to  cover 
is  a  low-capacitance  socket  G  the  center  connection  of  which  is  attached  to  the 
capacitor  plate  D.  The  engine  is  attached  to  part  A  with  distance  pieces  as 
shown,  to  eliminate  any  bending  of  part  A  in  the  region  of  the  capacitor 
plates  and  to  ensure  a  compressive  load  is  applied  to  the  block.  The  capaci- 
tor plates  and  contact  surfaces  of  the  block  were  ground  to  the  best  finish 
possible. 
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The  relatively  irregular  finish  of  the  ground  surface  caused  a  change  in 
contact  area  at  the  joint  in  the  block  with  increase  in  load.  Thus  the  over-all 
stiffness  of  the  block  varied  with  mean  load  on  the  joint,  but  with  continued 
use  bedding  of  the  two  surfaces  occurred  and  the  over-all  stiffness  tends  to  a 
constant  value.  The  calculated  stiffness  of  an  equivalent  solid  block  is 
101  X  10°  lb/in.  with  sensitivity  218  lb/^t/xf.  Table  7-1  gives  value  of  inverse 
sensitivities  and  stiffnesses  obtained  from  calibrations  and  calculation  of 
capacitance  from  equation  4,  article  6  if  it  is  assumed  that  the  gap  is  0.001  in. 


Fig.   7-8.     Strain  Element  for   Measuring  Forces  Transmitted  through  Feet    of 

Aircraft  Engine 

and  77  =  1  Values  are  given  for  the  first  assembly  of  the  strain  element  and 
for  a  reassembly  after  10  hr  running  of  the  engine  and  check  calibration  after  a 
further  2  hr  running. 

TABLE  7-1 


Strain 

Reassembly  after  10 

Check  Calibration 

]lement 

First  Assembly 

hr  Running 

after  12  hr  Running 

Inverse 

Inverse 

Inverse 

Sensi- 

Sensi- 

Sensi- 

tivity          Stiffness 

tivity           Stiffness 

tivity           Stiffness 

1 

31.7        14.65  X  106 

88.1        41.2  X  106 

89          41.6  X  106 

2 

34.5             16  X  106 

214                99  X  106 

214              99  X  106 

3 

48.6       22.5     X  106 

114            53.8  X  106 

116         54.7  X  106 

4 

26                 12  X  106 

153           73.2  X  106 

158         75.5  X  106 

Inverse  Sensitivities  in.  lb  per  nrf. 
Stiffness         in.  lb  per    in. 

Strain  element  2  has  sensitivity  and  stiffness  approximately  equal  to  the 
design  value,  but  the  accuracy  of  the  manufacture  is  not  known.  Element  1 
differs  most  from  the  design  values,  the  sensitivity  being  high  by  a  factor 
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2.4,  but  it  is  not  known  if  the  gap  was  a  little  less  than  design  value  or  if 
flexibility  was  introduced  at  the  joint  in  the  block. 

Figure  7-9  shows  a  design  of  a  strain  element  by  J.  T.  Mair  for  a  similar 
application  which  is  at  present  under  construction.     There  is  no  joint  in  the 


Fig.  7-9. 


Strain  Element  for   Measuring  Forces  Transmitted  through  Feet    of 
Aircraft  Engine  (Improved  Design) 


strained  section  of  the  element.     The  figure   is  lettered   corresponding   to 
Fig.  7-8. 

II.   VARYING  AREA  PICKUPS 

Three  types  are  described  under  this  heading:  (4^  the  tangent  type,  (5) 
the  multiple-plate  tangent  type,  and  (6)  the  serrated-capacitor  type. 

D.  Tangent  Type 

In  this  type  a  tangent  strip  is  wrapped  in  some  degree  round  a  circular  arc 
on  an  electrode  from  which  the  strip  is  insulated  by  a  thin  layer  of  mica.  A 
single  unit  of  this  form  is  shown  in  Figs.  7-10  and  7-11.  The  tangent  spring, 
of  length  X,  is  moved  a  distance  Y  towards  the  arc  of  a  circle  of  radius  R, 
on  the  surface  of  which  is  the  dielectric.  The  angle  subtended  by  a  change  in 
arc  of  contact  is  equal  to  the  angle  between  the  extreme  tangents;  hence,  for 
small  movements, 
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Increase  in  arc  of  contact  R 

Movement  of  point  of  contact       X 

Thus,  the  movement  is  transformed  into  a  linear  change  of  capacitance. 

A  six-unit  element  0.75  in.  wide  embodying  this  principle  is  shown  in  Fig. 
7-12.  This  has  a  sensitivity  of  10  micromicrofarads  (jujuf)  per  0.001  in.  of 
movement  and  a  linear  range  of  0.00 10  in. 


Radius 


Dielectric 


To  ground  <\ 


Point  of 

application 

of  movement 


Fig.  7-10.     Single  Element 
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Fig.  7-11.     Tangent  Capacitor  for  Strain  Measurement 

■  Dielectric 


To  ground 
(-) 


Radius 


Connection 
to  amplifier 


Fig.  7-12.     Typical  Multiple  Element 

E.  Multiple-Plate  Tangent  Type 

Further  developments  led  to  the  type  shown  in  Fig.  7-13.  This  consists  of 
two  pressure  plates  with  faces  of  16  in.  radius,  a  flexible  adjusting  ring  B, 
and  the  multiple-plate  element  C.  This  element  consists  of  two  pairs  of 
flat  springs  D  and  E,  clamped  at  their  ends  in  the  slots  of  the  ring  B  by  means 
of  a  wedge  W.  There  is  a  layer  of  mica  0.001  in.  thick  between  the  pressure 
plates  and  the  outer  springs  and  also  between  the  spi'ings.     The  inner  springs 
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and  the  pressure  plates  are  grounded,  and  the  two  outer  springs  are  connected 
in  parallel,  thus  forming  four  capacitor  units.  A  resilient  member  is  inserted 
between  two  inner  springs. 

The  pressure  plates  transmit  the  strain  between  the  gage  points  G  to  the 
multiple-plate  element,  which  is  thereby  compressed  and  consequently  curves 
round  the  circular  arc.  The  capacitance  change  is  approximately  7  fxfii  per 
0.001  in.  deflection,  and  the  range  of  linearity  is  0.005  in.  Figure  7-14  shows 
a  typical  calibration  curve. 

The  capacitance  change  is  practically  equal  on  all  four  pressure  faces  of  the 
electrode  springs.     The  purpose  of  the  flexible  adjusting  ring  B  is  to  enable 


Gage  length 
Fig.  7-13.     Multiple-Plate  Capacitance-Type  Strain  Gage 


the  gage  to  be  set  at  any  desired  position  on  the  linear  part  of  the  calibration 
and  yet  be  able  to  operate  freely  about  that  position.  Thus,  the  gages  can 
be  set  and  calibrated  on  a  test  bar  before  being  affixed  to  the  surface  on  which 
the  strain  is  to  be  measured. 

The  gage  may  be  attached  by  any  suitable  cement  such  as  "Durofix"  or 
De  Khotinsky's.  These  cements  have  proved  satisfactory  in  centrifugal 
fields  up  to  3000<7,  and  experiments  have  shown  that  the  total  hysteresis 
effect  of  the  gage  and  cement  is  less  than  5  per  cent.  For  high-temperature 
applications,  the  gage  can  be  spot-welded  to  the  surface,  and  temperature 
compensation  can  be  obtained  by  the  use  of  similar  material  for  the  gage  and 
the  member  to  which  it  is  attached.  The  gage  can  be  sealed  with  a  cap  to 
exclude  moisture  and  oil  vapor. 

A  gage  of  %  in.  over-all  diameter  has  been  constructed  and  has  given 
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Range  of  linearity,  0.005  in. 

Sensitivity,  8.3  MMf  per  0.001  in. 

strain  on  0.75  in.  gage  length 
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Strain  on  0.75  in.  gage  length,  inch 

Fig.  7-14.     Calibration  Curve  of  Multiple-Plate  Capacitance  Strain  Gage 
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Fig.  7-15.     Multiple-Plate  Tangent-Type  Capacitance  Strain  Gage 
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satisfactory  results.     Figure  7-15  shows  another  unit  with  an  over-all  diameter 
of  %  in. 

F.  Serrated-Capacitor  Type 

The  effective  area  of  the  capacitor  is  varied  by  sliding  one  capacitor  element 
relative  to  the  other  while  maintaining  a  constant  gap,  as  in  the  Kelvin  vari- 
able capacitor.  In  the  present  instance,  however,  the  capacitor  elements 
have  fine  serrations  athwart  the  direction  of  relative  movements  in  order  to 
make  them  sensitive  to  extremely  small  movements. 

A  strain-gage  pickup  unit  was  made  in  which  a  slide,  having  fine  transverse 
serrations,  moved  parallel  to  corresponding  serrations  in  the  surrounding 
member.  After  a  certain  amount  of  development  work  had  been  done  on 
the  strain  gage,  it  became  evident  that  basic  data  for  the  design  of  serrated 
capacitors  having  fine  serrations  and  air  gaps  could  be  obtained  with  greater 
facility  by  making  observations  of  capacitance  change  on  ctjlindrical  elements 
than  on  flat  elements  (because  it  is  easier  to  obtain  true  surface  and  known 
air  gaps  with  the  former  type).     An  experimental  unit  was  accordingly  made. 

4.  Serrated-Capacitor  Pickup  (Twist  Type).  As  there  was  need  for  an 
improved  torsiograph  pickup  unit,  the  cylindrical  pickup  was  designed  for 
signaling  instantaneous  twist  in  a  length  of  shafting:  it  was  arranged  to  fit 
into  the  pinion-driving  shaft  of  an  aircraft  engine. 

The  capacitor  gap  was  made  very  small  at  first  and  then  increased  in  stages 
by  grinding  after  observations  of  capacitance  change  with  angular  displace- 
ment had  been  made  in  the  calibrating  rig. 

In  Fig.  7-16  the  pickup  unit  is  shown  fitted  in  the  pinion-driving  shaft, 
the  bore  of  which  is  1.5625  in.  Tubular  member  A  is  of  mild  steel  and  has 
fine  longitudinal  internal  serrations  in  the  region  of  the  smaller  bore.  These 
serrations  are  formed  by  cutting  rectangular  slots,  a  small  slotting  machine 
having  an  accurate  indexing  arrangement  being  used.  The  inner  tubular 
member  B  is  also  of  mild  steel  and  has  corresponding  external  serrations, 
formed  by  using  a  milling  cutter  (Fig.  7-17). 

Member  B  (Fig.  7-16)  is  secured  to  the  central  hollow  shaft  C  through  the 
medium  of  the  insulating  member  D  and  is  connected  electrically  to  the 
screened  signal  lead  shown. 

Between  A  and  B  there  is  a  fine  gap  which  is  maintained  by  preloaded  ball 
bearings,  and  these  members  constitute  a  capacitor,  the  capacitance  of  which 
changes  with  relative  angular  displacement  of  the  members  (Fig.  7-17) 
Member  A  (Fig.  7-16)  is  registered  to  the  angular  position  of  station  PP  in 
the  pinion-driving  shaft  by  the  differential  thread  expanding  grip  shown,  and 
member  B  is  registered  similarly  to  station  QQ.  Under  the  full  mean  torque 
the  twist  of  the  shaft  between  PP  and  QQ  is  represented  by  a  circumferential 
displacement  of  approximately  0.0025  in.  at  the  capacitor  gap.  The  sensi- 
tivity of  the  apparatus  must  be  such  that  the  change  of  capacitance  caused  by 
displacements  of  this  order  of  magnitude  shall  give  a  fairly  large  deflection 
in  the  oscillograph  record.  This  presents  no  difficulty,  and  only  moderate 
amplification  is  required. 
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It  is  clearly  very  desirable  that  the  sensitivity  shall  be  constant  over  the 
full  range  of  movement  owing  to  shaft  twist  at  the  most  pronounced  critical 
vibration.  That  is  to  say,  the  capacitance-displacement  relationship  should 
be  linear  over  this  range;  this  condition  can  be  met  by  designing  the  serrations 
suitably.  Whereas,  with  the  usual  variable-gap  capacitor,  excessive  move- 
ment will  cause  contact  of  capacitor  elements  (or  of  corresponding  stops), 
the  capacitor  under  discussion  is  not  limited  mechanically  as  regards  allowable 
movement,  and  thus  it  requires  no  stops.     The  pickup  unit  is  normally  fitted 


Position  of  teeth  for 
minimum  value 
of  capacitance 


Width 


Position  of  teeth  for 

maximum  value 

of  capacitance 

Width 
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Fig.  7-17. 


Depth 
of  slot 

Approximate  position  of  teeth  for  value  of  capacitance 
given  at  center  of  linear  portion  of  calibration  curve 

Enlarged  View  of  Serrations  of  Royal  Aircraft  Establishment  Con- 
denser Torsiograph 


so  that  inner  and  outer  teeth  half  overlap  when  the  shaft  is  transmitting 
approximately  full  mean  torque;  this  gives  the  fullest  range  of  linearity  on 
either  side  of  such  torque. 

Rubber  sealing  rings  R  prevent  the  ingress  of  oil  vapor  to  the  capacitor, 
and  so  the  gap  remains  filled  with  the  dry  air  present  under  the  conditions 
chosen  for  assembly — with  the  pinion-driving  shaft  out  of  the  engine  and  in  a 
dry  place. 

The  drive  for  the  slip  ring  and  the  ground  connection  is  taken  from  an 
adapter  E  securely  attached  at  the  front  of  the  gear  case,  and  the  electric 
connections  M  and  N  are  made  by  standard  low-capacity  sockets.  The  plug 
of  socket  M  on  the  driving  adapter  is  connected  to  the  screened  lead  from  the 
inner  capacitor  cylinder  B  by  sweating  a  wire  to  the  center  of  the  socket  on 


290  ELECTRIC-CAPACITANCE  GAGES 

assembly.  In  order  to  exclude  oil,  a  rubber  ring  is  placed  between  the  adapter 
for  driving  the  slip  rings  and  the  pinion-driving  shaft;  the  other  end  of  the 
torsiograph  is  plugged  with  a  rubber  stopper  and  sealed  with  plastic  rubber. 

5.  Slip  Rings  and  Ground  Connections.  For  transferring  the  vibration 
signal,  a  phosphor-bronze  ring  F  of  1.25  in.  diameter,  with  a  90°  groove,  was 
used  in  conjunction  with  the  copper  flexible- wire  brush  G  (Fig.  7-16)  which  is 
held  against  the  ring  by  a  flexible  holder  made  of  phosphor  bronze  and  of 
such  form  as  to  give  universal  flexibility. 

The  instrument  could  not  be  grounded  satisfactorily  by  connection  to  the 
engine  body  because  variations  of  resistance  and  capacitance  at  the  oil  films 
between  rotating  and  stationary  parts  produce  the  effect  of  spurious  signals. 
Furthermore,  the  grounded  parts  of  the  pickup  unit  itself  require  to  be  inter- 
connected suitably,  as  indicated  in  Fig.  7-16. 

The  ground  connection  is  made  by  means  of  the  "Nichrome"  spindle  J, 
shaped  to  a  needle  point  and  secured  in  the  end  of  the  shaft.  The  point  just 
perforates  a  leather  diaphragm  K  which  seals  some  mercury  L  in  a  small 
container  having  three  mounting  screws  for  adjustment.  This  arrangement 
combines  true  running  of  the  needle  with  minimum  relative  velocity  of  needle 
and  mercury.  These  refinements  in  making  the  connections  are  the  outcome 
of  experimental  development  and  have  proved  to  be  satisfactory.  During 
a  running  time  exceeding  2  hr  no  spurious  signals  appeared  on  the  cathode-ray 
tube,  and  the  brushes  did  not  require  attention. 

Another  application  was  later  made  to  a  multiple-crankshaft  engine  in 
which  the  torsiograph  was  built  into  the  engine  in  an  early  stage  in  the  assem- 
bly. The  signal  was  taken  through  the  rotating  needle  and  the  ground  signal 
passed  through  the  brushes.     Good  results  were  obtained. 

6.  Theory.     The  capacitance  of  a  long  plain  annular  capacitor  is  propor- 

Itional  to  the  dielectric  constant,  the  area,  and  the  logarithm  of  the  ratio  of 
outer  to  inner  radius;  but  the  radial  gap  is  such  a  small  fraction  of  the  gap 
radius  for  the  capacitors  concerned  here  that  the  curvature  of  the  capacitor 
surfaces  can  be  ignored,  and  calculations  can  thus  be  based  on  the  simple 
plate-capacitor  formula.  By  introducing  an  empirical  coefficient  to  take 
account  of  end-effect  distortions  of  the  electrostatic  field  associated  with  the 
serrations,  we  have 

■nkA 

Capacitance  of  serrated-capacitor,  iu.nl  =  -— —  (4) 

3.(V7rf 

i 

where  k  is  the  dielectric  constant  (unity  for  air),  A  the  overlap  area  of  the  ele- 
ments in  square  centimeters,  t  the  gap  in  centimeters  between  elements  at 
the  overlap  (that  is,  the  radial  gap),  and  rj  a  coefficient  which  is  unity  when  the 
gap  is  extremely  small  and  which  decreases  as  the  gap  increases. 

If  the  charge  distributed  itself  uniformly,  the  change  of  capacitance  with 
relative  position  of  the  teeth  would  be  linear,  but,  owing  to  end  effects,  the 
actual  sensitivity  and  range  of  linearity  remain  to  be  determined  by  experiment. 

7.  Results  with  180-Tooth  Elements.  Calibrations  were  obtained  with 
an  element  of  1.26  in.  diameter  having  ISO-tooth  elements,  0.00S  in.  wide, 
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and  slots  0.0135  in.  wide  by  0.010  in.  deep.  The  radial  gap  corresponded  to 
a  diametral  clearance  of  0.0015  in.*  The  sensitivity  was  found  to  be  28  jUjuf. 
per  0.001  in.  of  movement  at  capacitor  face,  and  the  range  of  linear  response 
was  0.006  in. 

In  order  to  find  the  effect  of  width  of  gap  on  the  sensitivity,  the  diametral 
clearance  was  increased  progressively  to  0.003  in.,  0.004  in.,  and  0.005  in.; 
the  calibration  curves  for  0.003  in.  and  0.004  in.  are  given  in  Fig.  7-18.  The 
calibration  curves  were  found  to  repeat  at  different  relative  angular  positions 
of  the  cylinders,  and  the  sensitivities  measured  were  the  same  for  increase  and 
decrease  in  capacitance. 


150  200  250 

Divisions  on  Ames  dial 


450 


Fig.  7-18.     Calibration  of  Torsiograph  Pickup  Unit 
12.2  clock  divisions  =  0.001  in.  movement  at  capacitor  face  180  teeth,  0.008  in. 

wide 
Slot  0.0135  in.  wide,  0.010  in.  deep  for  0.0015  in.  gap 
Diametral  clearance  0.003  in.,  range  0.0055  in. 
Sensitivity  8.75  /xjuf  per  0.001  in.  movement  at  capacitor  face 
Diametral  clearance  0.004  in.,  range  0.0055  in. 
Sensitivity  4.85  /xjuf  per  0.001  in.  movement  at  capacitor  face 

The  values  of  the  sensitivities  obtained  from  the  calibration  and  by  calcula- 
tion, if  the  previous  formula  is  used  with  i\  =  1,  are  given  in  Table  7-2  and 
plotted  in  Fig.  7-19. 

The  percentage  of  actual  to  calculated  sensitivity  is  given  in  column  10  of 
Table  7-2  and  plotted  in  Fig.  7-19;  the  range  of  linearity  of  response  is  given 
in  column  11.  The  range  is  only  slightly  affected  by  change  of  gap,  but  the 
ratio  of  actual  to  calculated  sensitivities  decreases  with  the  increase  of  gap. 
This  shows  that  for  gaps  of  the  order  tried,  a  capacitor  element  formed  by  two 
teeth  and  adjacent  gaps  cannot  be  considered  to  have  the  properties  of  a 
capacitor  with  infinite  area  in  the  central  region  of  the  overlap  associated 
with  distortion  at  each  side  due  to  the  termination  of  the  plates.     This  would 

*  Diametral  clearance  is  given  because  this  value  is  known  accurately,  whereas 
the  gap  on  the  radius  may  not  be  exactly  half  the  afore-mentioned  value,  owing 
to  very  slight  error  in  concentricity. 
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result  in  the  agreement  of  actual  and  calculated  sensitivities  and  in  the  reduc- 
tion of  range  of  linearity  with  increase  in  gap:  hence,  the  effect  of  the  small 
breadth  of  each  capacitor  element  on  the  field  of  the  capacitor  is  to  distort  the 
whole  of  the  lines  of  force  in  the  field.  This  distortion  increases  with  width 
of  gap. 


0.001         0.002         0.003  0.004         0.005         0.006 

Gap  on  diameter,  inch 

Fig.  7-19.     Sensitivity  of  Torsiograph  Pickup  Unit  for  Various  Gaps 


8.  Results  with  90-  and  60-Tooth  Elements.  Two  sets  of  values  for  dif- 
ferent capacitor  elements  of  90  and  60  teeth  have  been  included  in  Table  7-2. 
There  are  readings  for  elements  with  0.003-in.  diametral  clearance  for  ISO 
and  90  teeth,  respectively.  The  ratios  of  actual  to  calculated  sensitivities 
are  48  and  56  per  cent  for  corresponding  values  of  5.33  and  12.65  for  the 
ratios  of  tooth  width  to  mean  radial  gap.  This  indicates  that,  although 
the  ratio  of  tooth  width  to  gap  has  an  effect,  the  most  important  factor  in 
the  design  is  the  radial  gap. 

The  last  set  of  values  in  Table  7-2  is  for  an  element  of  60  teeth  and  a  gap 
of  0.006  in.     This  shows  that  the  ratio  of  actual  to  calculated  sensitivities 
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is  tending  to  become  constant 
with  increase  of  gap  at  a  value 
of  about  30  per  cent. 

The  element  selected  for  the 
tests  mentioned  was  the  one 
with  90  teeth  and  0.003  in.  diam- 
etral clearance,  because  of  its 
large  range  of  linearity  combined 
with  adequate  sensitivity.  Full 
mean  torque  of  the  engine  cor- 
responds to  0.0025  in.  movement 
at  the  capacitor  face.  The  large 
range  facilities  correct  setting  of 
the  pickup  unit  when  assembling 
it  in  the  shaft. 

9.  Running  Experience  with 
the  Torsiograph.  For  making 
observations,  the  electronic  ap- 
paratus was  housed  in  a  test 
cubicle  so  located  as  to  require 
about  25  ft  total  length  of  cable 
lead.  Repeat  observations  gave 
consistent  results;  during  certain 
tests,  the  instrument  was  re- 
moved from  the  engine,  stripped, 
reassembled,  and  replaced  three 
times,  and  the  same  torsiograph 
results  were  obtained. 

The  instrument  was  designed 
to  have  a  very  high  natural  fre- 
quency, and  the  tests  confirmed 
this  amount  to  be  well  beyond 
the  range  of  usual  forcing  fre- 
quencies. It  was  found  that 
vibrations  of  frequency  as  high 
as  80,000  cycles  per  minute  (twice 
per  reduction-gear  tooth  engage- 
ment) can  be  recorded  with  ease. 

Low-amplitude  vibrations  of 
higher  frequency  than  this  were 
recorded,  but  it  was  not  estab- 
lished that  these  were  genuine: 
they  may  have  been  due  to  mi- 
crophony  of  the  electronic  re- 
cording apparatus. 

The  slip  rings  were  not  found 
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to  require  frequent  cleaning.  Subsequent  experience  has  shown  that  silver 
rings  and  silver  morganite  brushes  prove  satisfactory.  Phosphor-bronze  rings 
and  copper-morganite  brushes  also  gave  good  results.  It  is  important  to 
ground  the  brush  holders  by  a  suitable  flexible  connection. 

A  typical  record  is  shown  in  Fig.  7-20.  Time  and  shaft  revolution  signals 
are  also  recorded  on  the  film  used. 

10.  Other  Developments.  A  larger  unit  has  been  made  for  use  in  a  shaft 
of  much  larger  bore.  Another,  a  serrated  capacitor  unit  has  been  made 
which  fits  round  the  outside  of  an  aircraft-engine  propeller  shaft.  This 
straddles  a  very  short  length  of  shafting,  and,  although  the  mean  deflection 
at  the  capacitor  face  at  full  engine  power  is  only  0.0005  in.,  calibration  tests 
have  confirmed  that  the  design  sensitivity  is  adequate.  The  data  given  in 
Table  7-2  constitute,  in  fact,  a  satisfactory  basis  of  design  for  new  applications. 

11.  Serrated  Capacitor  Pickups  (Seismic  Types).  For  observing  irregu- 
larity of  shaft  rotation,  a  small  torsiograph  was  designed  and  made.     The 
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Time  signals 
.     2  cycles 
per  4  revs 


50  cos 


1500  rpm 


Fig.  7-20.     Typical  Record  oi  Royal  Aircraft  Establishment  Capacitance-Type 
Torsiograph,  taken  on  Merlin-II,  Blade  Angle  22.5°  at  42  in.  Station 

central  shaft  is  so  driven  that  it  has  the  irregular  motion  to  be  studied;  it  is 
mounted  in  the  (stationary)  outer  casing.  The  inner  serrated  element  is 
fixed  to  this  shaft  through  the  medium  of  a  "Mycalex"  insulating  member, 
and  the  outer  serrated  element  is  embodied  in  a  floating  flywheel  member 
mounted  on  ball  bearings  on  the  shaft.  The  flywheel  is  driven  by  strip 
springs,  and  buffer  stops  are  provided  to  limit  the  relative  movement  to 
+  7°.  Provision  is  made  for  adjusting  the  mean  relative  position  of  the  capaci- 
tor teeth  by  inserting  special  tools  through  the  casing. 

The  capacitor  is  1.5  in.  long  by  1  in.  in  diameter  and  the  pitch  of  the  ser- 
rations is  24°.  The  tooth  width  is  1.4  in.,  and  the  diametral  clearance  is 
0.003  in.  Approximately  11°  of  relative  movement  gives  linear  response. 
Grounding  is  effected  by  two  silver-morganite  brushes,  set  at  90°,  pressing 
into  a  chromium-plated  groove.  The  signal  from  the  capacitor  passes  through 
a  Nichrome  needle,  rotating  with  its  point  in  a  small  mercury  cup,  and,  thence, 
through  a  standard  adapter  and  along  a  low-capacity  screened  lead. 

The  torsiograph  has  been  calibrated  dynamically  on  a  laboratory  flywheel 
system,  and  it  has  been  used  on  engines  with  satisfactory  results.  The 
sensitivity  is  26  ju/xf.  per  degree  of  relative  displacement. 
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The  serrated  capacitor  principle  has  been  applied  also  to  obtain  small 
seismic  pickups  of  high  sensitivity,  for  recording  linear  vibrational  displace- 
ments in  space. 

III.   AMPLIFIER   CIRCUITS   FOR  VARIABLE-CAPACITANCE   GAGES 


Contributed  by  C.  H.  W.  Brookes-Smith  and  J.  A.  Colls 

G.  Introduction 

A  considerable  number  of  circuits  for  use  with  variable  capacitance  gages 
for  measuring  pressure,  force,  strain,  and  the  like,  with  a  cathode-ray  oscillo- 
graph have  from  time  to  time  been  published  by  various  workers.  These 
circuits  fall  into  two  main  classes:  (a)  those  in  which  the  gage  is  polarized 
with  a  steady  source  of  potential,  and  (6)  those  that  make  use  of  some  sort 
of  high-frequency  circuit.  Both  have  certain  advantages  not  possessed  by 
the  other,  and  both,  therefore,  have  their  uses.  Generally  speaking,  the 
former  is  the  simpler  and  has  a  considerably  higher  upper-frequency  response 
limit,  whereas  the  latter  has  the  outstanding  advantage  of  being  able  to  work 
down  to  zero  frequency  corresponding  to  sustained  pressures  or  forces,  thus, 
among  other  things,  greatly  facilitat- 
ing the  whole  problem  of  calibration. 
Examples  of  the  two  different  types 
of  circuit  are  given  in  the  following 
paragraphs. 


Fig.  7-21.     D-C  Polarization 


H.  D-C  Polarization 

For  this  circuit  a  potential  of  usually 
about  100  volts  derived  from  a  battery 
or  rectified  alternating  supply  voltage 
is  applied  through  a  high  resistance  to 
the  variable-capacitance  gage,  and  a 
large  capacitor  is  connected  in  parallel 

with  the  gage.  There  are  several  possible  arrangements,  but  that  shown  in 
Fig.  7-21  is  one  of  the  simplest.  In  this  the  gage  Cx  and  shunt  capacitor  C2 
are  charged  by  the  battery  Ei,  and  the  feed  resistance  R  and  grid-bias  battery 
E2  serve  to  hold  the  grid  of  the  valve  on  the  midpoint  of  its  operating  charac- 
teristic. The  output  voltage  is  directly  proportional  to  the  gage  capacitance 
changes  so  long  as  the  time  period  of  the  event  under  measurement  is  short 
compared  with  the  time  constant  of  the  circuit.  In  practice,  a  compromise 
must  be  found  between  two  conditions,  namely,  the  time  constant  of  the 
system  and  the  total  amplification.  Any  increase  in  shunt  capacitance  to 
obtain  a  longer  time  constant  reduces  the  output  voltage  for  a  given  capaci- 
tance change  and,  hence,  requires  higher  amplification.  A  limit  is  set  to  this 
process  at  the  point  where  valve  microphony  becomes  intolerable,  especially 
where  the  apparatus  has  to   work  under  conditions  of  severe  mechanical 
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vibration.  Any  attempt  to  raise  the  time  constant  by  increasing  the  feed 
resistance  is  limited  by  leakage  in  the  shunt  capacitor  and  cable  and  the  grid 
resistance  of  the  valve.  The  combined  effect  of  these  factors  sets  the  lower 
limit  of  frequency  at  a  few  cycles  per  second  and  completely  precludes  the 
possibility  of  recording  very  slow  capacitance  changes  or  of  effecting  static 
calibration.  The  upper-frequency  limit,  however,  is  not  restricted  by  the 
time  constant  of  the  circuit  but  by  the  amplifier.  By  omitting  the  shunt 
capacitor  and  reducing  the  value  of  the  feed  resistance,  an  output  proportional 
to  the  rate  of  change  of  capacitance  is  obtained  so  that  measurements,  for 
example,  of  velocity  instead  of  movement  or  displacement  can  be  made.  If 
desired,  the  integration  process  can  then  be  made  at  a  later  stage  in  the 
amplifier  instead  of  the  large  shunt  capacitor  being  used.  From  the  fore- 
going it  may  be  seen  that  d-c  polarization  has  considerable  utility  where 
rapidly  fluctuating  phenomena  are  to  be  indicated  and  is  of  special  value 
where  very  short-period  transient  phenomena  have  to  be  recorded.     A  simple 

d-c  polarizing  circuit  followed 
by  a  wide-band  RC  coupled 
amplifier  and  cathode-ray  tube 
is  capable  of  recording  ex- 
tremely short  mechanical  shock 


Fig.  7-22.     High-Frequency  Variable-Ampli 
tude  Svstem 


I.  High-Frequency    Circuits 

The  high-frequency  circuits 
used  with  variable-capacitance 
gages  can  be  divided  into  two 
classes:  (a)  variable  amplitude, 
and  (b)  variable  frequency. 
In  the  former  the  variation  of 
capacitance  causes  a  change  in 
the  amplitude  of  a  signal  fed 
from  a  fixed-frequency  oscillator  to  a  rectifying  circuit.  This  can  be 
achieved  by  connecting  the  variable  capacitance  in  one  arm  of  a  bridge 
or  balanced  T  network,  but  the  output  so  obtained  is  small  and  requires  con- 
siderable amplification  unless  a  high-power  oscillator  is  employed.  On  the 
other  hand  the  variable  capacitance  may  form  part  of  the  tuning  capacity 
of  a  resonant  circuit  in  which  the  magnification  of  the  circuit  allows  a  much 
higher  output  to  be  obtained.  Figure  7-22  shows  a  simplified  circuit  where 
Vi  is  the  oscillator  and  F2  either  an  anode-bend  or  diode  rectifier.  In  this 
arrangement  the  working  point  is  on  the  side  of  the  resonance  curve  and  should 
be  set  near  the  point  of  inflection  to  obtain  maximum  linearity.  The  main 
disadvantages  are  the  possibility  of  using  the  wrong  side  of  the  resonance 
curve,  the  necessity  of  backing  off  the  unwanted  d-c  component  and  the 
limitation  of  gage  cable  length  set  by  the  capacity  of  the  cable.  Nevertheless, 
the  circuit,  which  is  comparatively  simple  to  set  up,  has  given  very  useful 
service. 
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J.  Frequency-Modulated  Circuits 

In  the  variable-frequency  or  frequency-modulated  system  the  variable- 
gage  capacitance  forms  part  of  the 
oscillator  tuning  circuit.  The  vari- 
able frequency  from  the  oscillator  is 
fed  to  a  frequency-discriminating  cir- 
cuit where  it  is  converted  to  a  change 
of  amplitude.  The  frequency  discri- 
mination may  be  obtained  by  work- 
ing on  one  side  of  a  simple  resonance 
circuit,  but  a  more  satisfactory  ar- 
rangement is  to  use  one  of  the  more 
complex  frequency  discriminators  giv- 
ing zero  output  at  the  mid-operating 
point  and,  hence,  necessitating  no 
backing-off  voltage.     A  simple  form 


Fig.    7-23.     Frequency    Discriminator 


of  frequency  discriminator  is  shown  in  Fig.  7-23.     It  consists  of  two  resonant 

circuits  tuned  to  slightly  different  fre- 
quencies. The  outputs  from  the  two  cir- 
cuits are  separately  rectified,  and  the  dif- 
ference between  the  two  rectified  voltages 
appears  across  the  output  terminals.  The 
resulting  relation  between  input  frequency 
and  output  voltage  is  shown  in  Fig.  7-24. 
By  correct  design  the  central  portion  of 
the  curve  can  be  made  very  linear  and 
forms  the  working  portion  of  the  charac- 
teristic, there  being  no  ambiguity  as  in 
the  case  of  the  simple  tuned  circuit.  The 
chief  advantage  of  this  variable-frequency  system  is  that  the  variable-capaci- 
tance   gage     and     oscillator, 

Capacity  Short  coaxial  Gage 

gage  ""^  /'cable  ^oscillator 


Fig. 


7-24.     Frequency    Discrimi- 
nator Characteristic 


which  can  be  quite  small,  can 
be  situated  at  a  distance  and 
connected  to  the  discriminator 
circuit  by  a  low-impedance 
cable  several  hundred  yards 
in  length  if  required.  Limit- 
ing amplifiers  are  provided 
before  the  discriminator  to 
insure  that  amplitude  changes 
have  no  effect  on  the  output. 
A  block-schematic  diagram  of 
this  arrangement  is  shown  in 
Fig.  7-25. 


Long 

oscillator 

cable 

CR  tube 


Limiting 
amplifier 


Frequency 
discriminator 


Fig.  7-25.     Frequency-Modulated  System 
A  choice  of  carrier  frequency  over  a  fairly  wide  range  can  be  made  to  suit 
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different  purposes,  a  figure  of  about  1  or  2  megacycles  being  convenient. 
Either  of  the  high-frequency  circuits  described  previously  can  be  designed 
without  difficulty  to  work  with  incremental  variable  capacitances  of  20  fx/j.{. 
and  to  give  an  output  of  about  1  volt  per  micromicrofarad.  Used  with  a 
single-stage  direct-coupled  driver-amplifier  sufficient  output  is  obtained  to 
operate  a  cathode-ray  tube.  The  over-all  system,  therefore,  has  the  effect 
of  being  direct  coupled  throughout,  and  static  calibrations  as  well  as  measure- 
ments down  to  very  low  frequencies  can  be  carried  out.  The  upper  limit  of 
frequency  response  depends  on  the  carrier  frequency  and  the  high-frequency 
circuit  design  and,  hence,  can  be  varied  over  fairly  wide  limits.  With  a 
2-megacycle-per-second  carrier,  the  upper  limit  is  in  the  neighborhood  of 
20-30  kc  which,  however,  is  ample  for  the  vast  majority  of  mechanical 
applications. 

K.  Calibration 

The  process  of  calibration  is  greatly  simplified  by  having  a  calibrated  vari- 
able capacitor  connected  in  parallel  with  the  gage  in  the  variable-amplitude 
system  and  in  parallel  with  each  half  of  the  frequency-discriminator  tuning 
condenser  in  the  case  of  the  frequency-modulated  system.  The  effect  of 
increase  or  decrease  of  gage  capacitance  under  load  is  counterbalanced  by 
adjustment  of  this  calibrating  condenser  whose  readings  are  noted.  A  point- 
by-point  calibration  may  thus  be  obtained  and  later  transferred  to  the  photo- 
graphic record  of  the  event  under  measurement. 

This  calibrating  method  is  not  entirely  free  from  error  on  account  of  the 
inevitable  curvature  of  the  frequency-capacitance  scale  but,  in  the  case  of 
the  frequency-modulated  system  and  under  favorable  conditions,  does  not 
exceed  1  per  cent  where  the  incremental  capacitance  of  the  gage  is  not  more 
than  about  3  per  cent  of  the  total  capacitance  in  the  oscillator  circuit. 

An  important  consideration  in  connection  with  the  calibration  of  variable- 
capacitance  gages  is  that  the  high-frequency  systems  enable  point-by-point 
static  calibration  readings  to  be  taken  with  both  ascending  and  descending 
loads  and  hence  reveal  hysteresis  inherent  in  the  gage.  This  aspect  is  fre- 
quently glossed  over  in  systems  only  capable  of  dynamic  calibration,  and,  as 
load,  pressure,  and  other  gages,  which  must  be  regarded  as  "mechanisms," 
sometimes  have  hysteresis  figures  of  10  per  cent  or  more,  considerable  errors 
can  arise.  This  aspect  should  not  be  lost  sight  of  if  variable-capacitance 
gages  are  to  be  used  with  d-c  polarization,  and  provision  must  be  made  to 
carry  out  the  gage  calibrations  with  a  high-frequency  circuit  or  an  equivalent 
arrangement. 

IV.  COMMENTS   ON  THE  USE   OF  ELECTRIC-CAPACITANCE  GAGES 

L.  Installation  of  the  Strain  Elements 

The  use  of  high-carrier  frequencies  necessitates  dielectrics  having  low  power 
factors  at  these  frequencies.  Such  dielectrics  comprise  mica,  ebonite,  mycalex, 
and  the  synthetic  insulators:  polystrene,  distrene,  ethene,  and  so  on.     Mycalex 
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is  useful  on  account  of  its  good  dielectric  properties,  its  ability  to  withstand 
heat,  and  the  constancy  of  its  dielectric  properties  with  temperature  changes. 
Changes  in  the  capacitance  to  ground  outside  the  strain  element  are  recorded 
as  strains,  and,  as  the  signal  may  be  produced  by  changes  of  capacitance  less 
than  20  ix/j.1  .  out  of  a  total  of  600  /x/uf .,  special  care  must  be  taken  with  all  leads. 
They  must  be  insulated  with  a  good-quality  dielectric  having  a  grounded 
screen  outside  the  insulation.  The  smaller  the  capacitance  per  unit  length  of 
lead  between  conductor  and  screening,  the  longer  is  the  lead  that  may  be 
used  between  the  strain  element  and  the  recording  apparatus  when  amplitude- 
modulated  circuits  are  used. 

There  are  several  special  low-capacity  cable  leads  which  fulfill  the  condition 
that  the  central  wire  shall  remain  at  an  almost  invariable  distance  from  the 
grounded  screen  in  spite  of  a  reasonable  amount  of  flexing.  In  an  instance 
where  severe  vibratory  movement  of  cable  proved  troublesome,  the  difficulty 
was  overcome  by  installing  a  short  length  of  standard  Ministry  of  Aircraft 
Production  "  Uniflexmet "  cable.  Only  short  lengths  of  this  cable  can  be 
used,  because  it  has  a  relatively  high  capacity  per  unit  length:  it  has  adequate 
flexibility,  and  at  the  same  time  the  radial  stiffness  is  such  as  to  prevent  the 
capacity  from  changing  appreciably. 

For  some  applications  leads  may  be  built  up  on  a  metal  surface,  plastic 
dielectrics  being  used,  in  which  case  the  grounded  screen  may  be  obtained  by 
using  a  conducting  paint  such  as  "Aquadag." 

Change  in  temperature  alters  the  capacity  of  all  the  above  leads;  and,  if 
the  temperature  is  changing,  a  drift  in  the  steady  value  of  the  strain  will 
result.  This  change  is  too  slow  to  affect  the  usual  alternating  readings.  If 
necessary,  this  drift  can  be  avoided  by  using  a  fine  wire  stretched  taut  along 
the  center  of  a  grounded  tube  with  insulator  supports  at  intervals:  the  wire 
may  be  tuned  by  modifying  the  tension  and  the  spacing  of  the  supports  to 
have  a  frequency  outside  the  range  of  important  vibration  frequencies  of  the 
adjacent  structure. 

M.  Applications  and  Limitations 

It  will  be  appreciated  that  the  use  of  capacitance-type  pickups  does  involve 
special  care  with  details  of  the  circuit.  Moreover,  it  has  been  found  that 
extra  special  care  is  required  in  damp  atmospheres. 

However,  this  type  of  pickup  has  served  extremely  well  for  pressure  meas- 
urement, and  in  the  torsiograph  applications  it  has  given  results  quite  beyond 
the  scope  of  the  Royal  Aircraft  Establishment  optical  torsiographs. 

The  strain-gage  pickup  units  described  were  developed  before  the  advent 
of  the  wire-resistance  type  of  strain  gage,  and  they  still  have  useful  applica- 
tion for  special  purposes,  notably  in  cases  where  the  temperature  is  beyond 
the  limit  for  wire-resistance  gages.  In  the  capacitance-type  pickups,  the 
range  of  linearity  is  not  intimately  associated  with  the  properties  of  a  material, 
as  in  the  wire-resistance  gage,  and  thus  the  capacitance  type  may  serve  for 
measurements  under  extreme  conditions  where  the  wire-resistance  type  would 
be  overstrained. 


300  ELECTRIC-CAPACITANCE  GAGES 

N.  Acknowledgement 

The  authors  wish  to  thank  the  Ministry  of  Supply  and  Aircraft  Production 
for  permission  to  contribute  this  chapter,  and  in  doing  so  they  have  to  state 
that  they  are  solely  responsible  for  the  opinions  expressed  therein.  The 
RAF  official  Crown  copyright  is  reserved  for  Figs.  7-4a,  7-46,  7-15,  and  7-20. 

BIBLIOGRAPHY 

1.  E.  M.  Dodds  and  C.  H.  Sprake,  "Cathode-Ray  Oscillograph  Engine  Indi- 
cator," Engineering,  v  140,  n  3632,  3639,  and  3643;  1935. 

2.  E.  M.  Dodds,  "The  Metro-Vickers-Dodds  Engine  Indicator,"  Auto  Engr, 
v  25,  1935. 

3.  E.  M.  Dodds,  "Development  and  Application  of  Cathode-Ray  Engine  Indi- 
cator," J  Soc  Automotive  Engrs,  v  39,  1936,  pp  487-95. 

4.  M.  Bacelin,  "  Methode  d'enregistrement  de  faibles  deplacements,"  Revue 
generate  des  chemins  de  fer,  v  56,  1936,  pp  353-55. 

5.  C.  H.  W.  Brookes-Smith  and^J.  A.  Colls,  "Measurement  of  Pressure,  Move- 
ment, Acceleration,  and  Other  Mechanical  Quantities  by  Electrostatic  Sys- 
tems," J  Sci  Instr  (Lond)  v  14,  1939,  pp  361-66. 

6.  F.  D.  Smith,  "Basic  Principles  in  Design  of  Cathode-Ray  Oscillograph  Engine 
Indicators,"  J  and  Proc  Instn  Mech  Engrs  v  143,  1940,  pp  48-56. 

7.  L.  C.  Roess,  "Condenser  Tvpe  High  Speed  Engine  Indicator,"  Rev  Sci  Instr 
v  11,  1940,  pp  183-95. 

8.  B.  C.  Carter,  J.  F.  Shannon,  and  J.  R.  Forshaw,  "Measurement  of  Dis- 
placement and  Strain  by  Capacity  Methods,"  Proc  Instn  Mech  Engrs,  v  152, 
1945,  pp  215-21. 

9.  G.  M.  Foley,  "Testing  of  Precision-Lathe  Spindles,"  Trans  ASME  v  67, 
1945,  pp  553-56. 

10.   Howard  C.  Roberts,  Mechanical  Measurements  by  Electrical  Methods,  Instru- 
ments Publishing  Co,  1946. 


II 

It 
If 


It 

if 

ft. 


CHAPTER  8 


MOTION  MEASUREMENTS 

By  J.  Ormondroyd,  R.  B.  Allnutt,  F.  Mintz,  and  R.  D.  Specht 


Page 
I.  Steady-State  Motions 302 

A.  Fatigue  Stresses  and  Steady- 
State  Vibration 302 

1.  General  Consideration    .    302 

2.  Displacement  and  Stress  303 

3.  Acceleration  and  Stress.    305 

4.  Bending    Stresses    in    a 
Vibrating  Ship 305 

5.  Shear   Stresses   in   a   Vi- 
brating Crankshaft.    .    .    307 

B.  Vibration-Measuring  Instru- 
ments     309 

6.  General  Observations.    .    309 

7.  Pickup    Systems    of    Vi- 
bration Instruments    .    .    310 

8.  Indicating,    Recording, 
and  Magnifying  Systems 

of  Vibration  Instruments  310 

9.  The  Electromagnetic  Os- 
cillograph  311 

10.  The  Cathode-Ray  Oscil- 
lograph  313 

11.  Timing  Devices    ...    .313 

12.  Common  Vibration  In- 
struments  313 

C.  Interpretation    of    Vibration 
Records 315 

13.  General  Considerations .    315 

14.  Frequency  Determina- 
tion in  Records  of  Sim- 
ple Harmonic  Motion.    .    315 

15.  Amplitude  Determina- 
tion in  Records  of  Simple 
Harmonic  Motion    .    .    .    343 

16.  Harmonic  Analysis  of 
Periodic-Motion  Records  344 

17.  Instrumental  Dynamic 
Errors  in  Records  of 
Periodic  Motion   ....    347 

18.  Pivoted  Pen  Recording 
Errors 348 

D.  Calibration  of  Vibration  In- 
struments  348 

19.  General  Technique  of 
Calibration 348 


II. 


20.  Calibration    of    Directly 
Connected  Instruments.    349 

21.  Theory      of      the      Ideal 
Seismic  Pickup 351 

22.  Amplitude    Calibration 

of  Seismic  Instruments.    353 

23.  Frequency    Calibration 

of  Seismic  Instruments.    354 

24.  Phase    Calibration    of 
Seismic  Instruments    .    .    355 

25.  Types  of  Calibrators  .     .    355 

26.  Vibration    Calibrators — 
Direct  Drive 357 

27.  Vibration    Calibrators — 
Reaction  Type 361 

E.  Vibration  Generators.    .    .    .    361 

28.  General  Considerations .    361 

29.  Mechanical-Vibration 
Generators 362 

30.  Electric- Vibration    Gen- 
erators     363 

31.  Applications     of    Vibra- 
tion Generators    ....    364 

32.  Determination  of  Equiv- 
alent Local  Systems    .     .    366 

Transient  Motion 367 

F.  Stresses    Due    to    Transient 
Motion 367 

33.  General  Considerations .    367 

34.  Measurement    of    Tran- 
sient Motion 368 

35.  Indicating  Instruments  .    368 

36.  Recording     Instruments 
with  Seismic  Pickup   .    .    372 

G.  Interpretation  of  Records  of 
Transient  Motion 372 

37.  General  Considerations .    372 

38.  Interpretation    of     Rec- 
ords of  Transients  Made 

by  Accelerometers   .    .    .    372 

39.  Interpretation     of     Rec- 
ords of  Transients  Made 

by  Displacement  Meters  374 

40.  Interpretation     of     Rec- 
ords of  Transients  Made 

by  Velocity  Meters    .    .    375 


301 


302  MOTION  MEASUREMENTS 

Page  Page 

41.  General  Relationship  be-  47.    Mechanical  Integration.    382 
tween  Signal  and  Record   377  48.   Graphical  Integration    .    382 

H.   Calibration    of    Seismic    In-  49.    Numerical  Integration   .    382 

struments  Used  to  Measure  50.   Electrical  Integration.    .    383 

Transient  Motions 377  K.    Differentiation 384 

42.  General  Considerations .  377                        51.    Drafting-Machine      Dif- 

43.  Unit  Step-Pulse  Calibra-  ferentiation 384 

tion 378                        52.   Optical  Differentiation   .    384 

44.  Shock  Machines   ....    380                        53.   Approximate   Analytical 
III.   Integration   and    Differentiation  Differentiation 384 

of  Record  of  Transient  Motions  380  54.    Numerical      Differentia- 

I.   Integration  and  Differentia-  tion 384 

tion 380  55.   Electrical    Differentia- 

45.  General  Considerations .  380  tion 385 

46.  Scales 381        Bibliography 386 

J.   Integration 382 

I.  STEADY-STATE    MOTIONS 
A.  Fatigue  Stresses  and  Steady-State  Vibrations 

1.  General  Considerations.  Steady-state  motions  can  be  described 
mathematically  for  all  time  (times  which  are  longer  than  and  include  the 
entire  time  of  observation)  by  equations  which  contain  a  small  number  of 
constant  parameters.  The  following  types  of  steady-state  motions  illustrate 
this: 

x  =  Xo  (1) 

x  =  x0  +  x0t  (2) 

re    =    T„   J-     >•„/    -I-  4* 


(i  N 

lb 
II 


x  =  .-Co  +  i'ot  +  ^x0t2  (3) 


I 


ITT 

x  =  Xo  +    /    xn  sin  (noot  +  $„);     co  =  — ; 


T  =  period  of  lowest  harmonic     (4) 


ir. 

a 

Similar  equations  can  be  written  for  y  and  z  components  of  motion.  If  the 
time  of  observation  is  made  long  enough,  it  will  be  found  that  no  steady-state 
motions  actually  exist. 

Fatigue  stresses  are  associated  with  periodic  motions  of  type  4.  The 
fatigue  limits  of  steel  and  other  common  materials  of  construction  usually 
lie  well  below  the  elastic  limit  of  the  material.  For  this  reason  the  classical 
theories  of  elasticity  and  vibration  are  applicable  to  the  study  of  fatigue 
stresses. 

Dangerous  fatigue  stresses  usually  are  present  only  when  parts  of  the 
structure  are  at  resonance.  At  resonance  the  particular  harmonic  of  the 
periodic  motion  to  which  the  structure  is  resonating  is  the  only  one  of  great 
importance.  At  and  near  resonance  the  vibrating  motion  is  almost  a  pure 
simple-harmonic  motion. 

The  danger  of  a  fatigue  stress  depends  on  (a)  the  amplitude  of  the  resonant- 
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vibration  harmonic  stress  and  (b)  on  the  average  constant  stress  which  exist 
at  the  stressed  section.  Goodman  diagrams*  are  used  by  engineers  to  esti- 
mate the  probable  danger  associated  with  combinations  of  fluctuating  and 
constant  stresses. 

The  time  in  which  failure  may  occur  depends  on  the  frequency  of  the 
vibration.  The  S-N  diagram f  is  used  by  engineers  to  form  judgments  on 
this  score. 

2.  Displacement  and  Stress.  The  relationship  between  the  vibration  dis- 
placements of  points  in  elastic  systems  and  the  associated  stresses  which  exist 
at  these  points  is  given  here  from  the  theory  of  elasticity  for  several  common 
cases. 

For  beams,  bars,  and  shafts  in  simple  longitudinal  vibration: 

du 
a  =  E  —         (Compression  or  tension)  (5) 

For  beams,  bars,  and  shafts  in  simple  torsional  vibration: 

d(t> 
r  =  Gr  -^         (Shear)  (6) 

ox 

For  beams,  bars,  and  shafts  in  bending  vibration: 

dh 


Ez  — —         (Compression  or  tension)  (7) 

ax- 


For  plates,  panels  and  slabs  in  bending  vibration: 

Ez 


<Tx 


1    -    V2 


d2v  dh\ 

dx'1  dy2/ 

vw) 


Ez      fcV-v 
Ez       d°~v 


1  +  v  dx  dy 

In  these  equations 
a  =  tensile  stress  in  pounds  per  square  inch 
r  =  shear  stress  in  pounds  per  square  inch 

E  =  Young's  modulus  of  the  material  in  pounds  per  square  inch 
G  =  shear  modulus  of  the  material  in  pounds  per  square  inch 
v  =  Poisson's  ratio  of  the  material 
u  —  longitudinal  displacement  of  a  section  whose  undisturbed  position  is 

at  x 
4>  =  angle  of  rotation  of  a  section  whose  undisturbed  position  is  at  x 

*  See  Chapter  10,  p.  452;  Chapter  11,  p.  523. 
t  See  Chapter  1,  p.  20. 
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v  =  deflection  of  the  neutral  axis  at  positions  x  or  x,  y 

z  =  distance  of  stressed  point  from  neutral  axis,  measured  normal  to  the 
neutral  axis  in  inches 

r  =  distance  of  stressed  point  from  twist  axis,  measured  normal  to  the 
axis  of  twist  in  inches 
In  general  u,  v,  and  4>  are  functions  of  position  and  time.  For  instance, 
u  =  fi(x)fz(t).  The  maximum  stresses,  in  the  simple  cases  mentioned  pre- 
viously, all  occur  when  the  time  functions  are  at  maxima  (and  minima). 
Therefore,  we  are  interested  only  in  the  amplitudes  of  u,  v,  and  4>.  The 
amplitudes  are  functions  of  position.  In  the  previous  example  the  amplitude 
of  u  is  «max  =  fi(x),  if  it  is  assumed  that/2(<)  is  a  simple-harmonic  function. 

dfi(x) 
Thus,  in  straight  tension  or  compression  a  =  E  — : —  and  the  maximum  stress 

ax 

d 
amplitude  occurs  when  —  fx(x)  is  a  maximum,  thus: 


E 


d 
ax 


(9) 


Equations  5  to  8  indicate  that  the  distribution  of  amplitudes  of  motion  over 
the  vibrating  member  is  the  important  feature  in  estimating  stresses  caused 
by  vibration.  Stresses  depend  on  relative  motions  between  parts  indicated 
by  the  occurrence  of  first  and  second  space  derivatives  of  amplitudes  in  equa- 
tions 5  to  8.  The  first  space  derivatives  of  amplitudes  are  always  largest  at 
nodes  which  are  sections  with  zero  displacement  at  all  times  and  the  second 
space  derivatives  or  amplitudes  are  always  largest  at  antinodes  which  are 
sections  of  maximum  displacement  when  the  body  is  vibrating  at  resonance. 
The  stresses  calculated  from  the  vibration-amplitude  distribution  by  means 

Iof  equations  5  to  8  are  superimposed  on  the  steady  or  average  stresses  at  the 
same  points. 

Stresses  inferred  from  vibration  amplitudes  cannot  be  gotten  with  any 
high  degree  of  accuracy.  This  is  not  so  much  due  to  any  limitations  of  vibra- 
tion-amplitude measurements  as  to  the  great  difficulties  encountered  in 
obtaining  accurate  first  and  second  derivatives  from  numerical  or  graphical 
test  data. 

Vibration-measuring  instruments  are  usually  so  large,  even  if  probes  are 
used  as  the  means  of  connecting  the  instrument  to  the  vibrating  body,  that 
it  is  impossible  to  get  direct  evidence  of  stress  concentrations  by  vibration 
measurements.  If  stress  concentrations  do  exist,  they  must  be  inferred  by 
the  use  of  theory — the  vibration  measurements  giving  only  fair  estimates  of 
the  average  fluctuating  stresses  in  the  neighborhood  of  the  concentration. 

In  order  to  obtain  space  derivatives  of  vibration  amplitudes  the  motion 
must  be  measured  at  several  stations  (x  or  x,  y)  simultaneously.  If  the 
number  of  vibration  instruments  available  does  not  permit  this,  the  motion 
at  several  stations  (x  or  x,  y)  can  be  measured  successively  with  one  instru- 
ment, provided  the  frequency  and  amplitudes  of  the  motion  are  maintained 
constant  throughout  the  measurement. 
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A  common  procedure  to  avoid  multiple-vibration  measurements  is  to  calcu- 
late (or  assume  from  previous  experience)  the  spatial  relative  amplitude  dis- 
tribution at  resonance.  This  is  known  as  the  "normal  elastic"  curve  of  the 
system.  If  the  "normal  elastic"  curve  is  used,  a  single  measurement  of 
amplitude  at  some  convenient  point  in  the  system  will  serve  to  establish  the 
scale  of  the  curve  and  its  derivatives. 

3.  Acceleration  and  Stress.  In  view  of  the  difficulty  of  differentiating 
amplitude-position  data,  acceleration-position  measurements  can  be  consid- 
ered. If  a  vibrating  beam  is  taken  as  an  example,  the  following  procedure 
can  be  used: 

d2Mx       wxax 
Since  tt  (10) 


dx2 


and 


g 

Mxzx 


(11) 


77 


o     g 


dx  dx  +  S0X  +  Mo 


(12) 


where  So  =  shear  at  x  =  0,  M 0  =  moment  at  x  =  0, 
and  Mx  =  maximum  bending  moment  at  section  located  at  x 
wx  =  loading  rate  in  pounds  per  inch  at  x 
ax  =  maximum  acceleration  at  x 
g  =  acceleration  of  gravity 
ox  =  maximum  bending  stress  at  x 

zx  =  distance  between  outermost  fiber  and  neutral  axis  at  x 
Ix  =  rectangular  moment  of  inertia  of  the  cross  section  at  x 
This  procedure  leads  to  the  use  of  an  integration  process  which  is  inher- 
ently more  accurate  than  the  differentiating  processes  demanded  by  equations 
5  to  8. 

4.  Bending  Stresses  in  a  Vibrating  Ship.  In  order  to  estimate  the  possible 
stresses  which  might  occur  in  the  plating  of  a  ship  under  the  action  of  unbal- 
anced forces  in  the  engine,  variable  hydrodynamic  forces  at  the  propeller, 
and  violent  waves  during  storms,  a  ship  can  be  subjected  to  controlled  vibra- 
tions produced  by  a  vibration  generator.* 

Figure  8-1  shows  the  distribution  of  vertical  vibrations  for  the  4-noded 
critical  speed  of  a  ship  250ft  long,  43ft  beam,  27  ft  deep,  2000  tons  displacement. 
The  ship  was  floating  in  calm  water  when  the  test  was  made.  The  vibration 
generator  was  attached  firmly  to  the  center  of  the  deck  at  the  bow  of  the 
ship.  It  generated  vertical  vibrations.  The  4-noded  mode  of  motion 
occurred  at  565  cycles  per  minute.  At  this  speed  the  vibration  generator 
produced  a  simple  harmonic  force  with  an  amplitude  of  390  lb.  A  General 
Radio  crystal  accelerometer  pickup  f  feeding  into  an  amplifying  integrating 
circuit  was  used  to  make  readings  at  27  stations  regularly  spaced  along  the 

*  See  article  29. 

t  See  item  2,  Table  8-4. 
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center  line  of  the  deck  while  the  vibration  generator  was  run  constantly  at 
565  rpm. 

If  the  ship  is  treated  as  a  simple  beam  the  average  maximum  stress  in  the 
deck  plating,  ignoring  the  stress  concentrations  at  hatch  corners  and  deck- 
house attachments,  is  given  by  equation  13: 


d-v 
dx"1 


(13) 


The  maximum  value  of  d2v/dx2  occurs  amidships  at  the  central  antinode 
over  the  machinery  space.  For  the  purpose  of  estimating  the  magnitude  of 
d2v/dx2  the  amplitude  curve  between  the  two  central  nodes  can  be  considered 
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Fig.  8-1.     Profile  of  the  Amplitudes  of  Vertical  Vibration  at  565  cpm  Measured 
along  the  center  line  of  the  main  deck 


x  d2v 

as  a  sine  wave  v  =  v0  sin  2x  r  and  — 

I  de- 


value of  d2v/dx2  at  the  central  antinode  is 


4tt2Vo    .  x 

— —  sin  2-k  -•     The  maximum 


47r2;.»o 


lb 
v0   =142  X  10~6  in.;  I  =   1100  in.;  E  =  30  X  106  — :;  z  =   162  in. 

m.2 

o-  =  27  psi 

As  long  as  the  ship  vibrates  within  the  elastic  limit  of  the  ship  plating,  the 
amplitude  at  any  station  in  the  normal  elastic  curve  of  Fig.  8-1  will  be  pro- 
portional to  the  amplitude  of  the  exciting  force  at  the  bow.  To  produce  a 
stress  of  27  psi  required  a  force  amplitude  of  390  lb  at  565  cycles.  There- 
fore, to  produce  a  stress  of  10,000  psi  at  the  central  antinode,  a  force  amplitude 
of  145,000  lb  would  be  needed  at  the  bow  at  the  frequency  of  565  cycles  per 
minute. 

While  the  ship  is  vibrating  elastically  at  resonance,  the  energy  per  cycle 
put  into  the  vibrating  ship  by  the  vibration  generator  is 


TF/cycle  =  irPiVi 
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Pi  is  the  amplitude  of  the  vertical  force  generated  by  the  vibration  generator. 
Vi  is  the  amplitude  of  motion  of  the  ship  at  the  vibration-generator  position. 
If  the  vibration  generator  is  attached  to  some  other  position  x,  on  the  ship 
the  work  per  cycle  at  that  position  would  be 

W/cyc\e  =  irPxvx 

If,  for  a  given  mode  of  motion,  the  force  amplitude  Px  is  adjusted  to  give 

irPxvx  =  ttPiVi 
then, 

V\ 

Px  =  -Px 

vx 

The  amplitudes  at  the  bow,  central  antinode,  and  the  stern  in  Fig.  8-1  are 
in  the  ratios  1.00:0.37:0.93.     Therefore,  it  would  take  1050  lb  amplitude  at 
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Fig.  8-2.     Equivalent  Flywheel-Torsional-Spring  System  for  a  6-Cylinder  Diesel 
Engine  Directly  Coupled  to  an  Electric  Generator 

the  central  antinode  and  420  lb  amplitude  at  the  stern  to  produce  27  psi 
stress  at  the  central  antinode,  and  392,000  lb  amplitude  at  the  engine  space 
and  156,000  lb  amplitude  at  the  stern  to  produce  10,000  psi  stress  at  the 
central  antinode.  Since  neither  the  engine  nor  the  propeller  under  the  very 
worst  of  conditions  can  produce  such  force  amplitudes  at  565  cycles  per  min- 
ute the  ship  is  in  no  danger  of  cracking  from  fatigue  stresses  alone. 

5.  Shear  Stresses  in  a  Vibrating  Crankshaft.  A  4-cycle  6-cylinder  (in 
line)  Diesel  engine  rated  at  500  hp  driving  an  electric  generator,  operating 
at  300-900  rpm,  had  a  severe  critical  speed  in  the  running  range.  The  main 
bearings  of  the  engine  are  5  in.  in  diameter,  and  the  shaft  connecting  the 
electric  generator  to  the  flywheel  of  the  engine  is  6  in.  in  diameter.  The 
alloy  steel  of  the  crankshaft  has  a  fatigue  limit  in  shear  of  about  60,000  psi, 
and  the  steel  of  the  generator  shaft  has  a  fatigue  limit  in  shear  of  about 
35,000  psi.  The  drawings  of  the  engine  indicate  that  the  rotating  and  recipro- 
cating parts  have  the  equivalent  flywheel  moments  of  inertia  as  shown  in 
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Fig.  8-2,  and  the  dimensions  and  elasticity  of  the  crankshaft  and  generator 
shaft  give  torsional  spring  constants*  as  shown  in  Fig.  8-2. 

In  order  to  estimate  the  average  stresses  in  the  crankshaft  and  generator 
shafts,  equation  14  is  used. 


Gr 


dcj) 
dx 


(14) 


A  torsiographf  belted  to  a  pulley,  attached  to  the  free  end  of  the  crankshaft, 
showed  a  one-noded  critical  speed  at  640  rpm  having  6  cycles  per  revolution 
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Fig.  8-3.     Distribution  of  Torsional  Vibration  Amplitude  in  One-Noded  Mode  of 
Motion  of  Diesel-Generator  Drive 

and  an  amplitude  of  0.05  radian  (approximately  3°).     A  "normal  elastic" 
curve  was  constructed  by  using  the  equation: % 
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Imp2<k 


where 
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2  =      2 


0.05  radian 
640  X  oy 


(15) 
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(128tt)2  =  161,000 


rad5 


Figure  8-3  shows  the  calculated  amplitude  distribution  for  the  one-noded 
mode  of  torsional  vibration. 

Table  8-1  shows  the  successive  calculation  of  the  amplitudes  4>n  and  the 
twists  <f>n  —  <£«+i  from  equation  15. 

In  Table  8-1  the  stations  1  to  8  in  column  1  are  considered  at  the  center 
lines  of  the  cylinders,  the  center  line  of  the  flywheel,  and  the  center  line  of 
the  generator.     Column  4  gives  the  calculated  amplitudes  of  the  flywheels 

*  See  reference  3,  pp  270-73. 

t  See  Table  8-7. 

%  See  reference  3,  p  261,  eqs  /,  g,  and  h. 
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TABLE  8-1 


It 

J  ImVHm 

Twist, 

Col.  6 

Im                            Imp2 

4>m 

ImVHm 

\ 

km 

Col.  7 

m 

lb-in.  sec2         lb-in. 

rad 

lb-in. 

lb-in. 

lb 

■in. /rad. 

rad 

1 

16.5           2.66  X  10« 

0 . 0500 

13.30  X  104 

13.30  X  104 

48 

X  10« 

0.0028 

2 

16.5           2.66  X  106 

0.0472 

12.55  X  104 

25.85  X  104 

48 

X  106 

0 . 0053 

3 

16.5           2.66  X  10« 

0.0419 

11.13  X  104 

36.98  X  104 

45 

X  106 

0 . 0083 

4 

16.5           2.66  X  106 

0 . 0336 

8.95  X  104 

45.93  X  104 

48 

X    106 

0.0096 

5 

16.5           2.66  X  10« 

0.0240 

6.39  X  104 

52.32  X  104 

48 

X  106 

0.0109 

6 

16.5           2.66  X  106 

0.0132 

3.51  X  104 

55.83  X  104 

40. 

8  X  10« 

0.0137 

7 

512.0         82.50  X  106 

-  0 . 00055 

-    4.53  X  104 

51.30  X  104 

145 

X  106 

0.0035 

8 

780.0       125.5     X  10« 

-0.00407 

-51.1     X  104 

.20  X  104 

in  the  system.     This  amplitude  distribution  is  shown  in  Fig.  8-3.     The  total 
twist  in  each  section  of  shaft  between  the  flywheels  is  given  in  column  8. 
Table  8-2  shows  the  calculation  of  the  stresses  between  the  various  stations 
by  means  of  equation  14. 

TABLE  8-2 


^Imp*4>m 

Equivalent 

dx 

Equivalent 

r  ■ 

d<t> 

~  dx 

T  average 

ition 

1 

Length, 

4>m    —    0m  +  l 

Diameter, 

dr, 

t  (f>m    —    0m  +  I 

d<t> 

Gr  — 

dx 

m 

km 

Im 

In 

dm 

2 

In 

o   X    1  avg 

1 

0.0028 

15.4" 

0.00018' 

5" 

0.00045 

5,450 

16,350 

2 

0.0053 

15.4 

0.00034 

5 

0.00085 

10,300 

30,900 

3 

0.0083 

16.5 

0 . 00050 

5 

0.00125 

15,000 

45,000 

4 

0.0096 

15.4 

0 . 00062 

5 

0.00155 

18,600 

55 , 800 

5 

0.0109 

15.4 

0.00071 

5 

0.00177 

21,200 

63 , 600 

6 

0.0137 

18.15 

0 . 00076 

5 

0.00190 

22,600 

67 , 800 

7 

0.0035 

10.6 

0 . 00033 

6 

0.00099 

12,000 

36,000 

In  Table  8-2  the  total  twists  are  given  again  in  column  2,  and  the  equivalent 
length  of  twisted  shaft  is  given  in  column  3.     In  column  4  an  average  value 

d<f>  (j)m     —    4>m  +  l 

of  —  =  ; is  calculated.     Column  7  shows  the  average  shear  stress 

ox  im 

in  each  section  of  shaft. 

Column  8  shows  the  shear  stress  under  the  assumption  of  a  stress-concentra- 
tion factor  of  3.  This  is  a  reasonable  assumption  for  crankshafts.  The 
constant  load  stress  was  2500  psi  (or  7500  psi  if  multiplied  by  3).  The  possible 
stresses  between  stations  4-5,  5-6,  and  7-8  are  all  potentially  dangerous  since 
the  engine  would  give  6,000,000  stress  cycles  in  24  hr  of  operation  at  640  rpm. 

B.  Vibration-Measuring  Instruments 

6.  General  Observations.  All  vibration  instruments  have  the  same  func- 
tional parts:  (1)  a  mechanical  system  which  responds  to  the  motion  being 
measured  frequently  called  a  "pickup"  system;  (2)  an  indicating  or  recording 
system  which  is  actuated  by  the  response  of  the  mechanical  "pickup"  system; 
if  the  instrument  makes  a  record  it  also  has  (3)  a  drive  which  moves  the  record- 
ing surface  at  a  constant  speed  during  the  time  in  which  the  record  is  being 
taken;  and  (4)  a  timing  mechanism  which  marks  on  the  record  at  predeter- 
mined equal  intervals  of  time.4'  5 
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7.  Pickup  Systems  of  Vibration  Instruments.  Two  different  types  of 
"pickup"  systems  are  used.  Both  are  mechanical  in  nature.  These  are: 
(1)  "directly  connected"  systems,  and  (2)  seismic  systems. 

A  "directly  connected"  pickup  system  consists  of  a  casing  from  which  a 
probe  protrudes.  The  probe  can  move  axially  relative  to  the  casing  in  guide 
bearings  which  are  carried  by  the  case.  The  end  of  the  probe  which  is  inside 
the  case  is  usually  connected  to  the  case  through  a  spring  which  holds  the 
pnobe  against  a  stop  when  the  instrument  is  not  in  use.  In  use  the  free  end 
of  the  probe  is  put  in  contact  with  the  vibrating  body,  and  the  case  is  pushed 
down  toward  the  contact  point  releasing  the  probe  from  the  stop  and  distorting 
the  spring  so  that  the  probe  is  held  against  the  moving  body  by  the  spring 
force.  The  case  is  then  attached  to  some  neighboring  body  which  is  not 
vibrating,  or  it  is  held  in  the  hand.  The  probe  in  some  instruments  is  a 
spring-loaded  lever  arm  which  protrudes  from  the  case.  If  the  free  end  of 
the  probe  or  lever  actually  stays  in  contact  with  the  vibrating  body  and  the 
case  is  actually  held  immovable  in  space,  there  is  a  relative  movement  between 
the  probe  and  the  case  which  is  an  exact  reproduction  of  the  motion  being 
measured. 

"Seismic"  pickup  systems  get  their  name  from  the  fact  that  they  are  con- 
structed on  the  principles  of  the  seismographs  used  to  measure  earthquake 
motions.  This  type  of  instrument  consists  of  a  case  containing  a  mass  which 
is  suspended  from  the  case  by  springs.  The  motion  of  the  mass  relative  to 
the  case  is  usually  guided  mechanically  in  the  direction  of  the  motion  to  be 
measured.  The  case  of  the  seismic  instrument  is  firmly  attached  to  the 
vibrating  body  and  moves  with  it.  The  end  of  the  mass-suspension  spring 
moves  with  the  case,  and  this  excites  the  suspended  mass  into  motion.  The 
relative  motion  between  the  vibrating  case  and  the  spring-suspended  mass  is 

(related  to  the  motion  being  measured  in  a  definite  way. 
If  the  mass  is  heavy  enough,  the  suspension  spring  soft  enough,  and  the 
frequency  of  the  measured  vibration  high  enough  (co/p  >  4;  n  <  0.1),*  the 
mass  almost  stands  still  in  space,  and  the  relative  motion  between  the  case 
and  the  mass  is  almost  an  exact  reproduction  of  the  motion  being  measured. 
If  the  mass  is  light  enough,  the  suspension  spring  stiff  enough,  and  the  fre- 
quency of  the  measured  vibration  low  enough  (co/p  <  0.7;  0.6  <  n  <  0.7), 
the  mass  almost  follows  the  motion  of  the  case.  The  small  relative  motion 
that  exists  between  the  case  and  the  mass  is  almost  exactly  proportional  to 

the  instantaneous  acceleration  of  the  case. 
Ill 

8.  Indicating,  Recording,  and  Magnifying  Systems  of  Vibration  Instru- 
ments. The  input  or  stimulus  of  any  vibration  instrument  is  the  motion 
being  measured  or  some  aspect  of  that  motion.  The  output  or  response  of 
any  vibration  instrument  is  the  relative  motion  between  the  two  physical 
bodies  which  form  the  main  parts  of  the  "pickup"  unit.  The  relative  motion 
is  transmitted  to  an  indicating  or  recording  device  and  is  usually  amplified 
or  magnified  in  the  transmitting  mechanism. 

Vibration  instruments  have  various  methods  of  transmitting,  magnifying 
*  co,  p  and  n  defined  in  Article  21. 
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and  indicating  or  recording  the  relative  motion  between  the  two  mechanical 
elements  of  the  "pickup."  These  fall  into  three  general  categories:  mechan- 
ical, optical,  and  electrical. 

Mechanical  transmissions  make  use  of  levers  and  gears.  They  have  the 
advantage  of  requiring  little  or  no  accessory  equipment.  The  parts  are 
generally  rugged,  and  the  indications  or  records  attained  are  immediately 
available  for  inspection.  They  usually  are  limited  to  use  on  fairly  low 
frequencies. 

Optical  transmissions  make  use  of  mirrors  on  spindles  with  the  main  ampli- 
fication in  the  optical  levers.  They  combine  relative  freedom  from  accessory 
equipment  and  high  amplification  but  lack,  in  general,  the  versatility  of 
electrical  methods  and  the  rugged  construction  associated  with  mechanical 
methods.6'  8  * 

The  electrical  methods  make  use  of  changing  resistance,  inductance,  or 
capacitance  by  the  relative  motion  between  the  pickup  members.  In  crystal- 
type  pickups  the  relative  motion  squeezes  the  crystal  and  produces  charges 
on  its  surfaces.9-14 

Records  of  vibration  instruments  are  made  in  many  different  ways  such 
as  by  (1)  steel  points  scratching  on  metal,  celluloid,  and  carbon  or  wax- 
covered  paper;  (2)  metallic  points  writing  on  prepared  paper;  (3)  stylus  writing 
with  ink  on  paper;  (4)  stylus  emitting  high- voltage  sparks  which  cut  holes 
in  paper;  (5)  light  beams  writing  on  photographic  film  or  sensitized  paper; 
(6)  electron  beams  writing  on  fluorescent  surfaces. 

The  recording  surface  is  moved  at  constant  speed,  usually  controllable, 
in  the  proper  direction  by  spring  motors  which  can  be  wound  up  or  by  syn- 
chronous electric  motors  which  require  an  a-c  power  supply.  Indications 
are  made  with  pointers  moving  over  scales. 

Since  many  modern  motion-measuring  instruments  use  electric  transmission 
and  amplification  with  final  photographic  recording,  the  electromagnetic 
oscillograph  and  the  cathode-ray  oscillograph  are  described  here. 

9.  The  Electromagnetic  Oscillograph.  Figure  8-4  shows  the  essential  ele- 
ments of  a  modern  recording  electromagnetic  oscillograph.  The  galvanometer 
or  electromagnetic  oscillograph  is  a  device  that  records  variable  electric  cur- 
rents by  the  use  of  a  Duddell  electromagnetic  galvanometer  in  conjunction 
with  a  light  source  and  a  moving  strip  of  photographic  film  or  paper.  The 
Duddell  galvanometer  consists  of  a  wire  loop,  with  a  small  mirror  attached, 
suspended  between  the  poles  of  a  strong  magnet.  Owing  to  the  interaction 
between  the  field  produced  by  a  current  flowing  in  the  loop  and  the  field  of 
the  permanent  magnet,  the  mirror  rotates,  the  angle  of  rotation  being  pro- 
portional to  the  current.  The  rotation  of  the  mirror  causes  a  deflection  of  the 
light  beam  which  is  reflected  from  the  mirror.  The  movement  of  the  light 
beam  is  recorded  on  photographic  film  or  light-sensitive  paper. 

The  sensitivity  of  this  type  of  galvanometer  is  inversely  proportional  to 
the  square  of  the  natural  frequency.  Galvanometers  are  available  with 
natural  frequencies  as  high  as  20,000  cps  and  as  low  as  about  10  cps. 

*  See  reference  7,  pp  608,  609. 
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Electrodynamic  oscillographs  are  generally  used  at  frequencies  below  the 
natural  frequency  of  the  galvanometer  so  that  0  <  -  <  0.7.  The  wire  loop 
with  the  mirror  attached  is  enclosed  in  a  glass  tube  which  is  filled  with  a 

-  Clamp  screw 
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Fig.  8-4.     Cross  Section  of  Recording  Electromagnetic  Oscillograph 

damping  fluid  of  such  viscosity  that  n  ~  0.65.  Sensitivities  are  obtained 
as  high  as  1  in.  deflection  on  the  film  for  about  40  microamperes  of  current  in 
the  lowest-frequency  range.  Multichannel  oscillographs  are  available  with 
as  many  as  24  galvanometers  recording  simultaneously. 

The  electromagnetic  galvanometer  has  essentially  a  low  impedance  and, 


VIBRATION-MEASURING  INSTRUMENTS  313 

therefore,  generally  requires  relatively  high-power  input.  The  amplifiers  used 
with  galvanometer  oscillographs  are  of  the  type  known  as  "current  amplifiers  " ; 
that  is,  they  have  a  low-impedance  output  and  are  capable  of  putting  out 
fairly  high  currents,  even  though  the  actual  voltage  amplification  may  not 
be  high. 

10.  The  Cathode-Ray  Oscillograph.  Figure  8-5  shows  the  essential  ele- 
ments of  a  cathode-ray  tube  which  is  the  basic  part  of  a  cathode-ray  oscillo- 
graph. The  cathode  ray  oscillograph  responds  to  variations  in  voltage  and 
has  a  high  input  impedance,  requiring  little  power  output  but  considerable 
voltage  amplification,  much  of  which  may  be  in  the  amplifying  circuit  built 
into  the  oscillograph.  The  basic  element  of  the  oscillograph  is  the  cathode-ray 
tube,  which  is  essentially  an  electron  gun  in  a  vacuum  tube  with  a  fluorescent 
screen  at  one  end  of  the  tube.  Two  sets  of  mutually  perpendicular  deflection 
plates  in  the  tube  determine  the  direction  of  the  stream  of  electrons  and, 
thereby,  the  point  at  which  the  electrons  impinge  on  the  screen.  By  this 
means,  any  electric  potential  may  be  indicated  on  the  screen  (and  recorded 
photographically)  either  on  a  time  base  or  as  a  function  of  any  other  electric 
potential.  Since  the  electrons  act  as  practically  an  inertialess  pointer,  signals 
of  extremely  high  frequency  may  be  recorded,  the  limitations  being  determined 
by  the  frequency  response  of  the  associated  electric  circuits  and  the  brilliance 
of  the  trace  on  the  screen. 

11.  Timing  Devices.  These  may  be  separate  accurate  clocks  which  send 
out  electric  impulses  at  regular  intervals.  The  electric  impulses  actuate  a 
marker  which  marks  the  record.  Or  they  may  be  spring-mass  systems  vibrat- 
ing at  their  natural  frequencies  which  write  directly  on  the  record  or  interrupt 
a  light  beam  at  each  swing.  These  systems  can  be  excited  continuously  or 
intermittently. 

12.  Common  Vibration  Instruments.  There  is  a  wide  variety  of  vibration 
instruments  currently  available  and  in  common  use.  The  basic  principle  of 
all  is  the  same,  but  they  utilize  widely  diversified  methods  of  detection  and 
recording.  The  number  of  instruments  that  are  commercially  available  is 
too  great  to  permit  including  them  all  in  a  brief  discussion.  Those  discussed 
here  were  chosen  as  representative  reliable  instruments  embodying  various 
methods  of  recording,  and  they  are,  in  general,  readily  available  commercially ; 
the  chief  criterion  for  their  inclusion  was  the  fact  that  the  present  authors 
have  had  personal  experience  in  their  use. 

It  should  be  remembered  that  all  seismic  instruments  respond  only  to 
acceleration.  The  classification  of  instruments  given  here  is  that  which  is 
current  in  engineering  circles.  Instruments  for  the  measurement  of  steady  state 
vibration  may  be  conveniently  considered  in  three  basic  groups:  accele- 
rometers,  vibrometers  (indicating  vibration  meters),  and  vibrographs  (record- 
ing vibration  meters).  The  latter  two  groups  may  be  subdivided  further; 
(indicating)  vibrometers  may  be  classified  as  amplitude  indicating  and  fre- 
quency indicating,  and  recording  vibrographs  may  be  classified  as  linear 
vibration  recording  and  torsional  vibration  recording.  The  basic  data  con- 
cerning these  instruments  are  presented  in  Tables  8-3  to  8-7.     These  tables 
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Fig.    8-5.     A  Typical    High-Vacuum   Hot-Cathode  Low-Voltage   Electron-Lens- 
Focus  Cathode-Ray  Tube 


1 — Base  pins 

2 — Alignment  key 

3 — Base  collar 

4— Stem 

5 — Getter 

6 — Press 

7 — Heater  leads  (heater  inserted  inside 
the  cathode  tubing) 

8 — Cathode  support  collar   (Cathode 
inserted  inside  the  grid  tubing) 

9 — Ceramic    supports    (two    supports 

diametrically  opposed) 
10 — Control  electrode 
11 — Focusing  electrode 
12 — Support  collar 


13 — Accelerating  electrode 

14 — Mount  supports 

15 — Mica  deflection  plate  support  rings 

16 — Deflection  plate  pair  D3-D4 

17 — Deflection-plate  pair  Di-Ds 

18 — Spring  contact  (makes  contact  with 

static  shield) 
19— Static  shield 
20 — Glass  envelope 
21 — Electron  beam 
22 — Intensifier  electrode 
23 — Intensifier  terminal 
24 — Fluorescent  screen  material 
25 — Pattern  traced  by  beam 
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list  all  the  information  required  to  determine  the  suitability  of  the  instruments 
for  measuring  a  particular  type  of  vibration  such  as  frequency  range,  amplitude 
range,  and  sensitivity;  as  well  as  other  pertinent  characteristics,  such  as  weight, 
dimensions,  and  recording  method.  Every  instrument  is  illustrated  with  a 
photograph  and,  where  necessary,  a  schematic  diagram;  the  number  of  the 
figure  showing  the  instrument  is  listed  in  the  tables. 

In  these  tables  the  extremes  of  the  amplitude  and  frequency  ranges  are 
not,  in  general,  concurrent.  At  high  frequencies  the  allowable  maximum 
amplitude  may  be  lower  than  the  maximum  stated,  which  applies  at  low  fre- 
quencies. Conversely,  at  low  frequencies  the  minimum  measurable  amplitude 
may  be  higher  than  the  listed  value,  which  applies  at  higher  frequencies. 

The  recording  instruments  listed  in  Tables  8-3  to  8-7  can  also  be  used  to 
measure  transient  motions,  provided  the  user  realizes  that  the  records  need 
special  interpretation  as  outlined  later  in  section  F. 

C.  Interpretation  of  Vibration  Records 

13.  General  Considerations.  The  frequency  or  frequencies  of  vibration 
indicate  the  possible  sources  of  excitation.  The  amplitude  of  vibration  is  a 
measure  of  its  importance  as  a  source  of  trouble  (magnitude  of  fatigue  stress, 
magnitude  of  dynamic  forces). 

Figure  8-26  shows  a  record  from  a  3-component  linear  accelerometer. 

14.  Frequency  Determination  in  Records  of  Simple  Harmonic  Motion. 
The  record  will  have  time  marks  distributed  along  its  length  at  equal  time 
intervals.  If  the  recording  surface  is  moving  at  a  constant  velocity  v,  time 
will  be  increasing  in  the  direction  opposite  to  v,  and  the  time  signals  (dots, 
scratches,  or  some  uniformly  shaped  mark)  will  be  spaced  at  equal  length 
intervals.  The  time  intervals  are  known  from  the  clock  or  the  natural  period 
of  the  timer  elastic  pendulum. 

If  the  recording-surface  velocity  v  is  not  constant  the  length  Z\  between  two 
adjacent  time  signals  is  measured.  The  known  time  interval  t\  divided  by 
Si,  t\/z\  =  sz  =  seconds  per  inch  over  the  interval  measured.  This  time  scale 
is  used  in  the  same  interval  on  the  motion  record.  In  some  mechanical 
instruments  the  recording  is  not  made  in  line  with  the  time  marks;  this  must 
be  taken  into  account  when  v  is  not  constant.  If  v  is  constant,  the  length 
Z\  is  used  over  a  convenient  number  n  of  time  intervals.     Then  s,  =  nt\/z\. 

In  the  time  interval  for  which  sz  has  been  determined,  the  length  z-2  is 

measured  between  two  peaks  of  the  recorded  simple  harmonic  motion,   m 

complete  cycles  apart.     m/z%  then  gives  the  number  of  complete  cycles  per 

inch. 

1  m 
The  frequency  in  cycles  per  second  is  given  by If  the  recording  surface 

Sz  Zo 

velocity  is  constant  and  given  in  inches  per  second,  sz  =  l/v  and/  =  vm/z2. 

2  sec  m      9  cycles  1     m       4.64      9 

In  Fig.  8-26  Sz  =  -r^vr-  and  -  =  — — —     Therefore, =—-•—- 

4.64  in.  z2      3.67  m.  '  s,    z2         2       3.67 

cycles  cycles 

=  5.7  — =  342  —, — 

sec  mm 
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Fig.  8-6.  The  Brush  Crystal  Accelerometer 
The  Brush  crystal  accelerometer  utilizes  the  sensitive  piezoelectric  nature  of 
Rochelle  salt  crystals.  As  shown  in  the  schematic  diagram,  two  flat  crystals, 
separated  by  a  flat  conducting  strip,  are  supported  on  three  corners,  the  fourth 
corner  being  unsupported.  Accelerations  along  an  axis  normal  to  the  crystal 
faces  causes  bending  of  the  crystals,  which  owing  to  the  piezoelectric  effect  develop 
a  voltage  between  their  extreme  faces. 

As  Rochelle  salt  is  weak  structurally  and  has  a  low  melting  point,  the  pickup 
should  not  be  subjected  continuously  to  accelerations  greater  than  10  g  or  tempera- 
tures higher  than  about  120°F.  Because  of  the  sensitivity  and  compactness  of 
this  type  of  transducer,  a  similar  pickup,  used  with  a  portable  amplifier  and  meter, 
serves  as  a  sensitive-vibration  indicator  (See  the  General  Radio  Vibration  Meter, 
Fig.  8-11). 
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Fig.  8-7.     Jacklin  Accelerometer 

The  Jacklin  accelerometer  is  a  medium-frequency  instrument  for  recording 
simultaneously  linear  accelerations  along  and  rotational  accelerations  about  three 
mutually  perpendicular  axes.  The  six  acceleration  records  and  a  timing  trace 
are  obtained  on  photographic  paper  4  in.  wide,  traveling  at  a  speed  of  about 
3  in. /sec.      100-ft  rolls  of  paper  are  accommodated  in  the  paper  magazine 

The  method  of  magnification  of  the  motion  of  the  element  involves  the  use  of  a 
unique  double-reed  mechanical  magnifying  lever,  shown  in  the  schematic  diagram 
of  a  linear  element.  The  motion  of  the  mirror,  attached  at  the  juncture  of  the 
reeds,  is  in  turn  amplified  by  the  light-beam-lens  system  comprising  the  optical 
lever.  The  sensitivity  of  the  instrument  is  such  that  it  is  suitable  for  recording 
the  usual  mechanical  vibrations 

A  control  box  somewhat  smaller  than  the  accelerometer  proper  is  used  to  provide 
motor  drive  for  the  paper  and  to  control  the  taking  of  records 
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Fig.  8-8.  The  Statham  Accelerometer 
In  the  Statham  accelerometer  high  sensitivity  is  attained  by  allowing  the  strain- 
sensitive  wire  to  serve  as  a  spring.  In  this  manner,  a  high  ratio  of  strain  to 
imposed  acceleration  is  attained.  Although  the  sensitivity  is  high  for  a 
resistance-type  pickup,  it  is  generally  necessary  to  use  an  amplifier  to  obtain 
optimum  performance 
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Fig.  8-9.  The  Westinghouse  Crystal  Accelerometer 
This  is  a  piezoelectric  type  of  pickup,  utilizing  the  relatively  insensitive  but 
mechanically  strong  quartz  crystals  as  detector  elements.  Because  of  its  high 
natural  frequency  and  sturdy  construction,  this  pickup  is  suitable  for  measurement 
of  high  accelerations  and  high-frequency  vibrations.  As  this  pickup  has  no  damp- 
ing, it  is  generally  used  with  a  low  pass  filler,  especially  in  the  measurement  of 
shock,  to  eliminate  the  high-frequency  "hash"  due  to  the  free  vibrations  of  the 
sensitive  element 


322  MOTION  MEASUREMENTS 


JVC 

rt 

tn 

13   .'■, 

g  de- 
eh  if 
than 

3   03 

O     3     fH 

o 

CO 

O 

Q    C3 

a-p  > 

f»J 

3    3   03 

-P    03 

>> 
-p 

P 

bC 

3?    Oi'oS 

CD 
-P 

■+3 

-P  -P 

■73           03 

-p 

p 

03 

a 

CO 

o3 

X> 

-P 

>  2 

e  of  rec 
on  up 
eration 

o 

03 

e3 

a 

X 

bC 

03   xn 

o 
o 

O 

M 

O 

w 

o3 

tci 

*h'% 

03  JD  -P    03   Os 

P    o3    °    U  _ 
-    §    03    C  O 
P    ~en    o3<N 

U 

o 

CO 

o 
c-i 

1 

fc»'C  a-p1 

d  a 

o 

00  t* 

03  .3 

03   -P 

3   bC 

03   o3  ■ 

w 

*j  o  c 

a 

o 

, 

O  ._<    03 

"SI 

P     ° 

,-,  b 
P  o 
03 
P 

P" 

+3 

03        ^~   O 


3        03  0 
O        _§T3 


«4— i  d 

fi  &  Sf  « 

oo-~-     C^ 


co 


T3 

a 

83 

W 

p 

c 

c 

■p 

o: 

03 

3 
C 
-B 

5 

Z 

M^ 

3 

+= 

> 

Sra  —  —  03 

,„  -P     <D  P*  « r-(  >"? 


3 


H«^.H    M 


Pi    p    03 


S     ■« 


B        -C  O     -  g ' 


©  S-^=^^^  co  5°^       £  ^  bfip.&^B 


03    M.^ 
B   4J   -P 

O   o    O 

>>E  B 

-p 

P 

bfl 
03 
bC 

"3 

Q 

-p 

o 

<1 

CO 

X 

c 

o 

b£-<_> 

03    03 
Sh 

■o  > 

w 

T3 

o 

CN 

03 

-p 

03 

03 

S<03 

88 

X 

co 

CO 

as 

03    03 
bC  i- 

o3    3 

-3-"5 

03 

&c* 

X 

+3 

o3 

-P 
T3    « 

C    S3 

Aa 

,  o 

00 

P  \IM 

OS 

X 

03 

03    3 

a -8 

T3    ™  - 


-,  Is  ^  ^     2      z~x£   yl   ii-ill      -s 


^s 


^3    03 


o 

-p     , 


^                          «1^                    ■&.§  .03  |X«-      aC  f^ai-g 

^^^^  0                ^S  ^  R\MXS           S    03  2-03132 

ei-H        -p +j  g  is;            o  M  ca  qqj^co.,-,      , — i  jjf  v  rt            t,        03  r— 

^5        I  5       ^gM  ^-g      3  B  2  ¥      ts:2  3  "S  2  ^  a      fe  ol 

U-^3      g  o      s--p  £CX--      i0"-?      ^^  om  s.s^;  drt  go 

tr-H  O         <!PH.S  <)  03         PHPH         02         W  Ph                                   ooO 

R< 

IE                                     "5  o  t-  fi  jj-— . 

a  °°  rS  2  >5 

II                                           fc!                                       03  O  3  ^     - 

-O                                            >  _,  u   «    bC 

^                         3  I  ^03  I'g'S 

l|       2-1  s  i  -       ap-g  ^^ 

S       ?  2     "J  ^  ^       «     «,    -I  -SSI 

-     >  ^        NO        ^        K  00< 


'■5      >>        £  -b 

o3          O                O  *zi 

S      s-        '3  a  03 

■S      9          °2  t-      a  pW 

a        BnrH        2  S        -  S                               fe 

.3         Q1  B         3  .3  e                                     c 

^2          ^    I — !jQ  33  a         O   h  03                                        P 

H       -     -r-H  *         r—  -p  ° 

-g         3   ~    bci  g       -g    g  03                               3   a 

-P-p3*~0j  fe-P-P  H                                           ^G 

.S^^^^^O^^S  bC^ 


03 

- 

o 

O 

o 

CO 

03-3 

B  £ 

U 

o 

>-,  o 

CO 

>o 

o> 

o 

03" 

it 

B 

. 

03 

P 

O   en 

1 

3 

B 

m 
h- 1 

13 

03 

bC  o3  V3 

a 

03 

5- 

03 
!h 

'oS 

-p 

'a 

a 

"o3 

'to 

03 
03* 

Via 

3  ° 
Ot3 

O 

_,  o 

it 

'"-+3  o 

3  '-p 

03  4^ 

S3 

a  i< 

- 

03  +J 

03 

O    03 

(h 

P    03 

P 
Ph 

P 

Ph 

Q§ 

INTERPRETATION  OF  VIBRATION  RECORDS 


323 


Direction  of 
applied  motion 


ndicator 


Reading  taken 
where  indicator 
images  intersect 


Fig.  8-10.  The  Cordero  Vibrometer 
The  cordero  vibrometer  is  a  hand-held  amplitude-indicating  instrument.  When 
it  is  held  in  the  hand,  with  the  probe  kept  in  contact  with  the  vibrating  body,  part 
of  the  arm  as  well  as  the  instrument  case,  acts  as  a  seismic  mass.  The  probe  acts 
against  a  compression  spring  and  is  connected  to  the  indicating  pointer  by  a  simple 
mechanical  magnifying  lever.  The  amplitude  of  vibration  is  read  on  the  radially 
graduated  scale  as  the  point  of  intersection  of  the  adjacent  sides  of  the  two  extreme 
positions  of  the  indicator  as  seen  owing  to  persistence  of  vision 
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Fig.  8-11.  General  Radio  Vibration  Meter 
This  is  a  portable  general-purpose  vibration-indicating  outfit  comprising  a 
Rochelle  salt-crystal  pickup  similar  to  that  shown  in  Fig.  8-6  and  a  compact  unit 
containing  an  amplifier,  integrating  circuits,  and  a  sensitive  voltmeter.  The 
pickup  is  sensitive  to  acceleration,  and  the  amplitude  of  acceleration,  velocity,  or 
displacement  may  be  read  on  the  meter  by  use  of  the  appropriate  circuits,  which 
are  switched  by  pressing  suitable  button  switches 

This  instrument  is  useful  only  for  relatively  steady  vibrations.  It  may,  how- 
ever, be  used  for  recording  vibrations  by  feeding  its  output  into  an  oscillograph. 
In  general,  the  acceleration  velocity  and  displacement  readings  obtained  with 
this  instrument  are  not  directly  comparable,  as  small  amplitude  high-frequency 
vibrations  predominate  in  the  acceleration  readings,  whereas  the  lower-frequency 
vibrations  of  large  amplitude  predominate  in  the  displacement  readings 
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Fig.  8-12.  Westinghouse  Hand  Vibrometer 
This  instrument  is  the  commercial  prototype  of  a  number  of  simple  homemade 
vibration  indicators  that  are  widely  used  in  field  work  for  quick  approximate 
measurements.  Hand  vibrometers,  in  general,  use  the  inertia  of  the  hand  as  part 
of  the  seismic  weight.  The  suspended  weight  of  this  instrument  is  fairly  heavy 
so  that  it  may  be  set  on  a  vibrating  object  and  act  seismically  without  the  neces- 
sity of  being  held  in  the  hand.  It  is,  however,  preferable  to  use  it  held  in  the  hand 
The  double  amplitude  of  the  vibration  is  indicated  by  the  band  swept  out  by 
the  dial-gage  pointer 
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Fig.  8-13.     The  Askania  Vibrograph 
This  is  a  hand-held  instrument  which  records.     The  pickup  rod  is  held  against 
the  vibrating  body,  and  the  main  body  of  the  instrument  is  held  by  one  or  both 
hands 
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Fig.  8-14.  Frahm's  Reeds 
This  instrument  contains  a  series  of  cantilever  reeds,  accurately  tuned  to  fre- 
quencies separated  by  definite  even  intervals,  generally  about  1  per  cent  of  the 
average  frequency.  Because  of  inherently  low  damping,  the  tuning  of  the  reeds 
is  rather  sharp,  and  there  is  no  difficulty  in  determining  the  proper  frequency  at 
moderate  amplitudes  of  vibration.  By  careful  observation  and  interpolation 
vibration  frequencies  may  be  determined  with  an  error  less  than  the  interval 
between  the  indicated  frequencies.  Frahm's  reeds  are  widely  used  in  the  deter- 
mination of  the  rotational  speeds  of  motors  and  other  rotating  equipment,  which 
usually  generate  enough  vibration  to  indicate  on  this  instrument 
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Reed 


Head- 


Fig.  8-15.  Westinghouse  Reed  Vibrometer 
The  Westinghouse  reed  vibrometer  is  based,  like  the  Frahm's  reeds,  on  the 
determination  of  frequency  by  resonant  vibration  of  a  cantilever  reed.  This 
instrument,  however,  uses  a  single  reed,  continuously  variable  in  length,  moving 
in  a  cylindrical  tube  rather  than  a  set  of  fixed  reeds.  The  frequency  is  indicated 
on  a  scale  by  an  indicator  line  that  moves  with  the  enclosed  end  of  the  reed. 
The  advantage  of  this  method  is  apparent — the  entire  band  of  mechanical  fre- 
quencies ordinarily  found  is  covered  in  one  instrument.  This  is  counterbalanced 
to  a  certain  extent  by  the  time  and  difficulty  sometimes  encountered  in  accurately 
determining  a  frequency,  particularly  when  the  vibration  is  unsteady 
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Fig.  8-16.  Strobotac 
The  Strobotac  is  a  portable  adjustable-frequency  stroboscope  for  determining 
vibration  frequencies  and  rotational  speeds,  as  well  as  for  the  inspection  by  "stop- 
ping" motion  of  rotating  shafts  and  other  members.  As  its  light  output  is  rela- 
tively low,  it  must  be  used  in  rather  dim  light  to  be  effective  or  in  conjunction  with 
higher-intensity  flashing-light  sources 
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Pendulum  assembly 


Adjusting  plate 


Spring  arm 


Fig.  8-17.     Cox  Vibration  Recorder 

This  is  the  Cox  Torsiograph  (see  Fig.  8-22)  modified  to  record  linear  vibrations 
by  the  addition  of  a  weight  to  the  pulley  plus  a  balancing  spring,  converting  it  to 
a  horizontal  pendulum,  for  measuring  vertical  vibrations.  Conversion  to  a  hori- 
zontal vibrograph  is  accomplished  by  adding  a  similar  weight  without  the  balancing 
spring,  so  that  the  pendulum  arm  is  vertical 

The  ready  convertibility  of  this  instrument  to  recording  linear  vibrations,  both 
vertical  and  horizontal,  as  well  as  torsional  vibrations,  is  one  of  its  many  com- 
mendable features 
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Fig.  8-18.     The  Consolidated  Type  4-102  Velocity  Pickup 
The  open-circuit  voltage  of  this  pickup  is  proportional  to  the  relative  velocity 
between  the  magnet  and  the  coil  fixed  to  the  case.     Only  under  certain  conditions 
is  this  proportional  to  the  absolute  velocity  of  the  case 
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Fig.  8-19.  Taylor  Model  Basin  Pallograph 
The  pallograph  is  intended  for  the  measurement  on  shipboard  of  vertical  vibra- 
tions which  cover  a  frequency  range  of  approximately  60  to  2000  cpm.  For  this 
reason,  the  type-V  pallograph,  illustrated  above,  has  the  exceptionally  low  natural 
frequency,  for  a  portable  instrument,  of  20  cpm;  this  frequency  is  attained  by 
utilizing  the  principle  of  instability.  The  choice  of  three  magnification  factors 
permits  recording  of  small  as  well  as  large  amplitudes  of  vibration  with  reason- 
able precision.  The  type-H  pallograph,  which  is  used  to  record  horizontal  vibra- 
tions, is  similar  to  the  Type  V,  although  it  has  a  somewhat  higher  natural  frequency 
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Fig.  8-20.  Westinghouse  L.  E.  Vibrograph 
The  L.  E.  vibrograph  is  a  compact  portable  instrument  for  recording  practically 
all  linear  vibrations  ordinarily  encountered  in  mechanical  systems.  Although  the 
upper  limit  of  amplitude  is  rather  low,  the  high  mechanical  magnification  obtained 
(8X)  partially  compensates  for  this.  The  built-in  reed  timer  is  a  convenience 
affording  complete  independence  of  external  power 

The  records  obtained  are  generally  analyzed  by  use  of  a  special  microscope 
furnished  with  the  vibrograph.  It  is  occasionally  inconvenient  to  use  this  method, 
particularly  when  the  record  obtained  does  not  approximate  a  pure  sine  wave 
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(a) 

Fig.  8-20a.     Westinghouse  L.  E.  Vibrograph,  Schematic  Representation 

As  shown,  the  instrument  records  the  relative  motion  between  the  case  and  the 

inertia  mass.     Provision  is  also  made  for  locking  the  inertia  mass  to  the  case; 

the  instrument  can  then  be  hand-held  and  the  scriber  connecting  arm,  after  being 

detached  from  the  case,  is  used  as  a  probe  and  is  held  against  the  vibrating  body. 
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Fig.  8-21.     Cambridge  Universal  Vibrograph 
In  this  view  the  instrument  is  shown  arranged  to  measure  horizontal  vibrations. 

It  can  be  changed  to  measure  vertical  vibrations.     Another  attachment  makes 

the  instrument  suitable  for  the  measurement  of  torsional  vibrations.     It  can  also 

be  rigged  to  be  used  as  a  directly  connected  instrument 

The  recording  surface,  celluloid,  receives  the  record  by  plastic  flow  under  a 

needle  with  a  rounded  point.     The  record  can  be  viewed  through   a   microscope 

or  projection  viewer 
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Flywheel 


Shaft  transmitting 
rectilinear  motion 


Shaft  transmitting 
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Fig.  8-22.     The  Cox  Torsiograph 

The  Cox  instrument  is  a  modernized  version  of  the  Geiger  torsiograph,  which 
was  one  of  the  most  versatile  and  well-designed  of  the  early  vibration  instruments 
and  still  ranks  high  among  mechanical  instruments.  The  bell-crank  arrangement, 
shown  in  the  sketch,  converts  the  relative  rotational  displacement  between  the 
seismic  mass  and  the  pulley  into  linear  motion  of  the  transmitting  shaft.  This 
motion  .in  turn  is  imparted  to,  and  magnified  by,  the  stylus,  which  records  on  waxed 
paper 

In  recording  torsional  vibrations,  the  pulley  is  connected  to  the  test  shaft  by  a 
belt  either  of  cloth  or  of  thin  steel  strip.  This  belt  is  made  as  short  as  possible 
to  reduce  the  errors  introduced  by  the  flexibility  of  the  belt.  The  addition  of  an 
eccentric  weight  to  the  seismic  weight  converts  it  to  a  pendulum,  permitting 
measurement  of  linear  vibrations  (see  Fig.  8-17) 
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Fig.  8-23.  The  G.  M.  Mechanical  Torsiograph 
This  mechanical  torsiograph  is  a  relatively  heavy  pickup  that  is  clamped  to  the 
end  of  the  shaft  by  a  collet  adapter.  The  recording  means  is  a  stylus  writing  on 
specially  sensitized  paper.  The  vibration  is  recorded  in  polar-diagram  form;  this 
permits  immediate  determination  of  the  order  of  vibration  without  harmonic 
analysis,  but  the  speed  of  the  engine  must  be  accurately  determined  independently 
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Fig.  8-24.  The  Sperry-MIT  Torsional  Vibration  Pickup 
This  is  a  velocity-type  pickup  similar  in  principle  to  the  Sperry-MIT  linear 
pickups.  The  relative  motion  between  the  seismically  suspended  mass  and  the 
shaft  of  the  pickup  causes  rotation  of  a  coil  fixed  to  the  shaft  with  respect  to  a 
radial  magnetic  field.  The  voltage  developed  is  proportional  to  the  velocity  of 
this  motion;  an  integrating  circuit  is  generally  used  to  obtain  records  in  terms  of 
the  amplitude  of  torsional  vibration 
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Fig.  8-25.  The  Phase-Shift  Torsiograph 
The  phase-shift  torsiograph  consists  of  a  group  of  basic  members  which  may  be 
adapted  for  many  different  applications  in  the  measurement  of  torsional  vibrations. 
These  members  are  a  steel  gear  which  is  attached  to  the  shaft,  two  iron-core  coils 
and  the  detector  unit  with  power  supply.  The  gear  may  be  mounted  anywhere 
along  the  shaft  and  the  two  coils  are  rigidly  supported,  close  to  the  gear  teeth,  at 
the  opposite  ends  of  a  diameter.  Passage  of  the  gear  teeth  by  the  coils  generates 
a  high-frequency  voltage;  any  deviating  of  the  shaft,  and  thereby  the  gear,  from 
uniform  angular  velocity  such  as  that  due  to  torsional  vibration,  causes  a  shift 
in  the  phase  of  successive  cycles.  By  means  of  an  ingenious  detecting  circuit, 
this  phase  shift  is  used  to  indicate  the  torsional  vibration  on  the  screen  of  a  cathode- 
ray  oscillograph 

The  pickup  shown  was  made  up  by  the  authors  for  use  on  the  end  of  the  shaft 
of  a  small  engine.  In  this  pickup,  the  coil-supporting  disk  rides  on  ball-bearings, 
and  is  snubbed  to  prevent  it  from  rotating 
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15.  Amplitude  Determination  in  Records  of  Simple  Harmonic  Motion. 

When  the  record  has  a  clear-cut  line  and  is  at  one  level  on  the  recording  sur- 
face, the  fine  straight-line  envelope  of  the  peaks  is  drawn  first  touching  the 
tops  above  several  complete  cycles.  A  lower  straight-line  envelope  is  drawn 
through  the  inside  of  the  valleys,  again  touching  the  top  of  the  record  lines. 
The  distance  between  these  envelopes  is  the  double  amplitude  of  the  record. 
If  this  distance  is  X\,  the  amplitude  is  A  =  X\/2.  The  actual  amplitude  of 
the  motion  measured  is  A  =  Xi/2/jl.  Where  fi  is  the  magnification  or  ampli- 
fication of  the  recording  mechanism,  /j.  is  determined  by  the  calibration  process 
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Fig.  8-26.     Record  from  Three-Component  Linear  Accelerometer 
Top  trace — Longitudinal  vibration 
Center  trace — Transverse  vibration 
Bottom  trace — Vertical  vibration 
Undamped  natural  frequency  =  100  cps 

Undamped  p*  =  390,000  -4* 
sec- 

n  =  0.6 

Time  scale  Y^  sec  per  mark 

Amplitude  scale  1.3  in./ff 


or  is  calculated  from  the  known  kinematic,  optical,  or  electrical  characteristics 

of  the  instrument. 

In  an  acceleration  record  the  measured  double  amplitude  is  X\  in.     The 

in. /sec2 

single  amplitude  is  %J2.     The  calibration  scale  is  sx — ; In  Fig.  8-26 

in. 

1  Xi       1  in.  /sec2 

Xi  =  -  in.;  —  =  -  in.;  sz  =  297  — ; Therefore,  the  amplitude  of  the 

2  2        4  in. 

.    sxxx       297 
measured  acceleration  is  — — -  =  — —  =  74.2  in. /sec2. 

If  the  record  wanders  up  and  down  on  the  recording  surface  a  fine  straight 
line  is  drawn  below  the  record  parallel  to  the  direction  of  the  known  or  expected 
zero  line.  From  this  line  the  vertical  distance  to  the  under  edge  of  the  valleys 
(lower  peaks)  of  several  successive  cycles  are  measured,  Xi,  x»,  •  •  •  x„,  and 
the  vertical  distances  to  the  under  edge  of  the  upper  peaks  between  are  meas- 
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if  the  record  does  not  wander  vertically,  but  the  successive  amplitudes  are 
not  exactly  alike  and  average  double  amplitudes  are  desired,  this  expression 
can  be  used. 

16.  Harmonic  Analysis  of  Periodic-Motion  Records.  If  the  record  shows 
periodic  motion  which  is  not  simple  harmonic  motion,  harmonic  analysis  of 
the  record  will  indicate  the  amplitudes  and  phase  relationships  of  the  com- 
ponent simple-harmonic  motion.     A  typical  section  of  the  record  is  selected 


Base  line    — ' 
chosen  arbitrarily 


radians 
radians^"- 
2tt  radians - 


1  period  =  T  sec 

Fig.  8-27.     Typical  Record  Prepared  for  Fourier  Analysis 

for  analysis.  The  section  should  be  magnified  photographically  or  by  pro- 
jection until  it  is  large  enough  for  accurate  measurements.  Figure  8-27 
shows  a  typical  section  prepared  for  analysis.  The  record  is  to  be  replaced 
by  the  analytical  expression: 


a0  + 


-p-1 


cos  nd  + 


I 


b„  sin  nd 


The  typical  cycle  chosen  can  start  and  end  at  any  two  similar  phases. 
The  length  of  one  cycle  is  2x  radians  for  the  fundamental  harmonic  and  repre- 
sents 2-wn  radians  for  the  n  harmonic.  The  length  of  one  cycle  is  divided 
accurately  into  an  even  number  of  intervals  2p  in  number.  Each  interval 
represents  ir/p  radians  for  the  fundamental.  A  base  line  accurately  parallel 
to  the  zero  line  of  the  record  (or  the  envelope  of  the  record)  is  placed  at  any 
convenient  position  below  the  record.  Ordinates  are  erected  perpendicular 
to  the  base  line  at  the  2p  equal  intervals.  These  ordinates  are  measured  in 
inches  between  upper  (or  lower)  edge  of  the  base  line  and  the  upper  (or  lower) 
edge  of  the  record  trace  giving  a  series  of  values  xh  x2,  ■  ■  ■  x-2P.     Then, 
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q=-lp 


a0  =  —     )      xq  (16) 

9  =  1 


2V    Lf 

9  = 
9  =  2; 


q=zp 

qw 
x„  cos  n  — >     (n  =  1,  2,  •  •  •  ,  p  —  1)  (17) 

V 

9  =  1 


y  =2p 

ap  =  —     /    xq  cos  g7r  (18) 

2p   jL/ 

9  =  1 
9  =  2p 
1      V  V 

bn  =  -     /     xg  sin  n —  (19) 

V    L~l  V 

9  =  1 


The  accuracy  of  a„  and  6„  decreases  as  ft  — >  p.  In  order  to  achieve  fair 
accuracy  in  the  coefficients  the  number  of  ordinates  2p  chosen  for  the  analysis 
should  be  4?imax  where  ?imax  is  the  highest  harmonic  desired  in  the  analysis. 

/ •  (  «A 

an  cos  n6  +  bn  sin  nd  =  vo,!  +  b,r  sin  I  nd  +  tan-1  —  I 

Also 

/ /  &-\ 

an  cos  ft#  4-  fe„  sin  ??0  =  vv  +  bn  cos  I  W0  —  tan-1  —  I 

V  «-/ 

It  should  be  noted  that 

a\ 
sin  I  nd  +  tan-1  7-  )  has  the  value  0  and  positive  slope 
bn/ 

1  an 

when  6  =  —  -  tan-1  — 

ft  Ort 

/  &n\ 

and  that  cos  I  nd  —  tan"1  —  J  has  the  value  1  when 
\  an/ 

1  bn 

$  =  +  -  tan-1  — 

ft  a7l 

although  the  expressions  just  given  are  the  basis  of  all  numerical  harmonic 
analysis,  the  calculations  indicated  are  long  and  tedious.  Many  rapid 
methods  of  calculating  harmonic  coefficients  have  been  devised. 

12-0rdinate  Schemes.  If  only  the  three  lowest  harmonics  in  a  record  are 
of  interest  a  12-ordinate  scheme  will  give  good  accuracy.  In  this  scheme 
2p  =  12,  2x/2p  -  30°,  and 

<2  =  12 

JL     V 

ao  —   1 2      /,    xi 

9  =  1 


( 


it 


4 
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g  =  12 


an  =  \     )     xq  cos  ng  X  30c 


3  =  1 

8  =  12 


o„  =  6"    /     a?a  sin  ng  X  30c 


g  =  i 
«o  =  rsfxi  +  £2  +  X3  +  Xi  4-  25  4-  x6  +  x7  +  s8  +  x9  +  Xio  +  *u.+  X12] 

&i  =  -?r[0. 866(21  —  Xi  —  £7  +  #11)  +  0.500(22  —  xa  —  x»  +  #10) 

+  1.000(xr2  -  x6)] 

61  =  -e[0.500(.ri  +  25  —  x-j  —  Xn)  +  0.866(x2  +  24  —  28  —  X10) 

+  1.00(23  -  x9)] 

«2   =   -|[0. 500(2!  +  25  +  27  +  2n    —  22   —  24   —  2g  —  2io) 

+    1.000(26  +  212   -  23   -  29)] 

hi   =  "^[0.866(2!  +  22  +  27  +  28  —  24  —  25  —  2io  —  Xll)] 

O3  =  ^{Xi   +  28  +  212  —  2o  —  26  —  2io) 

bz  =  \{Xi   +  25  +  29  -  23  -  27  -  2n) 

12-ordinate  schemes  and  24-ordinate  schemes  for  rapid  calculation  of  harmonic 
coefficients  are  given  by  Whittaker  and  Robinson.15 

Runge's  48-ordinate  scheme  is  given  by  Den  Hartog.* 

Beevers  and  Lipson17  have  devised  strips  of  cardboard  on  which  are  printed 
values  of  C  cos  mnx/'p  for  various  values  of  C  =  1,  2,  3,  ■  •  ■  100  and  various 
values  of  m  and  n.  These  strips  carry  out  much  of  the  computation  needed 
in  harmonic  analysis.  A  method  of  applying  Beevers  and  Lipson  strips  is 
described  by  Rose.18 

Errors  in  Calculating  Fourier  Coefficients.  If  the  probable  error  in  measuring 
the  ordinates  X\,  x2,  ■  ■  ■  xn  is  e  in.,  then  the  probable  error  in  any  linear 
combination  of  these  ordinates  X,2i  +  X2X2  +  ••••  +  X»x„  is  (X12  4-  X^2  4-  •  •  • 
+  X„2)/2e.  In  the  linear  combinations  of  21,  22,  •  ■  ■  xn  given  previously 
in  the  schedule  for  a  12-ordinate  calculation,  the  X's  are  all  equal  to  1.  There- 
fore if  all  the  ordinates  are  measured  with  a  scale  with  divisions  of  ^£0  in., 
the  error  in  reading  each  ordinate  can  easily  be  +0.02  in.     The  percentage 

100  VT2  X  0.02  0.58 

probable  error  in  a0  is  then  —     — — - —      —  %  =  -   -  %.     If  the  calculated 

12a0  a0 

value  Co  =  0.58  in.,  the  percentage  probable  error  is  1  per  cent.     The  probable 

100  V6  X  0.02  0.815 

error  in  a3  under  the  same  conditions  is  -  %  =  %.     If 

6a3  a3 

the  calculated  value  as  =  0.4  in.,  the  probable  error  is  2  per  cent.  A  discus- 
sion of  probable  error  in  calculating  Fourier  coefficients  is  given  by  Whittaker 
and  Robinson. f 

*  See  reference  16,  p  25. 
f  See  reference  15,  p  280. 
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Other  errors  in  calculation  can  arise  from  uneven  spacing  of  the  ordinates, 
from  the  ordinates  being  erected  slightly  off  the  vertical  to  the  base  line,  and 
from  the  base  line  being  laid  off  not  exactly  parallel  to  the  true  zero  line  of 
the  record. 

The  only  way  to  avoid  these  errors  is  to  use  enlarged  records,  microscope 
length  measurement,  and  machine-like  accuracy  in  spacing  and  erecting 
ordinates  and  in  drawing  the  measuring  base  line. 

If  the  record  has  been  magnified  m  times  the  true  value  of  an  and  b„  for 
the  records  are  those  found  previously  divided  by  m.  If  the  instrument  has 
a  magnifying  factor  of  fx,  these  values  must  be  divided  again  by  /jl  to  get  the 
actual  values  of  the  amplitudes  of  the  harmonics  of  the  motion  being  measured. 

17.  Instrumental  Dynamic  Errors  in  Records  of  Periodic  Motion.  Dy- 
namic errors  occur  when  parts  of  the  transmitting,  magnifying,  and  recording 
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Fig.  8-28.     The  Effect  of  a  Pivoted  Pen  on  Record  Distortion 

system  get  near  to  or  into  resonance  with  the  frequency  being  measured. 
Calibration  reveals  these  resonances,  and  the  true  magnification  at  these 
frequencies  can  be  corrected  by  the  calibration  factor. 

18.  Pivoted  Pen  Recording  Errors.  Figure  8-28  shows  the  basis  for 
kinematic  errors  on  records  made  by  pivoted  pens  or  styli. 

The  correct  value  of  the  ordinate  is  X  =  rQ.  A  vertical  ordinate  passed 
through  the  record  measured  from  the  true  zero  line  of  the  record  is  X\  = 


r  sin  6  =  r  sin 


X 


X 


1  - 


This  is  not  a  source  of  serious  error 


Xi 
X 


0.99  even  if  Xx 


-•     The  error  in  time  is  far  more  important. 


The  apparent  time  T  for  the  vertical  ordinate  Xi  is  related  to  the  true  time  t 
which  should  be  associated  with  point  A  as  follows: 


v 


cos  6)  =  t  -\-  ~  I  1  —  cos 


X 


t  + 


1  r  /XV 
2v  \r  ) 


A  series  of  ordinates  erected  at  equal  time  intervals  would  cut  the  record 
at  points  not  actually  associated  with  the  time  instants  indicated  by  the  posi- 
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tion  of  the  ordinate.  A  series  of  ordinates  which  actually  passed  through  the 
record  at  points  equally  spaced  in  time  would  not  be  equally  spaced  on  the 
true  zero  line  of  the  record.  In  a  harmonic  analysis  based  on  equally  spaced 
ordinates  A'  the  errors  in  amplitude  and  phase  relationship  become  greater 
as  the  frequency  of  the  harmonic  increases.  The  errors  in  time  may  easily 
become  very  large  in  comparison  with  the  period  T  of  the  higher  harmonics. 
Correcting  faulty  analysis  due  to  pivoted-pen  errors  is  a  useless  process 
which  can  be  avoided  by  laying  circular  arcs  equally  spaced  along  the  true 
center  line  (the  line  traced  by  the  pivot  of  the  stylus)  with  radii  equal  to  the 
radius  of  the  stylus.  This  will  give  the  correct  time  for  each  point  on  the 
record  trace.     Vertical  ordinates  measured  from  any  arbitrarily  chosen  base 

r        1  /XY 

line  parallel  to  the  true  zero  line  will  be  equal  to  a0  +  X     1  —  —  I  — ■  J      or  to 

L  6  \  r  /  J 

o0  +  X  to  within  an  accuracy  of  1  per  cent  for  X  =  r/4.     In  this  equation 

Oo  is  the  vertical  distance  between  the  true  zero  line  and  the  arbitrarily  chosen 

base  line.     Chords  measured  from  the  intersection  of  the  arc  on  the  true 

1    t'X. 


1       24 


or  X  to  within  an  accuracy 


zero  line  and  the  record  yield  X 
of  1  per  cent  for  X  =  %r. 

D.  Calibration  of  Vibration  Instruments 

19.  General  Technique  of  Calibration.  All  steady-state  vibration  motions 
consist  of  a  combination  of  one  or  more  simple  harmonic  motions  having 
different  amplitudes  and  different  phase  angles. 

X  =  oo  +  2a„  cos  wnt  +  S6„  sin  cdnt 

(For  this  type  of  motion  it  is  only  necessary  to  calibrate  the  instruments  by 
subjecting  them  to  a  simple-harmonic  motion  of  known  and  controllable 
amplitude  and  frequency. 

The  purposes  of  calibration  are: 

1.  To  ascertain  or  check  the  magnification  or  amplification  factor  of  the 
transmitting  and  indicating  or  recording  elements. 

2.  To  check  the  linearity  of  the  magnification — that  is,  to  locate  kinematic 
and  dynamic  distortions  of  the  magnification  due  to  backlash,  clearances,  or 
nonlinear  elements  in  the  mechanical  transmitting  system  or  to  feedback  and 
electric  or  mechanical  resonances  in  the  mechanism  or  circuits. 

3.  To  ascertain  the  distortion  of  the  indication  or  record  due  to  vibratory 
motions  in  directions  other  than  that  being  measured.  An  ideal  calibration 
would  subject  the  instrument  to  linear  vibration  along  all  three  of  its  principal 
axes  and  to  torsional  vibration  around  all  three  principal  axes,  indicating  the 
corrective  measures  to  be  taken. 

4.  To  ascertain  the  dynamic  characteristics  of  the  pickup  units — its  natural 
frequencies  and  damping  constants. 

A  calibrator  which  creates  simple-harmonic  motion  will  suffice  to  calibrate 
displacement,  velocity,  and  acceleration  meters  for  steady-state  vibration. 
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If  the  motion  of  the  calibrator  is  x  =  x0  sin  cot,  the  velocity  will  be  x  =  x0co 
cos  ojt,  and  the  acceleration  will  be  x  =  —Xqco2  sin  ojt. 

20.  Calibration  of  Directly  Connected  Instruments.  The  micrometer  dial 
gage  (Fig.  8-29)  is  the  most  commonly  used  directly  connected  vibration 
instrument.     Its    "finger"    or    probe    is    pressed    down    on  the  vibration 
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Fig.  8-29.  Phantom  View  of  a  Micrometer  Dial  Gage 
The  micrometer  dial  gage  is  designed  to  measure  static  deflections  or  very  slow 
variable  deflections.  For  many  years  it  has  been  used  by  engineers  to  measure 
vibration  amplitudes.  It  is  only  useful  on  simple  harmonic  motions.  The  width 
of  the  blur  made  by  the  vibration  indicating  hand  gives  the  double  amplitude  of 
the  simple-harmonic  motions  being  measured 

body,  the  body  of  the  gage  is  held  fixed  in  space,  and  the  blur  of  the  hand  on 
the  dial  face  indicates  the  double  amplitude  of  the  motion.  This  procedure 
involves  four  assumptions:  (1)  that  the  finger  stays  in  contact  with  the  vibrat- 
ing body,  (2)  that  the  body  or  case  of  the  gages  is  held  motionless,  (3)  that 
the  motion  of  the  needle  is  not  distorted  by  kinematic  errors  of  the  internal 
mechanism  (backlash  clearance  in  the  gearing  of  the  gage)  or  dynamical  dis- 
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tortions  of  the  hand  or  internal  mechanism,  and  (4)  that  the  motion  being 
measured  is  simple-harmonic  motion. 

The  ordinary  micrometer  dial  gage  is  designed  for  use  under  static  condi- 
tions or  on  surfaces  which  are  moving  slowly.  It  is  not  surprising  that  it 
develops  errors  in  reading  when  used  to  measure  amplitudes  on  bodies  which 
are  vibrating  rapidly.     Weiss19  discusses  these  errors  and  their  detection. 

The  two  main  sources  of  error  in  dial-gage-vibration  amplitude  readings 
are  backlash  error  and  "jumping."19  Backlash  errors  appear  when  the  inertia 
forces  of  the  moving  parts  of  the  gage  overcome  the  torque  of  the  small  hair- 
spring which  ordinarily  takes  up  the  backlash  clearance.  These  errors  appear 
at  a  definite  frequency  for  each  type  of  dial  gage  and  are  independent  of  the 
initial  tension  in  the  main  gage  spring.  They  can  only  be  eliminated  by 
using  the  gage  below  the  definite  frequency  or  by  introducing  a  stiff er  hair- 
spring into  the  gage. 

The  amplitude  and  frequency  limitations  of  dial  gages  can  be  determined 
on  a  calibrating  table  by  listening  for  the  audible  chattering  which  develops 
when  contact  between  the  finger  and  the  table  is  broken. 
If  p  =  the  natural  circular  frequency  of  the  dial  gage  in  radians  per  second 

w  =  the  circular  frequency  of  the  simple-harmonic  motion  being  measured 
in  radians  per  second 

x  =  the  amplitude  of  the  simple-harmonic  motion  at  audible  loss  of  contact 
in  inches 

A  =  the  initial  total  compression  of  the  gage  spring  in  inches 

constant  friction  force  of  dial-gage  mechanism 

5  = : r^ 

spring  constant  of  dial  gage 

Then  the  gage  readings  are  accurate  until 

f;!'':. 

x  p- 

it  2^aT5)=c7^  (20) 

If, 

which  can  be  expressed  in  terms  of  frequency  ratio  as 

or  2  (A  +  8) 

1=1  +  "  (21) 

it  v  x 

If,  on  the  calibrator,  audible  separation  occurs  at  an  amplitude  Xj  at  a  circular 
frequency  coi  and  occurs  again  for  a  smaller  amplitude  x2  at  a  higher  frequency 
co2  while  A  is  maintained  at  a  constant  value,  then 

XiCOi2   —   £oGU'>2 

p»  =  (22) 


and 


X\Xt  (coo-  —  cor) 
2  (A  +  8)  = r  (23) 

X\0i\      —   #2«2 


A  =  Ai  +  A0  where  Ai  is  the  known  additional  compression  introduced  into 
the  finger  spring  and  Ao  is  an  unknown  amount  of  spring  compression  existing 
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when  the  finger  is  extended  to  the  dial-gage  finger  stop.  The  magnitude  of 
A0  can  be  determined  by  a  process  indicated  by  Weiss.19  Weiss  also  indicates 
another  procedure  for  determining  5  experimentally. 

21.  Theory  of  the  Ideal  Seismic  Pickup.  The  relationship  between  x, 
the  relative  motion  between  the  seismic  mass  and  the  case,  and  the  motion 
y  for  an  ideal  seismic  pickup  with  lumped  constants  is 


i1  +  2npx  +  p'2x  =   —y 

where  y  =  motion  being  measured 

x  =  relative  displacement  between  mass  and  case 

m  =  mass  of  seismic  weight 

k  =  spring  constant  of  spring 

c  =  equivalent  viscous  damping  constant 

cc  =  2  y/km,  the  critical  damping  constant 

c 
n  =  —,  the  damping  ratio 

Cc 

k 
p2  =  —,  the  square  of  the  natural  circular  frequency  of  the  pickup 


(24) 


When 

the  steady-state  solution  is 


y  =  yo  sin  cot 


x  =  ?/o 


co2/p2 


2ra 


4n2  —  +  I  1  -  - 

p-      \       V 


sin     wt  —  tan-1 


1  - 


(25) 


(26) 


If  co/p  >  4  and  n  <  0.1, 


■yo  sin  ut 


and  the  pickup  is  a  displacement  meter. 
If  u/p  <  0.6  and  n  ~  0.65, 

1 


x  ~  ~*  ?/oco2  sin  cot 
p- 


(27) 


(28) 


and  the  pickup  is  an  accelerometer  in  this  range. 

1  1  CO2 

2  ~  4  p2' 


When  n2 


1         1    wr 
When  n2  =  x  —  — -  —r> 
&       5.6  p2 


co- 
in2 —  +  [1 


V 


(29) 


—    / 

dn  Jo 


1  - 


An2  —  +  II  -  — 

p2  y  p.. 


(30) 
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gives  a  minimum  value  over  the  range  of  frequency  ratios  from  0  to  oo\/p. 
Both  equations  29  and  30  indicate  that  n  =  0.65  will  make  the  pickup  an 

COi 

accurate  accelerometer  up  to  —  =  0.7. 

V 

Any  seismic  pickup  is  either  a  displacement  meter  or  an  accelerometer, 
depending  on  the  frequency  range  in  which  it  is  used.  In  the  resonance 
range  0.7  <  co/p  <  4,  the  pickup  is  neither  a  displacement  meter  nor  an 
accelerometer.  It  can  be  used  in  this  range  if  the  records  are  corrected  for 
dynamic  magnification  and  phase  shift. 

Displacement  meters  (seismographs,  pallographs,  vibrographs)  are  built 
with  p  as  small  as  possible,  and  only  unavoidable  naturally  occurring  damping 
is  used. 

Accelerometers  are  made  with  p  as  large  as  possible,  and  artificial  viscous 
or  eddy-current  damping  is  provided  to  make  n  =  0.65.  Equation  28  shows 
that  the  sensitivity  of  the  pickup  is  inversely  proportional  to  p'1.  The  larger 
p  is  made,  the  more  accurate  the  accelerometer.  But  the  larger  p  is  made,  the 
less  sensitive  the  pickup  becomes. 

If  an  ideal  seismic  pickup  were  run  through  the  resonance  range  of  fre- 
quencies on  a  calibrating  table  it  would  have  its  maximum  response  Xo  when 

or  _  1 

p2  =  1  -  2n2  (31) 

and  the  ratio  Xo/yo  at  that  frequency  would  be 


Xo  1 

~  =  V  =  7=  (32) 

7/o  2n  V 1  -  n2 


When  the  frequency  w  of  maximum  response  and  77  have  been  determined 
on  the  calibrator,  both  p  and  n  can  be  determined. 


II 

it! 

W  V  =  ^  \  — T-  (33) 


p2  =  or 

k1-  1 

1 
n2  =  - 

\        77"        _ 

(34) 


Equations  33  and  34  hold  when  n  <  0.707. 

With  many  very  high-frequency  pickups  such  as  accelerometers  it  is  often 
impossible  to  operate  a  calibrator  up  to  the  resonance  frequency.  In  such 
cases  if  the  mass  of  the  seismic  pickup  is  displaced  relative  to  the  case  by  a 
distance  xQ  by  giving  the  pickup  case  a  bump,  the  subsequent  motion  is 


Xoe-w  ^/- cos  [pVl  -  n2t  -  tan"1  )         (35) 
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The  period  of  the  clamped  oscillation  will  be 

2x 


(36) 


p  V  1  —  n2 
and  the  successive  damped  amplitudes  will  have  the  following  relationship, 

2w 


Xt 
Xt+T 


e     ^l-n2  =  e5 


where  8  is  the  logarithmic  decrement, 

8    =    loge  


=  2tt       

x(+r  VI  —  n2 


If  5  and  21  are  measured  on  the  record, 

4tt2  +  82 


p-  = 


and 


J12 

52 


4tt2  +  52 


(37) 


(38) 


(39) 


(40) 


The  value  of  n  can  be  determined  approximately  by  counting  the  number  of 


cycles  m  for  the  amplitude  ratio, 


If  m  >  2, 


Xt. 


xt 


to  reach  1/e  =  0.37.     Then, 


1 


(27T//02    +    1 


1 

2irm 


(41) 


(42) 


This  method  has  no  meaning  below  m  =  1,  at  which  value  n  =  0.158.  A 
pickup  damped  to  n  =  0.65  would  show  clearly  only  the  first  half-cycle  of 
motion  in  the  record.  For  records  from  highly  damped  pickups  which  show 
only  the  first  half-cycle  of  motion,  an  approximate  value  of  n  can  be  gotten 
from 


log, 


xt 


Xt+T/: 


7T2   +  log,2 


X, 


\Xt+T/>. 


(43) 


22.  Amplitude  Calibration  of  Seismic  Instruments.  The  amplitude  set- 
ting of  a  calibrating  table  does  not  always  guarantee  a  constant  amplitude 
over  the  whole  range  of  frequencies  tested.20  An  independent  check  on  the 
amplitude  can  be  made  by  measuring  the  width  of  a  band  of  light  swept  out 
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by  a  thin  illuminated  line  carried  on  the  calibrating  table  by  means  of  a 
microscope  firmly  attached  to  the  rigid  foundation  of  the  calibrator.21  This 
is  the  simplest  and  most  fundamental  method  of  checking  amplitudes.  Fig- 
ure 8-30  shows  a  schematic  representation  of  an  amplitude-checking  setup. 
Other  nonseismic,  independent  checks  on  the  amplitude  of  the  calibrating 
table  are: 

1.  A  coil  attached  to  the  table  moving  in  the  field  of  a  magnet  attached  to 
the  fixed  surroundings.  This  will  give  a  voltage  proportional  to  the  velocity 
of  the  table.  For  simple-harmonic  motion  this  can  be  translated  to  amplitude 
very  easily. 

2.  A  cantilever  beam  attached  to  the  fixed  surroundings  with  the  free  end 
on  the  moving  table  will  have  its  strains  in  phase  with  and  proportional  to 
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Fig.  8-30.  Schematic  Representation  of  a  System  for  Measuring  Directly  the 
Amplitudes  of  a  Vibrating  Body 
The  bakelite  housing  A,  1  in.  long  and  J^  in.  square  enclosing  a  small  lamp,  is 
attached  to  the  vibrating  body.  A  small  opening  limited  by  the  edge  of  a  razor 
blade  R  allows  a  thin  line  of  light  to  be  seen  at  right  angles  to  the  length  of  the 
housing.  The  cross-hatched  section  of  the  field  D,  as  seen  through  a  microscope 
C,  represents  the  double  amplitude  of  vibration.  If  the  edge  of  the  razor  blade 
is  properly  honed,  the  width  of  the  line  of  light  can  be  reduced  to  less  than  0.00025 
in. 

the  amplitude  of  motion  of  the  table.  The  lowest  natural  bending  frequency 
of  the  cantilever  beam  must  be  higher  than  the  highest  frequency  used  on  the 
calibrating  table.  A  metalectric  strain  gage  attached  to  the  bending  beam 
will  give  records  proportional  to  the  amplitude  of  the  table  motion. 

3.  The  change  of  distance  between  the  plates  of  a  capacitor — one  attached 
to  the  fixed  surrounding,  the  other  attached  to  the  moving  table — will  change 
its  capacitance.  In  an  appropriate  circuit  the  change  of  current  will  be  pro- 
portional to  the  motion. 

23.  Frequency  Calibration  of  Seismic  Instruments.  Most  calibrators  are 
driven  by  rotating  motors.  The  frequency  of  the  calibrating  simple-harmonic 
motion  is  the  same  as  the  revolutions  per  second  of  the  driving  motor. 
This  speed  is  best  measured  by  a  counting  tachometer  and  an  accurate  stop 
watch.  If  an  electromagnetic  calibrator  built  on  the  principle  of  the  loud- 
speaker coil  motor  is  used,  its  frequency  can  be  measured  electrically  and 
checked  against  a  standard  60-cycle  wave.  On  most  electric  networks  this 
frequency  is  maintained  constant  within  a  small  fraction  of  a  cycle  per  second. 
The  frequency  can  be  checked  readily  if  a  record  of  the  calibration  run  is 
made  which  contains  time  signals  from  clock  signals  of  known  frequency. 
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A  Strobotac,  calibrated  against  power-line  frequency,  may  be  used  to  check 
the  frequency  of  the  calibrating  table.  Tuning  forks  previously  calibrated 
can  be  used  as  frequency  standards.  All  frequency  checking  depends  ulti- 
mately on  a  comparison  of  cycles  per  second  against  an  accurate  timing  device. 

24.  Phase  Calibration  of  Seismic  Instruments.  When  a  vibration  meter 
is  used  to  measure  periodic  motions  which  contain  a  harmonic,  the  frequency 
of  which  is  in  or  near  the  resonant  range  of  the  instrument,  the  record  is  dis- 
torted in  amplitude  and  shape.  The  record  can  only  be  corrected  by  deter- 
mining the  harmonic  components  of  the  record  by  Fourier  Analysis.  Each 
harmonic  must  be  corrected  in  phase  and  amplitude.  The  corrected  har- 
monics resynthesized  will  give  a  more  accurate  representation  of  the  meas- 
ured motion  than  the  original  distorted  record. 

For  this  reason  the  phase  relationship  between  the  calibrator  motion  and 
the  record  motion  should  be  measured  as  part  of  any  complete  calibration 
procedure.  For  mechanical  instruments,  an  electric  contact  closed  by  the 
calibrating  table  at  its  position  of  maximum  amplitude  and  driving  a  recording 
mechanism  which  puts  a  dot  on  the  record  can  be  used.  The  recording  mecha- 
nism, paper-piercing  spark,  or  solenoid-driven  clapper  must  have  a  quick 
response  compared  to  the  highest  frequency  recorded. 

All  the  nonseismic  methods  of  checking  amplitude  mentioned  previously 
will  also  be  good  checks  on  the  phase  angle  between  the  record  and  the  cali- 
brator-table movement. 

25.  Types  of  Calibrators.  There  are  two  general  types  of  calibration 
systems  in  use  for  producing  simple-harmonic  motions  of  known  and  control- 
lable amplitude  and  frequency: 

1.  Direct-drive  or  positive-displacement  types. 

2.  Reaction  types. 

Direct-drive  calibrators  convert  the  rotary  motion  of  a  driving  motor  to 
linear  motion  by  means  of  cams,  eccentrics,  connecting  rods,  or  Scotch  yokes. 
For  torsional  motion,  constant  rotation  is  transformed  into  simple-harmonic 
oscillations  superimposed  on  an  average  rotational  velocity  by  means  of 
universal  joints  (Hooke's  joints).  Large  loudspeaker  coils  attached  directly 
to  the  table  of  a  calibrator  give  linear  vibratory  motions  directly  without 
any  mechanical  transmission.  The  same  principle  can  be  used  for  torsional 
motion.  Any  single-phase  motor  produces  simple-harmonic  torques  when 
driven  by  simple-harmonic  single-phase  current.  Any  d-c  motor  fed  by 
alternating  current  will  produce  torsional  oscillations  without  rotation. 

Reaction-type  calibrators  consist  of  spring-mounted  mechanical-  or  electro- 
magnetic-vibration generators  driven  at  frequencies  above  the  natural 
frequency  of  spring-mass  system  of  which  they  are  a  part. 

A  direct-drive  calibrator  produces  large  inertia-reaction  forces  since  its 
center  of  gravity  is  continually  oscillating.  Therefore,  it  must  be  mounted 
on  a  very  rigid  foundation.  It  cannot  give  controllable  amplitudes  if  mounted 
on  a  flexible  floor.  It  should  be  mounted  on  thick  concrete  or  solid  rock  in 
the  basement  and  should  be  rigidly  attached  to  the  rigid  foundation  with  a 
base  construction  such  as  shown  in  Fig.  8-31. 
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A  motionless  rigid  foundation  is  necessary  as  a  base  for  amplitude  checks 
with  a  fixed  microscope.  The  frame  and  table  of  the  calibrator  must  both  be 
rigid  enough  to  have  their  local  natural  frequencies  well  above  the  highest 
frequency  produced.  There  must  be  very  close  fits  in  all  moving  parts  of  the 
calibrator.  And  finally,  the  calibrated  instrument  must  be  clamped  to  the 
vibrating  table  as  rigidly  as  possible. 

The  calibrating  tables  must  not  be  loaded  too  heavily  (with  larger  and 
heavier  instruments  than  contemplated  in  the  design).     Even  far  below  reso- 
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Fig.  8-31.  Vibration  Research  Foundation  Cross-Sectional  View  (Courtesy  Equip- 
ment Information  Booklet,  Navy  Department,  David  W.  Taylor  Model  Basin) 
This  foundation  provides  a  fixed  plane  to  which  vibration-calibration  devices 
can  be  securely  attached.  In  localities  where  a  bedrock  foundation  is  not  acces- 
sible, solid-concrete  foundations  must  suffice 

nance  dynamic  distortions  exist  which  are  proportional  to  the  weights  carried, 
and,  the  larger  the  load  carried,  the  closer  the  calibrator  parts  approach  their 
lowest  resonant  frequency.  Variation  from  preset  amplitudes  as  high  as 
30  per  cent  have  been  observed  on  well-designed  but  overloaded  calibrators. 
If  the  table  is  driven  by  a  cam,  the  cam  follower  may  lose  contact  with  the 
cam  if  the  table  load  produces  larger  inertia  forces  than  the  cam-loading 
spring  is  preset  to  hold. 

Torsional  calibrators  produce  inertia  torque  reactions  and  have  the  same 
need  of  rigid  foundations,  frames,  and  test  shafts  as  linear  calibrators.  The 
calibration  of  instruments  with  larger  moments  of  inertia  than  the  design 
contemplated  will  cause  dynamic  distortion  of  the  calibrating  shaft. 
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26.  Vibration  Calibrators — Direct  Drive.  Commercial  vibration  tables 
for  vertical  and  horizontal  vibrations  are  available.  The  Johnson  vibration 
testing  machine22  for  horizontal  motion  is  shown  in  Fig.  8-32.  The  Consoli- 
dated vibration  calibrator23  is  shown  in  Fig.  8-33.  This  calibrator  was  built 
to  operate  both  with  vertical  linear  vibration  and  torsional  vibration  pro- 
duced by  an  adjustable  Hooke's  joint.     The  Hooke's  joint  produces  torsional 
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Fig.  8-32.  Johnson  Vibration-Testing  Machine,  Horizontal  Motion 
This  is  a  mechanical  direct-drive  type  of  vibration  machine  which  employs  a 
scotch  yoke  and  evolving  eccentric  shaft  for  approximate  linear  simple-harmonic 
motions.  As  shown  in  the  schematic  illustration,  the  table  is  guided  by  rollers 
and  stiff  vertical  tension  springs  which  are  flexible  in  the  direction  of  motion. 
The  table  is  of  aluminum  construction.  As  shown  in  the  photograph,  the  machine 
is  bolted  securely  to  steel  rails  embedded  in  bedrock.  Circulating  water-cooled 
oil  lubrication  is  provided.  Frequency  control  is  obtained  by  a  variable-speed 
transmission.  This  machine  has  a  total  motion  of  0.062  in.  at  frequencies  up  to 
3600  rpm.  A  maximum  acceleration  of  10  g  is  obtained  with  a  table  load  of  100 
lb.     This  machine  is  built  in  the  Waugh  Laboratories,  New  York 


oscillations  on  the  driven  shaft,  the  amplitudes  of  which  are  functions  of  the 
angle  between  the  driving  and  the  driven  shaft.  Cormack24  has  expressed  the 
relationship  between  the  rotations  of  the  driving  and  driven  shafts  of  a  Hooke's 
joint.  If  the  angular  velocity  co  of  the  driving  shaft  is  constant,  and  the 
angle  between  the  driving  and  driven  shafts  is  a  then  the  rotation  <j>  of  the 
driven  shaft  is 


0  =  wt  + 


-  tan2"  -  sin  2nut 
n  2 


(44) 
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Fig.  8-33.     Sperry-MIT  Vibration  Calibrator  Made  by  Consolidated  Engineering 

Corp 

This  machine  was  designed  specifically  for  calibrating  Sperry-MIT  linear  and 
torsional  pickups.  It  is  a  direct-drive  type  of  calibrator  and  employs  a  revolving 
eccentric  shaft  for  driving  a  spring-loaded  shaft  in  approximate  simple-harmonic 
motion.  This  machine  will  produce  a  total  motion  of  0.100  in.  at  frequencies  up 
to  5400  rpm.  A  maximum  acceleration  of  25  g  is  obtainable  with  a  table  load  of 
6  1b 

Torsional  vibrations  are  produced  in  the  test  shaft  by  a  universal  or  Hooke's 
joint 
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For  values  of  a  <  30°,  only  the  first  two  terms  of  this  expression  are  important : 


4>  ~  cot  +  tan2  —  sin  2o)t 


For  a  =  30c 


tan2-  =  0.071  77(4.112  12°) 

-tan4^  =  0.002  58(0.147  82°) 

1  a 

-  tan6  -  =  0.000  13(0.007  45°) 


(45) 

Proportional  Magnitudes 
100.00 

3.60 

0.18 


An  independent  check  on  the  amplitude  of  torsional  vibration  is  not  easy 
to  make  on  a  Hooke's  joint  calibrator. 
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Fig.   8-34.     Schematic  Representation  of  a   Torsional   Calibrator  with  a  Non- 
rotating  Test  Shaft 
The  rotating  cam  of  this  calibrator  is  designed  so  that  the  motion  described  by 
the  follower  is  sinusoidal.     Amplitude  is  varied  by  replacing  cams 

Mechanical- vibration  calibrators  are  usually  limited  in  frequency  to  100 
cps  or  less.  The  highest  frequency  attainable  in  mechanical  vibrations  is 
gotten  by  the  air-jet  self-excited  calibrator.  This  can  vibrate  only  at  its 
own  natural  frequency.  It  consists  of  a  heavy  steel  bar  of  uniform  cross 
section  mounted  in  pivot  supports  located  at  its  free-free  nodes.  An  adjust- 
able air  jet  is  placed  under  the  center  of  the  bar.  The  air  gap  between  the 
center  of  the  bar  and  the  air  jet  is  adjusted  until  the  bar  begins  to  vibrate, 
owing  to  the  variation  in  pressure  induced  by  the  variation  of  the  air  gap  with 
constant-volume  flow  and  consequent  variation  of  velocity.  When  the  gap 
is  small,  the  velocity  of  air  flow  increases,  and  the  pressure  falls.  When  the 
air  gap  is  large,  the  velocity  of  air  flow  falls  and  the  pressure  rises.  Calibra- 
tors of  this  type  have  produced  accelerations  as  high  as  400  g  at  900  cps. 

Figure  8-34  shows  a  direct-drive  torsional-vibration  calibrator  which  pro- 
duces simple-harmonic  motion,  with  no  rotation. 
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Fig.  8-35.  Schematic  Illustration  of  a  Mechanical  Reaction-Type  Calibrator 
The  rotating  masses  generate  a  force  proportional  to  the  square  of  the  frequency 
of  rotation,  and  the  inertia  reaction  of  the  mass  system  also  increases  as  the 
square  of  the  frequency.  This  results  in  an  approximately  constant  amplitude  for 
a  given  table  load  if  the  unbalanced  masses  are  driven  above  the  resonance  speed 
of  the  mass-spring  system.  An  increase  in  table  load  decreases  the  amplitude 
obtainable  with  a  given  unbalance 
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Fig.  8-36.  Electromagnetic  Resonance-Type  Calibrator  (Allison  Division,  Gen- 
eral Motors  Corp) 

A  permanent-magnet  loudspeaker  unit  B  and  a  moving  coil  attached  to  the 
drive  rod  E  are  the  driving  elements  of  this  calibrator.  The  pickup,  drive  rod 
and  moving  coil  are  supported  by  parallel  flexure  springs  C.  A  tuning  fork  D  is 
attached  rigidly  to  base  A  and  is  clamped  to  the  pickup  drive  rod  E  by  knife-edges. 
A  series  of  interchangeable  tuning  forks  permits  calibration  of  a  4  oz  pickup  up  to 
400  cps  at  0.010  in.  double  amplitude  with  a  maximum  acceleration  around  80  g. 
The  unit  is  powered  by  a  50-watt  booster  amplifier.  F  and  G  comprise  a  magnified 
direct-reading  system  for  checking  the  amplitude  of  vibration 

As  a  simple  reaction-type  calibrator  (without  resonance)  this  machine  can  pro- 
duce amplitudes  of  0.020  in.  at  frequencies  up  to  50  cps  with  a  4-oz  pickup  attached 
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This  type  of  calibrator  does  not  disclose  some  of  the  diseases  of  rotating 
torsional-vibration  pickups.  Improper  electrical  shielding  will  produce 
first-order  spurious  records  when  an  electric  torsional  pickup  is  rotated  with 
uniform  angular  velocity.  Mechanical  unbalance  will  frequently  produce 
first-order  spurious  records  under 
the  same  condition.  Uniform  rota- 
tion  sometimes   causes    a    shift 
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Fig.    8-37. 


Reaction- 


in 
the  zero  position  of  the  inertia 
element  which  may  lead  to  non- 
linearity  of  the  records  if  the  shift 
plus  the  amplitude  of  motion  add 
up  to  more  than  the  allowable  mo- 
tion within  existing  magnetic  fields. 
If  nonrotating  calibrators  are  used 
on  torsional-vibration  pickups,  all 
these  possibilities  should  be  checked 
independently. 

27.  Vibration  Calibrators — Reac- 
tion Type.  Reaction-type  calibra- 
tors that  are  entirely  spring-mounted 
do  not  need  extremely  rigid  foun- 
dations.25 However,  reaction-type 
calibrators  that  have  rigid  frames 
which  are  subjected  to  reaction 
forces  must  be  as  rigidly  mounted 
as  direct-drive  calibrators. 

Figure  8-35  shows  a  schematic 
outline  of  a  mechanical  reaction- 
type  vibration  calibrator  for  hori- 
zontal motion. 

An  inertia-torque  reaction-type 
torsional-vibration  calibrator  de- 
veloped by  General  Motors  produces 
shaft  speeds  from  0  to  5000  rpm  and  torsional  oscillations  at  frequencies 
from  0  to  300  cps,  both  controlled  independently.  Optical  static  calibration 
is  provided. 

Figures  8-36  and  8-37  show  two  electromagnetic  loudspeaker  reaction- 
type  calibrators. 

E.  Vibkation  Generators 

28.  General  Considerations.  Vibration  generators  are  very  useful  devices 
for  studying  the  dynamic  (vibration)  properties  of  structures  under  controlled 
conditions.26  Vibration  generators  and  vibration  calibrators  differ  basically 
only  in  the  following  way.  Vibration  calibrators  are  vibration  generators 
which  are  installed  at  fixed  positions — they  vibrate  loads  which  are  attached 
to  them,  the  loads  (vibration  instruments)  being  small  in  size  compared  to  the 


Field  coil  or 
electromagnet 

Electromagnetic 
Type  Calibrator 
The  table  amplitude  produced  by  this 
calibrator  is  proportional  to  the  current 
supplied  to  the  exciting  coil,  and  the  fre- 
quency is  varied  by  means  of  an  elec- 
tronic oscillator.  This  calibrator  utilizes 
the  electromagnetic  loudspeaker  principle 
for  producing  the  driving  force.  The 
device  is  driven  above  its  resonant  fre- 
quency. In  order  to  maintain  constant 
amplitude  over  a  range  of  frequencies, 
the  current  in  the  exciting  coil  must  be 
kept  proportional  to  the  square  of  the 
frequency.  The  upper  limit  of  the  oper- 
ating frequency  depends  on  the  current- 
carrying  capacity  of  the  exciting  coil  and 
the  electric  circuits  connected  to  it 
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dimensions  of  the  calibrator.  Vibration  generators  are  portable — they  are 
attached  to  structures  which  usually  are  large  compared  with  the  vibration 
generator. 

There  are  two  general  types  of  vibration  generator — mechanical  and 
electric. 

29.  Mechanical-Vibration  Generators.  Mechanical-vibration  generators 
utilize  the  inertia  reaction  (centrifugal  force)  of  unbalanced  rotating  weights 


Fig.     8-38.     Schematic     Arrangement     of     Double-Shaft     Mechanical-Vibration 

Generator 
Two  shafts  driven  by  electric  motors  are  geared  together  to  rotate  in  opposite 
directions.     Adjustable  unbalanced  rotating  weights  on  the  shaft  ends  create  the 
desired  periodic  forces 

to  generate  simple-harmonic  forces.  The  amplitude  of  the  simple-harmonic 
force  is  adjusted  by  varying  the  eccentricity  of  the  unbalanced  weights. 
The  frequency  of  the  simple-harmonic  force  is  controlled  by  adjusting  the 
speed  of  the  d-c  electric-drive  motor.  Where  forces  are  wanted  in  a  single 
fixed  direction  and  couples  are  wanted  in  a  single  fixed  plane,  the  eccentric 
weights  are  arranged  in  pairs  which  rotate  in  opposite  directions.  The  vibra- 
tion generator  is  attached  rigidly  to  the  structure  being  vibrated.  Figure 
8-38  shows  a  schematic  arrangement  of  driving  motors  and  eccentric  weights 
in  the  common  type  of  mechanical  generator.  Figure  8-39  indicates  sche- 
matically the  phasing  of  the  eccentric  weights  to  obtain  unidirectional  lines 
or  planes  of  action  of  the  simple-harmonic  forces  and  torques. 
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Commercially  made  mechanical-vibration  generators  are  available  over  a 
range  of  sizes,  weights,  and  maximum  produced  forces.  The  smaller  ones 
weigh  about  100  lb  and  produce  up  to  400  lb,  single  amplitude,  with  a  usable 
speed  range  between  800  to  3900  rpm.27  The  largest  vibration  generators 
weigh  about  50,000  lb  and  produce  up  to  44,000  lb,  single  amplitude,  with  a 
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Fig.  8-39.     Types  of  Cyclic  or  Periodic  Forces  and  Moments  Produced  by  Various 

Positions  of  Unbalanced  Weights 

Force  normal  to  base  of  machine     4mrco2  sin  co£ 

Tilting  moment  2mlra2  sin  id 

Torsional  moment  2mlru2  sin  to( 

co  =  angular  velocity  of  driving  motor 

m  =  mass  of  one  eccentric  weight 

r  =  radius  to  center  of  gravity  of  one  eccentric  weight 
/  =  distance  between  planes  of  eccentric  weights 

usable  speed  range  between  55  and  480  rpm.27     The  force  amplitude  is  pro- 
portional to  the  square  of  the  angular  velocity  of  the  driving  motor. 

30.  Electric-Vibration  Generators.  Most  electromagnetic-vibration  gen- 
erators utilize  the  principle  of  the  loudspeaker  coil  to  generate  linear  simple- 
harmonic  forces.     The  frequency  and  current  in  the  coil  winding  are  controlled 
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to  give  the  desired  frequency  and  amplitude  of  the  simple-harmonic  force 
generated.  A  loudspeaker- type  vibration  generators  can  be  used  as  both  a 
reaction  and  a  direct-drive  generator.  When  it  is  used  as  a  reaction  vibration 
generator,  a  weight  is  attached  to  the  coil,  the  frame  of  the  generator  is  firmly 
attached  to  the  vibrated  structure,  and  the  inertia  reaction  of  the  oscillating 
weight  generates  the  simple-harmonic  force.  In  direct-drive  applications 
the  frame  of  the  generator  is  attached  firmly  to  a  rigid  structure,  and  the  coil 
is  attached  mechanically  to  the  structure  being  vibrated.  For  vibrating 
structures  which  are  lighter  than  the  vibration  generator,  the  frame  of 
the  generator  is  supported  elastically,  and  the  coil  is  attached  mechanically 
to  the  structure  being  tested.  Both  the  structure  and  the  vibration-generator 
frame  vibrate;  but  the  larger  amplitude  of  motion  is  in  the  tested  structure. 
Figure  8-40  shows  the  Taylor  Model  Basin  Electrodynamic  vibration  generator. 

The  loudspeaker  type  of  vibration  generator,  when  used  as  a  reaction-type 
vibrator,  is  usually  much  heavier  than  a  mechanical-vibration  generator  of 
the  same  rated  maximum  force.  The  electric  controls,  for  frequency  and 
current,  are  much  more  elaborate  for  loudspeaker-type  vibration  generators 
than  for  mechanical-vibration  generators.  The  advantages  offered  by  electric- 
vibration  generators  lie  in  the  higher  frequencies  that  are  possible  and  the 
greater  range  in  sizes  of  structures  which  can  be  tested.  Used  as  a  direct- 
drive  unit,  the  loudspeaker  vibration  generator  can  be  attached  to  structures 
with  physical  dimensions  comparable  to  the  dimensions  of  the  loudspeaker 
coil  itself. 

Reaction-type  vibration  generators  should  be  installed  at  antinodes  of  the 
structure  being  tested.  Direct-drive  vibration  generators  should  be  attached 
near  to  nodes  of  the  structure  being  tested.  All  large  structures  must  be 
vibrated   by  reaction-type  generators  since  direct-drive  generators  need  a 

(fixed  base  of  operation. 
For  generating  torsional  vibrations,  single-phase  electric  motors  are  very 
useful  since  they  generate  simple-harmonic  torques  with  amplitudes  equal  to 
the  average  torque  produced.  Any  nonrotating  electric  motor  fed  with 
single-phase  alternating  current  will  generate  simple-harmonic  torsional 
vibration. 

31.  Applications  of  Vibration  Generators.  The  chief  use  of  vibration 
generators  is  to  determine  the  dynamic  properties  of  structures  under  con- 
trolled conditions.28  These  properties  are  the  resonant  frequencies  of  the 
structure  (of  which  the  lower  ones  are  most  important),  the  normal  elastic 
curves  of  the  structure  at  the  resonant  frequencies,  and  the  damping  prop- 
erties of  the  structure.  A  comparison  between  the  measured  resonant  fre- 
quencies and  the  known  exciting  frequencies  gives  information  concerning  the 
possibility  of  occurrence  of  critical  speeds.  The  normal  elastic  curve  locates 
the  nodes  and  antinodes  in  the  structure  at  resonance  and  permits  a  judgment 
on  the  location  of  maximum  stresses  in  the  structure  when  operation  is  at 
or  near  the  critical  speeds.  In  simple  tension,  compression,  or  twist,  the 
maximum  stresses  are  usually  near  the  nodes  (barring  the  effect  of  uneven 
design  in  the  structure),  and  in  bending  the  maximum  stresses  are  near  the 
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antinodes.  The  damping  properties  measured  by  the  use  of  vibration  gen- 
erator indicates  how  violent  the  vibration  may  become  under  actual  conditions 
of  excitation  and  how  sharply  tuned  the  exciting  force  must  be  to  be  dangerous. 
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Fig.  8-40.  Electromagnetic-Vibration  Generator  (Taylor  Model  Basin  Design) 
The  base,  consisting  of  the  field  structure,  is  rigidly  attached  to  the  structure 
to  be  vibrated.  Provision  is  made  for  attaching  additional  weights  to  the  spring- 
supported  driving  cone,  thereby  increasing  the  driving  force.  The  loudspeaker 
cone  can  also  be  used  as  a  direct-drive  vibrator.  This  generator  has  a  frequency 
range  from  20  to  2000  cps,  the  natural  frequency  of  the  driving  system  being  5  cps. 
The  maximum  available  driving  force  is  150  lb.  The  maximum  double  amplitude 
of  the  driving  coil  is  J^  in.,  and  its  maximum  acceleration  is  100  g.  The  power 
required  for  the  driving  coil  is  50  amperes  at  30  volts,  and  the  power  required  for 
the  field  coil  is  2  ampere  at  115  direct  volts.  The  generator  weighs  approximately 
650  lb.  The  driving  cone  is  guided  by  rollers  so  that  the  generator  may  be  mounted 
in  any  desired  direction 

The  vibration  properties  of  turbine  blades,  turbine  disks,  airplane  propellers, 
wings  and  fuselages,  bridges,  buildings  (to  determine  the  effect  of  earthquakes), 
and  ships  (hulls  and  superstructures)  have  all  been  studied  by  means  of  vibra- 
tion generators. 

Vibration  generators  have  been  incorporated  into  the  design  of  fatigue 
machines  as  the  source  of  alternating  load  (augmented  by  resonance  effects), 
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the  test  specimen  being  the  spring  member  of  the  resonant  mass-spring  system. 
It  is  usually  impossible  to  create  destructive  fatigue  stresses  in  large  structures 
by  means  of  vibration  generators,  but  these  devices  have  been  used  to  "shake 
down"  complicated  welded  structures,  disclosing  points  of  high  stress  con- 
centration or  of  high  "locked  up"  stresses.29 
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Fig.  8-41.      Method  of  Deducing  Dynamic  Constants  of  an  Equivalent  System 
of  One  Degree  of  Freedom 
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Finally,  vibration  generators  have  been  used  to  calibrate  vibration  instru- 
ments. They  are  used  in  the  quick  setting  of  concrete,  the  vibz'ation  bringing 
the  excess  water  to  the  surface  and  creating  a  dense  structure  in  the  concrete 
when  hardened.  Brick-making  machinery  uses  the  same  technique  in  pro- 
ducing bricks  of  uniform  dense  structure. 

32.  Determination  of  Equivalent  Local  Systems.  A  vibration  generator 
located  at  a  position  in  a  structure  (ship,  building)  can  be  used  to  determine 
an  equivalent  one-degree-of-freedom  system  at  that  position.  The  compli- 
cated,  multidegree   of  freedom   properties   of   the   actual   structure   can   be 
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replaced,  for  some  purposes,  by  an  equivalent  mass,  on  an  equivalent  spring 
with  an  equivalent  damping,  all  considered  to  be  located  at  the  generator 
position  and  moving  in  the  direction  of  the  generator  force.  If  a  machine 
which  is  expected  to  generate  simple-harmonic  exciting  forces  is  mounted  in 
the  place  of  the  vibration  generator,  the  equivalent  system  calculated  from 
the  vibration-generator  resonance  curve  need  only  be  modified  for  the 
different  masses  in  the  mounted  machine  and  the  generator  to  predict  whether 
vibrations  with  harmful  amplitudes  will  occur.  Figure  8-41  indicates  the 
method  of  calculation  for  this  equvalent  single-degree-of-freedom  system. 

II.   TRANSIENT   MOTION 

F.  Stresses  Due  to  Transient  Motion 

33.  General  Considerations.  Transient  motions  are  easier  to  describe 
negatively  than  positively.  They  are  motions  which  are  not  steady-state 
motions.  Transient  motions  are  so  variable  in  nature  that  an  infinite  number 
of  mathematical  equations  with  an  unrestricted  number  of  parameters  would 
be  necessary  to  describe  them  all.  There  are  two  general  features  of  transient 
motions  common  to  all  transient  motions. 

1.  A  transient  motion  has  measurable  and  variable  aspects  (displacement, 
velocity,  acceleration)  over  a  finite  period  of  timer,  shorter  than  and  included 
in  the  whole  time  of  observation.  To  paraphrase  Aristotle — "it  has  a  begin- 
ning, a  middle,  and  an  end." 

2.  Transient  motions  are  bounded  at  the  beginning  and  at  the  end  by 
steady-state  motions. 

If  the  time  of  observation  is  made  short  enough,  it  will  be  found  that  all 
motions  would  appear  to  be  steady  state.  It  is  possible,  in  theory,  to  imagine 
transient  motions  in  which  t  =  0  (unit-step  acceleration) ;  and  in  which  t  =  oo 
(free  vibration  with  viscous  damping).  However,  in  practice,  the  period  t 
is  appropriately  measured  in  microseconds  or  milliseconds  for  motions  caused 
by  impact  of  stiff  bodies  or  detonating  explosions;  by  seconds,  for  motions 
associated  with  vehicles  (trains,  automobiles,  elevators,  airplanes,  ships);  by 
minutes,  for  some  "majestic"  motions  such  as  those  of  a  launched  ship; 
and  by  hours  for  the  transient  motions  associated  with  the  free  vibration  of 
large  bodies  with  low  natural  periods. 

The  violence  or  intensity  of  a  transient  motion  depends  on  the  magnitude 
of  the  displacements,  velocities,  accelerations  and  their  duration,  and  the 
physical  and  dynamical  characteristics  of  the  objects  moved. 

The  effects  of  transient  motions  on  physical  structures  and  human  beings 
have  been  the  object  of  study  and  measurement  for  a  long  time.  The  seis- 
mologists have  been  measuring  earthquakes  for  the  past  century.  The  tran- 
sient motion  of  vehicles  in  starting  and  stopping,  moving  over  bumps  and  in 
collisions,  and  the  effects  of  impacts  in  the  rolls  of  rolling  mills  have  been 
measured  by  engineers  many  times  in  the  last  50  years.  During  the  recent 
war  transient  motions  in  diving  airplanes,  the  effects  of  explosions  and  gun- 
fire, and  the  motion  of  launched  ships  have  been  measured  by  numerous 
investigators. 
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Vibrations  caused  by  transient  motions  usually  have  too  few  cycles  even 
if  the  amplitudes  are  large  enough  to  cause  fatigue  failure.  Failures  associ- 
ated with  transients  are  usually  permanent  deformations  or  complete  fracture. 
The  two  aspects  of  transient  motion  which  bear  directly  on  these  two  types 
of  failure  are  displacement  and  acceleration.  Relative  displacement  between 
parts  of  a  structure  gives  rise  to  stresses,  and  accelerations  give  rise  to  aug- 
mentation of  the  loads  the  parts  must  carry  because  of  inertia  reactions. 

34.  Measurement  of  Transient  Motion.  Transient  motions  must  be 
recorded,  and  seismic-type  pickups  are  used  almost  exclusively  for  measuring 
this  type  of  motion.  The  theory  and  practice  of  measuring  transient  motions 
is  in  a  rather  sad  state.  The  electrical  engineer  with  the  electromagnetic  and 
cathode-ray  oscillographs  and  the  theories  first  developed  by  Heaviside  has 
long  been  in  a  very  favorable  position  with  respect  to  the  measurements  of 
electrical  transients.  The  mechanical  engineer  is  just  beginning  to  clarify 
his  ideas  on  the  measurement,  instruments,  and  theories  of  transient  motion 
of  physical  bodies. 

35.  Indicating  Instruments.  A  few  special  devices  for  measuring  a 
limited  number  of  salient  aspects  of  transient  motions  have  been  developed. 
These  include  the  so-called  peak  accelerometers  and  the  impulse  spectrum 
meters.  Peak  accelerometers  are  instruments  designed  to  measure  the  maxi- 
mum acceleration  which  occurs  during  a  transient  motion.  There  are  two 
general  types  of  peak  accelerometers,  contact-peak  accelerometers  and  "rup- 
ture "-peak  accelerometers.  They  are  of  the  "go"  or  "no-go"  variety — each 
pickup  being  designed  to  indicate  at  or  above  a  predetermined  acceleration. 

A  contact-peak  accelerometer  consists  of  a  mass  on  a  spring  which  is 
attached  to  a  body  or  plug  which  can  be  fastened  firmly  to  the  body  whose 
motion  is  being  studied.     The  mass  is  pushed  down  on  the  spring  by  a  set- 

I  screw  so  that  there  is  a  definite  spring  load.     The  instrument  is  mounted  in 

such  a  direction  that,  when  the  acceleration  in  that  direction  (in  the  sense 

I'  * 

opposite   to   d)   reaches  the  magnitude  a  =  ~  d,  the  contact  between  the 

m 

mass  and  the  setscrew  is  broken,  and  an  electric  circuit  is  opened.     This 
operates  an  indicator  which  can  be  read  at  leisure,     a  is  the  acceleration  at 


K 


which  the  contact  opens,  k  is  the  spring  constant,  m  is  the  mass  of  the  spring- 
suspended  weight,  and  d  is  the  preset  deflection  of  the  spring.  The  theory 
of  these  contact  accelerometers  has  not  been  worked  out  in  detail.  In  prac- 
tice, they  are  very  unreliable  on  large  accelerations.  Since  the  breaking  of 
an  electric  circuit  requires  a  minute  but  finite  separation  of  the  contact 
surfaces,  these  contact  acclerometers  always  indicate  accelerations  lower  than 
actually  occur.  If  the  period  of  the  transient  is  very  small,  the  contacts 
may  never  separate  enough  to  indicate  an  open  circuit.  The  electric  circuits 
of  a  good  contact  accelerometer  should  carry  very  small  currents,  and  perhaps 
the  direction  of  development  of  these  accelerometers  should  be  toward  circuits 
that  indicate  merely  on  changes  of  pressure  between  the  contact  surfaces. 
Figure  8-42  shows  the  NRL  contact  accelerometer. 

"  Rupture  "-peak  accelerometers  have  springs  (rods)  made  of  brittle  material 
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where   w  is   the  weight   of  the  reed,  and  /  is  its  cross-sectional 
moment  of  inertia 


Fig.  8-42.     The  NRL  Contact  Accelerometer 
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which  are  calibrated  to  break  at  a  definite  load  w.  When  a  >  w/m,  the  rod 
breaks.  These  accelerometers  never  work  with  any  reliability.  No  complete 
theory  of  them  has  been  developed.  Even  during  such  simple  transients  as 
those  described  by  a  half  sine  wave  the  strain  in  the  brittle  springs  depends 
completely  on  the  ratio  of  the  periods  of  the  motion  and  the  natural  period 
of  the  accelerometer.  For  high-frequency  transients  the  brittle  rod  is  loaded 
at  a  high  strain  rate  and  becomes  apparently  stronger,  so  that  the  physical 
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Fig.  8-43.  The  Mass-Plug  Accelerometer 
In  the  mass-plug  accelerometer,  a  bakelite  plug  with  a  reduced  section  at  mid- 
length  is  the  sensitive  element.  One  end  of  the  plug  is  attached  to  the  instrument 
case  by  a  threaded  adapter,  while  the  other  end  supports  a  loading  piece  of  known 
weight.  Ideally  fracture  of  the  plug  is  supposed  to  occur  when  the  product  of  the 
mass  of  the  loading  piece  and  the  acceleration  normal  to  the  base  of  the  instrument 
exceeds  the  breaking  strength  of  the  plug.  Practically,  the  mass-plug  system 
vibrates  when  subjected  to  a  shock,  and  when  the  amplitude  of  vibration  exceeds 
a  certain  value,  the  plug  fractures.  The  occurrence  of  this  fracture,  therefore, 
may  or  may  not  indicate  the  attainment  of  the  acceleration  which  the  instrument 
intends  to  indicate 

characteristics  of  the  accelerometer  are  themselves  functions  of  the  unknown 
motion  which  is  supposed  to  break  the  spring  (rod).  Completely  brittle  rods 
being  unobtainable,  the  rods  go  into  the  plastic  range  before  they  break. 
This  is  one  of  the  reasons  why  no  complete  theory  has  been  developed  for 
this  type  of  instrument.     Figure  8-43  shows  this  type  of  accelerometer. 

Figure  8-44  shows  an  impulse  spectrum  meter.  In  this  instrument  a  number 
of  seismographs  of  different  natural  period  record  simultaneously.  If  the 
maximum  displacement  x0n  of  each  spring-mass  unit  is  multiplied  by  the 
natural  circular  frequency  p0  of  the  unit  it  gives  a  velocity  vq  which  could 
be  considered  as  the  initial  velocity  of  the  unit  if  acted  upon  by  an  impulsive 
force  of  short  duration.     The  theory  of  this  instrument  remains  to  be  devel- 
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oped.  Until  such  a  theory  is  developed  the  relationship  between  the  various 
values  of  pn  and  the  motion  being  measured  cannot  be  clearly  understood 
or  used.  However,  the  impulse  spectrum  meter  does  permit  comparison  of 
severity  in  shock  of  the  same  nature  but  different  intensities.     It  records  the 

response  of  a  given  series  of  single- 
degree  systems  of  different  fre- 
quencies to  the  same  shock  which 
is  a  measure  of  the  probable  dam- 
age to  be  expected  to  occur  to 
systems  of  similar  dynamic  char- 
acteristics. 

Table  8-8  gives  the  characteris- 
tics of  three  indicating  accelero- 
meters. 

36.  Recording  Instruments  with 
Seismic  Pickup.  All  the  record- 
ing seismic  instruments  in  use  for 
measuring  steady-state  vibrations 
can  be  used  for  measuring  some 
transient  motions.  The  recording 
instruments  in  Tables  8-3  to  8-7 
are  suitable  for  measuring  some 
transient  motions. 

G.  Interpretation   of  Records 
of  Transient  Motion 

37.  General    Considerations. 

The  chief  problem  associated  with 
transient-motion  measurement 
(aside  from  the  design  of  suitable 
instruments)  is  the  interpretation 
of  the  transient-motion  record 
itself.  The  problem  may  be  stated 
clearly  as  follows:  What  is  the 
relationship  between  the  stimulus 
or  input  (the  motion  being  meas- 
ured) and  the  response  or  output 
(the  record)  of  a  seismic  instru- 
ment with  all  its  transmitting,  am- 


Fig.  8-44.  The  Multifrequency  Impact 
Gage 
This  gage  for  the  recording  of  shock 
comprises  10  weighted  cantilever  reeds  of 
different  natural  frequencies  mounted  on 
a  common  base.  The  maximum  relative 
displacement  between  each  reed  and  the 
base  of  the  instrument  is  recorded  on  waxed 
paper  by  a  stylus  at  the  end  of  the  reed. 
The  maximum  displacement  multiplied 
by  the  natural  "circular  frequency" 
of  the  reed  is  considered  to  indicate  a 
quantity  termed  the  "effective  impulsive 
velocity"  of  the  shock  for  that  particular 
frequency.  A  curve  of  the  effective  im- 
pulsive velocity  plotted  against  natural 
frequency  is  called  the  "velocity-character- 
istic" curve  of  the  shock.  This  curve  is 
useful  for  comparing  shocks  and  for  pre- 
dicting the  effect  of  the  shock  on  instru- 
ments and  equipment  of  known  natural 
frequency 


plifying,  and  recording  elements?35 
38.  Interpretation  of  Records  of  Transients  Made  by  Accelerometers. 

For  the  ideal  seismic  pickup, 


x  +  2npx  +  p2x  =  —y 


(46) 


where  the  symbols  have  the  same  meaning  as  in  equation  24. 
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If  an  ideal  linear  transmission  and  magnification  factor  p.  is  assumed,  the 
record  X  is 

X  =  [xx  (47) 

and  the  relationship  between  the  record  X  and  the  motion  y  is 

X  +  2npX  +  p2X  =  -jxy  (48) 

The  only  things  known  about  a  measured  transient  acceleration  are  the  record 
X  and  the  dynamic  characteristics  p,  n,  and  fj.  of  the  instrument.  The  ques- 
tion posed  is:  What  was  the  actual  y  which  caused  the  record? 

Equation  48  indicates  the  operations  which  must  be  carried  out  on  the  record 
in  order  to  correct  for  the  distortion  of  the  record.  Distortion  may  be  defined 
as  the  difference  between  the  form  of  the  record  X  as  a  function  of  time  and 
the  form  of  the  actual  acceleration  j/asa  function  of  time.  The  correction 
terms  are: 

(a)  X — the  record  differentiated  twice. 

(b)  2npX — the  first  differentiation  of  the  record  multiplied  by  2np. 
These  terms,  when  added  to  the  record  X,  multiplied  by  p2,  will  equal  the 
correct  value  at  all  times  t  of  —  p.y. 

To  get  accurate  values  of  X  and  X  from  a  record  is  exceedingly  difficult; 
therefore,  a  "good"  accelerometer  has  a  value  of  p2  so  large  that  the  largest 
values  of  X^  +  2npX  which  appear  in  the  record  are  negligible  in  comparison 
with  p2X.     Then, 

p2X  «  -fiy  (49) 

or 

Z  ~  -  «?  (50) 

PZ 

Equation  50  shows  that  a  "good"  accelerometer  is  relatively  insensitive. 

In  order  to  estimate  the  errors  in  the  approximation  indicated  in  equation 
50,  equation  48  should  be  written 

nil 

(51) 
p- 

2w   . 
The  maximum  error  caused  by  —  X  will  occur  at  the  point  of  steepest  slope 

in  the  record.     If  the  record  is  replaced  at  this  point  by  a  straight  line  with 

2nX 
the  slope  at  the  point,  the  magnitude  of  —  —  can  be  estimated  by  the  value 

nTX, 
of — •     In  this  expression  T  is  the  undamped  natural  period  of  the  pickup, 

TTi    A 

Xi  is  the  vertical  side  of  the  triangle  formed  on  the  straight  line,  ti  is  the  hori- 
zontal side  of  the  triangle  formed  on  the  straight  line  translated  to  time  units, 
and  X  is  the  ordinate  of  the  record  at  the  point  of  steepest  slope. 

The  maximum  error  caused  by  X/p2  will  occur  at  the  peak  in  the  record  with 


X       2n   . 

M# 

-  +  -  X  +  X  = 

V        V 

p2 
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the  smallest  radius  of  curvature.     If  the  record  is  replaced  in  the  neighbor- 

t 

hood  of  this  point  by  a  sine  curve,  X  =  X0  sin  2x  — i  which  fits  the  record  the 

i  x  .  rnx0 

magnitude  of  — ;  —  >  can  be  estimated  by  the  value  of  — -  — •     In  this  expres- 
&  v  X  to2  X  F 

sion  T  is  the  undamped  natural  period  of  the  pickup,  X0  is  half  the  height  of 

the  peak,  t2  is  twice  the  width  of  the  peak  in  time  units,  and  X  is  the  ordinate 

of  the  record  at  the  peak. 

In  records  taken  by  accelerometers  with  n  much  less  than  0.65,  the  most 
noticeable  feature  of  the  record  will  be  large  amplitude  oscillations  at  the 
natural  frequency  of  the  pickup.  A  first  approximate  correction  to  these 
records  is  obtained  by  fairing  a  line  through  the  midpoints  of  the  vertical 
sides  of  the  natural-frequency  oscillations. 

Accelerometers  are  the  only  instruments  which  can  be  used  to  measure 
motions  of  large  magnitude.  Displacement  meters  and  velocity  meters  have 
such  soft  springs  that  they  move  through  the  entire  clearance  available  and 
spoil  the  records  of  large  motions.  Such  motions  are  the  rolling  and  pitching 
of  ships  and  oscillations  of  rolling  stock. 

When  accelerometers  are  used  to  measure  large  slow  motions,  they  can  be 
mounted  on  rubber  cushions  to  eliminate  higher-frequency  motions. 

39.  Interpretation  of  Records  of  Transients  Made  by  Displacement 
Meters.  If  in  a  transient  motion  at  the  beginning  of  the  transient  when 
t-0, 

y  =  y  =   X  =  X  =  0 


lift"' 


the  true  relationship  between  the  motion  measured  y  and  the  record  X  is 
obtained  by  integrating  equation  4<S  twice,  term  by  term: 

lis'.  X  +  2npjX  dt  +  p-jjX  dt  dt  =   -fty  (52) 

I  < 


The  correction  terms  are 


it;  r 

(a)  2np)Xdt 

(b)  pzjjXdtdt 

These  terms,  when  added  to  the  record  X,  equal  the  correct  value  of  yuj. 

The  errors  represented  by  the  correction  terms  at  a  time  r  after  the  start 
of  the  record  are 

\\m  2np    fT  t  Xi 

-f         Xdt^iTnT-  (53) 


and 


V2    fT    [T  t'1  Xi 

x/o  /ox"^V2y  (54) 


In  equations  53  and  54  T  is  the  undamped  natural  frequency  of  the  pickup, 
X  is  the  ordinate  of  the  record  at  t  =  r,  and  Xi  is  an  average  value  of  the 
record  for  the  interval  0  <  i  <  t. 
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These  corrections  will  be  smaller,  in  general,  if  p  is  small  or  T  is  large. 
Equation  53  indicates  that  the  damping  n  should  be  small  in  a  displacement 
meter. 

40.  Interpretation  of  Records  of  Transients  Made  by  Velocity  Meters. 
A  velocity  pickup  is  a  seismic  instrument  in  which  the  relative  velocity 
between  the  mass  and  case  is  the  recorded  quantity.  The  mass  is  a  permanent 
magnet  or  an  electromagnet.  A  coil  fixed  to  the  case  generates  a  voltage 
when  the  magnet  moves  relative  to  it.     The  fundamental  equation  still  holds 

x  +  2npx  +  p2x  =  —ij  (55) 

The  generated  voltage  is 

e  =  Lx  (56) 

Therefore, 

e  +  2npe  +  p2fe  dt  =  —Li)  (57) 

The  correct  velocity  is  obtained  by  integrating  once  term  by  term 

e  +  2npfe  dt  +  p2jfe  dt  dt  =  -Ly  (58) 

The  "open-circuit"  voltage  is  proportional  to  the  velocity  y  only  if  p  is  made 
small.  For  transients  of  very  short  duration,  t,  compared  to  T,  the  undamped 
natural  period  of  the  pickup,  the  voltage  measured  by  a  high-impedance 
oscillograph  attached  to  the  terminals  of  the  velocity  pickup  will  be  very 
closely  proportional  to  the  actual  velocity. 

A  velocity  pickup  with  a  large  value  of  p2  is  suitable  for  measuring  the  first 
derivative  of  the  acceleration,  y  .  y  has  been  called  "  Ruck"  in  Germany  and 
"jerk"  in  the  United  States.  It  has  been  conjectured  that  human  discomfort 
is  correlated  with  y  rather  than  with  i).  If  equation  57  is  differentiated  once, 
term  by  term,  the  relationship  between  voltage  e  and  y  is 

e  +  2npe  +  p2e  =  —Ly  (59) 

When  the  velocitj^-meter  coil  is  attached  to  a  low-impedance  recording 
instrument,  current  flows  in  the  coil,  and  the  relationship  between  the  record 
and  the  motion  becomes  far  more  complicated  than  those  shown  in  equations 
57-59.  The  whole  instrument  from  pickup  to  recording  galvanometer 
becomes,  under  ideal  conditions,  a  system  of  three  degrees  of  freedom  in  which 
the  mechanical  characteristics  of  the  pickup,  the  mechanical  characteristics 
of  the  galvanometer,  and  the  electrical  characteristics  of  the  entire  electric 
circuit  become  important.  Figure  8-45  shows  a  record  of  transient  motions 
taken  by  a  velocity  pickup  with  low-impedance  output. 

The  equation  relating  record  to  motion  becomes  for  this  case  (in  operational 
form) : 

(7Y£>6  +  TV/)5  +  7YZ)4  +  T3°DS  +  TV1/)2  +  Tr2D  +  T0~S)X  =  -'ij     (60) 

in  which  the  constants  Tn  are  characteristic  times  and  depend  on  the  values  of 
n  and  p  in  the  two  mechanical  systems  and  the  electric  circuit  and  Dn  =  dn/dtn. 
Integrating  equation  60  once,  twice,  and  three  times,  respectively,  term  by 
term,  will  give  the  acceleration,  velocity,  and  displacement. 
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41.  General  Relationship  between  Signal  and  Record.  In  general,  S(t) 
is  the  signal  being  measured,  and  X(t)  is  the  record,  that  is,  the  output  of  the 
instrument.     Then,  in  operational  form, 

+  oo  +  (hD  +  a.,D>  +■■■■•"-•)  X(t)  =  S(t)       (61) 


in  which 


Z(D)  =  •  •  •  +  J;  +  | .+  a0  +  OiD  +  a2/)2  +  •  •  ■  (62) 


Thus, 


Z(D)X(t)  =  ,8(0  (63) 

and  the  corrected  record  Z(D)X(t)  is  the  signal  S(t). 

H.  Calibration  of  Seismic  Instruments  Used  to  Measure 
Transient  Motions 

42.  General  Considerations.  Very  little  can  be  said  about  the  calibration 
of  instruments  used  for  measuring  transient  motions  because  very  little  has 
been  done  in  this  field.  Calibration  can  be  carried  out  by  subjecting  the 
pickup  to  a  known  and  controllable  transient  motion.  To  obtain  known 
and  controllable  transient  motions  is  very  difficult. 

The  free  damped  vibration  of  a  calibrating  table  mounted  on  springs  is 
the  simplest  known  transient  that  can  be  used. 

A  calibrating  table  can  be  driven  over  carefully  cut  cams  of  desired  shape. 
The  design  and  construction  of  cam  calibration  systems  is  difficult  and 
expensive. 

Osborne  and  Carter36  have  used  an  underwater  explosion  wave  to  "cali- 
brate" a  tourmaline  crystal  hydrophone.  Underwater  explosion  waves  can 
be  "controlled"  to  some  extent,  but  just  how  accurately  "known"  the  char- 
acteristics of  such  waves  are  is  open  to  question. 

If  X(t)  is  the  record  or  response  of  an  instrument  to  a  signal  or  input  S(t), 
the  record  and  the  signal  are  related  as  follows: 


( 


'"'     '"'        I  *   +^  +  ^  +  a°  +  °iD  +  ^Z)2+   '  '  •     )   Vl/) 


=  S(t)     (64) 


The  object  of  calibration,  in  the  most  general  sense,  is  to  obtain  the  values 
of  the  coefficients  an  in  Equation  64.  Calibration,  as  usually  understood  by 
engineers,  leads  only  to  the  determination  of  the  value  of  a0.  A  perfect 
instrument  would  give 

a0X(t)  =  S(t)  (65) 


K 
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Equation  64  indicates  that  in  the  perfect  instrument  a0  would  be  so  large 
that  X(t)  would  be  vanishingly  small.  Accuracy  is  always  obtained  at  the 
expense  of  sensitivity. 

43.  Unit  Step-Pulse  Calibration.  Osborne37  has  suggested  a  numerical 
method  for  determining  the  indicial  admittance  of  a  linear  system  when  the 
response  to  a  known  transient  is  observed  or  the  shape  of  the  transient  when 
the  indicial  admittance  is  known.  The  indicial  admittance  of  an  instrument 
is  the  response  X(t)  of  the  system  to  a  unit  step-pulse  signal  S(t).  It  is 
designated  as  A(t).  A  unit  step  pulse  is  the  simplest  type  of  transient  which 
is  zero  for  all  time  before  t  =  0  and  is  one  for  all  time  after  t  =  0.  The  unit 
step  pulse  is  designated  mathematically  as  1. 

i  =  0     when     —  °o  <  t  <  0 

i  =  1     when     0  <  t  <  +  °° 

One  aspect  of  motion  which  can  be  obtained  in  a  step  pulse  is  acceleration. 
The  indicial  admittance  of  an  ideal  damped  seismic  pickup  acted  on  by  a 
step-pulse  acceleration  —y0'iis 

X(t)       \    I  (       n  , 

A(t)  =  =  —  { 1  -  e~"p'  I      .  sin  p  VI  -  n2 1 

Do         V  \V  1  -  n2 


+  cos  p  V  1  —  n'1 1  J  | 


(66) 


If  the  indicial  admittance  A(t)  of  a  more  complicated  instrument  is  obtained 


Carson's  integral, 


1  x 

— —  =  D  e-*A(t)dt  (67) 

I'  6\L>)  Jo 


shows  a  general  relationship  between  Z(D)  of  Equation  64  and  A(t),  pro- 
vided the  mechanical  and  electric  network  of  the  instrument  is  linear.  In 
equation  67  the  operator  D  is  treated  as  an  algebraic  quantity  and  is  not 
used  as  an  operator. 

If  the  indicial  admittance,   recorded  by  the  instrument  on  a  step-pulse 
acceleration  calibrator,  attains  a  limiting  constant  value  6,  the  constants  an 
of  the  instrument  can  be  obtained  by  integrations  of  the  calibration  record. 
IL^ ;'  Suppose  that 

A(t)     is  known  for     0  <  t  <  T 

and  A(t)  =  d  for  t  >  T 

when  6  j*  0 

Z(D)  =  ao  +  a  J)  +  a,D-  +  •  •  •  (68) 

and  the  corrected  record,  that  is,  the  signal  is  given  by 

SQL)  =  Z(D)X(i)  =  a0X(t)  +  oi*(0  +  a-X(t)  +  ■  ■  ■  (69) 
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Foundation  bolts- 


Position  of  hammer 
before  release 
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plate  "       K^        v  <v   iwi<«<  v   H><V  Spring 

Fig.  8-46.     The  H-I  Shock  Machine  for  Medium- Weight  Equipment 

The  machine  is  composed  of  four  main  parts,  the  foundation,  the  bedplate,  the 
shock  table,  and  the  hammer,  assembled  as  shown 

The  foundation  is  a  massive  block  of  concrete  weighing  about  100,000  lb,  which 
is  mounted  on  heavy  springs  to  insulate  the  surrounding  building  from  shock 

The  bedplate  is  a  steel  weldment  weighing  7000  lb.  It  is  secured  on  the 
foundation  by  13  long  bolts  each  3  in.  in  diameter 

The  shock  table  is  a  steel  structure  weighing  4000  lb,  consisting  of  a  solid  core 
with  a  horizontal  plate  on  top  of  it,  and  12  vertical  stiffening  webs  extending  radially 
out  from  the  core  to  the  extremities  of  the  plate.  Equipment  to  be  tested  is 
secured  on  the  platform  provided  by  the  horizontal  plate.  The  table  can  move 
3  in.  vertically,  guided  by  12  bolt  assemblies  which  slide  through  holes  in  the  bed- 
plate. These  assemblies  consist  essentially  of  12  holding-down  bolts,  referred  to 
as  table  bolts,  extending  from  the  platform  down  between  the  radial  stiffeners  and 
finally  through  hollow  sleeves  about  each  bolt;  they  serve  mainly  to  arrest  the 
vertical  motion  of  the  table  after  it  has  traversed  the  allowed  clearance 

The  hammer  consists  of  a  3000-lb  steel  weight  on  the  end  of  a  box-girder  arm 
which  is  adjustable  to  a  radius  of  either  5  or  6  ft.  The  hammer  swings  through 
a  channel  in  the  concrete  block  in  the  final  portion  of  its  arc 

For  this  case  the  correction  coefficients  are 

1  E0  E02  +  BEX 


a0  = 


Eq 


where 


Eo  =  fJ[B  -  A(t)}dt; 


Ex  = 


t[B  -  A(t)]dt; 


(70) 


(71) 


m- 
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When  d  =  0, 

Z(D)  =  ^  +  ao  +  axD  +  a2D2  +•■■•.  (72) 

and  the  corrected  record  is  given  by 

8(f)  =  Z(D)X(t)  =  a^fX(t)  dl  +  ooZ(0  +  a.Xit)  +  a2X(t)  +  ■  •  •  .     (73) 

For  this  case  the  correction  coefficients  are 

1  Ai  AS  -  AnA, 

a-1  =  Z0;  fl0=-]v;  a^-~AT  (74) 

AS  -  2AaAxA»  +  A02A3 
a2  =  —  


Ac" 


where 


A0  =  jQ    A(t)dt;     A,  =  -  JQ    tA{t)dt; 


(75) 


(-D"   r 

An  =  - — T^    /      t»A(t)  dt 
n\      Jo 

The  correction  operator  so  ol)tained  will  be  the  correction  operator  for  any- 
subsequent  acceleration  measured  by  the  instrument. 

The  correction  terms  beyond  cu  can  be  obtained;  but  accurate  practical 
methods  for  obtaining  higher  derivatives  of  records  are  nonexistent. 

44.  Shock  Machines.  In  the  field  of  transient  motions  the  "shock 
machine"  takes  the  place  occupied  by  the  vibration  generator  for  steady  state 
motions.  Figure  8-46  shows  a  shock  machine.  These  machines  have  recently 
been  used  extensively  with  good  practical  results.  Whole  assemblies  and 
devices  are  mounted  on  the  table  of  these  machines  and  subjected  to  "shock." 
A  "shock"  may  be  defined  as  a  transient  motion  resulting  from  an  "impact" 
(large  force  of  short  duration).  The  motions  of  the  parts  during  the  transient 
can  be  recorded  by  high-speed  photography,  and  those  elements  which  break 
under  the  treatment  can  be  redesigned. 

III.  INTEGRATION    AND    DIFFERENTIATION    OF    RECORD    OF    TRANSIENT 

MOTIONS 

I.  Integration  and  Differentiation 

45.  General  Considerations.  The  interpretation  and  calibration  of  records 
taken  by  motion-measuring  instruments  with  a  seismic  pickup  call  for  suc- 
cessive integration  and  differentiation  of  the  records.  The  integrating  process 
can  be  carried  out  graphically,  numerically,  mechanically,  or  electrically  with 
good  accuracy.  The  differentiations  present  an  extremely  difficult  practical 
problem,  since  even  the  first  differential  of  a  graphical  record  is  hard  to  get 
with  fair  accuracy. 

The  integrating  process  assumes  that  a  zero  line,  accurate  in  position  and 
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orientation,  exists  on  the  record  or  can  be  constructed  on  the  record.  The 
differentiation  process  requires  a  zero  line  accurately  oriented  and,  at  least, 
parallel  to  the  true  zero  on  the  record.  Both  processes  are  best  carried  out 
on  photographically  enlarged  copies  of  the  original  record.  The  trace  of  the 
record  should  be  made  as  fine  and  distinct  as  possible  so  that  the  inner  or 
outer  edge  of  the  trace  can  be  used  as  the  record  for  calculation  purposes. 

46.  Scales.  In  any  record  the  ordinate  and  abscissa  are  both  in  length 
units  only.  The  ordinates  are  X  in.  long  and  the  abscissa  Z,  although  it 
represents  time,  is  also  in  length  units. 

Suppose  the  actual  units  of  the  ordinates  to  be  y.     Then, 

V  =  SyX  (76) 

and 

t  =  StZ  (77) 

where 

the  number  of  units  of  y 


inch  of  the  record  ordinate 
number  of  seconds 

o     _    . 

inch  of  the  record  abscissa 
Then, 


(78) 
(79) 


dy  =  Sy  dX  (80) 

dt  =  StdZ  (81) 


and 

dy       Su  dX 
dt  ~  StdZ 

d-y  _  S„  d-X 
dtn   =  Stn  dZ* 

When  the  velocity  V  of  the  recording  surface  is  constant, 


(82) 
(83) 


dZ        1 

*  "  s,  -  v  (S4) 

For  integration, 

f  y  dt  =  f  SyXSt  dZ  =  SySt  f  X  dZ  (85) 

and 

f   ■  ■  ■  f  fny  dt-  =  SySt"  /•••//"  X  dZ«  (86) 

If  the  record  is  enlarged,  photographically  m  times,  X  becomes  mX,  and  Z 
becomes  mZ;  then, 

d(mX)       mdX       dX 

d(mZ)   =  mdZ  =  dZ  (8/) 


hu.l 
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and 

d»(m.X)        m  dnX 1     d»X 

d(mZ)»  =  ro«  dfr>  =  m^1  dZ^ 

[  mXm  dZ  =  m2  j  X  dZ  (89) 

/   "  '  '  /  /"  mX(mdZ)n  =  m'l+1  /   '  '  '   /  /"  x  dZn  (9°) 

In  graphical  integration  when  the  curve  being  integrated  is  replaced  by  a 
series  of  rectangular  steps  and  a  pole  length,  H  is  chosen  on  the  Z  axis,  the 
integral  r\  has  a  scale 

number  of  units  of  r\ 
Sr)  =  HSySt  =  :     ;      T~r;      :    ~         ;  ~  (91) 

inch  of  the  integral  curve  ordinate 

When  77  is  the  actual  integral,  X  is  the  graphical  ordinate  of  the  integrand, 
Z  is  the  graphical  abscissa  of  the  integrand,  and  H  is  the  constant  pole  length 
along  the  Z  axis  in  the  same  graphical  length  units  as  X  and  Z;  then  X/H  = 
d-q/dZ  at  the  particular  value  of  Z  where  X  is  measured. 

J.  Integration 

47.  Mechanical  Integration.  The  best  method  of  integrating  records  is 
the  mechanical  method  using  an  integraph.53  The  photographic  enlargement 
of  the  record  should  be  made  as  large  as  the  integraph  can  handle. 

48.  Graphical  Integration.  For  rough  work  graphical  integration*  can 
be  used.  Graphical  integration  of  records  is  not  recommended.  It  cannot 
compete  in  accuracy  with  numerical  integration. 

49.  Numerical  Integration.  Accuracy  of  measurement  does  not  warrant 
excessive  refinement.     Therefore,  Simpson's  parabolic  rule  is  recommended. 

The  abscissa  interval  of  the  record  in  which  the  integral  curve  is  desired  is 
divided  into  2q  equal  parts  each  A  in.  long.  A  is  chosen  small  enough  so 
that  the  curve  in  any  interval  2A  long  has  no  inflection  points.  If  there  are 
inflection  points  in  the  curve  to  be  integrated,  the  ordinates  should  be  so 
spaced  that  the  inflection  point  becomes  one  of  the  measured  ordinates. 
Simpson's  parabolic  rule  is  based  on  the  assumption  that  the  curve  is  replaced 
locally  by  parts  of  parabolas  which  fit  the  curve,  f 

If  ordinates  of  f(Z)  (X0,  Xh  X%,  ■  ■  •  X2q)  are  erected  at  values  of  Z 
(0,  A,  2A,   ■   •  •  2qA),  then, 


Z„+2 


f(Z)  dZ  =  -  [Xn  +  4X,+1  +  Xn+2]  (92) 


and 


2<?-l  2q-2 

(93) 


2g  -  1  2q  -  2 

[Zh  at         V  V 

/       f(Z)  dZ  =  -     X0  +    >     4A'„  odd  +    >    2A-„even  +  Xiq 

1  2 


*  See  reference  54,  Ch  7,  pp  102-113. 
|  See  reference  15,  p  280. 
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If  the  total  integral  is  wanted  at  evenly  spaced  ordinates  I  inches  apart  then 
A  =  1/2  in.  The  work  can  be  arranged  in  tabular  form.  From  the  table  it 
can  be  seen  that  the  integral  can  be  calculated  systematically  on  a  calculating 
machine. 

TABLE  8-9 


z 

X 

4A,lDdd 

Xn  even 

Increments 

ik  f(Z)dZ 

-o  Increment 

Total 
Integral 

z0 

X0 

A0 

0 

0 

0 

zl 

Xx 

4Xi 

z2 

A2 

A2 

Au  +  4A:  +  A2 

fzJ(zxiz 

/*/w« 

z. 

xs 

4A3 

z, 

A4 

A4 

A\  +  4A3  +  A4 

\z,  f(Z)  dZ 

L    f(Z)dZ 

J  Zo 

z, 

Xs 

4A5 

z, 

A  6 

AG 

A4  +  4  A6  +  A  6 

f'jWdZ 

fc'tmv 

If  the  probable  error  in  measuring  Xn  is  +e  in.,  the  probable  error  of  the 
integral  in  each  interval  2A  is 


Per  cent  error 


100 


18  e 


Xn  +  4A\!+1  +  Xn+2 


% 


(94) 


Since  the  probable  error  of  measurement  e  remains  constant,  the  integral  of 
a  record  magnified  m  times  will  only  have  1/m  times  the  probable  error  of 
the  integral  of  the  original  record.  Beside  the  error  due  to  inexact  measure- 
ments of  Xn,  there  exists  an  error  due  to  fitting  the  curve  segments  by  parab- 
olas. We  have  no  means  of  evaluating  this  error,  but  this  error  is  made 
smaller  by  taking  A  smaller. 

50.  Electrical  Integration.  In  any  pickup  which  has  electric  transmission 
an  integrating  circuit  may  be  introduced  to  integrate  the  quantity  measured 
before  it  is  recorded.  Clarke55  has  described  some  simple  integrating  circuits. 
For  transient  motions  integrating  circuits  with  capacitance  in  series  should 
not  be  used  since  the  currents  generated  by  the  instrument  may  be  largely 
unidirectional. 

A  simple  integrating  circuit  consists  of  a  very  large  inductance  L,  in  series 
with  a  very  small  resistance  R.  If  an  applied  voltage  Applied  is  put  across  this 
series  circuit,  the  voltage  across  the  resistance  R  will  be  approximately  propor- 
tional to  the  integral  of  -E'appiied-  If  the  total  resistance  of  the  circuit  is  very 
small  compared  to  the  reactance  of  the  coil  at  the  lowest-frequency  component 
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di  .if 

of  the  applied  voltage,  E&vl>Ued  «  L  —  and  i  =  -    /    implied  eft.     Then,  East  = 

R    f  

Ri  ~  —    /    Applied  a£.     A  very  accurate  integrating  circuit  has  a  very  small 

R/L  and,  therefore,  a  small  output. 

Any  amplifying  circuit  used  to  compensate  for  the  low  output  of  an  accurate 
integrating  circuit  should  be  installed  at  a  place  which  is  not  affected  by  the 
transient  motions  being  measured  since  vacuum  tubes  are  good  accelerometers. 
The  spacing  between  the  filament,  grids,  and  plates  in  the  tube  changes  when 
the  tube  is  accelerated,  giving  rise  to  "microphonic"  distortion  of  the  record. 

K.  Differentiation 

51.  Drafting-Machine  Differentiation.  Differentiation  of  records  is  diffi- 
cult to  do  with  any  high  degree  of  accuracy.  Enlarged  records,  microscopic 
measurement,  and  smoothing  of  data  may  be  necessary  for  derivatives  higher 
than  the  first.  For  quick  approximate  differentiation  a  drafting  machine 
can  be  used,  the  straightedge  of  the  drafting  machine  being  aligned  to  the 
curve  by  eye.     This  is  good  only  for  curves  that  are  rather  smooth. 

52.  Optical  Differentiation.  Another  method  which  is  good  on  smooth 
curves  is  the  reflection  method.  A  vertical  mirror  lined  up  along  the  true 
normal  to  the  curve  will  give  an  image  of  the  curve  which  is  continuous  and 
without  a  break  if  viewed  along  the  curve  toward  the  mirror  image.  If  the 
mirror  is  not  lined  up  on  the  normal  to  the  curve,  the  image  shows  a  sharp 
break  where  the  image  and  the  curve  meet.  If  the  mirror  is  mounted  on  the 
edge  and  forms  a  continuous  part  of  the  edge  of  a  straightedge,  a  series  of 
normals  can  be  drawn  along  the  straightedge  which  cross  the  curve.  Any 
perpendicular  to  a  normal  is  parallel  to  the  tangent  to  the  curve  at  the  point 
of  intersection  of  the  normal  and  the  curve.56-58 

53.  Approximate  Analytical  Differentiations.  For  estimating  the  order  of 
magnitude  of  the  first  and  higher  derivatives  of  a  record  at  points  of  special 
interest  the  parts  of  the  record  in  the  immediate  neighborhood  of  these  points 
may  be  replaced  by  analytical  functions  which  fit  the  curve  approximately. 
Parts  of  sine  and  cosine  functions  which  fit  the  record  can  always  be  used  to 
give  rough  estimates  of  derivatives.*  Power  series  can  be  laid  out  that  fit 
ordinate  measurements  on  either  side  of  the  point  of  interest.  At  least  the 
first  derivative  of  these  series  will  be  fairly  accurate. 

54.  Numerical  Differentiation.  Three-Ordinate  Method.  If  successive 
positive  ordinates  X\,  A'2,  Xs,  •  •  ■  Xq,  spaced  apart  by  equal  distances  A, 
are  measured  between  an  accurately  located  base  line,  parallel  to  the  true 
zero  line  of  the  record,  and  the  record  trace,  the  first  derivative  of  the  record 
at  the  point  where  Xn  terminates  on  the  record  trace  is 

li  =  k  (X-+i  -  x-i)  (95) 

*  See  article  4,  p  305. 
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This  simple  formula  is  inherently  inaccurate  whenever  Xn  terminates  on  an 
inflection  point  in  the  record.  At  such  places  the  absolute  value  of  dXn/dZ 
calculated  from  the  formula  is  always  less  than  the  true  absolute  value  of 
dXn/dZ  when  the  values  of  X„Ti  and  Xn-i  are  known  correctly  if  the  second 
derivative  is  negative  at  the  inflection  point,  and  it  is  always  greater  than  the 
true  value  if  the  second  derivative  is  positive  at  the  inflection  point. 

Five-Ordinate  Method.     If  X„  is  the  mid-ordinate  in  a  successive  series  of 
five  ordinates, 

Itt   =  lk  [8(X"+1  "  Xn~x)  ~~  (Xn+2  "  X"-2)]*  (%) 

Using  this  formula  with  absolutely  correct  values  of  the  X's  will  give  accurate 
values  even  when  Xn  terminates  in  an  inflection  point  on  the  record  trace. 
If  the  probable  error  of  measuring  Xu  is  +e  in.,  the  probable  error  for  the 
three-ordinate  method  is 


100    . 
Per  cent  error  =  — — —  %  (97. 


For  the  five-ordinate  method  it  is 


100  Vl30e 


Per  cent  error  =  — - — : j^—     — — :  %  (98) 

The  probable  errors  in  the  numerical  calculation  of  first  derivatives  of  records 
can  be  very  large. t 

If  the  record  is  magnified  m  times  with  no  distortion  and  the  probable  error 
of  measuring  the  lengths  of  the  ordinates  is  kept  constant,  the  probable  error 
of  the  first  derivative  found  on  the  magnified  record  is  1/m  times  the  probable 
error  of  the  same  derivative  calculated  from  the  original  record. 

No  numerical  formula  for  higher  derivatives  than  the  first  are  given  or 
recommended,  since  they  require  accuracy  of  measurement  beyond  the  powers 
of  an  ordinary  reading  microscope  and  beyond  the  help  of  usual  photographic 
magnification  of  the  record. 

55.  Electrical  Differentiation.  If  an  input  voltage  from  an  instrument 
is  put  across  a  circuit  with  a  resistance  R  and  an  inductance  L  in  series,  the 
voltage  across  the  inductance  will  be  approximately  proportional  to  the  first 
derivative  of  the  input  voltage.55  This  will  be  more  accurately  true  the  larger 
the  ratio  R/L.  If  the  resistance,  R,  is  large  compared  to  the  reactance  of  the 
induction  coil  at  the  highest-frequency  component  of  the  impressed  voltage, 
the  voltage  across  the  induction  coil  will  be  small,  and  the  current  will  be 
nearly  proportional  to  the  applied  voltage, 

-^aDDlied 


R 

*  The  five-ordinate  method  of  differentiation  was  developed  by  Admiral  David 
Watson  Taylor,  USN.     No  reference  can  be  given  here. 
f  See  reference  15,  p  280. 
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Then, 

di       L  d 

-fcout    =    L  "T"     =    ~  ~   (-£<  applied) 

dt       K  dt 

For  high  fidelity  in  differentiation  L/R  — *■  0,  and  the  usual  sacrifice  of  sensi- 
tivity to  accuracy  occurs. 

High  amplification  of  the  low  output  of  a  highly  accurate  differentiation 
circuit  may  lead  to  troubles  in  the  amplification  circuits  such  as  "microphonic " 
distortions  if  the  vacuum  tubes  are  moved  and  respond  to  accelerations. 

Successive  electrical  differentiations  of  the  signal,  each  recorded  on  a  sepa- 
rate channel,  along  with  the  usual  record,  constitutes  probably  the  only  hope 
of  getting  fairly  accurate  derivatives.  If  these  could  be  fed  into  a  mixer  cir- 
cuit along  with  the  record  signal  with  proper  phasing  between  the  record 
signal  and  the  signals  from  the  differentiation  circuits,  an  accurate  record 
could  be  made.  No  one  has  succeeded  in  doing  this  to  date;  but  it  may  be  the 
most  helpful  possible  development  toward  more  accurate  motion-measuring 
records.  A  basic  difficulty  which  confronts  any  differentiating  process  is  that 
a  high-frequency  component  can  have  an  arbitrarily  small  amplitude  in 
the  original  record  and  an  arbitrarily  large  amplitude  in  the  differentiated 
record,  if  the  frequency  of  the  component  is  high  enough. 
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A.  Introduction 


1.  Definition  and  Purpose  of  Strain  Rosettes.  A  strain  rosette  consists 
of  three  or  more  straight  surface  lines  which  pass  through  or  surround  a  point 
and  represent  the  axes  of  strain  gages  employed  to  determine  the  state  of 
plane  stress  at  that  point  (Fig.  9-13). 

Strain-rosette  analysis  is  the  art  of  arranging  strain  gages  as  rosettes  at  a 
number  of  points  on  the  object  to  be  investigated,  taking  the  measurements, 
and  computing  the  state  of  surface  stress  at  these  points. 

Strain-rosette  analysis  is  at  present  the  most  widely  used  experimental 
method  of  investigating  biaxial  stress  fields.     It  serves  two  distinct  purposes: 

1.  In  a  complicated  structure  it  establishes  the  distribution  of  the  surface 
stresses  and  thus  relates  the  functioning  of  the  various  components. 

2.  At  any  individual  surface  point  it  furnishes  the  basis  for  judging  the 
safety  of  the  part  by  means  of  the  theories  of  failure  under  combined  stress. 

2.  Discussion  of  Basic  Assumptions.  Strain-rosette  analysis  is  usually 
based  on  the  assumptions  of  isotropic  and  homogeneous  material  and  of 
strain  gradients  so  small  that  the  strains  can  be  considered  as  substantially 
uniform  over  the  area  covered  by  the  rosette  gages. 

A  material  is  isotropic,  if  at  any  one  point,  its  characteristics  are  the  same 
in  all  directions.  In  strain-rosette  analysis,  the  condition  of  isotropy  involves 
only  two  characteristics:  the  modulus  of  elasticity,  and  Poisson's  ratio.  The 
strength  of  the  material  in  various  directions  (with  and  across  the  grain,  and 
so  on)  is  not  involved  in  the  rosette  calculation  itself,  but  enters  only  in  the 
interpretation  of  stresses.  Within  the  elastic  limit,  all  metal  bodies  except 
highly  rolled  thin  sheets  can  be  considered  isotropic.  If,  however,  the  elastic 
properties  change  with  direction,  that  is,  if  the  material  is  not  isotropic,  the 
conventional  rosette  calculation  holds  only  up  to  the  point  of  establishing 
the  principal  strains.  Convenient  methods  are  available28'  46  for  correlating 
stresses  and  strains  in  orthotropic  materials,  such  as  wood  and  highly  rolled 
thin  sheets. 

Similarly,  for  the  purpose  of  strain-rosette  analysis,  engineering  materials 
generally  are  sufficiently  homogeneous  to  justify  the  assumption  that  modulus 
of  elasticity  and  Poisson's  ratio  are  constant  all  over  the  surface.  This  holds 
even  for  concrete;  the  only  requirement  is  that  the  gage  length  employed  be 
great  enough  to  cover  a  representative  portion. 

Generally,  strain  gradients  parallel  to  the  surface  are  present  in  problems 
involving  strain  rosettes.  Where  they  are  appreciable,  sensitivity  has  to  be 
sacrificed  for  shorter  gage  length,  as  the  rosette  calculations  neglect  strain 
gradients.  No  fixed  rule  can  be  set,  and  the  compromise  depends  primarily 
on  engineering  judgment.  The  introduction  of  a  fourth  gage  line  often  is 
advisable  in  cases  of  considerable  strain  gradients,  the  redundant  reading 
serving  as  an  over-all  check. 

3.  Use  of  the  Terms  "Plane  Stress"  and  "Plane  Strain."  Strain-rosette 
analysis  is  based  on  strain-gage  readings  and,  hence,  on  observations  of  strains 
along  the  surface.     Usually  there  is  no  external  pressure  on  the  object  in  the 
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gage  area;  thus,  for  a  flat  surface  there  exists  a  state  of  "plane  stress"  (also 
called  two-dimensional  or  biaxial  stress)  and  the  strains<  parallel  to  the  surface 
depend  solely  on  the  stresses  parallel  to  the  surface.  By  virtue  of  Poisson's 
ratio,  there  are  also  strains  normal  to  the  surface,  that  is,  a  three-dimensional 
state  of  strain  exists.  Strains  normal  to  the  surface  do  not  enter  into  rosette 
calculations,  however,  and  for  the  purpose  of  analogy  the  strain  condition 
at  the  surface  will  be  referred  to  as  "plane  strain"  in  this  chapter.  Obvi- 
ously, where  external  pressure  is  applied  to  the  surface  over  the  rosette  area, 
this  condition  must  be  considered  when  stresses  are  calculated  from  surface 
strains. 

The  stresses  dealt  with  in  strain-rosette  analysis  act  on  planes  normal  to 
the  surface  and  in  the  immediate  vicinity  of  the  surface.  "Stresses  acting  at 
a  surface  point"  means  the  stresses  on  small  portions  of  normal  planes  through 
the  point.  Normal  planes  are  defined  by  surface  lines  and  are  usually  identi- 
fied by  them. 

Although  the  surface  may 
actually  be  curved,  the  curva- 
ture is  generally  neglected  in 
the  analysis  of  individual  ro- 
settes, and  the  local  condition 
is  still  referred  to  as  "plane 
stress"  and  "plane  strain." 

-X 

B.  Stresses  and  Strains  at 

a  Point — Mohr's  Circles 

4.  The  State  of  Plane  Stress. 

Consider  a  rectangular  surface 
element  ABCD,  with  sides  par- 
allel to  the  X  axis  and  the  Y 
axis  (Fig.  9-1).     If  it  is  assumed 
that    no    stresses    act    perpendicular    to    the    surface,    all    stresses    present 
are  parallel  to  the  surface.  This  is  the  general  case  of  plane  stress,  and  if  the 
stress  gradients  within  the  element  are  neglected,  the  stress  components  are: 
Normal  stress  ax  on  planes  AB  and  CD. 
Normal  stress  cru  on  planes  BC  and  DA. 
Shear  stress  ryx  on  planes  AB  and  CD. 
Shear  stress  rxy  on  planes  BC  and  DA. 
The  condition  of  equilibrium  requires  that  numerically 

Txy  =  Tyx  (1) 

and  that  the  arrows  representing  shear  stresses  meet  at  opposite  corners  of 
the  element.  The  line  going  through  these  corners  (A  and  C  of  Fig.  9-1)  is 
called  the  shear-stress  diagonal.26 

The  most  frequently  adopted  sign  convention  takes  normal  stresses  to  be 
positive  when  they  are  tensile  and  negative  when  they  are  compressive. 
Shear  stresses  are  usually  called  positive  with  respect  to  a  system  of  coordi- 


Fig.  9-1.     Elements  of  Stress 
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nates   when  the  shear-stress  diagonal  passes  through  the  first  and  third 
quadrants. 

The  normal  stress  making  an  angle  6  with  the  X  axis  is,  by  superposition,12'  26 

a  j-  +  a,,       ax  —  <Tu 
ae  =  ^—  + —  cos  26  +  r„  sin  20  (2) 

The  corresponding  shear  stress  is 

Te  =  <T,J       —  sin  2d  +  tiv  cos  20  (3) 


In  particular,  r#  is  zero,  if 


tan  26  = —  (4) 

<Tl      —    (Ty 


Equation  4  defines  two  mutually  perpendicular  directions  for  which  the 
shear  stress  is  zero.  These  directions  are  called  the  "principal  directions  of 
stress,"  and  the  corresponding  normal  stresses  are  the  "principal  stresses." 
Since  equation  3  is  found  to  be  one-half  the  first  derivative  of  equation  2  with 
respect  to  6,  the  principal  stresses  are  the  algebraically  greatest  and  the  alge- 
braically smallest  normal  stresses  at  any  one  surface  point.  If  they  are  called 
ffmax  and  (Tnun,  respectively,  and  coordinates  coinciding  with  the  principal  axes 
of  stress  are  used,  the  normal  stress  making  an  angle  a  with  the  direction  of 

0*max   IS 

Cmai   +  0"min  ""max    _  0"nun  _  ._. 

aa  = —   -  + cos  2a  (5) 

The  corresponding  shear  stress  is 

0"min     —    0"n 


sin  2a  (6) 

Thus,  the  condition  of  plane  stress  is  completely  defined  and  conveniently 
described  by  the  principal  stresses. 
If  we  define 

0"max   +  O-mm 


and 


(7) 


B"  =  —  -  — °  (8) 


these  quantities  are  calculated  from  the  general  stress  components  as26' 

<rT  -\-ay 


(9) 


and 

B"  =  +  \  •  V(ax  -  o„Y-  +  4T,,2  (10) 
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Introducing  A"  and  B"  into  equations  5  and  6  yields  the  more  convenient 
form, 

ffa  =  A"  +  B"  cos  2a  (11) 

and 

ra  =   -B"  sin  2a  (12) 

Note  that  the  angle  between  the  direction  of  crmax  and  the  shear-stress  diag- 
onal of  a  square  element  is  numerically  45°  or  less.  The  maximum  shear  stress 
Tmax  occurs  at  45°  angles  to  the  principal  directions  of  stress  and  is  numerically 

equal  to  B",  that  is,  one-half  the  differ- 
ence between  the  principal  stresses. 

Equations  11  and  12  define  a  circle 
in  a  system  of  orthogonal  coordinates  a 
and  t.  The  center  lies  on  the  normal 
stress  axis,  having  A"  as  abscissa,  and 
the  radius  is  B"  (Fig.  9-2).  Any  line 
passing  through  the  point  representing 
crmln  intersects  the  circle  a  second  time 
at  a  point  whose  coordinates  are  the 
normal  and  the  shear  stress  for  the  direc- 
tion of  the  line.  This  circle  is  called 
Mohr's  circle  for  stresses,  for  it  was 
Otto  Mohr  who  emphasized  it  in  his 
publications.  However,  Mohr3  attri- 
butes this  circle  to  Culmann,1  and  there 
is  a  new  trend  to  call  it  Culmann's  circle 
(3d  edition  of  reference  17,  61). 
A  number  of  relations  of  "plane  stress"  can  be  derived  from  Mohr's  circle 
for  stresses  by  purely  geometrical  considerations.     For  instance: 

1.  The  sum  of  normal  stresses  for  mutually  perpendicular  directions  is 
constant. 

2.  The  shear  stresses  for  mutually  perpendicular  directions  are  numerically 
equal  and  opposite  in  sign. 

3.  The  normal  stresses  are  equal  for  the  mutually  perpendicular  directions 
of  maximum  shear  stress. 


Fig.  9-2.     Mohr's  Circle  for  Stresses 


The  state  of  plane  stress  is  sometimes  said55  to  consist  of  a  uniform  or  hydro- 
static component  of  stress  (represented  by  the  abscissa  of  the  center  of  Mohr's 
circle,  A")  and  a  shear  component  of  stress  (represented  by  the  radius  of 
Mohr's  circle,  B").  The  directions  of  the  principal  stresses  depend  solely  on 
the  shear  component  of  stress. 

5.  The  State  of  Plane  Strain.  Consider  a  surface  point  0  as  the  origin 
of  orthogonal  coordinate  axes  X  and  Y  (Fig.  9-3).  In  the  unstrained  condi- 
tion, the  coordinates  of  a  nearby  point  P  are  x  and  y.  As  the  surface  undergoes 
deformation,  P  moves  to  P' ,  thus  changing  its  coordinates  to  (x  +  u)  and 
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(y  +  v)>  respectively.     The  strain  components  are  denned  by  partial  differ- 
entials4' 27  as: 

du 
Normal  strain  parallel  X  axis:       ex  =  —  (13) 


Normal  strain  parallel  Y  axis:       ey  = 


dx 

dv 
by 


(14) 


Shear  strain: 


dv       du 


Normal  strains  are  positive  when  they  are  elongations.  Shear  strains  (that 
is,  angular  distortions)  are  positive  when  the  shear-strain  diagonal  of  an  origi- 
nally rectangular  element  with  sides  parallel  to  the  coordinate  axes  and  center 

Y 


*~X 


*~x 


Fig.  9-3.     Elements  of  Strain 


Fig.  9-4.     Distortion  of  Element 
by  Shear 


at  the  origin  (Fig.  9-4)  passes  through  the  first  and  third  quadrants.  The 
shear-strain  diagonal  is  defined  as  the  line  passing  through  the  acute  corners 
of  the  distorted  element.26 

The  normal  strain  along  a  line  making  an  angle  6  with  the  X  axis  is,  by 
superposition,4' 27 


ex  +  ey       ex  —  e„  1 

ee  =  — g —  +  — 9 —  cos  2d  +  o7^  sm  2d 


(16) 


Similarly,  the  shear  strain  referred  to  axes  making  angles  6  with  the  X  and 
Y  axes  is 

Je  =  (ey  —  ex)  sin  2d  +  yzy  cos  26  (17) 

ye  becomes  zero,  if 


tan  26 


t*  -  e„ 


(IS) 


Equation  18  defines  two  mutually  perpendicular  directions  for  which  the 
shear  strain  is  zero.     These  directions  are  called  the  "principal  directions  of 
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strain,"  and  the  respective  normal  strains  the  "principal  strains."  Since  equa- 
tion 17  represents  the  first  derivative  of  equation  16  with  respect  to  6,  the 
principal  strains  are  the  algebraically  greatest  and  the  algebraically  smallest 
normal  strains  at  any  one  point.  If  we  call  them  emax  and  emm,  respectively, 
the  normal  strains  along  a  line  making  an  angle  a  with  the  direction  of  emax 
is 

ea  =  —   -  +  —  -  cos  2a  (19) 


The  shear  strain  referred  to  axes  making  angles  a  with  the  principal  axes  of 
strain  is 

7«    =    fonta    —   €max)    SU1   2«  (20) 

Thus,  the  state  of  plane  strain  is  completely  described  by  the  principal  strains. 

If  we  define 


^max      I      ^ 


and 


B  = 


max      1      cmin 


<-max  *-min 


(21) 


(22) 


these    quantities   are   calculated   from 
the  general  strain  components  as26 


A 


e,  +  e. 


(23) 


and 


Fig.  9-5.     Mohr's  Circle  for  Strains  B  =  +  i  \/~[72 

Introducing  A  and  B  reduces  equations  19  and  20  to 


and 


ea  =  A  +  B  cos  2a 
ya  =  —2B  sin  2a 


ew)2+y,/     (24) 

(25) 
(26) 


Note  that  the  angle  between  the  direction  of  emax  and  the  shear-strain  diag- 
onal of  an  originally  square  element  is  numerically  45°  or  less.  The  maximum 
shear  strain  ymax  occurs  at  45°  angles  to  the  principal  directions  of  strain  and  is 
numerically  equal  to  2B,  that  is,  the  difference  between  the  principal  strains. 

Equations  25  and  26  define  a  circle  in  a  system  of  orthogonal  coordinates  e 
and  y/2  (Fig.  9-5).  The  center  lies  on  the  normal  strain  axis,  and  its  abscissa 
is  A;  the  radius  is  B.  Any  line  drawn  through  the  point  representing  emin 
intersects  the  circle  a  second  time  at  a  point  whose  coordinates  are  the  normal 
strain  and  the  shear  strain  for  the  respective  direction.  This  circle  is  called 
Mohr's  circle  for  strains  in  analogy  to  Mohr's  circle  for  stresses.     It  is  a  very 
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convenient  tool  in  strain-rosette  analysis,  as  it  translates  trigonometric  equa- 
tions into  relations  of  plane  geometry.  Analogous  relations  to  those  found 
for  the  state  of  plane  stress  from  Mohr's  circle  for  stresses  can  be  deduced  for 
the  state  of  plane  strain  by  purely  geometrical  considerations  from  Mohr's 
circle  for  strains. 

6.  Relations  between  Stresses  and  Strains.  Aeolotropic  Materials.  The 
foregoing  separate  treatment  of  plane  stress  and  plane  strain  holds  for  all 
materials,  since  no  conditions  as  to  elastic  properties  were  introduced.  How- 
ever, the  primary  measurements  of  strain-rosette  analysis  being  normal  strains, 
the  elastic  behavior  of  the  material  must  be  known  for  calculating  the  stresses. 
For  aeolotropic  materials,  the  elastic  properties  change  with  direction,  and 
the  stress-strain  relations  become  somewhat  cumbersome.5'  15  In  particular, 
the  principal  axes  of  stress  and  strain  generally  do  not  coincide. 

Orthotopic  Materials.  The  three  principal  axes  of  elasticity  for  orthotropic 
materials  are  mutually  perpendicular.  If  the  principal  axes  of  stress  and 
elasticity  coincide,  the  principal  axes  of  strain  also  coincide  with  them.  In 
general,  the  moduli  of  elasticity  are  different  for  the  three  axes,  and  Poisson's 
ratio  for  any  one  axis  differs  with  respect  to  each  of  the  other  two  axes. 
Highly  rolled  thin  sheets  are  orthotropic,  and  recent  literature  considers  wood 
as  an  orthotropic  material.15'  28'  46>  6'2  In  both  cases  the  direction  of  the  grain 
represents  one  of  the  principal  axes  of  elasticity.  A  surface  element  with 
sides  parallel  and  perpendicular  to  the  direction  of  the  grain  does  not  undergo 
any  angular  distortions  when  subjected  to  only  normal  stresses. 

Direct  analytical  methods  for  relating  surface  stresses  and  strains  for  ortho- 
tropic materials  are  complicated.15'  62  However,  the  problem  can  be  solved 
conveniently  in  steps.28'  46  For  instance,  if  the  principal  stresses  are  known, 
the  stresses  for  the  directions  parallel  and  normal  to  the  grain  are  calculated 
(see  equations  11  and  12).  For  these  directions,  the  elastic  constants  (two 
moduli  of  elasticity,  two  values  of  Poisson's  ratio,  and  the  modulus  of  rigidity) 
are  known,  and  the  strains  can  be  figured  by  superposition.  Then,  the  com- 
ponents of  strain  lead  to  the  principal  strains  in  the  usual  way  (see  equations 
18,  23,  24,  57,  and  58).  Obviously,  the  principal  axes  of  surface  stress  and 
strain  coincide  only  if  one  of  the  principal  axes  of  strain  is  parallel  to  the 
direction  of  the  grain. 

Isotropic  Materials.  For  isotropic  materials,  that  is,  for  materials  whose 
elastic  properties  are  the  same  in  all  directions,  the  principal  directions  of  stress 
and  strain  are  coincident.26'  63  Proof:  According  to  the  theory  of  elasticity, 
mutually  perpendicular  directions  free  from  shear  stress  are  also  free  from 
shear  strain.  The  shear  stress  referred  to  the  principal  directions  of  stress  is 
zero;  hence,  the  shear  strain  for  these  directions  is  zero,  and  they  are  also 
the  principal  directions  of  strain. 

Superposition  of  the  fundamental  equations  of  elastic  deformation  leads  to 
the  relations  between  the  magnitudes  of  principal  stresses  and  strains: 

emax  =  "^ (27) 
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and 

Cmin    —   M°"max  . 

emin  =  ^ (28) 

where  E  is  the  modulus  of  elasticity  and  n  Poisson's  ratio.     Conversely, 

E 


1  -  jx- 
and 

a„lin  =  " :  (emi„  +  /O  (30) 

1  -  /x- 

When  the  abscissas  and  radii  of  Mohr's  circles  for  stresses  and  strains  are 
introduced  (equations  7,  8,  21,  and  22),  these  relations  yield 

E 

A"  =  A- (31) 

1  -  fj. 

and 

B"  =  B-^r  (32) 

l  +  n 

Thus,  a  normal  strain  making  an  angle  a  with  the  direction  of  €„,„, 

ea  =  A  +  B  cos  2a  (25) 

corresponds  to  a  normal  stress  (equation  11)  of 

E  E 

aa  =  A"  +  B"  cos  2a  = A  + 5  cos  2a  (33) 

1  —  n  1  +  n 


E      I  1  -  n 

A  +  ——^  B  cos  2a  (34) 


1  —  n  \  1  +  M 

Similarly,  the  shear  strain  of  an  element  whose  sides  make  an  angle  a  with  the 
principal  axes, 

ya  =  -2B  sin  2a  (26) 

corresponds  to  a  shear  stress  of  (equation  12) 

E 

Ta  =  -B"  sin  2a  =  - B  sin  2a  (35) 

1  +  fX 

Combining  equations  26  and  35  leads  to  the  definition  of  the  modulus  of 
elasticity  in  shear  (also  called  modulus  of  rigidity) : 

ra  E 

G  =  -  =  —  (36) 

7«        2(1  +  n) 
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7.  Conversion  of  Strains  to  Stresses — Isotropic  Materials.  Equations  27, 
28,  29,  and  30  form  the  basis  for  converting  principal  strains  to  principal 
stresses  and  vice  versa;  they  are  frequently  used  directly.  Analytical  compu- 
tation of  the  principal  stresses  from  rosette  data  is  facilitated  by  equations  31, 
32,  59,  and  60,  because  the  step  of  calculating  the  principal  strains  is  elimi- 
nated. When  the  number  of  rosettes  is  great,  one  of  the  following  methods 
of  converting  strains  to  stresses  may  be  more  expedient : 

Equation  34  shows  that,  if  the  coordinate  axes  of  Mohr's  circles  for  stresses 
and  strains  are  superimposed,  and  the  normal  stress  scale  is  E/(l  —  fx)  times 

All  scales  are  linear 


All  scales  are  linear 
a  scale  =  j— -  •  e  scale 


Fig.  9-6.     Nomograph  for  Converting 
Principal  Strains  to  Principal  Stresses 
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Fig.  9-7.  Nomograph  for  Converting 
Abscissa  of  Center  and  Radius  of 
Mohr's  Circle  for  Strains  to  Principal 

Stresses 


the  normal  strain  scale,  Mohr's  circles  for  stresses  and  strains  are  concentric. 
The  radius  of  the  stress  circle  then  is  (1  —  ju)/(l  +  /x)  times  the  radius  of  the 
strain  circle.  Thus,  where  graphical  solutions  for  Mohr's  circle  for  strains 
are  used  (particularly  on  prepared  forms),  the  most  expedient  method  for 
finding  the  principal  stresses  is  to  add  the  proper  stress  scale  on  the  normal 
strain  axis  and  to  draw  Mohr's  circle  for  stresses  concentric  to  Mohr's  circle 
for  strains  (Fig.  9-20). 

Figure  9-6  shows  a  nomograph  for  converting  principal  stresses  to  principal 
strains. 

Figure  9-7  shows  a  nomograph  for  finding  the  principal  stresses  from  the 
abscissa  of  the  center  A  and  the  radius  B  of  Mohr's  circle  for  true  strains. 
By  adjusting  the  position  of  the  stress-scale  axis,  the  simplified  correction 
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method  for  transverse  gage  sensitivity  can  be  incorporated  in  this  nomograph 
(see  equation  56).  The  manufacturer's  correction  method  can  also  be  taken 
care  of  by  the  nomograph  by  changing  the  stress  scale  and  the  position  of  its 
axis. 

Conversion  charts  for  principal  strains  and  stresses32'  45  that  do  not  require 
any  lines  to  be  drawn  are  based  on  the  fact  that  when  the  coordinate  axes 
represent  the  principal  strains  the  curves  for  constant  principal  stresses  are 
straight  lines  (see  equations  29  and  30). 

G.  Strain-Rosette  Measurements 

8.  Various  Forms  of  Strain  Rosettes  and  Mathematical  Considerations 
of  Their  Merits.  (See  Table  9-2  for  gage-line  arrangements.)  The  equi- 
angular strain  rosette  with  its  evenly  distributed  gage-line  directions  is  best 
suited  in  cases  where  the  direction  of  the  principal  strains  cannot  be  established 
approximately  before  test.'23  When  placed  most  unfavorably,  the  equi- 
angular strain  rosette  covers  three  quarters  of  the  range  between  the  principal 
strains.  Hence,  extrapolation  required  is  not  serious",  and  reasonably  reliable 
results  can  be  expected  (see  also  articles  31  and  32).  The  analytical  and 
graphical  solutions  for  the  equiangular  rosette  require  somewhat  more  labor 
than  those  for  the  rectangular  rosette. 

The  rectangular  strain  rosette  is  particularly  suited  when  the  directions  of 
the  principal  strains  are  approximately  known  in  advance.  The  two  outside 
gages  are  then  placed  in  the  expected  directions  of  the  principal, strains,  and 
their  magnitude  is  obtained  with  very  good  accuracy.  (Notice  on  Mohr's 
circle  diagram  that  normal  strains  do  not  change  rapidly  as  their  directions 
deviate  from  the  direction  of  the  principal  strains.)  When  the  strain  field  is 
entirely  unknown,  however,  the  rectangular  rosette  is  not  so  well  suited  as  the 
equiangular  rosette.  When  placed  most  unfavorably,  the  rectangular  strain 
rosette  covers  only  one-half  of  the  range  between  the  principal  strains.  Con- 
siderable extrapolation  is  thus  required,  bringing  about  decreased  accuracy 
(see  also  article  32).  The  analytical  and  graphical  solutions  for  the  rectangu- 
lar rosette  are  the  most  convenient. 
if 

The  four-gage  45°  rosette  combines  all  the  advantages  enumerated  pre- 
viously for  the  equiangular  and  the  rectangular  rosettes.  In  addition,  it 
furnishes  a  redundant  reading  that  serves  as  a  check.  The  convenient  ana- 
lytical solution  is  in  agreement  with  the  theory  of  least  squares  of  errors.  The 
compatibility  of  the  gage  readings  can  be  checked  readily  by  the  theoretical 
relation,  ei  -\-  e3  =  e2  -\-  e4. 

The  T-delta  rosette  is  not  particularly  attractive  from  a  mathematical 
standpoint.  The  distribution  of  gage-line  directions  is  less  favorable  than 
that  of  the  four-gage  45°  rosette,  and  the  solutions  are  more  cumbersome. 
The  most  commonly  used  formulas  are  not  in  agreement  with  the  theory  of 
least  squares  of  errors,  and  the  check  obtained  by  the  redundant  reading  is 
not  so  readily  interpreted.  The  compatibility  of  observations  can  be  checked 
before  a  complete  analysis  is  made  by  the  theoretical  relation,  (ei  +  e2  +  es)/3 
=  (e3  +  e4)/2. 
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9.  Review  of  Mechanical  and  Optical  Strain  Gages  Adapted  for  Rosette 
Measurements.  The  Huggenberger  mechanical  extensometer  has  been  used 
to  a  considerable  extent  for  rosette  work.18'  19  Special  jig  plates  are  available 
(Fig.  9-8)  to  facilitate  positioning  of  the  gages. 

Whittemore  strain  gages  with  10  in.  gage  length  (Fig.  9-9)  were  used  for  the 
rosette  measurements  on  the  Calderwood  Dam.13  Stainless-steel  plugs  were 
inserted  into  the  concrete  at  the  time  of  pouring  by  means  of  a  template. 
After  setting  of  the  concrete,  the  template  was  removed,  leaving  a  recessed 
strain  rosette. 

Unique  strain  rosettes  of  10  ft  gage  length  were  used  for  measurements  on 
the  upstream  face  of  the  Calderwood  Dam13  under  heads  of  up  to  200  ft  of 


Fig.  9-8.     Huggenberger  Extensometer  and  Template  for  Laying  Out  Rosette 
Gage  Axes  (Courtesy  Dr.  A.  U.  Huggenberger,  Zurich,  Switzerland) 


water.  Invar  reference  wires  between  inserted  plugs  acted  on  levers  whose 
motion  was  transmitted  to  the  surface  by  means  of  steel  wires  that  were  kept 
under  constant  tension. 

Special  mechanical  rosette  strain  gages  were  built  for  studies  on  the  large 
rubber  model  of  the  Calderwood  Dam.13  On  the  downstream  side,  wire 
spurs  were  used,  and  the  relative  change  of  the  positions  of  the  points  was 
observed  by  a  microscope.  On  the  upstream  face,  lever  type  three-element 
gages  were  employed  (Fig.  9-10),  and  the  scales  were  observed  through  a 
glass  bottom  tube  while  the  gages  were  submerged. 

"Hand-held"  Olsen-DeShazer  dial-type  gages  of  approximately  1  in.  gage 
length  were  used  successfully  for  rosette  analysis  of  railroad-car  wheels.27 
Punch  marks  made  with  the  aid  of  a  template  served  as  gage  points. 

An  indicating  and  recording  mechanical  strain  gage  that  can  be  swung 
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around  into  new  positions  without  being  removed  from  the  mounting  stud 
was  employed  successfully  for  studies  of  the  stresses  in  ship  structures.9 

Optical  gages  arranged  in  rosette  fashion  generally  necessitate  a  consider- 
able area  covered  by  the  rosette.10  The  rosette  adaptor  for  the  Tuckerman 
strain  gage36  greatly  reduces  the  actual  gage  area,  but  the  mounting  of  the 
unit  requires  appreciable  extra  space. 


Fig.  9-9.     10-in.   Whittemore  Strain  Gage  Used  for  Rosette  Measurements  on 
Concrete  Dam,  with  Mercury  Thermometer  Shown  in  Place  (Courtesy  Aluminum 

Co.  of  America) 

The  Tensor  gage25  is  a  very  compact  triple-element  optical  strain  gage  par- 
ticularly built  for  rosette  measurements  (Fig.  9-1  la).  It  is  readily  attached 
to  the  object  under  study  by  means  of  a  single  centrally  located  suction  cup. 
The  three  readings  obtained  are  linear  functions  of  the  strains  along  the  gage 
lines  of  an  equiangular  strain  rosette,  and  lend  themselves  readily  for  the 
calculation  of  the  principal  strains. 

A  special  rosette  gage  was  developed  to  observe  large  strains  for  investigat- 
ing the  behavior  of  materials  in  the  post-yield  range.64     This  triple-element 
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optical  gage  is  fashioned  after  the  rectangular  rosette  (Fig.  9-116).  The 
self-contained  extensometer  arms  have  one  gage  point  in  common.  At  the 
other  gage  point  of  each  arm,  a  knife-edge  fulcrum  translates  the  elongation 
into  the  rotation  of  a  mirror.  A  long  optical  path  provides  the  necessary- 
sensitivity.  Scales,  read  with  a  telescope,  are  arranged  on  circles  to  maintain 
proper  focusing.  The  knife-edge  fulcrums  can  be  reset  readily  when  the 
effective  ranges  of  the  scales  are  covered,  so  that  very  large  strains  can  be 
observed.  A  floating  bridge  for  the  attachment  clamp  allows  severe  straining 
of  the  specimen  without  disturb- 
ing the  gage. 

10.  SR-4  Gages  Used  as  Ro- 
settes. The  introduction  of  SR-4 
bonded  metalectric  strain  gages 
has  greatly  facilitated  strain-ro- 
sette analysis  and  made  possible 
its  numerous  applications.  The 
general  advantages  of  SR-4  gages 
over  other  types  of  strain  gages 
is  particularly  appreciated  in  ro- 
sette work.  SR-4  strain  gages 
were,  therefore,  promptly  followed 
by  the  SR-4  strain-gage  rosettes. 
The  main  factors  in  favor  of  SR-4 
rosettes  are:  negligible  weight; 
small  area;  easy  application  to 
flat  surfaces  as  well  as  to  cylindri- 
cal and  conical  surfaces  of  con- 
siderable curvature;  remote  read- 
ing, permitting  the  observation  of 
all  three  or  four  rosette  gages  by 
a  single  instrument;  and  good 
accuracy.  These  features  not  only 
are  particularly  attractive  to  the 
aircraft  and  the  shipbuilding  in- 
dustries, but  will  outweigh  certain  advantages  of  other  types  of  gages  in  the 
great  majority  of  applications. 

Although  rosettes  can  be  made  up  of  individual  gages  applied  to  the  struc- 
ture (Fig.  9-12),  prefabricated  rosettes  (Fig.  9-13)  are  generally  preferable, 
because  work  and  time  are  saved,  and  the  gages  of  a  rosette  are  brought  into 
correct  relative  position  by  an  accurate  jig  during  manufacture. 

11.  Considerations  for  Choosing  SR-4  Rosettes.  Equiangular  rosettes 
(types  AR-4  and  CR-4)  are  of  the  delta  type  (Fig.  9-13a).  They  have  no 
elements  crossing  each  other,  but  for  a  given  gage  length  they  cover  a  rela- 
tively large  area.  Their  use  is  indicated,  therefore,  where  the  strain  gradient 
perpendicular  to  the  surface  is  relatively  high  and  the  strain  gradient  parallel 
to  the  surface  relatively  low. 


Fig.     9-10.     Three-Component     Templin 
Strain    Gage    for    Use    on    Low    Modulus 

Materials 
Readings  were   taken  by   means  of  glass 
bottom  tube  while  gage  was  submerged  in 
water  (Courtesy  Aluminum  Co  of  America) 
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Rectangular  rosettes  (types  AR-1,  AR-2,  and  CR-1)  are  of  the  star  type 
(Fig.  9-136),  with  elements  crossing  each  other  in  three  layers.  For  a  given 
gage  length  they  cover  a  minimum  area.  Thus,  they  are  suited  particularly 
where  the  strain  gradient  perpendicular  to  the  surface  is  relatively  low  and 
the  strain  gradient  parallel  to  the  surface  relatively  high.  These  rosettes 
have  the  advantage  that  the  two  outside  gages  can  be  connected  into  circuits 


V:' 


i 

in 
if 


(a)  The     Tensor     Gage,     a     Compact       (b)  Large    Strain    Rosette    Extensom- 


Triple-Element  Strain  Gage 
Centrally    located    suction    cup    is 
used  for  mounting  (Courtesy  Doug- 
las Aircraft  Co) 


eter,     Especially     Developed     for 

Investigation    of    Postjdeld    Strain 

Relations 

Floating  bridge  under  attachment 

clamp  prevents  disturbance  of  gage 

by    large   strains    (Courtesy   J    Sci 

Inst  London) 


Fig.  9-11.     Optical  Rosette  Gages 

that  yield  signals  proportional  to  the  normal  stresses  along  their  gage  lines 
or  to  the  shear  stress  along  the  center  gage  line.38 

The  T-delta  rosette  (type  AR-3)  has  two  elements  crossing  each  other  and 
two  entirely  free  (Fig.  9-13c).  It  covers  the  same  area  as  the  corresponding 
equiangular  rosette  (type  AR-4).  The  fourth  gage  is  thus  introduced 
without  increase  in  area  or  undue  piling  up  of  elements.  This  factor  contrib- 
uted most  to  the  relative  popularity  of  the  T-delta  rosette. 

Special  three-gage  rosettes  with  wrap-around  gages,  such  as  star  and  Y 
rosettes  falling  within  a  Y2  in.  diameter  circle  without  any  elements  cross- 
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ing  each  other,  were  built  by  the  Baldwin  Southwark  Division  to  meet 
extraordinary  conditions.  An  assortment  of  special  two-gage  "rosettes"  with 
gages  at  90°  to  each  other  was  developed  for  cases  where  the  principal  direc- 


Fig.  9-12.     Investigation  of  Shear  Panel  with  Stringers  by  Equiangular  Rosette 
Made  up  from  Ordinary  Resistance  Wire  Gages  (Courtesy  Douglas  Aircraft  Co) 

tions  of  strain  are  known  in  advance  and  only  their  magnitude  or  the  maximum 
shear  strain  is  to  be  measured.58 

12.  Circuit  and  Wiring  Problems  of  SR-4  Rosettes.  The  use  of  SR-4 
rosettes  involves  the  same  problems  throughout  as  the  use  of  individual  SR-4 
strain  gages.     This  holds  for  installation  and  wiring  as  well  as  for  instrumenta- 


(a)  Equiangular 


(b)  Rectangular 


(c)  T- Delta 


Fig.  9-13.     Prefabricated  SR-4  Rosettes  (Courtesy  Baldwin  Southwark  Division, 
Baldwin  Locomotive  Works) 

tion.  Therefore,  in  most  cases  equipment  available  for  single  gages  is  used 
for  rosette  work  and  in  exactly  the  same  fashion.  Since  the  number  of  gages 
is  usually  high  in  rosette  work,  scanning  equipment  is  advantageous. 

In  cases  where  the  number  of  rosettes  is  not  very  great  and  scanning  equip- 
ment is  not  available,  the  chevron-type  bridge  of  Fig.  9-14  is  suggested.     It 
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requires  twice  the  supply  current  of  an  ordinary  Wheatstone  bridge,   but, 
where  this  is  no  obstacle,  the  following  advantages  are  gained  (if  it  is  assumed 
that  the  impedance  of  the  measuring  device  is  reasonably  high) :  The  bridge 
circuits  are  closed  near  the  point  of  measure- 
ment;   hence,    the    resistance    of    the    leads 
carrying  the  bridge  supply  and  the  signals  is 
not  critical.     An  ordinary  three-pole   rotary 
switch  can  be  used  near  the  measuring  instru- 
ment for   changing  from  one  gage  signal  to 
another.     A    six-conductor    cable    with    plug 
connections  may  be  employed  for  rapid  change 
from  one  rosette  to  another.     A  similar  cir- 
cuit is  possible  for  four-gage  rosettes. 

Portable  mercury-pool  connectors  (Fig. 
9-15)  making  contact  directly  with  the  strain- 
gage  lead  wires  are  very  convenient.54  They 
can-  be  moved  from  gage  to  gage  in  a  short 
time  and  provide  good  contact  without  solder- 
ing. The  lead  wires  are  gradually  weakened 
by  amalgamation  but  can  be  expected  to  last 
for  at  least  15  readings. 

When  rosette  measurements  are  made   on 

thin  sheets,  and  bending  or  buckling  stresses 

are    to    be    eliminated,48    rosettes    should   be 

placed  on  both  sides  of  the  sheet  (this  again 

is  a  practice  frequently  used  with  single  gages).     The  corresponding  gages 

are  connected  in  series,   in  parallel,   or  in  opposite  arms  of  a  Wheatstone 

bridge  to  obtain  the  averaging  effect  automatically  and  thus  keep  the  number 


Power 
supply 

Fig.    9-14.      Chevron-Type 
Bridge    for    Three-Gage    Ro- 
settes 


Tube  for 
mercury  pool 


Connecting 
/  wire 


.-Strain  gage 


Diaphragm 


—  Lead-in  cone 


Fig.  9-15.     Portable  Mercury-Pool  Connector  for  SR-4  Gages  (Courtesy  Bethle- 
hem Steel  Co.,  Shipbuilding  Division) 

of  readings  down.  Where  available  equipment  does  not  lend  itself  for 
averaging  by  the  electric  circuits,  individual  gage  readings  are  taken  and 
then  averaged. 
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In  certain  aircraft  problems,  it  is  sufficient  to  establish  the  shear  along  a 
given  line.38  The  rectangular  SR-4  strain  rosette  is  particularly  well  suited 
for  this  purpose.  It  is  placed  so  that  the  axis  of  the  middle  gage  coincides 
with  the  line  along  which  the  shear  is  to  be  measured.  As  is  readily  seen  from 
equations  25  and  26,  the  shear  strain  along  the  middle  gage  is  equal  to  the 
difference  in  normal  strain  along  the  outside  gages.  Either  this  difference 
can  be  calculated  after  individual  readings  are  taken,  or  the  difference  can 
be  obtained  electrically  by  connecting  the  outside  gages  into  adjacent  arms 
of  a  Wheatstone  bridge.  The  middle  gage  is  not  used  in  this  particular  case, 
and  special  two-gage  "rosettes"  may  be  employed. 

D.  The   Effect   of  Transverse   Sensitivity   of   SR-4   Gages   Used   as 

Rosettes 

13.  Analysis  of  Grid  Structures.  SR-4  gages  are  usually  made  up  as 
grids  (Fig.  9-13),  in  order  to  obtain  a  greater  signal  from  a  given  gage  length. 
Thus,  they  have  some  strain  sensitivity  in  the  direction  perpendicular  to  the 
gage  axis,  which  is  commonly  referred  to  as  "cross  sensitivity"  or  "transverse 
sensitivity."  Sample  gages  are  calibrated  under  precisely  known  strain  condi- 
tions to  establish  the  effect  of  the  grid  structure.  The  axial-  and  the  trans- 
verse-strain sensitivities  can  be  calculated  readily  for  single-layer  gages. 
Analytical  and  experimental  values  agree  well.43  Difficulties  are  encountered, 
however,  in  the  theoretical  treatment  of  "wrap-around"  gages,  where  the 
filament  lies  in  two  layers,  and  purely  experimental  determination  of  gage 
factors  is  indicated.  But  even  in  this  case  satisfactory  results  are  obtained 
from  the  most  obvious  approach  of  assuming  that  the  gage  response  is  a  linear 
function  of  the  strains  along  and  perpendicular  to  its  axis.43  If  we  introduce 
R  as  the  gage  resistance,  A.R  as  the  resistance  change  due  to  strain,  ea  as  the 
strain  parallel  to  the  gage  axis,  en  as  the  strain  normal  to  the  gage  axis,  Fa 
as  the  axial-strain  sensitivity  factor,  and  F '„  as  the  transverse-strain  sensitivity 
factor  of  the  gage,  we  may  express  the  gage  response  as 

AR 

—  =  eaFa  +  enFn  (37) 

Very  simple  formulas  for  Fa  and  Fn  of  a  single-layer  grid-type  gage  are 
obtained  by  assuming  sharp  corners  and  wire  portions  arranged  only  parallel 
and  normal  to  the  gage  axis.35  If  we  call  the  strain  sensitivity  of  the  wire  F, 
the  total  filament  length  L,  and  the  grid  width  W,  we  have 

L  -  W 
Fa  =  —r F  (38) 


and 


W 

Fn  =  TF  (39) 

Li 
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Formula  38  generally  yields  a  somewhat  low  value  for  Fa  and  formula  39 
a  high  value  for  Fn,  because  the  actual  grid  has  circular  ends  or  is  in  sawtooth 
form. 

Accurate  analysis  of  the  grid37'  43  is  based  on  subdividing  the  grid  into 
V  elements  with  axes  parallel  to  the  gage  axis  (Fig.  9- 16a).  The  two  branches 
of  the  V  must  not  necessarily  be  adjacent  in  the  gage  configuration.     Any 

configuration    consisting    of    sym- 
;le„  metrical    portions   with  respect   to 

parallel  axes  can  be  subdivided  into 
4-"  V    elements;    hence,    this    analysis 

holds  for  all  commonly  used  single- 
Vr—V  __    ___  layer  grids.     For   an   individual  V 

\/  jS^  "^^v.      element  with  angle  3  between  the 

two  legs  of  the  V,  the  axial-strain 
sensitivity  is4:! 


0 


0 

\/ 
(a)  V  Elements  (b)  Circular  Arc 

Fig.   9-16.     Components   of   Grid    Con- 
figuration 


1  +  cos  B 

fa    =     — ~F 

J  a  o 


(40) 


and  the  transverse-strain  sensitivity 

1  —  cos  8 
h 7T- -F  (41) 


W'. 


If  a  circular  arc  <p  (Fig.  9-16b)  is  considered  as  made  up  of  V  elements  with 
axes  coinciding  with  the  axis  of  symmetry  of  the  arc,  integration  leads  to 


/.-5ii 


and 


/- 


K 

1  /         sin  <p\ 


In  particular,  for  a  semicircle, 


u=u  =  y 


(42) 


(43) 


(44) 


which,  incidentally,  holds  for  an  arbitrarily  orientated  axis. 

For  all  gages  that  can  be  subdivided  into  V  elements,  the  gage  factors  are 
found  as  weighted  averages: 

S/a  AL 


and 


Fa 


Fn 


ZAL 

ZfnAL 

SAL 


(45) 


(46) 


where  AL  is  the  length  of  the  two  branches  of  individual  V  elements. 
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Since,  for  any  V  element,  fa  +  /«  =  F  (47' 

it  follows  that  Fa  +  Fn  =  F  (48) 

that  is,  the  sum  of  the  axial  and  the  transverse  sensitivity  of  a  single-layer 
grid  gage  is  equal  to  the  strain  sensitivity  of  the  wire. 

14.  Correction  for  Transverse  Gage  Sensitivity.  Gage  factors  for  appar- 
ent strains  and  formulas  for  computing  the  true  strains  along  the  gage  axes43 
are  supplied  with  all  SR-4  rosette  gages.  The  true  strains  e  along  individual 
gage  lines  are  calculated  as  linear  functions  of  apparent  strains  e'  along  two  or 
three  gage  lines.  Formulas  combining  the  calculation  of  true  strains  along 
the  gage  lines  and  the  calculation  of  the  principal  strains  from  these  true 
strains  were  also  derived  by  the  manufacturer.43  Correction  factors  are 
applied  (see  Table  9-1)  to  the  abscissa  of  the  center  and  to  the  radius  of  Mohr's 
circle  for  apparent  strains  as  calculated  from  the  manufacturer's  axial-strain 
sensitivity  factor.  The  two  factors  render  the  formulas  somewhat  cumber- 
some, particularly  for  graphical  solutions  and  rosette  computers. 

The  procedure  can  be  simplified  by  the  elimination  of  one  correction  fac- 
tor.35- 40  For  this  purpose,  the  strain  sensitivity  of  the  filament  F  is  used  for 
calculating  the  apparent  strain  e'  from  the  gage  response : 

AR  1  Fa  Fn 

If  we  observe  that  the  true  strain  along  the  gage  axis  is 

6a  =  ea  =  A  +  B  cos  2a  (50) 

and  the  normal  strain  perpendicular  to  the  gage  axis 

€n  =  €(a  +  90°)   =  A  —  B  cos  2a  (51) 

and  introduce  the  specific  transverse  gage  sensitivity 

Fn 

k  =  -  (52) 

the  apparent  strain  is  recognized  (see  also  equation  48)  as 

1  —  k 
ea'  =  A  +  — — r  B  cos  2a  =  A'  +  B'  cos  2a  (53) 

1  -p-  K 

where  A'  is  the  abscissa  of  the  center  and  B'  the  radius  of  Mohr's  circle  for 
apparent  strains. 

Hence,  the  relations  between  apparent  strains  are  analogous  to  the  rela- 
tions between  true  strains.  Any  method  for  representing  true  strains 
may  be  employed  for  apparent  strains.  Furthermore,  any  convenient 
rosette  solution  may  be  applied  directly  to  the  apparent  strains  by  treating 
them  as  if  they  were  true  strains.  A',  B' ,  and  a  are  then  obtained  immedi- 
ately from  the  observed  e'  values,  and  one  simply  has  to  observe  that 

A  =  A'  (54) 
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and 

B-V\*%  (55) 

Thus,  when  the  simplified  correction  method  for  transverse  gage  sensi- 
tivity is  used,  Mohr's  circles  for  apparent  strains  and  true  strains  are  con- 
centric; the  correction  involves  the  radius  only.  Since  proper  choice  of  scale 
ratio  leads  to  concentricity  of  Mohr's  circles  for  true  strains  and  stresses 
(article  7),  all  three  Mohr's  circles  can  be  drawn  concentrically.37'  40  If  the 
true  strains  are  not  of  particular  interest,  the  radius  of  Mohr's  circle  for  stresses 
is  directly  obtained  from  B'  as  (see  also  Fig.  9-20) 

1  —  u  1  —  u  1  +  k  1  —  u 

""  =  nr^  B  -  i — i  rx^  B'  <56) 

1  +  ju  1  —  k  1  +  n 


The  rosette  gage  factors  supplied  by  the  manufacturer  are  related  to  the 
factors  of  the  simplified  correction  method  as  shown  in  Table  9-1.  These 
relations  hold  also  for  special  rosettes  consisting  of  wrap-around  gages, 
providing  the  manufacturer's  correction  formulas  are  the  same  as  those  for 
the  corresponding  rosettes  of  Table  9-1.  For  such  gages  the  value  calculated 
for  F  is  no  longer  the  strain  sensitivity  of  the  wire. 

15.  The  Stress  Gage.  Assume  a  gage  whose  specific  transverse  sensitivity 
k  is  equal  to  Poisson's  ratio  ^  of  the  material  to  which  it  is  applied.  Com- 
parison of  equations  34  and  53  shows  that  the  apparent  strain  indicated  by 
such  a  gage  is  proportional  to  the  stress  along  its  axis  and  is  not  affected  by 
the  stress  perpendicular  to  its  axis.  (Note  also  from  equation  56  that  in 
this  case  Mohr's  circles  for  apparent  strains  and  stresses  coincide,  providing 
the  scale  ratio  is  chosen  properly.)  Gages  of  this  type  are  called  stress  gages 
or  dyadic  gages.37  Although  individual  stress  gages  are  commercially  avail- 
able, they  have  not  been  built  into  rosettes.  The  main  reasons  for  this  are 
the  appreciable  sacrifice  in  axial  sensitivity  and  the  considerable  gage  width 
necessary  to  obtain  sufficient  specific  transverse  sensitivity. 

E.  Strain-Rosette  Computations 

16.  The  Problem.  The  magnitude  and  the  orientation  of  the  principal 
stresses  are  to  be  computed  from  the  observed  strains.  There  being  three 
unknowns,  normal  strains  in  at  least  three  directions  are  required.  If  we 
introduce  the  angles  a\,  a?,  a3  •  •  •  between  the  direction  of  emax  and  gage 
lines  1,  2,  3  ■  •  •  ,  respectively,  we  can  set  up  simultaneous  equations  of  the 
form  of  equation  25  (whereby  the  differences  a>  —  ai,  a3  —  a\  •  •  •  are 
known  from  the  gage  configuration).  These  simultaneous  equations  must  be 
solved  for  A,  B,  and  «i.  Then,  the  principal  strains  are  found  from  A  and  B 
(equations  21  and  22)  as 

6n,ax    =    A    +    B  (57) 
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TABLE  9-1 

Relations  between  Factors  for  Manufacturer's  and  Simplified 
Correction  Method  for  Transverse  Gage  Sensitivity 


SR-4  rosettes, 

Configuration  and 

Type  Number 

Manufacturer's  Rosette  Gage  Factors 

a  =  axial-strain-sensitivity  factor 

6  =  auxiliary  sensitivity  factor 

Manufacturer  assumes  apparent 

strains  calculated  on  basis  of  gage 

sensitivity  a 

Relations  between 
Manufacturer's 
Factors  a  and  6 

and  Factors  F  and 
k  of  Simplified 

Correction  Method 

Correction  Factor 

for  Abscissa  of 
Mohr's  Circle  for 
Apparent  Strains 

Correction  Factor 

for  Radius  of 
Mohr's  Circle  for 
Apparent  Strains 

Rectangular   ro-     . 
settes,     Types     ) 
A  R-l,     AR-2,     ( 
CR-1                    ) 

T-delta    rosettes,  ) 
Type  AR-3          ' 

1 

1 

1+6 

a  =  F(l  -  k) 

1 
h=~k 

ab 

6-1 

1 

Equiangular  rosettes 
(or  60°  rosettes), 
Types  AR-4,  CR-4 

2 

1 

1+6 

3F(l  -  k) 
a~     S  +  k 
.        3  +k 
b~      2k 

F-     C'b 
6-2 

3 

A ■  "  26  -  1 

and 


=  A  -  B 


(58) 


After  converting  A  and  B  to  A"  and  B",  respectively  (equations  31  and 
32),  the  principal  stresses  are  found  (equations  7  and  8)  as 


and 


A"  +  B" 
A"  -  B" 


(59) 
(60) 


The  correction  for  transverse  sensitivity  of  grid-type  wire  gages  and  the 
conversion  from  strains  to  stresses  having  already  been  discussed,  the  only 
remaining  step  of  strain-rosette  computations  is  the  solution  for  A,  B,  and  a\. 

The  choice  of  the  method  for  solving  the  problems  is  governed  by: 

1.  The  accuracy  required. 
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2.  The  amount  of  rosette  analysis  contemplated. 

3.  The  speed  of  analysis  required. 

4.  Requirements  as  to  permanent  records  for  future  checks  on  calculation. 

5.  The  preference  and  aptitude  of  the  individual. 

A  selection  of  the  great  many  methods  advanced  is  presented  in  the  following. 

17.  Analytical  Solutions.  Analytical  solutions  require  somewhat  more 
work  and  time  than  the  analogous  graphical  solutions.  They  are  indicated 
where  greatest  possible  accuracy  is  required.  Analytical  solutions  lend  them- 
selves readily  for  checking  the  compatibility  of  the  redundant  reading  when 
four-gage  rosettes  are  used.  Furthermore,  the  formulas  for  four-gage  rosettes 
can  be  made  to  conform  with  the  theory  of  least  squares  of  errors.22' 23  Means 
for  determining  the  probable  error  of  the  results  are  available;22- 23  they  were 
developed  primarily  for  readings  from  mechanical  gages  and  were  rendered 
less  important  by  the  introduction  of  the  more  accurate  SR-4  gages. 

Table  9-2  shows  the  analytical  solutions  for  the  most  commonly  used 
rosettes.  The  identification  of  gage  axes  is  that  used  by  the  manufacturer 
of  SR-4  gages.  In  the  case  of  the  four-gage  45°  rosette,  the  formulas  contain- 
ing all  four  gage  readings  are  recommended,  as  they  conform  with  the  theory 
of  least  squares  of  errors.  The  solution  for  the  T-delta  rosette  based  on  this 
theory  is  (see  Table  9-2  for  identification  of  gage  lines) : 

A  =  A(4e!  +  4e2  +  7e3  +  3e4)  (61) 


B  =  ^  V21{e,  -  e2)2  +  (5e3  -  ex  -  e2  -  3e4)2  (62) 

tan  2a3  =  tan  2(«i  -  120°)  =  3  V3  — 

063    —  €]    —   62    —    0€4   ( 

(63) 
3e4  —  5e3  +  4e2  —  2ei 


tan  2ax  =  V  3 


3e4  —  5e3  —  Se2  +  10ei 


Tabular  forms  for  making  the  calculations18' 27  are  most  convenient  and 
reduce  the  possibility  of  errors. 

In  Table  9-2  and  formula  63  note  that  «i  is  measured  from  the  direction  of 
«max  to  the  direction  of  gage  line  1,  and  is  positive  counterclockwise.  This 
convention  was  adopted  by  the  National  Bureau  of  Standards.11'  14- 16' 21  The 
angle  «i  is  not  completely  defined  by  the  sign  of  the  tangent.  If  the  correct 
value  is  not  evident  from  inspection,  it  can  be  determined  by  the  sign  of  the 
numerator  and  the  denominator  in  the  formulas  for  tan  2a  i,  as  shown  in  Table 
9-3. 

TABLE  9-3 
Signs  of  Numerical  Values 

in  Formulas  for  2a i 
Numerator        Denominator  Range  of  2ai 

+  +  0°  <  lax  <     90° 

+  -  90°  <  2ai  <  180° 

180°  <  2ai  <  270° 
+  270°  <  2«i  <  360° 
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Numerical  Example.     Given  data: 
Steel,  E  =  30,000,000  psi;  /i  =  0.286 
Equiangular  SR-4  rosette,  120  ohms  per  gage 
Manufacturer's  axial-strain  sensitivity  factor:  a  =  2.08 
Manufacturer's  auxiliary  sensitivity  coefficient:  b  =  75 
Strain-gage  factors  for  simplified   correction  method  for  transverse-gage 
sensitivity  (see  Table  9-1): 

ab  2.08  X  75       156.0 

2.136 


6-2  75-2  73 

k-2ih-  2^h^  =  il  -  °-020 

Apparent  strains:  If  "strain  indicator"  is  available,  set  knob  for  gage 
sensitivity  of  2.136,  and  read  apparent  strains  directly  in  microineh.es  per 
inch.  If  a  similarly  convenient  instrument  is  not  available,  calculate  apparent 
strains  from  observed  resistance  changes  AR,  using  the  factor  F: 

AR/R,  ,  _  AR 

Gage      AR,  Ohm     R,  Ohm     Ohm/Ohm  e    ~  RF 

1  +0.1286  120  0.001068  +0.000  500  in. /in. 

2  +0.0974         120         0.000  812  +0.000  380  in. /in. 

3  +0.0512         120         0.000  427  +0.000  200  in. /in. 

Solution  of  rosette:  See  Table  9-2.  If  we  choose  the  first  formulas  and 
remember  that  observed  strain  values  are  apparent  strains,  we  have 

A  =  A'  =  |(e/  +  €■/  +  e,')  =  ^(0.000  500  +  0.000  380  +  0.000  200) 

A  =  0.000  360  in./in. 

V2 


B'  =  — -  VV  -  e2')2  +  (e/  -  e-/y  +  (*'  -  e3')2 
o 

(<+  -  <=,')  =  0.000  500  -  0.000  380  =  0.000  120  in./in. 

(e«'  -  e,;)  =  0.000  380  -  0.000  200  =  0.000  180  in./in. 

(€l'  -  e,/)  =  0.000  500  -  0.000  200  =  0.000  300  in./in. 


£'  =  0.4713  V(0.000  120)2  +  (0.000  ISO)2  +  (0.000  300^2 
B'  =  0.4713  X  0.000  3699  =  0.000  1743  in./in. 
Correction  for  transverse  gage  sensitivity:  From  equation  55, 

1  +  k  1  +  0.02 

B  =  B' =  0.000  1743  • -—  =  0.000  1S13  in./in. 

1  —  k  1  —  u.02 
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Orientation  of  rosette: 

VS  (e,  -  eg)  1.7321  X  0.000  ISO 


tan  2a  i  = 


2e[  -  e2  -  e3        2  X  0.000  500  -  0.000  380  -  0.000  200 


1.7321  X  0.000  ISO 
ta"  2"'  =  0.000  420 =  °'7423 

Numerator  +;  Denominator  +;0°<2a1<  90°  (from  Table  9-3) 

2a !  =  36°  35';         ax  =  18°  IS' 

Principal  strains  and  maximum  shear  strain: 

Equation  57:  emax  =  A  +  B  =  0.000  360  +  0.000  1S1  =  0.000  541  in./in. 
Equation  58:  eniiD  =  A  -  B  =  0.000  360  -  0.000  181  =  0.000  179  in./in. 
Equation  26:  Maximum  shear  strain  ymax  =  2B  —  0.000  363  in./in. 

Conversion  to  stresses: 

E  30,000,000 

Equati„n31,A»  =  4— =  4^^ 

A"  =  0.000  360  X  42,017,000  =  15,130  psi 

E  30,000,000 

Equation  32,  B»  =  B  f^  =  B  ^^ 

B"  =  0.000  1813  X  23,328,000  =  4230  psi 

Principal  stresses  and  maximum  shear  stress:  Equations  59,  60,  and  12, 

<W  =  A"  +  5"  =  15,130  +  4230  =  19,360  psi 

o-min  =  A"  -  B"  =  15,130  -  4230  =  10,900  psi 

Maximum  shear  stress:  rmax  =  B"  =  4230  psi 

True  strains  and  stresses  along  gage  lines:  Equations  25  and  11, 

Gage  2a  cos  2a  B  cos  2a         B"  cos  2a         e,  in./in.       <r,  psi 

1  36°  35'  0.802  99         0.000  145  3400  0.000  505     18,530 

2  -   83°  25'  0.11464         0.000021  480  0.000381     15,610 

3  -203°  25'       -0.917  64     -0.000  166         -3880  0.000  194     11,250 

18.  Semigraphical  Solution.  The  solution24  consists  of  superimposing 
a  master  cosine  curve  over  a  plot  (rectangular  coordinates)  of  proportionately 
reduced  strain  readings  versus  the  angle  between  the  gage  lines.  The  peaks  of 
the  master  curve  then  indicate  the  directions  of  the  principal  strains  and  their 
reduced  magnitudes.  The  true  principal  strains  are  obtained  by  multiplying 
the  indicated  values  by  the  reduction  factor.  The  reduction  factor  is  chosen 
so  that  the  radius  of  Mohr's  circle  is  unity;  that  is,  equation  25  becomes 

|  =  |  +  cos  2a  (64) 
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B  must  be  calculated  analytically,  and  the  amount  of  numerical  calculation 
is  comparable  to  that  of  analytical  solutions. 

In  order  to  overcome  the  necessity  of  calculating  B  and  reducing  the  observed 
data,  it  was  suggested59  that  a  cosine  wave,  projected  on  the  screen  of  a  cath- 
ode-ray tube,  be  used  as  a  master  curve  with  variable  amplitude.  The  plot 
is  then  held  against  the  screen,  and  the  amplitude  and  position  of  the  cosine 
curve  is  adjusted  until  it  passes  through  the  plotted  points.  The  results 
are   read   off   directly   on   the   transparent  graph  paper  of  the  plot.     The 


Rosette 


Unit  vectors 


Vector  diagrams 


J'H 


(a)  Basic  Principle  for  Finding  \B  and  2ax. 
Scales  for  picking  off  observed  strains  by  dividers 
Abscissa  of  center  Radius 


a  scale 


3d  ~M) 
E 


a  scale 


3(1 +M)     (1-*) 


2£         (1+*) 


Use  abscissa  scale; 

Scalar  addition  of  all 

three  observed  strains 

A" 


(b)  Direct  Construction  of  Mohr's  Circle  for  Stresses 
Fig.  9-17.     Vector  Solution  for  Equiangular  Rosette 

degree  of  accuracy  obtainable  is  sufficient  for  many  purposes.  For  four-gage 
rosettes,  the  compatibility  of  readings  is  readily  checked,  and  an  appropriate 
compromise  can  be  found. 

19.  Graphical  Solutions  for  Arbitrary  Angles  between  Gage  Lines. 
Graphical  solutions  for  three-gage  rosettes  with  arbitrary  angles  between  gage 
lines  are  relatively  convenient,  whereas  the  corresponding  analytical  solutions 
are  cumbersome.  This  general  case  is  rarely  encountered,  however,  and  the 
graphical  methods  developed  for  it  are  useful  primarily  as  a  basis  for  the  more 
simple  solutions  applying  to  the  commonly  used  rosettes. 

Vector  diagrams  for  finding  Mohr's  circle37  or  Land's  circle6'  n  have  been 
developed.     A   displacement   diagram52   was   proposed   for   determining   the 
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principal  strains.  Mont's  circle  can  also  be  obtained  by  geometrical  locus.33-  51 
For  given  angles  between  gage  lines,  the  respective  points  on  Molar's  circle 
form  similar  triangles.  The  problem  thus  reduces  to  finding  a  triangle  of  given 
angles  whose  vertices  correspond  to  the  respective  strain  readings,  that  is,  lie 
on  three  parallel  lines.  The  triangle  is  obtained  by  the  commonly  known 
locus  method,  and  its  circumscribing  circle  is  Mohr's  circle. 

20.  Vector  Solution  for  45°  Rosettes  and  the  Equiangular  Rosette.  Vector 
solutions49'  55  use  a  scalar  function  of  the  gage  readings  for  determining  A  and 
vector  diagrams  for  B  and  the  angle  2a  i.  The  formulas  of  Table  9-2  suggest 
simple  vector  solutions  for  45°  rosettes.  There  are  only  two  terms  under  the 
square  root  for  quantity  B;  hence,  the  corresponding  vectors  are  at  right 
angles  to  each  other,  and  the  resulting  vector  determines  2ai.49 

Figure  9-1  la  shows  the  basic  principle  of  the  vector  solution  for  the  equi- 
angular rosette.  In  order  to  bring  Mohr's  circle  diagram  in  the  conventional 
position,  the  mirror  image  of  the  vector  diagram  is  used  (Fig.  9-176),  and  2a i 
is  measured  counterclockwise  from  the  ei  vector  to  the  resulting  vector. 
Auxiliary  scales  may  be  used  so  that  the  scalar  addition  of  eL,  e2,  and  e3,  by 
means  of  dividers,  leads  directly  to  A"  and  the  vector  addition  to  B" .  Mohr's 
circle  for  stresses  is  thus  obtained  directly.  The  correction  for  transverse 
sensitivity  of  grid-type  wire  gages  can  be  taken  care  of  by  adjusting  the  ratio 
for  the  radius  scale. 

Numerical  Example.  Given  data:  Same  as  in  example  for  analytical  solu- 
tion of  equiangular  rosette.  The  calculation  of  the  factors  F  and  k  and  of  the 
apparent  strains  is  identical.  For  the  sake  of  comparison,  the  entire  vector 
solution  will  be  followed  analytically  step  by  step. 

Scales: 

Stress  scale — Assume  1  in.  represents  5000  psi. 

Scale  of  observed  (apparent)  strains  for  finding  abscissa  of  center  of  Mohr's 

3(1  -  m)  3(1  -  0.2S6) 

circle  for  stresses — 1  in.  represents  5000 =  5000  X    „_  „_-  .-,,     = 

E  30,000,000 

5000  X  0.000  000  0714  =  0.000  357  in./in.,  or  0.02S0  in.  represent  0.000  010 

in. /in. 

Scale  of  observed  (apparent)  strains  for  finding  radius  of  Mohr's  circle  for 

3(1  +  n)  1  -  k  3(1  4-  0.286)    1  -  0.02 

stresses- 1  in.  represents  5000  -^—  —  =  5000  -  -  3^^  7^7^ 

=  5000  X  0.000  000  0643  X  0.960  =  0.000  309  in./in.,  or  0.0324  in.  repre- 
sent 0.000  010  in./in. 

Abscissa  of  center  of  Mohr's  circle  for  stresses:  With  dividers,  pick  off  the 
apparent  strain  values  on  the  abscissa  scale  determined  previously,  and  per- 
form scalar  addition  on  normal  stress  axis  of  diagram. 

€1  =  0.000  500  in./in.  is  represented  by  1.40  in. 
e-/  =  0.000  380  in./in.  is  represented  by  1.06  in. 
e3'  =  0.000  200  in./in.  is  represented  by  0.56  in. 

The  scalar  sum  is  represented  by  3.02  in. 
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Radius  of  Mohr's  circle  for  stresses:  With  dividers,  pick  off  the  apparent 
strain  values  on  the  radius  scale  determined  previously,  and  construct  the 
vector  diagram  as  shown  in  Fig.  9-176. 

e/  =  0.000  500  in. /in.  is  represented  by  1.62  in. 
€■/  =  0.000  380  in. /in.  is  represented  by  1.23  in. 
e/  =  0.000  200  in. /in.  is  represented  by  0.65  in. 

The  length  of  the  resulting  vector  is        0.85  in. 

Draw  Mohr's  circle  for  stresses  with  resulting  vector  as  radius.  The  radius 
corresponds  on  the  stress  scale  to  5000  X  0.85  =  4250  psi;  this  is  the  maximum 
shear  stress. 

Principal  stresses:  Read  off  directly  on  normal  stress  axis,  at  intersection 
with  Mohr's  circle, 

aw  =  19,350  psi  (resulting  from  15,100  +  4250) 
(jmin  =  10,850  psi  (resulting  from  15,100  -  4250) 

Orientation  of  Rosette:  Draw  line  representing  direction  of  gage  line  1  on 

Mohr's  circle  diagram.     It  passes  through  the  point  representing  cr^  and 

•  the  end  point  of  the  resulting 

vector.  Read  off  the  angle 
this  line  makes  with  the  nor- 
mal stress  axis:  18°,  counter- 
clockwise from  the  normal 
stress  axis.  Thus,  to  find  the 
direction  of  Cma*  at  the  point 
of  the  object  investigated,  go 
18°  clockwise  from  the  direc- 
tion of  gage  line  1. 

21.  Graphical  Solutions  for 
Equiangular  Rosette.  The 
construction  of  Mohr's  cir- 
cle20. 26  of  Fig.  9-18  is  based 
on    the    second    solution    of 


«1 

,(«.-*>, 

\^^~^*\//y 

\  3cr\ 

e 

/ 
2aq 

1    \  \     ' 

A  =  (e1  +  e2+e3)/3      - 

1 

7 

'  2 

Fig.  9-18.     Graphical  Solution  for  Equiangular 
Rosette 


Table  9-2.  Quantities  A  and 
(t2  —  €3)  are  calculated  nu- 
merically. The  arrows  in  Fig.  9-18  indicate  that  the  respective  values  are 
plotted  in  the  direction  shown  when  positive,  in  opposite  direction  when 
negative. 

The  solution  of  Fig.  9-19  requires  no  numerical  calculations,  as  it  is  derived 
from  a  geometrical  locus.32' 52  Three  parallel  strain  lines,  61,  e2,  and  e3,  are 
plotted  to  represent  the  gage  readings.  Through  an  arbitrary  point  N  of  ei 
draw  two  lines  making  60°  angles  with  ej.  Intersect  one  of  them  with  e->,  the 
other  with  €3.  The  two  points  so  obtained  define  one  side  of  an  equiangular 
triangle,  the  third  vertex  of  which  lies  on  ei.  The  circumscribing  circle  of  this 
triangle  is  Mohr's  circle.     The  direction  of  the  algebraically  greater  principal 
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strain  falls  between  the  direction  of  the  gage  lines  with  the  algebraically 
greater  strains  and  makes  the  smallest  angle  with  the  algebraically  greatest  of 
the  observed  strains. 


Fig.  9-19.     Solution  for  Equiangular  Rosette  by  Geometrical  Locus 

For  still  other  graphical  solutions  for  the  equiangular  rosette,  see  references 
33,  48,  and  52. 

22.  Graphical  Solutions  for  the  T-Delta  Rosettes.  The  graphical  solu- 
tions for  the  T-delta  rosettes  usually  employ  the  gages  at  right  angles  for 
determining  A  and  the  three  gages  forming  the  delta  for  B.  However,  the 
three  gages  forming  the  delta  may  be  treated  as  an  equiangular  rosette  for 
the  entire  solution,  the  fourth  gage  serving  simply  as  a  check. 

23.  Graphical  Solution  for  45°  Rosettes.  The  simplest  and  most  com- 
monly used  graphical  solution  for  the  rectangular  rosette26  is  based  on  the 
second  solution  of  Table  9-2.  It  is  very  similar  to  the  prepared  form  solution 
for  45°  rosettes,  the  only  difference  being  that  A  is  found  either  by  some  other 
convenient  geometrical  means  or  analytically.  This  same  solution  can  be 
applied  to  the  four-gage  45°  rosette;  a  check  is  obtained  graphically  from  the 
theoretical  relation  ei  +  e3  =  e-i  +  e*. 

For  other  graphical  solutions  for  the  rectangular  rosette,  see  reference  52. 

24.  Prepared-Form  Solution  for  45°  Rosettes.  The  prepared  form34  for 
the  rectangular  rosette  consists  of  three  parallel  and  equidistant  lines  provided 
with  e  scales  (Fig.  9-20).  ei  is  marked  off  on  the  top  line,  e2  on  the  center  line, 
and  e3  on  the  bottom  line.  The  line  connecting  the  e.\  and  e3  points  intersects 
the  center  line  at  the  center  of  Mohr's  circle.  The  quantities  (ex  —  A)  and 
(e2  —  A)  appearing  in  the  second  solutions  of  Table  9-2  are  directly  avail- 
able from  the  graph.  The  point  on  Mohr's  circle  representing  gage  1  is  found 
on  the  perpendicular  to  the  equidistant  lines  through  the  ei  point  by  plotting 
(e2  —  A),  upwards  from  the  center  line  if  positive,  downwards  if  negative. 
When  the  form  is  used  for  the  four-gage  45°  rosette,  both  alternative  terms 
for  A  of  Table  9-2  are  employed,  and  a  check  is  obtained.  Interpolation 
between  the  individual  solutions  leads  to  the  most  probable  value. 
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The  form  is  readily  adapted  to  yield  the  true  principal  strains  and  the 
principal  stresses:  A  stress  scale  (equal  to  E/(l  —  /x)  times  the  strain  scale) 
is  added  to  the  center  line.  Considering  the  distance  between  the  center  and 
the  bottom  lines  as  unity,  add  parallel  lines  /  and  m  at  distances  (1  —  /i)/(l  +  ft) 
and  (1  —  k)/{\  +  k),  respectively,  from  the  center  line.  Draw  a  perpendicu- 
lar line  to  the  equidistant  lines,  and  intersect  it  with  the  center  line  at  K, 
with  I  at  L,  with  m  at  M,  and  with  the  bottom  line  at  N.  These  additions 
being  incorporated  in  the  prepared  form,  plot  the  radius  of  Mohr's  circle  for 
apparent  strains  as  MM'  on  m  and  draw  line  KM'.  This  line  intersects  the 
bottom  line  at  N'  and  I  at  L'.     NN'  is  the  radius  of  Mohr's  circle  for  true 


e  scale 


e  scale 


Fig.  9-20.     Prepared  Form  Solution  for  45°  Rosettes 

strains,  and  LL'  is  the  radius  of  Mohr's  circle  for  stresses  (see  equations  34 
and  53  for  proof). 

25.  Solutions  by  Nomographs,  Charts,  and  Slide  Rules.  The  nomograph 
solution  for  the  rectangular  rosette57  of  Fig.  9-21  is  a  combination  of  the  vector 
method  for  finding  quantity  B  and  the  nomograph  of  Fig.  9-7.  The  strain 
quantities  (ei  +  e3),  (ei  —  e2),  and  (e2  —  e3)  are  obtained  numerically  or  by 
dividers  on  the  strain  scales.  Scale  ratios  are  so  that  the  nomograph  yields 
the  principal  stresses  and  the  maximum  shear  stress  directly  from  the  strain 
quantities.  The  angle  ai  is  found  from  auxiliary  curves  relating  it  to  (ei  —  e2) 
and  (e2  —  e3).  These  curves  are  based  on  the  relation  tan  2ai  =  1  —  2(ei  —  e2) 
/  { (ei  —  e2)  +  (e2  —  e3)j,  which  can  be  derived  from  the  respective  formulas 
of  Table  9-2. 

See  references  16,  56,  and  57  for  further  nomograph  solutions  leading  directly 
to  the  principal  stresses. 

Charts  for  the  rectangular  rosette  lead  to  a  rapid  solution  for  the  principal 
strains  or  stresses  and  the  maximum  shear  strain  or  stress,  particularly  if  the 
strain  quantities  are  combined  by  the  electric  circuits  of  the  measuring  instru- 
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ment.44     For  such  rather  involved  charts  a  compromise  must  be  made  between 
accuracy  and  convenience  in  reading. 

"Rosette   slide   rules"   were   designed   for  the  analysis  of  four-gage  45° 
rosettes.27 


All  scales  are  linear 


|ci-€2[ 


€  scale  •  -y/2 


-2B  =  V2-V(€1-€2)2+(€2-e3)8 

e  scale 


Fig.  9-21. 


Nomograph  Solution  for  Rectangular  Rosette   (Courtesy  Republic 
Aviation  Corp) 


26.  Geometrical  Computers.  A  mechanical  computer  for  45°  rosettes,44 
using  two  sliding  hairlines  and  a  pivoted  hairline  with  an  index  rider,  was 
devised  for  use  with  simplified  charts.  It  works  on  the  vector  principle,  and 
some  numerical  calculations  are  necessary  unless  the  strain  quantities  are 
electrically  combined  by  the  measuring  circuits. 

The  geometrical  computer  (Fig.  9-22)  for  rectangular  rosettes54  is  based  on 
the  principle  of  the  prepared-form  solution  (Fig.  9-20).  Individual  strain 
observations  are  used  directly,  the  average  of  t\  and  e3  being  established  by  a 
slidable  parallelogram  linkage  moving  over  a  strain  scale.  The  radius  of 
Mohr's  circle  for  strains  and  the  angle  2cti  are  obtained  by  a  hairline  properly 
pivoted  on  the  linkage.  Proportional  dividers  are  used  for  finding  the 
radius  of  Mohr's  circle  for  stresses  and  for  establishing  the  principal  stresses 
on  the  stress  scale. 

27.  Continuous-Computing  Machines.  Differential  analyzers  and  con- 
tinuous-computing machines  developed  for  other  purposes  may  be  adapted4'2 
to  strain-rosette  problems.  However,  the  particular  characteristics  of  rosette 
equations  suggest  a  more  direct  mechanical  approach. 
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The  original  computing  machine  for  strain  rosettes31  employed  racks  and 
pinions  for  scalar  additions  and  mutually  perpendicular  slots,  carrying  a 
common  pin,  for  vector  additions.  Its  operation  was  rendered  somewhat 
difficult  by  friction. 


Fig.  9-22.     Geometrical  Computer  for  Rectangular  Rosette  (Courtesy  Bethlehem 
Steel  Co,  Shipbuilding  Division) 


rv 


m 


Fig.  9-23.     Squaring  Mechanism  for  Rosette  Computer  (Courtesy  Prof  W.  M. 
Murray,  Massachusetts  Institute  of  Technology) 

A  new  machine  was  built47'  60  embodying  differential  gearing  for  scalar  addi- 
tions. Squares  and  square  roots  are  handled  by  two  fine  cables  winding  from 
a  grooved  cone  to  a  cylinder  (Fig.  9-23)  and  vice  versa.  An  ingenious  differ- 
ential-gearing system  compensates  for  the  finite  diameter  of  the  cone  at  the 
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position  where  the  respective  quantity  becomes  zero.  A  servomotor  is  neces- 
sary for  the  square-root  operation.  The  angle  2a  i  is  determined  by  the  vector 
method.  This  machine  has  remarkable  accuracy  with  relatively  low  input 
torques.  It  may,  therefore,  be  used  in  connection  with  three  or  four  self- 
balancing  bridge  units,  thereby  operating  fully  automatically  from  electrical 
strain  gages. 

28.  Selsyn  Computer.  The  electromechanical  vector  computer30'  39 
employs  three  single-phase  two-pole  rotary  transformers,  called  Selsyns  or 
sinometers.  The  rotors  are  coupled  together,  their  relative  position  corre- 
sponding to  twice  the  angles  between  the  gage  lines.     When  the  fields  of  the 


Fig.  9-24.     Circuit  Diagram  of  Selsyn  Computer  for  Radius  of  Mohr's  Cricle  from 
Equiangular  Rosettes  (Courtesy  Douglas  Aircraft  Co) 

transformers  are  excited  by  inphase  voltages  representing  the  observed  strains 
(Fig.  9-24),  the  output  of  the  series-connected  rotors  is  proportional  to  the 
shear  strain  of  the  direction  corresponding  to  the  rotor  position.  The  input 
autotransformers  are  operated  manually,  and  the  rotors  are  manually  brought 
into  the  position  yielding  maximum  output.  This  output  is  a  measure  of  the 
maximum  shear  strain,  and  the  rotor  position  indicates  (ai  +  45°).  Accuracy 
in  determining  a i  is  increased  by  establishing  the  rotor  position  for  zero  output. 
The  principal  strains  or  stresses  can  be  obtained  from  addition  and  subtraction 
circuits  which  also  take  care  of  the  reduction  from  B  to  B" . 

29.  Resistance-Capacitance  Network  Computer  for  Rectangular  Rosettes. 
The  voltages  representing  the  observed  strains  are  fed  manually  into  the 
computer41'  45  by  potentiometers.  A  resistance  network  adds  the  voltages 
ex  and  e3.  A  resistance-capacitance  phase-shift  network  is  employed  for  the 
vector  addition  of  (ei  —  e2)  and  (e2  —  e3),  yielding  directly  a  voltage  propor- 
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tional  to  the  maximum  shear  strain.  The  voltages  so  established  are  recti- 
fied, and  the  proper  numerical  factors  are  applied  in  the  addition  and 
subtraction  circuit  furnishing  the  principal  strains.  The  angle  2a  i  is  indicated 
by  the  straight-line  pattern  on  the  screen  of  a  cathode-ray  tube;  the  inphase 
voltages  applied  to  the  deflection  plates  are  (e2  —  e3)  and  (ei  —  e.0. 

30.  Automatic  Computers  for  SR-4  Rosettes.     The  electronic  computing 

apparatus  for  rectangular  and  equi- 
angular rosettes40  works  directly  from 
SR-4  gages  that  are  connected  into  a 
chevron-type  a-c  bridge  (similar  to 
that  in  Fig.  9-14)  to  maintain  proper 
phase  relation.  The  bridge  signals  are 
amplified  individually,  and  the  strains 
along  the  three  gage  lines  are  shown 
simultaneously  on  three  meters.  Part 
of  the  amplifier  output  is  fed  into  a 
resistor  network  which  yields  A  and 
the  differences  between  individual  gage 
readings  and  A.  The  proper  differ- 
ences are  then  added  vectorially  by  off- 
setting them  electrically  by  90°  and 
connecting  them  to  grids  of  tubes  with 
coupled  plates.  The  tube  output  rep- 
resents B,  and  B"  is  obtained  from  a 
potentiometer  circuit.  Following  rec- 
tification, the  principal  strains  or 
stresses  are  derived  from  summation 
and  difference  networks  for  A  and  B  or 
A"  and  B",  respectively,  or  by  con- 
necting the  corresponding  quantities  to 
the  coils  of  dual-circuit  meters.  The 
angle  2a i  is  obtained  from  the  straight- 
line  pattern  on  a  cathode-ray  screen, 
inphase  voltages  (e2  —  A)  and  (ei  —  A) 
being  connected  to  the  deflection 
plates.  The  instrument  shows  the 
principal  strains  or  stresses  as  they 
occur  on  the  structure,  the  speed  of  re- 
sponse being  limited  only  by  the  meters. 
The  several  buffer  stages  of  the  original  apparatus  caused  some  difficulties 
in  maintaining  linearity.  To  overcome  these,  a  transformer  network  was 
suggested.53  It  is  interposed  before  the  last  stage  of  the  amplifiers  that  would 
normally  be  employed  for  measuring  individual  strains.  Figure  9-25  shows 
the  transformer  network  for  B  in  the  case  of  the  four-gage  45°  rosette.  It  is 
based  on  the  first  formula  of  Table  9-2.  The  network  for  A  is  similar,  but  all 
voltages  are  in  phase,  and  all  secondary  windings  are  connected  in  the  same 


Fig.  9-25.     Transformer  Network  for 
Radius  of  Mohr's  Circle  from  Four- 
Gage  45°  Rosette 
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direction.  The  transformer  network  is  suitable  for  all  commonly  used 
rosettes,  as  B  can  always  be  expressed  as  the  square  root  of  the  sum  of  two 
squares.  Numerical  coefficients  are  taken  care  of  by  the  number  of  turns  in 
the  respective  secondary  windings. 

The  electrodynamometer  computer  for  principal  strains65  was  developed 
for  use  in  conjunction  with  rectangular,  equiangular,  and  T-delta  SR-4 
rosettes.  Switching  and  balancing  equipment  facilitates  the  scanning  of 
48  rosettes.  The  strain-signal  outputs  of  a-c  bridges  are  first  combined  in  a 
manner  that  corrects  for  transverse  gage  sensitivity.  Quantity  A  is  then 
established  in  a  summation  network.  The  vector  addition  leading  to  quan- 
tity B  is  achieved  by  four  electrodynamometer  elements  mounted  on  a  com- 
mon shaft.  The  input  to  three  of  the  elements  is  derived  from  the  strain 
signals,  whereas  the  input  to  the  fourth  is  the  quantity  needed  to  maintain 
electrodynamic  balance.  The  system  is  kept  in  balance  by  an  electronic 
servomechanism;  the  current  required  for  balance  represents  quantity  B. 
Addition  and  subtraction  networks  for  quantities  A  and  B  furnish  the  prin- 
cipal strains,  which  are  shown  on  meters  calibrated  in  strain  units.  The 
angle  2«i  is  shown  on  a  cathode-ray  tube.  The  computer  follows  changes  in 
strain  rapidly  and  continually;  the  speed  of  operation  is  limited  only  by  the 
servomechanism  and  the  meters. 

F.  Effect  of  Errors  in  Observing  Individual  Strains  and  of 
Misalignment  of  Individual  Gage  Axes  in  Strain  Rosettes 

31.  Errors  in  Strain  Readings.  Analysis  of  the  effect  of  errors  in  indi- 
vidual gage  readings2'2' 23  shows  that  the  absolute  error  in  the  magnitude  of  the 
computed  principal  strains  is  of  the  same  order  as  the  absolute  errors  in  indi- 
vidual readings. 

The  influence  of  errors  in  individual  gage  readings  on  the  direction  of  the 
computed  principal  strains  is  relatively  small  when  the  difference  between  the 
principal  strains  is  great,  but  this  influence  becomes  very  great  when  the  prin- 
cipal strains  are  nearly  equal.  However,  in  the  case  of  nearly  equal  principal 
strains,  that  is,  if  Mohr's  circle  is  very  small,  the  directions  of  the  principal 
strains  are  generally  of  little  interest,  and  accurate  determination  is  not 
essential. 

Random  errors  in  individual  gage  readings  have  the  smallest  influence  on 
the  computed  magnitude  and  direction  of  the  principal  strains  in  the  case  of 
the  equiangular  strain  rosette.'23 

32.  Misalignment  of  Individual  Gage  Lines.  When  an  accurately 
built-up  rosette  is  misaligned  as  a  unit,  the  magnitude  of  the  computed  prin- 
cipal strains  is  not  affected,  whereas  the  computed  directions  of  the  principal 
strains  are  in  error  by  the  amount  of  the  rosette  misalignment. 

Misalignment  of  individual  gages  within  a  rosette  is  generally  hard  to  deter- 
mine, because  gages  are  applied  with  considerable  care,  and  the  accuracy  of 
application  is  about  the  same  as  the  accuracy  of  determining  the  actual  posi- 
tion of  rosette  gage  lines  when  the  rosette  is  in  place.  Therefore,  formulas 
for  calculating  the  effect  of  misalignment  of  individual  rosette  gage  lines  on 
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the  computed  principal  strains23'  61  are  of  primary  value  in  making  a  general 
estimate.     The  following  conclusions  were  drawn  from  such  formulas: 

The  error  in  the  computed  magnitudes  and  directions  of  the  principal  strains 
depends  on  the  misalignment  of  the  individual  gages  in  the  rosette  and  also 
on  the  orientation  of  the  rosette  relative  to  the  principal  directions. 

Misalignment  of  a  gage  has  the  greatest  effect  on  the  gage  reading  when 
the  gage  axis  makes  an  angle  of  approximately  45°  with  the  principal  directions 
(see  equation  25).  If  a  rosette  with  one  misaligned  gage  is  placed  so  that  the 
misaligned  gage  axis  assumes  this  unfavorable  direction,  at  least  one  of  the 
other  gage  axes  makes  a  favorable  angle  with  one  of  the  principal  directions. 
Therefore,  the  effect  of  misalignment  on  the  computed  magnitudes  of  the 
principal  strains  is  smaller  than  the  error  in  the  reading  of  the  misaligned  gage. 
The  error  in  the  computed  principal  directions  due  to  misalignment  of  a 
single  gage  may  reach  the  amount  of  misalignment  but  will  not  exceed  it, 
even  if  the  gage  is  placed  most  unfavorably. 

If  several  gages  are  misaligned,  the  error  in  the  computed  magnitude  of 
the  principal  strains  is,  under  the  most  unfavorable  conditions,  of  the  same 
order  as  the  error  in  alignment  of  individual  rosette  gages.  Misalignment  of 
individual  gage  lines  of  1°  to  2°  will  not  affect  the  accuracy  of  the  results  by 
more  than  plus  or  minus  2  per  cent. 

For  a  given  misalignment  of  individual  rosette  gages  and  a  given  orienta- 
tion of  the  rosette  relative  to  the  principal  directions,  the  error  in  the  mag- 
nitude of  the  computed  principal  strains  caused  by  this  misalignment  is 
proportional  to  the  difference  between  the  principal  strains. 

The  probable  error  in  the  computed  directions  of  the  principal  strains  is  of 
the  same  order  as  the  probable  error  in  alignment  of  individual  rosette  gages. 

No  disproportionate  errors  are  caused,  therefore,  by  misalignment  of  gage 
lines  that  may  occur  when  standard  experimental  techniques  are  employed. 

When  the  principal  strains  are  to  be  determined  to  greatest  possible  accur- 
racy,  the  investigation  should  consist  of  two  steps:  (1)  Determine  the  principal 
directions  approximately,  without  taking  into  account  the  misalignment  of 
individual  gage  lines  that  may  possibly  exist  within  the  rosette,  (2)  use  a 
rectangular  rosette  so  placed  that  two  gage  lines  are  as  nearly  as  possible  in 
the  principal  directions. 

From  a  theoretical  standpoint,  the  average  effect  of  misalignment  of  indi- 
vidual gage  lines  on  the  computed  principal  strains  is  less  for  the  equiangular 
rosette  than  for  the  rectangular  rosette.  The  inherent  advantages  of  the 
equiangular  rosette  are  not  very  great,  however.  Considering  the  many 
random  factors  involved,  the  use  of  the  rectangular  rosette  is  well  justified 
from  a  practical  standpoint. 

G.  Graphical  Representation  of  Stresses  and  Strains  at  a  Point 

33.  Mohr's    Circle — Analogy    between    Stress    and    Strain    Diagrams. 

Mohr's  circle  is  the  most  commonly  used  method  of  representing  stresses  and 
strains  at  a  point.  Since  the  stress  or  strain  quantities  appear  as  rectangular 
coordinates,   Mohr's  circle  is  particularly  well  suited  when  graph  paper  is 
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used.  In  this  respect  it  is  more  convenient  than  any  other  method  of  repre- 
senting the  state  of  plane  stress  or  plane  strain. 

From  the  analogy  between  the  stress  and  strain  equations  and  the  respective 
Mohr's  circles  shown  in  section  B,  it  is  evident  that  any  graphical  method  of 
representing  stresses  at  a  point  can  also  be  used  for  representing  strains. 

34.  Land's  Dyadic  Circle.  Land's  circle  (Fig.  9-26)  is  widely  used  in 
connection  with  strain-rosette  analysis,11'  19'  29  and  serves  a  purpose  similar 
to  Mohr's  circle.  The  diagram  was  originally  published  by  Land,2  but  it 
owes  its  widespread  application  to  Professor  Westergaard6  who  is  said  to  have 


Fig.  9-26.     Land's  Circle  (or  Dyadic  Circle)  for  Stresses 

called  it  "dyadic  circle."11     The  state  of  stress  is  described  by  a  circle  with 
center  at  0  and 

Radius  =  ^(o-max  +  amm)  (65) 

and  a  point  P  so  that  the 


Distance  OP 


2  (^max  O't 


(66) 


Thus,  P  lies  within  the  circle  for  principal  stresses  of  equal  sign  and  outside 
the  circle  for  principal  stresses  of  opposite  sign.  The  diameter  through  P 
corresponds  to  the  direction  of  the  principal  stresses.  To  obtain  the  stresses 
for  a  line  making  an  angle  a  with  the  direction  of  (rmax,  draw  the  diameter  CD 
making  an  angle  2a  with  PO,  and  the  normal  PN  to  this  diameter. 
Then, 

ND  =  aa,     NC  =  o-(a+90°),     and     PN  =  ra 

Normal  stresses  represented  by  a  distance  lying  partially  or  totally  within 
the  circle  are  of  the  sign  indicated  for  the  radius  by  equation  65. 

35.  Polar  Diagrams.  Polar  diagrams8'  22'  48  are  obtained  by  plotting 
stresses  or  strains  as  radius  vectors  of  their  respective  directions.     They  are 
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the  most  instructive  method  of  representing  plane  stress  and  plane  strain,  but 
are  relatively  cumbersome  to  draw.  Figure  9-27a  shows  the  polar  diagram 
for  normal  stresses  and  normal  strains  for  an  element  subjected  to  uniaxial 
tension.  Figure  9-276  shows  the  corresponding  polar  diagram  for  shear 
stresses  and  strains. 
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(a)  Normal  Stresses  and  Strains 


(b)  Shear  Stresses  and  Strains 


Fig.  9-27.     Polar  Diagrams  for  the  Case  of  Uniaxial  Stress 

36.  Ellipse  of  Stress.  The  resultant  stress  crre3  is  defined  as  the  vector 
sum  of  aa  and  ra  (Fig.  9-28a).  Consider  a  normal  plane  N  rotated  around  a 
fixed  point  of  a  stress  field  and  the  resultant  stress  vectors  drawn.  These 
vectors  define  an  ellipse,  called  ellipse  of  stress,26  which  can  be  constructed  bjr 
the  method  of  Fig.  9-286.  Although  one  of  the  earliest  methods  of  represent- 
ing plane  stress,1'  3  the  ellipse  of  stress  has  not  been  widely  used,  mainly 
because  of  its  inconvenience. 

37.  Displacement  Diagrams.  Displacement  diagrams  somewhat  similar 
to  Williot's  diagram  for  trusses  have  been  proposed  for  representing  the  state 
of  plane  strain.52  They  can  be  constructed  directly  from  the  normal  strains 
in  three  arbitrary  directions.     These  strains  are  represented  as  distances  in 
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their  true  directions,  and  no  numerical  calculations  are  required.     However, 
the  diagrams  are  not  very  convenient. 

38.  Arrows.  Arrows  indicating  the  directions  and  magnitudes  of  the  prin- 
cipal stresses  at  a  point  are  extremely  convenient,  particularly  for  represent- 
ing stress  fields  (Fig.  9-29).  They  do  not  give,  however,  direct  information 
as  to  the  stresses  in  arbitrary  directions. 


(a)  Resultant  Stress  Vector  (b)  Construction  of  Ellipse 

Fig.  9-28.     Ellipse  of  Stress 


H.  Graphical  Representation  of  Stress  Fields 

39.  General  Remarks.  If  the  principal  stresses  are  determined  for  only 
a  few  points  of  a  structure,  tabular  arrangement  of  the  results  is  indicated. 
However,  when  the  number  of  rosette  measurements  becomes  great,  graphi- 
cal representation  of  the  stress  field  can  be  surveyed  more  readily  and 
generally  leads  to  better  understanding.  In  such  cases  it  is  extremely  desir- 
able to  obtain  at  least  an  approximate  picture  of  the  stress  field  at  the  time 
that  or  promptly  after  the  rosette  readings  are  taken.  This  locates  highly 
stressed  areas  or  rosettes  with  dubious  results  in  time  to  modify  test  procedure 
or  to  repeat  certain  readings. 

40.  Arrows.  The  most  expedient  method  of  representing  a  stress  field  is 
to  indicate  by  arrows  the  principal  stresses  at  all  points  of  observation  (Fig. 
9-29).  This  intermittent  representation  gives  a  fair  picture  of  the  orientation 
of  the  stress  field  and  of  the  magnitude  of  the  stresses.  It  is  ideal  for  pre- 
liminary checks  of  the  results  and  in  many  cases  satisfactory  for  final  presenta- 
tion. In  order  to  avoid  interference  between  arrows  where  the  points  of 
observation  are  close  together,  it  is  recommended22  that  only  two  arrows  be 
drawn  instead  of  the  "cross"  (see  Figs.  9-16  and  9-28). 

41.  Stress  Trajectories.  Stress  trajectories  as  such  show  only  the  orienta- 
tion of  the  principal  stresses,  and,  although  stress  concentrations  may  be 
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Fig.  9-29.     Representation  of  Stress  Field  by  Arrows  (Courtesy  National  Bureau 

of  Standards) 
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Fig.  9-30.     Representation  of  Stress  Field  by  Curves  Connecting  Points  of  Equal 
Algebraically  Greater  Principal  Stress  (Courtesy  National  Bureau  of  Standards) 
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expected  at  points  where  the  curves  of  both  families  run  closer  together, 
definite  numerical  conclusions  cannot  be  drawn.  Auxiliary  curves22  may  be 
used  to  show  the  magnitude  of  the  principal  stresses  along  the  trajectories, 
but  they  tend  to  confuse  the  picture,  particularly  in  the  most  interesting  areas 
of  stress  concentration. 

42.  Curves  Connecting  Points  of  Equal  Stresses.  Three  kinds  of  curves 
are  of  interest,21  namely  those  connecting  points  of 

1.  Equal  algebraically  greater  principal  stress. 

2.  Equal  algebraically  smaller  principal  stress. 

3.  Equal  shear  stress. 

Any  one  family  of  such  curves  (Fig.  9-30)  by  itself  does  not  permit  any 
conclusions  as  to  the  other,  nor  to  the  direction  of  the  principal  stresses. 
Thus,  the  method  is  suited  to  show  the  regions  in  which  any  one  kind  of  stress 
is  of  interest,  but  it  does  not  yield  an  easily  understood  general  picture  of  the 
stress  field. 

43.  Stresses  at  Important  Sections.  In  some  problems,  particularly 
bending  of  beams  with  complex  web  shape,21  and  investigations  of  stress  con- 
centration,22 the  results  are  advantageously  presented  by  showing  the  normal 
stress  distribution  along  the  most  important  sections.  Similarly,  the  shear 
stresses  are  plotted  for  a  number  of  sections  when  they  are  of  primary  interest, 
as,  for  instance,  in  aircraft-wing  studies. 
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A.  Introduction 

The  design  of  an  engineering  structure  is  fully  rationalized  when  the 
designer  is  able  to  predict  the  performance  and  to  establish  beforehand  the 
circumstances  of  operation  under  which  failures  will  occur.  The  degree  to 
which  this  rationalization  can  be  carried  depends  on  many  circumstances,  but 
it  represents  an  ideal  towards  which  the  engineering  profession  is  always 
striving.  Nearly  complete  rationalization  can  be  achieved  only  when  the 
limitations  of  weight,  space,  cost,  and  other  factors  permit  designs  which  are 
safe  without  extensive  preliminary  trials  on  experimental  units.  This  condi- 
tion is  now  approached  in  many  fields  of  mechanical  engineering,  of  which 
large  power  machinery  is  perhaps  the  most  important.  Here  it  is  necessary 
to  predict  the  performance  and  risk  of  failure  with  precision  in  the  design 
stage.  The  aircraft  engine  is  an  example  of  a  different  extreme,  in  which  the 
requirement  of  reliability  is  even  greater,  but  here  the  incentives  of  weight 
reduction  and  improvement  in  performance  are  so  great  that  extensive  experi- 
mentation through  a  succession  of  experimental  models  is  justified.  Similar 
situations  exist  to  a  varying  degree  in  the  mass-production  fields,  where  the 
ultimate  unit  cost  of  experimental  constructions  becomes  small.  It  is  no 
longer  necessary  to  argue  for  the  maximum  of  design  rationalization  in  all 
cases,  and  our  generation  has  seen  a  remarkable  development  in  this  respect. 
Problems  which  only  a  few  years  ago  were  considered  too  complicated  for 
direct  analytical  approach  are  now  taken  in  the  stride  of  young  and  relatively 
inexperienced  men. 

The  problem  of  mechanical  strength  occupies  a  central  position  in  this  urge 
towards  rationalization.     The   term   "working  stress"   is   a   concept   which 
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usually  implies  oversimplification  of  an  exceedingly  complex  problem.  The 
object  of  this  chapter  is  to  discourage  this  oversimplification  and  still  leave  a 
rational  framework  for  the  interpretation  of  accumulated  experiences. 

It  cannot  be  too  strongly  emphasized  that  experience  is  the  ultimate  basis  for 
the  prediction  of  failures  in  engineering  structures.  The  experience  may  be 
in  the  nature  of  statistical  records  of  a  large  number  of  units  in  operation,  or 
it  may  be  obtained  from  more  detailed  stress  measurements  of  individual  units, 
or  parts,  but  in  all  except  a  few  simple  and  trivial  cases  the  prediction  must 
be  related  to  experience.  In  a  new  and  untried  device  the  prediction  of  failure 
thus  depends  on  how  closely  the  predicted  circumstances  are  paralleled  by 
pertinent  experience.  In  most  cases  the  prediction  is  reasonably  reliable  for 
those  circumstances  which  are  foreseen;  the  great  majority  of  important 
failures  are  due  to  circumstances  which  the  designer  failed  to  take  into  account. 

B.  The  Phenomenon  of  Failure 

It  is  usually  assumed  that  there  is  a  direct  causal  relationship  between  an 
imposed  state  of  stress  and  a  certain  phenomenon  of  failure.  In  a  popular 
sense  the  concept  of  failure  is  associated  with  fracture,  but  in  most  cases 
fracture  is  preceded  by  plastic  yielding,  and  in  many  instances  a  certain  amount 
of  yielding  is  equivalent  to  failure.  The  relationship  between  stresses  and 
failure  is  far  from  direct,  however,  as  attested  by  the  vast  array  of  mechanical 
and  metallurgical  properties  which  are  necessary  to  specify  the  essential 
strength  properties  of  any  one  material.  One  important  reason  for  the 
manifold  aspects  of  the  behavior  of  materials  under  stress  lies  in  the  imperfect 
means  at  our  disposal  for  defining  stress,  even  under  the  simplest  of  loading 
conditions. 

The  state  of  stress  is  almost  always  defined  on  the  basis  of  isotropic  mate- 
rials. For  polycrystalline  metals,  which  cover  practically  all  of  the  important 
elements  of  strength,  this  is  equivalent  to  defining  the  stress  components  for 
a  volume  of  the  material,  which  contains  a  large  number  of  individual  grains 
or  crystals.  When  we  refer  to  a  state  of  stress,  therefore,  we  invariably 
consider  the  average  stress  over  a  large  number  of  grains.  It  is  now  fairly  well 
established  that  elastic  deformations  and  the  phenomena  of  yielding  in  ductile 
metals  are  governed  wholly  by  this  average  stress,  and  for  this  reason  our 
knowledge  of  yielding  of  polycrystalline  metals  is  relatively  complete.  The 
fracture  phenomenon,  on  the  other  hand,  has  its  origin  in  extremely  localized 
sections  of  the  structure,  and,  hence,  it  is  related  not  only  to  the  average  stress 
but  also  to  the  microscopic  aspects  of  the  stress. 

The  macroscopic  stress,  related  to  the  ideal  conditions  of  a  fine-grain  struc- 
ture, is  a  definite  entity  which  depends  only  on  the  forces  or  displacements. 
The  microscopic  aspect  of  the  stress  is  an  elusive  concept,  which  also  depends 
on  the  grain  structure  and  which  changes  constantly  with  the  plastic  deforma- 
tions. At  the  present  time  we  do  not  even  possess  the  mathematical  tools 
for  its  description.  We  are  thus  forced  to  relate  the  fracture  phenomena,  as 
well  as  the  yielding  phenomena,  to  the  macroscopic  state  of  stress.  As  a 
result  of  this  situation,  it  has  become  necessary  to  include  a  very  large  number 
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of  quantities  in  the  specification  of  the  mechanical-strength  properties  of  any 
one  material.  Only  a  few  of  these  appear  in  the  direct  evaluation  of  the  risk 
of  failure,  the  remainder  having  to  do  with  qualitative  aspects  of  the  behavior 
under  stress.  Section  C  gives  a  summary  of  those  properties  which  enter 
directly  into  the  stress-analysis  problem. 

C.  Strength  Properties  of  Materials 

1.  Materials  at  Normal  Temperature,     (a)  Steady  Stress. 

Ductile  materials:  Yield  strength. 

Stress-strain  curve  relating  stress  and  plastic  strain. 
Brittle  materials:    Ultimate    strength.     Usually    different    for    tension    and 

compression. 

(b)  Alternating  Stress. 

Ductile  and  Endurance  limit,  or  fatigue  strength  for  a  stated  number  of 

brittle  materials:    reversals. 

2.  Materials  at  Elevated  Temperatures,     (a)  Steady  Stress. 

Ductile  materials:  Creep  strength,  giving  a  stated  amount  or  rate  of  plastic 

deformation  in  a  stated  time. 

Stress-strain  rate  curve,  relating  stress  and  creep  rate. 
Ductile  and 
brittle  materials:    Creep-to-rupture  strength  for  a  stated  length  of  time. 

(b)   Variable  Stress. 

Ductile  and  Fatigue  strength  for  a  stated  number  of  reversals  in  a 

brittle  materials:    stated  time. 

D.  Yielding  of  Ductile  Metals 

The  object  of  this  section  is  to  present  the  procedure  by  which  the  results 
of  tests  in  tension  or  other  uniaxial  stress  are  extended  to  more  general  forms 
of  stress  applications  in  three  dimensions.  For  yielding,  this  procedure 
actually  rests  on  a  firmer  foundation  than  the  interpretation  of  the  tension  test 
itself.  Although  the  underlying  reasoning  is  the  same,  it  is  desirable  to  treat 
separately  the  cases  of  normal  and  elevated  temperatures. 

3.  Normal  Temperatures.  The  region  of  normal  temperatures  is  in  itself 
very  vaguely  defined,  but,  in  general,  we  may  consider  it  as  extending  from 
room  temperature  to  approximately  one  third  of  the  absolute  melting  tem- 
perature. In  this  region  the  effect  of  strain  rate  is  secondary,  except  for 
extreme  ranges  of  strain  rate,  and  the  tension  test  gives  a  reasonably  unique 
relation  between  tension  stress  s  and  plastic  strain  e,  the  stress-strain  curve 
(Fig.  10-1).  However,  the  stress-strain  relation  has  a  unique  meaning  only 
as  long  as  the  stress  acts  in  one  direction.  In  many  important  cases  it  merely 
specifies  a  limiting  stress  s„  at  which  yielding  will  start.* 

*  The  attempt  to  define  a  region  of  "normal  temperature"  and  a  pattern  of 
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Assume  next  that  a  three-dimensional  state  of  stress,  with  principal  stresses 
0-1,  o-o,  and  0-3  (Fig.  10-2),  is  applied  to  the  same  material.  What  will  be  the 
distribution  of  the  corresponding  plastic  strains  ei,  e2,  and  e3?  If  there  is  a 
yield  strength  in  tension,  what  are  the  corresponding  values  of  the  principal 
stresses  at  which  yielding  will  start? 


/^ 

/ 

a2,  e2,  v2 

V 

Plastic  strain  c 


ig.    10-1.     Stress- 
Strain  Curve 


Fig.    10-2.     Three-Dimen- 
sional   State    of    Stress    and 
Plastic  Strain 


The  conditions  which  govern  the  plastic  flow  for  small  changes  of  shape  are 
expressed  through  the  three  rules  of  yielding:1 

1.  The  direction  of  the  principal  extensions  coincide  with  those  of  the 
principal  stresses. 

2.  The  volume  remains  essentially  constant.     This  gives 


fi  +  e2  +  e3 


0 


(1) 


"normal  behavior"  is  an  example  of  pragmatic  simplification  of  a  very  compli- 
cated phenomenon.  The  pattern  of  reasoning  in  the  field  of  strength  of  materials 
grew  out  of  experiences  which  were  confined  to  the  region  of  normal  temperatures. 
The  problems  associated  with  elevated  temperatures  were  encountered  at  a  rela- 
tively recent  stage  and  are  still  classified  as  examples  of  "abnormal"  behavior. 
More  complete  knowledge  than  is  now  available  might  justify  a  more  mature 
treatment  for  the  entire  field. 

The  specific  questions  involved  may  be  listed  as  follows: 

1.  The  existence  of  an  elastic  limit  below  which  plastic  deformations  are  imper- 
ceptible. 

2.  The  existence  of  a  unique  stress-strain  curve  independent  (without  limits) 
of  the  strain  rate. 

3.  The  existence  of  a  mechanical  equation  of  state  giving  a  relation  among 
stress,  strain,  strain  rate,  and  temperature. 

In  the  region  of  normal  temperatures  all  three  of  these  questions  are  answered 
in  the  affirmative.  At  elevated  temperatures  they  are  probably  all  answered  in 
the  negative,  but  no  sharp  boundary  between  the  two  regions  can  be  expected. 

This  important  subject  has  been  under  study  in  recent  years  by  Fisher,  Mac- 
Gregor,  Holloman,  and  others.11-13  Among  other  results  it  has  been  shown  that 
the  combined  effect  of  strain  rate  and  temperature  can  be  expressed  through  a 
"velocity-modified  temperature"  of  the  form  Tm  =  7'jl  —  k  log  (v/vo) }  where  T 
is  the  temperature,  v  the  strain  rate,  and  v0  and  k  constants  for  each  material. 
The  correlation  appears  to  be  particularly  good  for  very  low  temperatures. 
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3.  The  Mohr's  circles  for  strain  remain  geometrically  similar  with  the 
Mohr's  circles  for  stress.     This  may  be  expressed  by  the  three  equations: 

<J\    —  <J<i  ff-2    —  Oz  <Ts    —  (J\ 

Rules  1  and  3  are  evidently  equivalent  to  the  assumption  of  isotropy.  The 
quantity  c  is  not  independent  of  stress  or  strain,  but  for  a  fixed  state  of  stress 
it  remains  a  constant  for  each  point. 

To  these  three  rules  is  added  the  Mises-Hencky  criterion  of  yielding,  which 
so  far  has  been  found  to  agree  most  consistently  with  experiments.  In  accord- 
ance with  this  criterion,  we  introduce  the  two  quantities: 

S    =   —^  VVl    -  (To)2   +    ((To    -  <73)2   +    (0-3   —  0"i)2 


V2 


e 


.,     V(«i  -  e2)2  +  (e,  -  e3)2  +  (€3  -  ex)2  (3) 


These  quantities  have  been  given  the  names  of  intensity  of  stress  and  intensity 
of  strain,  respectively.2  The  former  is  a  measure  of  the  state  of  stress  with 
respect  to  its  propensity  for  causing  yielding,  the  latter  is  a  measure  of  the 
magnitude  of  the  yielding  or  change  of  shape.  These  quantities  have  been 
chosen  in  such  a  manner  that  they  are  measured  directly  by  the  tension  test. 
This  is  also  the  reason  why  they  have  been  given  the  same  symbols  as  the 
quantities  measured  in  the  tension  test.  If  the  tension  test  be  made  so  that 
o-o  =0-3  =  0,  the  first  of  equations  3  gives  s  =  C\.  The  measured  plastic 
strain  in  the  tension  test  is  €1,  but  owing  to  the  volume  remaining  constant  the 
other  strains  have  the  values  e2  —  63  =  —  Vfcx,  and  the  second  of  equations  3 
gives  e  =  sx. 

Rule  3  may  also  be  expressed  by  three  other  equations  by  combining  each 
pair  of  the  equations  2.     Subtracting  the  last  from  the  first  gives 

Ci  —  e-2  —  (es  —  ei)  =  c[ax  —  <r2  —  (c3  —  <J\)\ 

By  application  of  rule  2  this  becomes 

ei  =  sc[ai  —  ^{<j-2  +  0-3)]  (4) 

and  similar  expressions  may  be  obtained  for  e2  and  €3. 
Introducing  rule  3  into  equation  3  we  also  obtain 


2  e 

5C-  <5» 
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In  this  manner  we  obtain,  for  the  principal  plastic  strains, 


e 

ei  =  - 

s 

0"] 

-  |  (*»  +  cr3) 

e 
s 

0"2 

1 

-  0  (°"3  +  °"') 

e 

€3  =  ~ 
s 

0"3 

1  /                x~ 
-  -  (<rx  +  <r,) 

(6) 


This  result  presents  a  close  analogy  with  the  usual  form  of  Hooke's  law  for 
the  elastic  case.  The  modulus  of  elasticity  E  is  replaced  by  s/e  and  Poisson's 
ratio  m  by  H- 

For  the  case  of  plane  stress  (a3  =  0) : 


<h 


S    =    V<Ti2   +  C22    —  <J\G2 


For  the  case  of  plane  strain  (e3  =  0) : 


1 

<T\ 

-2"J 

1 

0"2 

-2*1] 

€3    =    — 


e  CTi  +  c2 

s       2^ 


(7) 


Vs" 


(0-1  -  <r2) 


3e 

61  =  4s((71  _a2) 
3e 


Vs 


Vs" 

i-(<,1-cr2)=  -  —  e 


(8) 


For  the  case  of  compression  ai  =  —a,  a->  =  a3  =  0;  hence,  s  =  a,  and 

ei  =   -e;     €,=  +-;     e3  =  +  - 

showing  that  the  theory  provides  for  symmetry  of  tension  and  compression. 
For  the  case  of  pure  shear  ai  =  r,  <r-±  =  — r,  as  =  0;  hence,  s  =  V  3  r,  and 


ex  =  —  e 


V3 
V3 


=  ei  —  e2  =  V  3 


(9) 


e3  =  0 


showing  that  the  intensity  of  stress  is  v3  r;  the  shearing  strain  is  V  3  times 
the  normal  strain  at  this  intensity  of  stress. 
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A  better  physical  picture  of  the  yielding  process  is  obtained  by  considering 
the  state  of  stress  <S\,  <72,  and  cr3  divided  into  its  hydrostatic  tension, 


V 


o\  +  <r2  +  cr3 
3 


(10) 


and  the  remaining  state  of  stress, 

Si    =  <J\   —  P    =    f[ci  —    2-(<T2   +  °"3)1 

s2  =  at  —  V  =  Iks  —  2(o"3  +  o-,)] 

S3    =   0"3    —    P    =    \\o-i  —   ?(<TL   +  O-2)] 


(11) 


The  hydrostatic  tension  is  a  measure  of  the  tendency  to  change  the  volume ;  the 
remaining  stress  components  in  equation  11  actually  measure  the  tendency  to 
change  the  shape.  By  equation  4  it  is  evident  that  the  plastic  strains  dis- 
tribute themselves  in  proportion  to  sa,  s2,  and  S3. 


Tension 


Hydrostatic 
tension 


Deformation 
stress 


+ 


Fig.  10-3.     Resolution  of  Tension  Stress 

The  tension  test  itself  may  be  considered  as  consisting  of  the  components 
(Fig.  10-3) 


Si 


and 


(12) 


s3=   --s 


The  phenomenon  of  yielding  is  unaffected  by  the  hydrostatic  tension.  This 
is  not  necessarily  true  for  fracture  phenomena. 

4.  Elevated  Temperatures.  It  is  assumed  that  there  is  available  a  series 
of  creep  tests  at  constant  stress  at  the  temperature  in  question.  The  primary 
form  of  these  test  results  give  the  plastic  deformation  e  as  a  function  of  the 
time  t  (Fig.  10-4).  For  a  limited  region  of  stress  these  creep  curves  usually 
approach  straight  lines ;  in  the  steady  state  represented  by  this  condition  each 
constant  stress  s  is  associated  by  a  constant  creep  rate  v  =  de/dt.  The  stress- 
strain  curve  is  now  replaced  by  a  stress  versus  strain-rate  curve  (Fig.  10-5). 
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This  usually  approaches  a  straight  line  in  the  log-log  plot,  at  least  for  limited 
regions. 

It  is  evident  that  the  experimental  material  is  now  valid  only  for  the  case  of 
constant  stress.  The  basic  conditions  of  plastic  flow  remain  the  same  as  for 
the  case  at  normal  temperature.     For  creep  under  the  three  principal  stresses, 


Time  t 

Fig.    10-4.     Typical    Creep 
Curves 


Stress  s 


Fig.    10-5.     Stress 

versus    Strain-Rate 

Curve 


,,<!, 


Fig.  10-6.     Creep  in  Thin  Cylinder 

(Ti    a-2,  and  o-3,  we  obtain  the  principal  creep  rates,  vh  v%,  and  v3,  which  by 
equation  6  are  determined  by 


?>3    = 


V 

s 

0-1 

1 

-   -    (0"2    +  0-3) 

:[- 

1 

V 

s 

0"3 

-  2  (0-1  +  «r.) 

(13) 


where  V\  =  dei/dt,  etc.,  s  is  the  intensity  of  stress  as  defined  previously,  and 
v  is  the  quantity  de/dt.  Both  s  and  v  are  measured  directly  in  the  tension- 
creep  test. 

As  an  example,  consider  the  case  of  a  thin  closed  tube  under  internal  pressure 
(Fig.  10-6).     The  stresses  at  the  center  line  of  the  tube  are  statically  deter- 
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ruinate  and  are  found  to  be,  when  t  is  small  compared  with  R, 
pR       V  V  PR      V 

which  gives  for  the  intensity  of  stress  on  the  mean  radius, 


VspR 

2      t 


(15) 


If  the  tension  creep  rate  corresponding  to  sm  is  denoted  by  vm,  we  obtain,  for 
the  creep  rates  at  the  mean  radius, 

•     Vs  V3 

vi  =  -r-  vm;     v2  =  -  -—  vm;     v3  =  0  (16) 

A  series  of  careful  tests  conducted  by  F.  H.  Norton  at  the  Massachusetts 
Institute  of  Technology  has  confirmed  these  results  within  the  experimental 
errors.3 

It  may  be  concluded  that,  as  long  as  the  assumption  of  isotropy  is  fulfilled, 
it  is  a  relatively  simple  matter  to  extend  the  results,  of  creep  tests  in  tension 
to  other  cases  of  two-  and  three-dimensional  states  of  stress.  However,  the 
premises  also  demand  that  the  stresses  remain  constant  in  time,  because  the 
entire  experimental  procedure  is  built  on  this  assumption.  Cases  in  which 
the  stresses  vary  with  the  time  present  much  greater  difficulties,  and  here  it  is 
usually  necessary  to  obtain  direct  experimental  results  for  each  case.  In 
many  cases,  such  as  disks  and  thick  tubes,  there  is  a  steady  state  of  stress 
which  will  be  reached  after  a  long  time.  This  limiting  state  of  stress  may  be 
determined  for  plane  problems  when  the  stress  creep-rate  relation  can  be 
written  in  explicit  form.  The  case  of  boiler  tubes  and  turbine  disks  have  been 
solved  in  this  manner.4- 5 

One  of  the  important  applications  of  high-temperature  materials  is  that  of 
bolting.  The  basic  problem  involved  is  the  relaxation  of  the  tension  stress  in 
a  bar  which  is  held  at  constant  length.  In  this  case  the  stress  varies  sharply 
with  the  time,  and  the  basic  premises  of  the  creep  tests  at  constant  stress  are 
no  longer  valid.  The  solution  of  this  problem  is  related  to  the  question  of 
whether  or  not  there  exists  a  mechanical  equation  of  state,  and  no  fully  satis- 
factory formulation  has  as  yet  been  made.  There  are  available,  nevertheless, 
approximate  methods6  which  give  predictions  in  reasonable  agreement  with 
experiments.     Direct  experimental  data  give  the  safest  basis  for  design. 

E.  Fracture 

5.  Stress  Concentration.  As  emphasized  already,  the  principal  weakness 
in  the  correlation  of  experimental  data  for  the  fracture  phenomenon  is  due  to 
the  necessity  of  relating  the  phenomena  to  the  macroscopic  state  of  stress,  in 
spite  of  the  fact  that  the  unknown  microscopic  stress  is  equally  important. 

The  concept  of  average  stress  is  always  related  to  volumes  including  a  large 
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number  of  grains,  but,  depending  on  the  method  of  the  stress  analysis,  it  is 
still  possible  to  specify  the  stress  with  varying  degrees  of  precision.  A  simple 
example  is  a  bar  of  rectangular  section  in  uniform  tension  (Fig.  10-7).  If  a 
small  hole  is  drilled  in  the  bar,  the  stress  remains  essentially  the  same  at 
appreciable  distances  from  the  hole,  but  in  its  immediate  neighborhood  the 
state  of  stress  is  completely  altered.  The  tangential  stress  at  the  edge  of  the 
hole  is  increased  to  something  of  the  order  of  three  times  the  average  value 
without  the  hole.  If,  in  particular,  we  are  concerned  with  the  problem  of 
failure  across  the  section  m—m,  the 
question  arises  whether  attention 
should  be  focused  on  the  maximum 
stress  or  on  the  average  stress.  The 
maximum  stress  is  usually  expressed 
in  terms  of  the  average  stress  by  the 
factor  of  stress  concentration  k.  Frac- 
ture experiments  with  ductile  materi- 
als indicate  that  for  steady  stress  the 
failure  is  practically  unaffected  by  this 
stress  concentration.  If  the  material 
is  brittle,  however,  the  fracture  will  be 
promoted  by  the  stress  concentration; 
the  same  is  true  for  ductile  materials 
as  well  if  the  stress  is  alternating. 

The  factor  of  stress  concentration  has  a  unique  meaning  only  for  plane 
problems,  and  even  here  its  uniqueness  depends  on  the  basis  adopted  for  the 
definition  of  the  average  stress.  It  is  generally  defined  so  as  to  specify  an 
ideal  maximum  stress  in  the  elastic  state  and  is  obtained  by  either  direct 
analysis  of  the  elastic  problem  or  photoelastic  measurements.  By  this 
idealization  it  is  referred  to  the  macroscopic  stress  in  a  material  with  a  very 
fine  grain  structure. 

For  coarser  grain  structures  it  is  to  be  expected  that  the  failure  is  only 
indirectly  related  to  this  maximum  of  the  macroscopic  stress.  This  effect  has 
been  given  considerable  attention  in  connection  with  the  fatigue  problem,  and, 
as  might  be  expected,  it  has  been  found  that  coarse  grain  structures  promote 
localized  yielding  and  lessen  the  actual  factor  of  stress  concentration. 

This  effect  is  expressed  through  the  sensitivity  index  q,  defined  by 
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Fig.   10-7. 


To  Illustrate  Stress  Con- 
centration 


q  = 


kf  -  1 
k  -  1 


or     kf  =  1  +  q(k  -  1) 


(17) 


k  is  the  factor  of  stress  concentration  as  defined  previously,  kf  is  the  factor 
which  determines  the  value  of  the  maximum  stress  at  which  fatigue  fractures 
will  occur.  If  the  material  without  stress  concentration  has  an  endurance 
limit  se,  it  will  have  an  endurance  limit  of  se/kf  when  the  stress-concentration 
factor  is  k. 

Peterson7  has  related  the  sensitivity  index  q  to  the  number  of  grains  within 
5  per  cent  of  the  peak  stress  for  several  materials.     His  results  indicate  that 
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q  =  I  when  the  number  of  grains  defined  in  this  manner  is  of  the  order  of 
100,000  and  decreases  to  about  0.4  when  the  number  is  1.  The  data  are  too 
scattered  to  give  any  reliable  clue  as  to  the  nature  of  the  function  involved, 
but  the  result  is  significant  as  one  of  the  first  attempts  to  correlate  the  effects 
of  macroscopic  and  microscopic  stress  states. 

The  number  of  grains  involved  is  more  practically  expressed  through  the 
gradient  of  stress  expressed  in  terms  of  the  grain  diameter.  This  permits  the 
introduction  of  a  dimensionless  quantity, 

da  X 
d=—~  (IS) 

dr  se 

when  da/dr  is  the  maximum  stress  gradient,  X  the  grain  diameter,  and  se  the 
endurance  limit.  The  correlation  of  the  sensitivity  index  q  with  8  gives  results 
of  a  similar  nature  as  the  other  method.  A  dimensionless  gradient  of  about 
0.003  gives  q  =  1;  q  =  0.5  is  reached  at  about  8  =  0.2. 

These  attempts  to  correlate  the  sensitivity  index  with  relative  grain  size  and 
stress  gradient  suggest  the  first  stumbling  steps  towards  full  understanding 
of  the  effect  of  the  microscopic  aspects  of  the  state  of  stress.  Another  approach 
has  given  much  promise  in  recent  years.  This  is  the  concept  of  probability  of 
failure  in  a  certain  region  as  a  function  of  stress  and  other  variables.  Weibull8 
was  one  of  the  first  to  formulate  this  approach  which  has  yielded  much  useful 
insight  into  associated  phenomena,  such  as  the  size  effect  in  fatigue.  A  more 
fundamental  application  of  statistical  reasoning  in  exploring  the  behavior 
of  the  basic  structure  of  materials9  promises  to  carry  this  method  of  reasoning 
very  far  along  the  road  towards  a  better  understanding  of  the  entire  concept  of 
mechanical  strength. 

6.  Brittle  Fractures  under  Steady  Stress.  The  distinction  between  duc- 
tile and  brittle  materials  has  always  been  vague,  but  it  used  to  be  sufficient  to 
segregate  the  materials  by  type.  At  normal  temperatures  mild  steel  has 
usually  been  considered  as  the  prototype  of  ductile  materials,  whereas  ordinary 
cast  iron  served  as  the  prototype  for  brittle  materials.  A  limit  of  approxi- 
mately 5  per  cent  elongation  has  been  advanced  as  the  dividing  boundary. 

Cast  iron  at  normal  temperature  also  has  a  property  which  appears  to  be 
common  to  materials  which  exhibit  brittle  fractures  under  steady  stress. 
There  is  very  considerable  difference  between  its  ultimate  strength  in 
tension  and  in  compression.  This  is  true  for  concrete  as  well.  Whether  this 
phenomenon  is  universal  for  all  brittle  failures  under  steady  stress  is  yet  to 
be  determined,  but  it  is  not  unlikely  that  this  is  the  case.  As  already  pointed 
out,  we  may  consider  the  state  of  stress  in  a  tension  test  as  consisting  of  a  state 
of  hydrostatic  tension  s/3,  s/3,  s/3  and  the  stress  system  %s,  —  s/3,  —  s/3 
(Fig.  10-3).  In  the  idealized  compression  test  we  may  likewise  consider  the 
stress  system  as  composed  of  the  hydrostatic  compression  —s/3,  —s/3,  —s/3 
and  the  stress  system  —  %s,  s/3,  s/3. 

The  yielding  phenomena  have  been  found  to  proceed  entirely  independently 
of  the  hydrostatic  tension  or  compression,  and  the  cause  of  yielding  is  uniquely 
measured  by  the  intensity  of  stress  s.     It  is  very  unlikely,  however,  that  the 
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fracture  phenomena  proceed  independently  of  the  hydrostatic  component 
of  the  stress.  It  is  reasonable  to  expect  fracture  to  be  promoted  by  hydro- 
static tension  and  delayed  by  hydrostatic  compression.  This  is  undoubtedly 
one  of  the  reasons  for  the  difference  in  ultimate  strength  in  compression  and 
tension.  Although  it  has  so  far  been  clearly  formulated  only  for  materials  of 
the  type  of  cast  iron  and  concrete,  it  is  probably  a  phenomenon  which  accom- 
panies brittle  fractures  in  all  materials  under  steady  stress.10 

With  the  use  of  high-strength  materials  at  elevated  temperatures,  the  old 
distinction  between  ductile  and  brittle  materials  is  no  longer  tenable,  and  it  is 
now  known  that,  under  prolonged  application  of  stress  and  temperature, 
brittle  fractures  will  usually  occur  even  in  materials  which  at  normal  tem- 
peratures would  unquestionably  be  defined  as  ductile.  One  of  the  most 
important  tests  of  high-temperature  materials  is  the  creep-to-rupture  test  in 
which  a  series  of  specimens  are  tested  to  fracture  under  constant  load  and 
constant  temperature.  The  relation  between  rupture  stress  and  the  loga- 
rithm of  the  time  required  for  rup- 
ture is  usually  a  straight  line. 
Specimens  tested  at  high  stress, 
which  fail  after  a  short  time,  usu- 
ally fail  with  appreciable  elonga- 
tion and  reduction  of  area.  Speci- 
mens with  lower  stress,  in  which 
fracture  occurs  after  a  longer  time, 
often  fail  without  appreciable  re- 
duction of  area,  even  though  the 
total  elongation  may  be  quite  large. 
This  has  made  it  necessary  for  the 

designer  to  consider  brittle  fractures  for  all  materials  under  steady  stress. 
Whether  the  rupture  strength  is  different  for  tension  and  compression  in 
these  cases  is  still  to  be  determined,  and  the  effect  of  stress  concentration  is 
likewise  practically  unknown.  Rationalized  design  procedures  for  high- 
temperature  machinery  urgently  call  for  systematic  investigation  of  this  nature 
in  connection  with  the  creep-to-rupture  test.  Until  this  additional  informa- 
tion is  available,  the  design  of  such  machinery  will  have  to  remain  on  an 
empirical  basis. 

Certain  ductile  materials  under  steady  stress  occasionally  give  evidence 
of  brittle  failures  owing  to  progressive  alterations  in  the  grain  structure. 
These  may  be  caused  by  the  combined  influence  of  stress  and  corrosive  action 
(intercrystalline  deterioration)  or  by  the  combined  influence  of  stress  and 
temperature  (carbon  spherodization).  This  class  of  fracture  phenomena, 
although  extremely  important,  must  be  classed  as  evidences  of  faulty  material 
for  the  application  in  question. 

If  it  is  assumed  that  the  ultimate  strengths  in  tension  and  compression, 
su(  and  suc,  are  known,  the  designer  is  still  called  on  to  find  a  rational  basis  for 
the  extension  of  these  results  to  cases  of  two-  or  three-dimensional  stress. 
This  problem  is  as  yet  very  poorly  understood,  and  the  only  rational  method 


Fig.    10-8.     Failure   of   Brittle    Materials 
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is  that  proposed  by  Mohr  many  years  ago,  which  is  a  modification  of  the 
maximum  shear  theory.  In  Mohr's  stress  plane  (Fig.  10-8)  draw  the  circles 
for  the  tension  and  the  compression  test.  Any  other  stress  state  for  which  the 
largest  Mohr  circle  has  a  common  tangent  with  the  test  circles  is  assumed  to 
cause  failure.  If  the  two  stresses  are  <Ti  and  o-2,  it  is  easily  shown  that  they 
are  connected  by  the  relation, 


(TlSuc 


(ToSut    =    SucSut 


or 


1} 

Sut 


a  i 

Sue 


1 


(19) 


Fig.    10-9.     Failure   of    Brittle    Materials 


The  values  of  d  ando-2  must  be  inserted  in  this  equation  with  the  proper  sign 

and  augmented  by  the  appropriate 
factor  of  stress  concentration. 
Figure  10-9  shows  the  relation 
between  a\  and  cr2  which  is  ob- 
tained from  the  Mohr  stress  plane, 
or  from  equation  19.* 

This  procedure  should  be  con- 
sidered as  no  more  than  a  rough  ap- 
proximation of  an  extremely  com- 
plicated problem.  This  method 
degenerates  into  the  maximum 
shear  theory  when  the  ultimate 
strengths  in  tension  and  compres- 
sion are  equal.  If  the  tension  and 
compression  properties  have  been 

demonstrated  to  be  the  same,  it  is  probably  more  accurate  to  relate  the  failure 

phenomenon   to   the   Mises-Hencky   theory   in   which   the   failure   criterion 

becomes 

su  =  Vo-i2  +  oV2  -  0-10-2  (20) 

when  su  is  now  the  ultimate  strength. 

7.  Fracture  of  Materials  under  Variable  Stress.  Fatigue.  Brittle  frac- 
tures may  be  precipitated  in  all  materials  under  all  conditions  of  service  if  the 
stresses  are  cyclic.  This  is  the  most  common  source  of  failure  in  engineering 
structures,  and  the  subject  of  fatigue  failures  may  well  be  given  first  place 
in  the  entire  problem  of  mechanical  strength.  This  important  part  of  the 
problem  of  mechanical  strength  is  also  the  most  empirical  in  nature,  and  it 
will  continue  to  remain  so  for  a  long  time.111'2 

The  most  important  of  the  ductile  materials  used  in  machine  design,  par- 

*  In  equation  19,  a\  and  <r2  refer  to  the  particular  pair  of  the  principal  stresses 
which  form  the  greatest  shearing  stress.  When  <t\  and  <r2  are  both  either  positive 
or  negative,  the  plane  of  maximum  shear  stress  shifts,  and  the  equation  applies 
to  the  numerically  largest  of  ax  or  o-2  and  the  third  principal  stress  <r3,  which  is 
assumed  to  be  zero. 
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tieularly  carbon  steels  and  the  alloy  steels  with  moderate  amounts  of  alloying 
materials,  give  the  most  consistent  picture  with  respect  to  fatigue  strength. 
When  tested  in  air  under  alternating  stress,  with  specimens  of  standard  size, 
form,  and  finish,  they  give  evidence  of  the  existence  of  an  endurance  limit  se 
below  which  failures  will  not  be  precipitated  for  a  very  large  number  of  cycles. 
In  the  absence  of  stress  concentration  this  endurance  limit  is  usually  about 
one-half  the  ultimate  tensile  strength.  Unlike  quantities  like  yield  strength 
and  ultimate  tensile  strength,  however,  this  quantity  is  in  practically  all 
materials  subject  to  wide  fluctuations  from  external  causes,  such  as  apparently 
trivial  changes  of  corrosive  conditions,  size  and  finish  of  the  specimens.  When 
the  temperature  is  raised  beyond  the  normal  range,  the  results  become  increas- 
ingly complex,  and  in  many  instances  these  effects  are  apparent  only  after  a 
number  of  cycles  greatly  in  excess  of  the  standard  duration  of  107  cycles.  As 
the  field  has  been  extended  with  respect  to  variations  of  material  and  operating 
conditions,  it  has  become  necessary  to  throw  doubt  on  the  existence  of  the 
endurance  limit  as  a  unique  property  of  the  material.  In  the  majority  of 
applications  it  is  necessary  to  portray  the  fatigue  properties  of  any  one 
material  and  a  specific  set  of  operating  conditions  by  an  empirical  relation,  the 
S-N  curve,  which  gives  the  relation  between  stress  amplitude  and  the  number 
of  cycles  for  fracture. 

The  effect  of  stress  concentration  is  known  with  a  certain  degree  of  precision 
only  for  those  materials  and  conditions  where  the  endurance  limit  is  a  unique 
property.  The  sensitivity  index  q,  already  referred  to,  is  probably  the  most 
useful  measure  of  the  effect  of  stress  concentration.  It  is  influenced  primarily 
by  the  gradient  of  stress  as  related  to  the  grain  structure,  so  that  the  effect  of 
a  certain  theoretical  concentration  of  stress  is  most  severe  in  fine-grained 
heat-treated  steels  but  relatively  slight  in  coarse-grained  annealed  steels. 
Although  heat  treatment  may  improve  the  endurance  limit  of  a  standard 
fatigue  specimen  compared  with  that  of  a  softer  material,  the  difference  may 
be  largely  lost  in  the  presence  of  stress  concentration.  There  has  been 
progress  in  recent  years  towards  a  better  understanding  of  this  particular 
problem,  but  much  remains  to  be  done  before  the  designer  can  apply  the  data 
to  conditions  which  differ  appreciably  from  the  conditions  of  the  test. 

A  considerable  amount  of  investigation  has  also  been  made  on  the  subject 
of  fatigue  failures  under  combined  stress.  Consistent  results  on  this  problem 
are  available  only  in  those  cases  where  the  endurance  limit  is  a  unique  prop- 
erty, and  here  the  Mises-Hencky  criterion  of  failure  appears  to  fit  the  test 
results  most  closely.11  Since  fatigue  failures  generally  occur  at  or  near  free 
surfaces,  the  experimental  material  applies  only  to  plane-stress  problems.  If 
the  endurance  limit  is  se,  therefore,  failure  will  occur  under  the  principal 
stresses  ax  and  <t2  when 

se  =  v  a-!2  +  0V2  —  Cicr-2  (21) 

Hence,  the  endurance  limit  for  the  shear  stress  re  is  se/v  3. 

The  apparent  validity  of  the  Mises-Hencky  theory  of  failure  suggests  that 
the  hydrostatic  component  of  the  stress  is  without  influence  on  fatigue  failures. 
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This  may  well  be  true  for  the  case  of  alternating  stress,  where  all  components 
of  the  stress  vary  around  a  mean  value  of  zero,  but  it  is  unlikely  to  remain  true 
for  cases  of  pulsating  stress. 

In  the  great  majority  of  strength  problems,  the  major  components  of  stress 
are  static  with  less  accurately  known  alternating  stresses  superimposed.  The 
principal  causes  of  failure  originate  in  combinations  of  this  type.  The  blading 
of  turbines  and  compressors  and  aircraft  propellers  represent  typical  examples 
of  this  problem,  but  the  conditions  in  various  details  of  reciprocating  engines 
are  similar,  although  here  the  alternating  stresses  are  usually  known  with 
greater  precision. 

This  type  of  failure  problem,  which  in  fact  embodies  the  vast  majority  of 
important  cases,  presents  great  logical  difficulties  because  of  the  fundamentally 
different  mechanism  of  failure  in  the  two  sources  of  stress.  The  Goodman 
diagram,  giving  the  upper  and  lower  limits  of  the  stress  cycle,  represents  the 
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Fig.    10-10.     Steady    and 
Variable  Stress 


Steady  stress  s0 

Fig.  10-11.     Failure  under  Steady  and 
Variable  Stress 


first  attempt  at  a  rationalization  of  this  problem.  The  same  data  may 
equally  well  be  plotted  as  a  relation  between  a  steady  component  of  stress 
So  and  a  variable  component  of  amplitude  sv  (Figs.  10-10  and  10-11)  which 
will  cause  failure.  In  Fig.  10-11  the  failure  under  steady  stress  will  occur 
at  the  yield  strength  sy  if  by  failure  is  meant  initial  yielding.  Fracture  will 
not  occur  until  the  stress  has  reached  the  ultimate  strength  su,  but  by  this 
time  the  material  has  been  greatly  modified  by  strain  hardening.  Under 
alternating  stress,  fracture  will  occur  at  the  stress  amplitude  se.  Owing  to 
the  effect  of  strain  hardening,  the  material  will  sustain  an  alternating  stress 
even  when  the  steady  stress  has  reached  the  yield  strength.  In  ductile 
materials,  the  effect  of  the  steady  stress  is  not  appreciably  influenced  by  stress 
concentration,  whereas  the  effects  of  the  alternating  stress  are  augmented. 
It  is  evident  that  strict  logic  is  defeated  by  the  complexity  of  this  problem,  and 
for  practical  purposes  it  seems  reasonable  to  consider  the  two  failures  as 
occurring  at  se  and  sy,  respectively,  and  to  assume  that  the  failure  relation 
is  a  straight  line  connecting  these  points.     The  equation  of  this  line  is 


Sy  SO 

-+-      =      1 

Se  Sy 


(22) 


This  case  is  parallel  to  the  case  of  failure  of  brittle  materials  under  steady 
stress. 
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It  is  worth  remembering,  however,  that  there  are  many  cases  where  the 
effect  of  the  steady  component  of  the  stress  is  much  smaller  than  suggested 
by  equation  22.     This  is  particularly  the  case  in  high-temperature  applications. 

F.  Working  Stresses 

It  is  evident  from  the  preceding  discussion  that  the  problem  of  mechanical 
strength  is  too  complex  to  permit  the  establishment  of  rigid  rules  for  the 
determination  of  working  stresses.  However,  the  designer  is  forced  to  make 
decisions  on  many  aspects  of  this  problem,  even  when  the  available  information 
is  insufficient  for  a  strictly  logical  procedure.  Such  decisions  must  be  based 
on  experience,  and  it  is  important  that  this  experience  is  interpreted  as 
logically  as  possible  in  the  light  of  the  state  of  knowledge  at  any  one  time. 
Rules  for  working  stresses  must  be  sufficiently  flexible,  therefore,  so  that  they 
may  be  adjusted  to  new  information. 

From  the  early  days  of  rational  engineering  the  term  factor  of  safety,  denoting 
the  ratio  of  the  limiting  stress  to  the  actual  stress  has  been  used  to  express  the 
margin  between  failure  and  success.  The  author  has  previously  proposed  that 
this  be  replaced  by  a  factor  of  utilization  u,  which  is  the  inverse  of  the  factor  of 
safety.  This  is  a  somewhat  more  logical  concept,  which  has  gained  ground  in 
recent  years.  Thus,  if  failure  is  precipitated  by  a  value  P{  of  a  load,  an 
actual  load  P  is  equivalent  to  a  factor  of  utilization : 

u  =  -  (23) 

*    i 

Similarly,  if  a  series  of  forces  Pi,  P-2,  •  ■  •  produce  stresses  in  a  certain  member 
which  are  proportional  to  these  forces,  each  force  will  represent  a  utilization 
of  the  strength,  ux  =  Pi/Pi,  u-i  =  P-i/Pi,  etc.     The  total  utilization  is  then 

u  =  U\  +  Ui  +   '  '  •  (24) 

A  factor  of  utilization  of  1  expresses  the  condition  of  failure. 

The  principal  purpose  of  a  set  of  rules  for  working  stresses  is  to  give  as 
logical  a  definition  of  the  factor  of  utilization  as  permitted  by  the  state  of 
knowledge.  The  advance  in  knowledge  usually  results  in  a  more  precise 
evaluation  of  the  limiting  strength  but  will  occasionally  result  in  a  revision 
of  the  interpretation  of  the  mechanism  of  failure  and  the  resulting  definition  of 
the  factor  of  utilization. 

The  following  summary  of  the  various  cases  of  importance  gives  a  definition 
of  the  factor  of  utilization  which  is  consistent  with  the  state  of  knowledge 
at  the  present  time.  A  similar  proposal13  was  made  by  the  author  several 
years  ago,  which  at  that  time  represented  the  practice  of  one  of  the  large 
manufacturing  companies.  At  that  time  the  gas  turbine  and  its  attendant 
problems  of  failure  at  high  temperatures  had  not  yet  appeared,  nor  had  the 
steam  turbine  been  developed  to  the  point  where  creep  and  fracture  at  high 
temperatures  were  of  paramount  importance.  The  maximum  shear  theory 
was  selected  as  the  basic  failure  theory,  although  it  was  known  even  then  that 
it  failed  to  account  for  certain  tests  on  yielding. 
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The  following  summary  is  somewhat  more  condensed,  and  the  Mises- 
Hencky  theory  has  been  made  the  basis  of  most  failure  phenomena.  This  has 
been  necessitated  not  only  by  the  improvement  in  the  state  of  knowledge  since 
that  time,  but  also  as  a  matter  of  logical  necessity.  The  phenomena  of  creep 
and  yielding  actually  become  more  complicated  and  less  satisfactory  from  a 
logical  point  of  view  if  an  attempt  is  made  to  describe  them  on  the  basis  of  the 
maximum  shear  theory.  From  the  purely  practical  point  of  view  the  differ- 
ence in  the  values  of  the  factor  of  utilization  is  not  of  great  importance. 

The  actual  values  of  the  factor  of  utilization  (or  factor  of  safety)  which  are 
to  be  used  in  each  case  .constitute  a  matter  which  must  remain  the  responsi- 
bility of  the  designer.  The  values  chosen  depend  on  whether  the  condition 
of  operation  is  continuous  or  of  short  duration,  such  as  in  overspeed  tests. 
They  also  depend  on  the  experience  available  from  similar  undertakings  and 
must  always  be  lower  for  cases  where  the  failure  phenomenon  is  obscure  than 
for  simpler  cases.  Very  few  applications  of  ductile  materials  under  steady 
stress  should  require  a  lower  factor  of  utilization  than  0.5  (factor  of  safety 
of  2).  If  experience  indicates  that  a  lower  value  is  necessary,  this  should  be 
regarded  as  an  incentive  for  a  more  rational  formulation  of  the  particular 
problem  in  question. 

G.  Proposed  Rules  for  Working  Stresses 
8.  Ductile  Materials  at  Normal  Temperatures,     (a)  Steady  Stress. 

Mode  of  failure:  Yielding. 

Limiting  stress:  Yield  strength  in  tension  s„. 

Stress  concentration:  No  effect  on  failure. 

When  material  is  subjected  to  the  principal  stresses  <r\,  a-i,  and  as,  determine 
the  intensity  of  stress: 

s  =  —7=  V(ffi  -  o-2)2  +  (<r->  -  o-3)2  +  (o-3  -  crO2 

V2 

For  plane  stress,  <r3  =  0 
Factor  of  utilization: 


=  V  C12  +  C'22  —  a 


icr2 


(b)  Alternating  Stress. 

Mode  of  failure:  Fracture. 

Limiting  stress:  Endurance  limit  or  fatigue  limit  for  stated  number  of  rever- 
sals, Se 
Stress  concentration:  Theoretical  factor  k,  sensitivity  index  q,  actual  factor 

h,  =  1  +  q(k  -  1). 


PROPOSED  RULES  FOR  WORKING  STRESSES  455 

The  available  information  is  by  inference  applicable  only  to  plane  stress. 
When  material  is  subjected  to  two  principal  stresses  with  amplitudes  aiv  and 
<r2l,,  respectively,  determine  the  intensity  of  stress  amplitude. 


sv  =  V  (kif(riv)2  +  (&2/0-2J2  —  kif(TlvkvV2v 
Factor  of  utilization: 


sv 

u  =  — 

Se 

(c)  Alternating  and  Steady  Stress. 

Mode  of  failure:  Fracture   for   alternating   stress   acting   alone,    yielding   for 
steady  stress  acting  alone,  fracture  for  both  acting  together. 
Limiting  stress:  se  for  alternating  stress,  sv  for  steady  stress. 
Stress  concentration:  kf    applied   to    alternating   stress,    ignored    for   steady 

stress. 

The  available  information  is  by  inference  applicable  only  to  plane  stress. 
When  material  is  subjected  to  two  principal  stresses,  each  having  steady 
components  Cio  and  o-20  and  variable  components  <Tiv  and  cr2„,  determine  the 
two  components  of  the  intensity  of  stress. 


So  =  Vo'io2  +  o"2o2  —  C10C20 


Sr    =    V(fcl/0"l,.)'2    +    (A-o/O-2,)2    —    kXfGVlkV<Tlv 

Factor  of  utilization: 


So  Sr 

u  =  —  +  — 

Sv  Se 

9.  Brittle  Materials  at  Normal  Temperatures.     (0)  Steady  Stress. 

Mode  of  failure:  Fracture. 

Limiting  stress:  Ultimate  strengths,  tension  sut,  compression  suc. 

Stress  concentration:  Theoretical  factor  k,  sensitivity  index  q,  actual  factor 

kf  =  l+q(k-  1) 

Of  the  three  principal  stresses  c\,  <r2,  and  as,  select  the  pair  which  gives  the 
greatest  shearing  stress.     Assume  that  this  is  o"i  and  o"2,  of  which  G\  is  either 
the  largest  tension  stress  or  the  smallest  compression  stress. 
Factor   of  utilization: 

k/  id  1       kfiOi 
u  =  —  

Sut  Suc 

Insert  a\  and  a 2  with  their  proper  signs  (+  for  tension,  —  for  compression). 

(6)  Alternating  Stress.     Proceed  as  in  article  86. 

(c)  Alternating  and  Steady  Stresses.     Insufficient  information  available  for 
rational  procedure.     Proceed  as  in  article  10c. 
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10.  Ductile  Materials  at  Elevated  Temperatures,     (a)  Creep  under  Steady 
Stress. 

Mode  of  failure:  Yielding. 

Limiting  stress:  Determined  by  stated  limit  on  maximum  creep  rate.  Infor- 
mation available  on  the  relation  between  stress  s  and  creep 
rate  v  in  tension  test. 

Stress  concentration:  No  effect  on  over-all  yielding. 

When  material  is  subjected  to  principal  stresses  <ti,  <x2,  and  0-3,  the  principal 
creep  rates  are 


Vz 


1 
<t\  —  -  (o-2  +  (T3) 


0"2    —   -    (0-3    +  Ci) 


CT3    —   -    (<Tl   +  0"2) 


where 


=  — 7=  V  (<ri  —  CT2)2  +  (<r2  —  C3)2  +  (o"3  —  0"i): 
V2 


Factor  of  utilization:  Not  clearly  definable.  May  be  taken  as  the  ratio  of  s 
actually  existing  to  the  value  of  s  corresponding  to  the 
maximum  permissible  creep  rate. 

(b)  Fracture  under  Steady  Stress. 

Mode  of  failure:  Fracture. 

Limiting  stress:  Creep-to-rupture  strength  s„  for  a  stated  length  of  time. 
Stress  concentration:  Effect  unknown,  but  it  is  recommended  that  a  value  of 
kf  be  used  as  in  other  brittle  failures. 

No  information  available  on  effect  of  combined  stress.  Until  experimental 
results  are  available,  it  is  probable  that  cases  of  plane  stress  a\  and  a-i  can  be 
treated  by  the  Mises-Hencky  theory.     Hence, 


s  =  V (k/vJi)2  +  (&/2o-2)2  —  kfiffikf&i 


Factor  of  utilization: 


u  =  — 

Su 


(c)  Alternating  Stress.     Proceed  as  in  article  86. 

(d)  Alternating  and  Steady  Stresses.  Insufficient  information  available  so 
far,  but  on  the  basis  that  there  exists  a  rupture  strength  su  which  is  the  same 
for  tension  and  compression  the  following  procedure  would  be  suggested. 
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Mode  of  failure:  Fracture  in  all  cases. 

Limiting  stress:  se  for  alternating  stress,  su  for  steady  stress. 

Stress  concentration:  kf  applied  to  all  stresses. 

When  material  is  subjected  to  two  principal  stresses,  a\  and  cr2,  each  having 
steady  components  do  and  cr2o  and  variable  components  <xi„  and  cro,,,  determine 
the  components  of  the  intensity  of  stress 


s0 


\/ikfi<J\o)2  +  (kf>(T-ioY  —  knaUlkri<Jio 

sv  =  V  (A71CT1,)2  +  {kf-iC-n)"-  —  kftfu-kfia-iv 
Factor  of  utilization : 

So         sv 

u  =  —  +  - 

Su  Se 

11.  Brittle  Materials  at  Elevated  Temperatures.  The  distinction  between 
ductile  and  brittle  materials  is  largely  obliterated  at  elevated  temperatures 
since  brittle  failures  are  equally  possible  in  both.  The  brittle  materials 
would  belong  to  a  class  where  creep  is  small.     Proceed  as  in  articles  106,  c,  or  d. 
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A.  Introduction 


Residual  stresses  must  be  utilized  if  we  expect  to  realize  the  potential 
strength  characteristics  inherent  in  materials.  Their  presence  in  the  proper 
manner  will  greatly  improve  the  design  criterion  of  strength-to-weight  ratio 
and  reduce  ultimate  cost.  Therefore,  residual  stress  is  fast  becoming  as 
important  a  factor  as  the  usual  mechanical  and  metallurgical  properties  in  the 
consideration  of  the  fatigue-strength  characteristics  of  design  members. 
Many  properties  such  as  tensile,  hardness,  impact,  fatigue,  microstructure,  and 
hardenability  are  obtained  by  simple  and  standardized  forms  of  tests  and 
evaluated  in  a  conventional  manner.  Our  consideration  of  residual  stresses 
is  not  subject  to  such  routine  analysis;  it  presents  complications  and  is  sur- 
rounded by  inadequate  theoretical  knowledge  along  with  the  customary 
resistance  to  applying  new  findings  to  production  practices. 

Residual  stresses  in  machine  parts  have  been  accepted  until  relatively 
recently  as  being  generally  undesirable  from  a  standpoint  of  shop  processing 
difficulties  and  premature  service  failures.  Residual  stresses  were  often 
associated  with  warping  and  distortion  after  heat  treatment  or  machining, 
cracks  produced  in  quenching  or  grinding,  stress  corrosion  and  season  crack- 
ing, cracking  due  to  excessive  reduction  in  cold  drawing,  and  early  service 
failures  of  tools,  dies,  machine  parts,  and  welded  members.  This  negative 
attitude  has  prevailed  for  many  years,  even  though  in  1SS8  built-up  guns1 
employing  residual  stresses  were  first  manufactured  in  United  States.  Timo- 
shenko2  presents  a  review  of  the  early  literature  and  theoretical  treatment  of 
manufactured  parts  such  as  guns,  turbine  rotors,3  and  other  cases  where  these 
internal  stresses  may  be  advantageously  utilized.  It  was  1929,  however, 
before  it  was  first  recognized  (by  Foppl4  in  Germany)  that  fatigue  resist- 
ance could  be  increased  through  residual  stresses  obtained  in  cold-working 
operations. 

Just  as  ordnance  requirements  initiated  the  useful  application  of  residual 
stresses,  so  have  the  new  requirements  of  the  recent  war  greatly  extended 
their  application.  Favorable  internal-stress  systems  were  so  utilized  that,  in 
many  cases,  they  actually  represented  the  only  factor  of  safety  against  failure 
as  well  as  accelerating  production  output.  These  new  and  recent  experiences 
will  give  encouragement  and  information  to  engineers  on  how  similar  benefits 
can  be  obtained  in  a  peace  industry. 

Residual  stresses  may  be  obtained  by  (1)  cold  work,  or  by  heating  to 
produce  (2)  thermal  and  (3)  transformation  stresses  or  by  a  combination  of 
(2)  and  (3).  Cold  working  results  from  shot  blasting,  and  this  practice  has 
been  extensively  reviewed  by  Almen,6  Moore,6  Frye,7  and  others;8'  9  also  cold 
rolling  increases  fatigue  resistance  as  outlined  for  many  practical  applications 
in  an  earlier  resume\  Other  methods  of  cold  working  are  discussed  later,  but 
the  references  already  cited  leave  little  question  as  to  the  merits  of  using  some 
form  of  cold  working.  As  yet,  thermal  and  transformation  stresses  have 
been  little  employed  to  improve  fatigue  resistance.  This  subject  deserves 
much  greater  attention  and  will  occupy  a  substantial  part  of  this  chapter. 
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When  the  presence  of  residual  stress  is  accompanied  by  a  change  in  fatigue 
resistance,  then  this  change  is  often  attributed  to  the  influence  of  these  internal 
stresses  alone.  This  contention  as  well  as  the  manner  in  which  the  residual 
stresses  function  is  very  controversial.  Residual  stresses  have  rarely  been 
isolated  and  are  always  accompanied  by  some  kind  of  structural  or  phase 
changes  in  the  material.  Superposition  of  internal  stresses  on  the  stresses 
arising  from  the  load  is  not  understood  in  its  application  to  fatigue  problems. 
It  should  be  understood,  however,  that  no  question  exists  as  to  the  favorable 
effect  of  the  proper  residual  stresses  on  fatigue  resistance.  This  problem  is 
presented  later. 

There  is  no  simple  method  of  determining  the  magnitude  and  distribution 
of  residual  stresses.  Many  investigations  have  been  made  using  various 
procedures.  Only  a  very  brief  review  of  the  important  methods  is  given  here, 
as  the  complete  solutions  have  been  published. 

B.  Measurement  op  Residual  Stresses 

Residual  stresses  are  usually  measured  by  either  mechanical  or  X-ray 
methods,  although  other  procedures  have  been  employed.  Mechanical 
methods  are  destructive  in  that  the  part  must  be  machined  and  the  relaxation 
or  change  in  shape  must  be  accurately  measured.  Both  elastic  and  plastic 
strains  are  determined  over  a  relatively  large  area,  and  these  stresses  are 
macroscopic  in  nature;  magnitude  and  distribution  of  stresses  over  the  entire 
cross  section  can  be  calculated  from  these  strains.  X-ray  analysis  offers  a 
nondestructive  test  but  detects  elastic  stresses  only.  Stresses  are  only 
determined  in  the  surface  layer  measured  in  terms  of  thousandths  of  an  inch, 
or  less  where  a  biaxial  stress  condition  exists.  Since  fatigue  failure  generally 
occurs  at  the  surface,  it  becomes  important  to  know  the  state  of  surface 
residual  stresses.  At  the  present  stage  of  development  the  X-ray  method  is 
limited  to  materials  which  have  a  hardness  below  35  to  40  Rockwell  C  and 
which  yield  reasonably  clear  diffraction  lines.  Although  microscopic  stresses 
have  been  examined,  this  chapter  discusses  only  macroscopic  stresses.  Our 
science  of  metallurgy  is  very  deficient  in  knowledge  of  microstresses  existing 
between  grains,  even  though  such  stresses  are  responsible  for  grain  size, 
geometry,  and  physical  characteristics. 

Barrett,11  Sachs  and  Van  Horn,12  and  Sachs  and  Espey13  published  out- 
standing reviews  of  the  literature  on  measuring  residual  stresses  by  mechanical 
methods.  The  theory  and  practice  of  measuring  internal  stresses  by  X-ray 
analysis  was  extensively  treated  by  Barrett11,  14  and  others.15  Residual 
stresses  measured  in  welds  was  summarized  by  several  investigators.16-18 
These  references  may  be  consulted  for  details,  but  several  of  the  mechanical 
methods  often  employed  are  briefly  reviewed  here. 

1.  Stresses  in  Three  Dimensions  in  Cylinders.  Various  methods  had  been 
developed  for  measuring  residual  stresses  in  either  one  or  two  planes,  but  the 
so-called  boring-out  method  published  by  Sachs19  in  1927  was  the  first  to  give 
the  internal  stresses  in  all  three  principal  directions.  This  process  is  adaptable 
only  to  members  having  rotational  symmetry  in  shape  and  stress  distribution; 


462 


RESIDUAL  STRESSES 


a  solid  or  hollow  cylinder  is  bored  out  or  turned  down  in  successive  steps,  and 
the  accompanying  changes  in  length  and  diameter  are  measured.  Even 
though  this  method  is  mathematically  desirable,*  few  investigators  have 
employed  it,  except  in  Germany,  because  of  the  precision  micrometer  measure- 
ments and  time  required  in  machining.  Wire  strain  gages20  are  now  available, 
however,  which  practically  eliminate  the  major  difficulty  of  measuring 
diameter  and  length  changes  to  an  accuracy  of  0.0001  in.  or  better. 

Presented  here  are  some  laboratory  techniques  and  refinements  acquired 
in  the  use  of  Sachs's  method  which  were  found  to  improve  its  utility,  especially 
when  steep  stress  gradients  prevail  at  the  surface.     Mathematics  of  this  and 


Fig.  11-1.     Control  Box  for  Measuring  SR-4  Strain-Gage  Changes  on  Diameter 
and  Length  of  Cylinders  Due  to  Boring  out 

other  methods  are  not  repeated  here  because  these  developments  can  be 
found  elsewhere.12'  i:i-  19 

Various  stages  of  boring-out  operations  f  are  shown  in  Fig.  11-1  for  solid  and 
tubular  cylinders  having  wire  strain  gages  of  the  SR-4  type  cemented  to  the 

*  Barrett11  states  that  the  assumptions  made  by  Sachs  in  his  derivation  are  few: 
(1)  the  assumption  of  the  equations  for  stresses  in  tubes  under  external  and  internal 
pressures  which  are  deduced  from  elastic  theory,  and  other  well-known  elastic- 
theory  equations;  (2)  the  assumption  that  the  removal  of  a  layer  produces  an  equal 
change  of  longitudinal  stress  at  all  points  on  the  cross  section  of  the  tube  wall  (a 
legitimate  assumption  when  the  tube  diameter  is  small  compared  with  its  length); 
(3)  the  assumptions  of  symmetry  of  form  and  of  stress  distribution  about  the  axis 
of  the  specimen  and  of  constancy  of  stress  along  its  length. 

f  The  per  cent  bored  out  at  each  step  is  determined  by  the  rate  of  change  of  the 
length  and  diameter  dimensions,  and  these  values  must  be  plotted  as  boring 
proceeds.  The  best  procedure  is  to  start  boring  out  with  no  more  than  5  per  cent 
stops  in  order  to  establish  the  end  point  (determined  from  the  slope  of  the  deforma- 
tion curve)  more  accurately  and  then  to  increase  to  10  per  cent.  If  steep-stress 
gradient  such  as  may  occur  at  a  surface  is  expected  or  indicated  from  the  curve, 
then  use  much  less  than  5  per  cent. 
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outer  surface,*  in  a  spacing  of  90°  in  both  longitudinal  and  transverse  planes. 
These  gages  permit  determining  length  and  diameter  changes  after  each 
boring-out  operation  by  a  greatly  simplified  method  of  electrical-resistance 
measurements.  Cylinders  may  be  bored  out  until  about  98  per  cent  of  the 
cross  section  is  machined  away  by  holding  and  clamping  it  in  a  special  manner 
in  the  lathe  (Fig.  11-2).  Previous  practice  was  to  use  Huggenberger  strain 
gages,  micrometers,  or  an  optimeter21  for  measuring  length  and  diameter 
changes. 


Fig.    11-2.     Boring   out    9 J^pin. -diameter    Cylinders   for    Determining    Residual 
Stresses  by  Sachs's  Method 

Length  of  cylinders  should  be  two  to  three  times  the  diameter  in  order  to 
minimize  end  effects,  but  in  this  respect  the  use  of  wire  strain  gages  permits  the 
use  of  a  shorter  cylinder.  One  of  the  cylinders  shown  in  Fig.  11-1  has  a  ratio 
of  a  little  over  unity;  it  was  cut  from  full-size  heat-treated  and  finish-machined 
shafts,  away  from  the  ends,  at  a  section  which  had  only  a  diameter  and  length 
portion  in  the  shaft  of  the  size  shown.  Where  the  necessity  arises  of  using 
such  short  lengths,  it  would  be  more  accurate  to  apply  the  gages  before  the 
sections  are  cut  away  from  the  full-length  piece  in  order  to  determine  the 
influence,  if  any,  of  the  protruding  portions.     Short  solid  or  hollow  cylinders, 

*  If  a  very  steep  surface-stress  gradient  is  expected  on  a  solid  cylinder,  then 
accuracy  of  residual-stress  measurement  is  improved  by  first  boring  out  with  wire 
gages  on  the  outside  diameter.  Next  apply  wire  gages  to  the  bore,  and  start 
turning  off  successive  layers  from  the  outside  diameter,  using  light  cuts.  Finally, 
superimpose  strain  readings  from  the  outside  and  inside  diameters.  If  the  cylinder 
is  initially  hollow,  then  the  first  step  of  boring  the  inside  diameter  can  be  eliminated. 
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particularly  after  various  heat-treating  operations,  would  introduce  complica- 
tions because  of  the  end  effects  of  quenching;  the  ends  may  be  curved  instead 
of  flat,  or  an  element  of  the  outer  or  inner  surface  would  be  curved  instead 
of  straight.  Obviously,  such  shape  changes  would  give  erroneous  measure- 
ments of  residual  stresses. 

Static  checks  should  be  made  of  the  resulting  longitudinal,  tangential,  and 
radial  stress-distribution  curves  obtained  by  the  boring-out  method  to  con- 
firm that  equilibrium  stress  conditions  are  expressed.  This  is  done  with 
respect  to  forces  acting  as  follows:* 

1.  The  sum  of  all  longitudinal  stresses  distributed  over  the  cross  section 
of  the  cylinder  must  equal  zero.  This  check  is  most  easily  made  by  plotting 
the  longitudinal  stress  against  the  area  bored  out;  the  area  under  tensile 
stresses  must  equal  the  area  under  compressive  stresses. 

2.  The  sum  of  circumferential  stresses  distributed  over  diametrical  section 
of  the  cylinder  must  equal  zero.  To  accomplish  this,  plot  the  circumferential 
stress  against  cylinder  radius;  again  the  area  under  tensile  stress  must  equal 
the  area  under  compressive  stress. 

3.  The  force  exerted  by  the  radial  stresses  acting  on  the  inner  surface  of  the 
tube  at  any  assumed  radius  should  be  equal  to  the  force  represented  by  the 
area  under  the  circumferential-stress  curve  between  the  assumed  radius 
and  the  outer  surface.  This  check  may  be  carried  out  from  the  plots  of  radial 
stress  against  cylinder  radius  and  circumferential  stress  against  cylinder 
radius. 

Equilibrium  checks  are  most  easily  made  at  radius  values  when  the  circum- 
ferential stress  is  equal  to  zero.  The  radial  and  circumferential  stresses  are 
equal  at  the  center  of  a  solid  cylinder. 

Sachs's  boring-out  method  extrapolates  the  diameter  and  length  changes 
from  the  last  boring-out  step  to  the  surface.  This  leads  to  difficulty  where 
the  stress  gradient  is  steep  and  especially  when  its  direction  is  reversed  in  the 
outermost  layers.  By  slittingiand  cutting  tongues  in  the  finally  bored-out 
cylinder,  as  shown  in  Fig.  11-3,  it  is  possible  to  establish  these  surface  stresses 
with  greater  accuracy.! 

Inasmuch  as  Sachs's  method  of  determining  residual  stresses  is  the  most 
accurate  mechanical  procedure  known,  this  review  gives  an  extensive  summary 
of  findings  based  on  this  procedure.  Other  mechanical  methods  are  discussed 
and  must  be  used  under  certain  conditions,  but  the  quantitative  value  of  the 
stresses  is  too  often  questionable. 

2.  Tangential  Stress  in  Cylinders.  Several  methods  for  measuring  tan- 
gential stress  have  been  developed  by  various  investigators.  In  all  cases  the 
longitudinal  stresses  as  well  as  the  radial  ones  are  neglected,  and,  therefore,  the 
results  are  only  an  approximation  where  multiaxial  stresses  exist. 

*  From  correspondence  with  S.  Timoshenko. 

f  Even  here  the  stress  must  be  assumed  as  being  linearly  distributed  through 
the  tongue  thickness.  Actual  distribution  could  be  approached  by  etching  or 
machining  one  surface  of  the  tongue  and  circumferential  section  in  successive  steps, 
according  to  reference  31. 
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Kalakoutzky,22  Klein,23  Macrae,24  and  Oding25  turned  thin  rings  from 
cylinders.  These  rings  had  a  circle  scribed  on  one  face,  and  the  diameter  of 
such  circles  was  measured  before  and  after  cutting  out;  a  ring  increasing  in 
diameter  indicates  the  presence  of  compressive  tangential  stresses  whereas  a 
decrease  in  diameter  indicates  tensile  stresses. 

Siebel26  and  Greene27  cut  transverse  slices  from  bars  and  bored  out  or  turned 
in  successive  steps,  noting  change  in  diameter  from  which  the  stress  distribu- 
tion was  calculated. 


Fig.   11-3.     Final  Slitting  and  Tongues  cut  in  Q^-in.-diameter  Cylinders  after 
Successive  Boring  out  from  Solid  Sections 

Thin-wall  tubes  were  investigated  by  slitting  longitudinally28'  29  or  cutting 
a  circumferential  tongue,30  as  shown  in  Fig.  ll-4a  and  b.  Such  methods 
apply  only  when  the  residual-stress  distribution  is  linear  through  the  section, 
and  this  is  often  not  the  actual  case.  Slitting  of  both  thin-  and  thick-wall 
slices  is  sometimes  used  to  obtain  an  indication  of  residual  stresses,  that  is, 
closing  in  means  compression,  and  opening  up  means  tensile  stresses  on  the 
surface.  It  is  then  inferred  that  no  change  after  slitting  means  absence  of 
stress,  but  this  is  not  necessarily  true.  For  example,  tension  could  exist  on 
both  surfaces  and  compression  in  the  core  so  as  to  leave  zero  bending  moment 
after  slitting.  A  method  for  thin-wall  tubes  used  by  Sachs  and  Espey31  is 
more  general  in  that  any  type  of  stress  distribution  can  be  ascertained  by  com- 
bining the  slitting  and  tongue  methods  with  etching*  or  by  machining  away  of 

*  Any  etching  procedure  requires  uniform  removal  of  stock  and  also  knowledge 
as  to  whether  or  not  acid  attack  weakens  the  underlying  grain  boundaries. 
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Fig.  11-4.     Tongue  and  Slitting  Methods  Used  by  Various  Investigators  to  Deter- 
mine Longitudinal  and  Tangential  Residual  Stresses  (Sachs  and  Espey) 
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successive  layers.  The  length  of  the  cylinder  should  be  at  least  twice  the 
diameter  because  of  its  influence  on  the  tangential  stresses  measured,  as  shown 
in  Fig.  11-5. 

3,  Longitudinal  Stress  in  Cylinders.  Howard32  in  1893  was  second  only  to 
Kalakoutzky22  in  measuring  residual  stresses.  He  reported  longitudinal 
compressive  stresses  on  the  basis  of  an  increase  in  length  after  boring  out  but 
considered  these  stresses  uniformly  distributed  over  the  cross  section.  Heyn 
and  Bauer33  were  able  to  determine  high  residual  stresses  in  drawn  brass  and 
steel  tubes  and  rods  by  turning  them  down  layer  by  layer  and  measuring  the 
changes  of  length.  This  method  is  still  employed  for  solid  cylinders  where 
the  material  is  too  hard  to  machine,  as  required  by  Sachs's  boring-out  method, 
so  that  the  outer  layers  are 
ground  off.  Longitudinal 
stresses  determined  in  this 
manner  are  calculated  too  low 
and  at  best  are  an  approxima- 
tion, because  the  influence  of 
the  tangential  and  radial 
stresses  is  neglected.  Never- 
theless, many  early  investiga- 
tions contributing  to  our 
realization  of  residual  stresses 
were  made  by  this  method  by 
Mercia  and  Woodward,34 
Porteven,35  Jasper,36  Mas- 
ing,37  Hoyt,38  and  Greene.27 

Kreitz39  and  Buchholtz  and 
Biihler40  machined  strips  of 
rectangular  cross  section  from 
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Fig.  11-6.     Effect  of  Tongue  Width  on  Residual 

Longitudinal  Stress    in    Sunk    Brass      Tubing, 

Determined   by    Slitting    Tongue    (Sachs   and 

Espey) 


the  lengthwise  direction  of  solid  cylinders.  The  curvature  of  these  strips 
was  measured,  as  were  changes  in  curvature  by  planing  off  one  side 
of  these  strips  facing  the  core.  Stresses  calculated  from  such  measurements 
were  compared  with  those  obtained  by  Sachs's  boring-out  method.  For 
90,000  psi  by  Sachs'  procedure  only  28  per  cent  as  much  was  found  by  the  strip 
method;  for  17,000  to  38,000  psi  only  36  per  cent;  for  lower  stresses  70  to 
90  per  cent. 

Thin- walled  tubes  were  investigated  by  longitudinal  tongues,29'  30  as  shown 
in  Fig.  11-46  and  c.  Application  of  these  tongue  methods  assumes  that  the 
longitudinal-stress  distribution  is  linear  through  the  section.  This  assumption 
makes  this  procedure  objectionable,  and  the  method  by  Sachs  and  Espey31 
should  be  applied  so  as  to  determine  the  actual  distribution.  Here  the  width 
of  the  tongue  influences  the  stresses  obtained  according  to  Fig.  11-6  where 
the  tongue  width  should  be  preferably  between  0.1  and  0.2  of  the  diameter. 

A  comparison  of  stresses  determined  by  Sachs's  and  Heyn's  method  was 
reported  for  a  brass  tube  1.18  in.  OD  X  0.20  in.  wall.  Maximum  longi- 
tudinal stresses  by  Sachs's  method  were  almost  40  per  cent  higher  than 
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those  obtained  by  Heyn  procedure  and  also  showed  a  somewhat   different 
distribution. 

4.  Stresses  in  Plates.  Heyn's  method33  has  been  applied  to  plates  where 
there  is  a  symmetrical  stress  distribution.  Lazlo41  and  Staeblein42  planed  or 
etched  off  layers  from  one  side  and  measured  the  deformation  so  that  stresses 
could  be  calculated  for  the  case  of  variable  stress  through  the  plate  thickness. 


Fig.  11-7.     Piston  Head  Stresscoated  and  Drilled  to  Show  Presence  of  Compressive 
Residual  Stress  (Anderson) 

Spraragen  et  a/.,16-18  Buchholtz,43  and  others44  reported  on  residual  stresses  in 
welded  plates  where  the  stresses  were  considered  uniform  through  the  plate 
thickness.  They  cut  the  plate  into  small  pieces  after  locating  a  series  of  gage 
points  and  rosettes  on  the  surface  from  which  deformations  were  measured. 
Reeve45  reviewed  methods  and  results  of  measuring  residual  stresses  in  welds. 
Also  triaxial  stresses  were  measured  by  X-ray  method.46 

Mathar47  presented  a  novel  method  in  which  a  hole  was  drilled  and  the 
deformations  measured  between  gage  points  were  located  close  to  the  edge 
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of  the  hole.  Welding  stresses  were  also  determined  by  this  method.48  Also 
Anderson49  stress-coated  a  flat  surface  on  a  forged  and  heat-treated  engine 
piston  and  drilled  a  hole  with  a  3^-in.  sharp  drill  to  about  %  in.  depth.  Figure 
11-7  illustrates  cracks  in  the  coating  concentric  to  the  drilled  holes  indicating 
that  a  state  of  compressive  residual  stresses  prevailed  at  the  surface.  If  the 
cracks  had  radiated  from  the  drilled  hole,  a  state  of  residual  tensile  stress 
would  be  indicated.  This  hole  method  is  reviewed  by  Sachs  and  Espey31 
and  Gadd.1*9 

C.  Formation  of  Thermal  Stresses 

Thermal  stresses  are  developed  when  steel  is  heated  and  then  suddenly 
cooled.  If  the  heating  temperature  is  below  the  lower  critical  A\  point,  then 
pure  thermal  stresses  are  produced  as  no  structural  changes  with  resulting 
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Stress  Distribution  in  Cross  Section 

Transient  Change  of  Stress  Distribution  in  Rapidly  Cooled  Cylinders 
(Buchholtz  and  Buhler) 


transformation  stresses  occur.  Usual  quenching  operations,  however,  involve 
cooling  from  a  higher  temperature,  above  the  upper  critical  A3,  where  both 
thermal  and  transformation  stresses  result. 

Before  residual  thermal  stresses  can  be  produced,  it  is  necessary  that 
nonuniform  plastic  deformations  occur  in  different  zones  of  the  body.  These 
are  produced  as  a  result  of  differential  temperature  with  accompanying 
volume  changes  arising  during  the  cooling  cycle.  If  the  deformations  arising 
during  the  cooling  period  are  within  the  elastic  strength  of  the  steel,  then  no 
stresses  remain  after  temperature  equilibrium  is  reached.  Both  the  method 
of  cooling  and  the  strength  properties  of  the  steel  at  elevated  temperatures 
influence  the  magnitude  and  distribution  of  the  thermal  stresses. 

A  qualitative  representation  of  thermal-stress  formation  developed  when 
solid-steel  cylinders  are  suddenly  quenched  is  illustrated  in  Fig.  11-8  by 
Buchholtz  and  Buhler. 50  Here  the  entire  cooling  cycle  is  divided  into  three 
stress-forming  phases  in  a,  b,  and  c.  In  the  first  phase  and  during  the  first  few 
seconds  after  sudden  cooling  there  arise  increasing  differences  of  temperature 
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and  volume  between  the  surface  layers  and  core.  The  surface  is  hindered 
from  contracting  by  the  higher-temperature  core  and  causes  tensile  stresses 
in  the  surface  and  compression  in  the  core  as  at  a.  At  all  times  the  longi- 
tudinal and  tangential  stresses  through  the  cross  section  must  be  in  equi- 
librium, and,  depending  on  time,  temperature,  and  material  strength,  the 
magnitude  of  these  stresses  may  be  as  high  as  the  shearing-deformation  limit. 
With  further  cooling  the  decrease  in  temperature  of  the  core  is  greater  than 
at  the  surface,  and  the  temperature  differential  between  the  surface  and  core 
becomes  less  as  well  as  the  internal  stresses.  Contraction  of  the  core  is  greater 
than  the  surface  layers  can  follow;  tensile  stresses  in  the  surface  change  to 
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Cooling  of  a  Steel  Cylinder  (Buchholtz  and  Biihler) 


compressive  stresses,  and  the  compression  stresses  in  the  core  become  tensile 
stresses.  The  second  phase  b  is  then  reached  at  relatively  low  temperature, 
point  U,  where  the  stress  pattern  begins  to  reverse  itself.  This  stress-reversal 
point  is  located  at  a  higher  temperature  for  soft  steels  than  for  harder  steels  if 
cooling  conditions  are  assumed  the  same.  In  the  third  phase  c  the  stresses 
continue  to  increase  during  the  continued  course  of  the  cooling  process  until 
the  core  reaches  its  final  temperature  so  as  to  leave  compressive  stresses 
finally  in  the  surface  and  tensile  stresses  in  the  core. 

The  phenomena  which  takes  place  after  the  stress  reversal  at  point  U  in 
Fig.  11-8  corresponds  approximately  to  the  schematic  arrangement  in  Fig. 
11-9.  Here  four  conditions  are  represented  illustrating  the  state  of  the 
longitudinal  stresses  in  the  cross  section  of  a  solid  cylinder  suddenly  cooled. 
Condition  I  exists  temporarily  immediately  after  the  stress  reversal  or  point  U. 
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With  further  contraction  of  the  core  the  stresses  continue  to  grow  as  in  II. 
Here  the  surface  stresses  are  assumed  to  have  reached  the  shearing-deforma- 
tion limit,  as  may  be  the  case  for  low-strength  steels  or  high  stressing.  If  the 
material  has  a  relatively  high  shearing-deformation  limit  so  that  high  stresses 
can  be  supported  elastically,  then  this  straight-line  stress  distribution  prevails 
until  temperature  equilibrium  is  reached.  Now,  if  the  core  still  continues  to 
contract,  then  the  surface  layers  further  deform  and  result  in  the  stress 
distribution  outlined  in  III.  Here  the  surface  layers  have  exceeded  the 
shearing-deformation  limit  but  not  in  the  core.  Possibility  of  plastic  deforma- 
tion is  greater  at  the  surface  than  in  the  core  because  the  stress  is  biaxial 
rather  than  triaxial.  With  further  contraction  of  the  core,  yielding  also  takes 
place  in  the  core  as  well  as  further  plastic  deformation  of  the  surface  layers  to 
a  greater  depth,  as  shown  in  IV. 

In  all  these  examples  the  forces  across  any  section  must  be  in  equilibrium,  as 
previously  discussed.  It  is  important  to  observe  for  conditions  III  and  IV 
that  (a)  the  neutral  zone  is  shifted  towards  the  center  line  of  the  cylinder,  and 
(b)  the  magnitude  of  the  tensile  stresses  in  the  core  exceed  those  in  the  surface. 

D.  Method  of  Combining  Transfoemation  and  Thermal  Stresses 

When  steels  are  heated  to  the  austenitic  condition  (above  the  upper  critical 
temperature,  A3  point)  and  then  suddenly  cooled,  there  are  three  influences51 
acting  to  produce  residual  stresses: 

1.  First  thermal  shrinkage  occurring  before  transformation. 

2.  Volume  expansion  as  a  result  of  transformation. 

3.  Second  thermal  shrinkage  occurring  after  transformation. 

For  solid  cylinders  condition  2  results  in  tensile  stresses  in  the  surface  and 
compression  in  the  core;  both  conditions  1  and  3  finally  produce  a  stress 
pattern  opposite  that  due  to  transformation  in  2  by  causing  compressive 
stresses  at  the  surface  and  tension  in  the  core  (Fig.  11-9).  The  exact  manner 
by  which  these  thermal  and  transformation  stresses  combine  has  never  been 
established  as  a  rigid  set  of  rules.  Some  valuable  experimental  data  are 
introduced  here  regarding  the  knowledge  available  on  this  subject. 

The  results  of  an  investigation  having  some  bearing  on  both  thermal  and 
transformation  stresses  are  shown  in  Fig.  11-10.  Quantitative  measurements 
were  made  of  the  temperature  differences  arising  in  steel  bars  (1.9  in.  diameter) 
of  various  carbon  contents  heated  to  austenitizing  temperature  and  water- 
quenched.52'  53  These  curves  indicate  the  temperature  differences  between 
the  surface  and  core  and  how  the  rate  of  temperature  decrease  becomes  less 
with  increasing  carbon  content.  These  relationships  involve  the  influence 
of  increasing  heat  of  transformation  and  decreasing  heat  conductivity  with 
increasing  carbon  content.54  Curves  of  this  type  (Fig.  11-10)  form  a  tentative 
basis  for  hardenability  and  its  relationship  with  residual  stresses ;  more  research 
should  be  directed  toward  such  fundamentals. 

At  about  300°F  in  Fig.  11-10  the  rate  of  temperature  decrease  for  the  core 
becomes  greater  than  that  for  the  surface.  This  temperature  represents  an 
internal  approaching  the  stress-reversal  point  U  in  the  internal  thermal-stress 
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system,  according  to  the  analysis  in  Fig.  11-8.  The  investigators52  assumed 
from  the  curves  (Fig.  11-10)  that  the  stress-reversal  point  is  located  at  about 
210°F,  but  it  would  appear  that  this  temperature  would  be  related  and  would 
vary  with  the  kind  of  transformation  products  or  structure  formed  through 
the  cross  section.  So  these  curves  in  Fig.  11-10  supplement  those  in  Fig.  11-8; 
they  indicate  the  mechanism  by  which  a  reversal  in  thermal-stress  system 
becomes  compression  on  the  surface  and  tension  in  the  core.  This  thermal- 
stress-change  point  is  of  much  practical  importance  because  (1)  above  this 
temperature  the  tensile  stresses  in  the  surface  promote  hardening  cracks,  and 
(2)  its  location  is  significant  with  respect  to  the  temperatures  at  which  trans- 
formation products  are  formed. 
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Fig.  11-10.     Temperature  Differential  for  Water-Quenched  Cylinders  of  Various 
Carbon  Contents  (1.97  in.  diameter)  (Btlhler  et  al.) 
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Constructional  steels  investigated  will  have  passed  through  the  temperature 
range  of  martensite  formation,55  during  which  time  tensile  transformation 
stresses  form  in  the  surface  and  compression  in  the  core,  before  the  thermal- 
stress  reversal  takes  place.  As  is  shown  later,  this  condition  leads  to  combined 
thermal  and  transformation  stresses  of  compression  in  the  surface  and  tension 
in  the  core  for  all  constructional  steels  investigated  which  included  many 
plain  carbon  and  a  few  alloy  steels.  In  high-carbon  steel  and  very  highly 
alloyed  materials,  however,  the  low-temperature  range  of  martensite  formation 
often  results  in  transformation  taking  place  after  the  thermal-stress  reversal; 
then  the  transformation  stresses  will  more  easily  overweigh  the  small  thermal 
stresses  so  that  high  tensile  stresses  arise  at  the  surface.  This  latter  case  of 
surface  tensile  residual  stresses,  according  to  Scott,56  is  explained  by  a  negative 
coefficient  of  expansion.  This  means  that  the  steel  expands  as  a  result  of 
transformation  products  completed  during  the  final  cooling  period.  These 
steels  with  surface  tensile  stresses  are  therefore  surface-sensitive  so  that 
frequently  grinding  or  corrosion  will  readily  lead  to  crack  formation. 

In  order  to  clarify  and  substantiate  the  previous  statements,  regarding  the 
superposition  of  thermal  and  transformation  stresses,  an  investigation51'  57  was 
made  of  the  residual  stresses  developed  in  11  different  water-quenched  low- 
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carbon  steels*  with  0  to  27  per  cent  nickel  content.  These  steels  were  chosen 
rather  than  quenched  constructional  steels  because  they  could  be  machined 
as  is  required  in  Sachs's  boring-out  method  used  for  determining  residual 
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11-11.     Division  of  Iron-Nickel  Diagram  into  Three  Regions  Determining 
Residual  Stresses  Produced  in  Quenching  (Biihler  and  Scheil) 


stresses;  also  the  temperature  range  of  austenite  transformation f  can  be  varied 
over  a  wide  range  by  changing  nickel  content  as  indicated  in  Fig.  11-11. 

*  Steels  investigated  were  forged  to  2.09  in.  diameter,  machined  to  1.97  in. 
diameter,  heat-treated,  and  then  finally  light-turned  and  ground  to  diameter 
before  boring-out  tests.  The  length  of  cylinders  was  13.78  in.  Carbon  content 
varied  from  0.025  to  0.06  per  cent,  silicon  0.01  to  0.18  per  cent,  manganese  0.29  to 
0.53  per  cent  except  in  nickel-free  steel  which  had  only  a  trace  of  manganese. 

t  Transformation  points  were  measured  by  slow  cooling  in  the  dilatometer. 
Rapid  cooling  would  probably  shift  these  temperatures  to  lower  values  for  steels 
up  to  about  10  %  Ni,  but  with  higher  nickel  content  little  or  no  change  would  be 
expected.  The  fact  that  length  changes  obtained  by  dilatometer  measurements 
are  not  necessarily  proportional  to  volume  changes  was  neglected.  Also  residual 
compressive  stresses  may  lower  the  temperature  range  of  transformation,  and 
tensile  stresses  may  raise  it,  but  quantitative  data  are  lacking.  E.  Scheil  (Z  Amorg 
Allg  Chem,  207,  1932,  pp  21-40)  states  that  martensite  needles  have  a  preference 
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The  results  of  these  residual-stress  measurements  through  the  cross  section 
are  summarized  by  the  contour-line  diagrams  in  Fig.  11-12.  Here  it  is 
disclosed  that  the  surface  stresses  are  compression  for  steels  in  the  approximate 
range  of  0  to  15%  Ni  and  in  the  region  above  25%  Ni  content;  between  15  to 
25  %  Ni  the  surface  stresses  are  tension.  Increasing  the  nickel  content  affects 
the  residual  stresses  by  depressing  the  transformation  temperature.  It  is 
important  whether  or  not  the  transformation  is  completed  when  room  tem- 
perature is  reached  and  whether  it  takes  place  before  or  after  the  reversal  of 
thermal   stresses.     Resultant   actions   of   the   thermal   and   transformation 
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Cylinders  (1.9  in.  4>  X  13.8  in.)  Quenched  in  Ice  Water  from  1650°F  (Blihler  and 

Scheil) 

stresses  can  annul  one  another.  This  condition  arises  for  both  thermal  and 
transformation  stresses  of  about  15  and  25%  Ni  steels  where  the  surface  is 
practically  in  a  stress-free  condition.* 

Although  the  action  of  certain  laws  is  expressed  in  Fig.  11-12,  it  becomes 
necessary  to  separate  and  clarify  the  three  individual  processes  of  residual- 
stress  formations  outlined  in  items  a,  b,  and  c.  This  was  accomplished  by 
investigating  the  influence  of  different  cooling  conditions  on  these  same  nickel 
steels  by  Blihler  and  Scheil.51 

for  forming  in  definite  crystal  directions  of  the  austenite  in  the  plane  of  greatest 
shear-stress  component. 

*  Although  the  surface  stresses  are  practically  zero,  stresses  of  considerable 
magnitude  exist  below  the  surface.  Methods  of  measuring  residual  stress  based  on 
surface  determinations,  such  as  X  ray  or  the  drilled-hole  method  of  Mathar,  would 
indicate  the  cylinder  of  these  particular  nickel  contents  as  being  practically  free 
of  stress.  Such  methods  do  not  disclose  the  residual-stress  condition  below  the 
surface. 


COMBINING  TRANSFORMATION  AND  THERMAL  STRESSES     475 


Residual-stress  measurements*  in  Fig.  11-13  were  made  on  11.7%  Ni  steel 
which  was  quenched  in  ice  water  at  four  different  temperatures.  Cylinders 
were  heated  to  1650°F,  and  then  some  were  quenched  from  1650°F;  others 
were  allowed  to  furnace-cool  to  1290°,  930°,  and  680°F  and  then  were  quenched 
from  these  temperatures.  The  last  temperature  is  just  above  the  upper  limit 
of  the  transformation  region  for  this  steel  which  is  625°  to  390°F. 

From  a  consideration  of  Fig.  11-13  it  is  apparent  how  each  of  the  three 
stress-forming  influences  disappears  one  after  the  other.  As  the  quenching 
temperature  decreases,  the  importance  of  surface  thermal  compressive  stresses 
is  reduced  so  that  tensile  transformation  stresses  predominate.     This  trend 
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Fig.  11-13.  Influence  of  Quench-Bath  Temperature  on  Residual-Stress  Distribu- 
tion for  11.7%  Ni  Steel  Cylinders  (1.9  in.  <f>  X  13.8  in.)  Quenched  in  Ice  Water 

(Buhler  and  Scheil) 

continues  until  at  680°F  quench  the  effect  of  the  first  thermal  shrinkage  in  a 
is  eliminated,  and  almost  pure  transformation  stresses  remain,!  leaving 
dangerous  tensile  stresses  in  the  surface;  in  fact,  deep  longitudinal  cracks  were 
produced  by  this  treatment.  Decreasing  the  quench  temperature  below  the 
end  of  martensite  formation  leaves  only  thermal  stresses  from  second  shrinkage 
in  c;  stresses  are  reversed  from  condition  b  with  compression  on  the  surface 
instead  of  tensile  stresses  but  are  of  small  magnitude. 

Still  further  proof  of  these  three  stress-forming  influences  was  obtained  by 
again  eliminating  each  factor  by  means  of  varying  the  temperature t  of  the 

*  Data  shown  in  Fig.  11-16  below  680°F  were  supplemented  on  the  basis  of 
theoretical  considerations. 

f  Thermal  stresses  due  to  second  thermal  shrinkage  in  c  were  not  eliminated  in 
this  treatment,  but  the  decrease  of  volume  caused  thereby  is  estimated  as  only  one 
sixth  of  the  volume  increase  owing  to  transformation. 

t  Unfortunately,  it  was  not  possible  to  keep  cooling  conditions  comparable, 
since  ice  water,  warm  oil,  and  a  salt  bath  of  potassium  nitrate  and  sodium  nitrate 
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quenching  bath  in  which  11.7%  Ni  steel  was  quenched.  Figure  11-14  quotes 
the  residual-stress  measurements  obtained  after  quenching  in  bath  tempera- 
tures of  30°,  210°,  390°,  570°,  and  750°F.  Similar  tests  were  made  on  16.9% 
Ni  steel  producing  results  in  Fig.  11-15.  Both  Figs.  11-14  and  11-15  indicate 
how  one  or  more  of  these  stress-forming  factors  may  be  eliminated  so  as  to 
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Fig.  11-14.     Influence  of  Qucnch-Bath  Temperature  on  Residual-Stress  Distribu- 
tion for  11.7%  Ni  Steel  Cylinders  (1.9  in.  0  X  13.8  in.)  Quenched  from  1650°F, 
Then  Air-Cooled  (Blihler  and  Scheil) 


leave  compressive,  tensile,  or  zero  stresses  on  the  surface  by  means  of  varying 
bath   temperature.*     Tins   conclusion   is   confirmed51   in   Table    11-1    where 

were  used.  Water  and  oil  form  a  vapour  skin,  whereas  the  salt  bath  does  not. 
Therefore,  these  stress  comparisons  include  to  some  extent  the  influence  of  other 
factors. 

*  Specimens  were  cooled  in  air  from  the  quench  bath.  Although  very  low 
transformation  stresses  are  usually  considered  to  develop  as  a  result  of  this  slow 
cooling  rate,  Figs.  11-14  and  11-15  indicate  that  these  stresses  are  of  appreciable 
value. 
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quenching  in  390°F  salt  bath  leaves  zero  surface  stress  contrasted  with  high 
surface  stresses  obtained  by  ice-water  quenching. 

Additional  observations  regarding  the  influence  of  bath  temperature  on 
residual  stresses  were  made  on  SAE  52100  steel.  Results51  obtained  in 
Fig.  11-16  indicate  that  the  cooling  speed  in  the  region  of  martensite  formation 
for  this  steel  is  also  important  in  its  influence  on  residual  stresses.*     In  fact, 
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Fig.  11-15.     Influence  of  Quench-Bath  Temperature  on  Residual-Stress  Distribu- 
tion for  16.9%  Ni  Steel  Cylinders  (1.2  in.  <t>  X  9.8  in.)  Quenched  from  1650°F, 
Then  Air-Cooled  (Biihler  and  Scheil) 

the  stress  distribution  in  Fig.  11-16  is  very  similar  to  that  for  the  11.7%  Ni 
steel  in  Fig.  11-13,  both  of  which  were  ice-water-quenched. 

The  previous  data  offer  some  explanation  for  use  of  an  interrupted  quench. 
By  this  treatment  parts  are  first  prequenched  in  a  drastic  medium  such  as  oil 
or  water  and  then  finish-cooled  in  a  slower-cooling  medium.  Two  opposing 
effects  exist  because  in  order  to  obtain  deep  hardening  it  is  necessary  to  cool 
rapidly  through  the  pearlitic  stage,  f  but  to  minimize  residual  stresses  slow 

*  After  all  these  quench  treatments  the  structure  showed  only  martensite  and 
undissolved  cementite  residues  of  spherical  shape.  Sachs's  boring-out  method 
could  not  be  employed  because  of  high  hardness;  so  Heyn  and  Bauer's  method33 
was  applied  which  may  give  stress  values  30  per  cent  low. 

f  Difficulty  with  deep  hardening  is  usually  experienced  with  unalloyed  steels 
when  cooling  velocity  is  decreased  because  of  increased  bath  temperature. 
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cooling  is  required  through  the  martensite  range.  Alloy  tool  steels  are  often 
finish-quenched  in  a  salt  bath  of  about  400CF  to  suppress  the  formation  of 
martensite  until  temperature  equalization  is  obtained. 

The  application  of  these  findings  on  low-carbon  nickel  steels  to  construc- 
tional steels  is  very  difficult  from  a  practical  standpoint  and  requires  some 
further  interpretations.  The  austenite  of  constructional  steels  has  a  higher 
strength  at  elevated  temperature  than  does  the  carbon-free  austenite  of  the 
nickel  steels  of  the  type  used  to  obtain  the  results  in  Fig.  11-12.     Therefore, 
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Fig.  11-16.  Influence  of  Quench-Bath  Temperature  on  Residual-Stress  Distribu- 
tion for  SAE  52100  Steel  (0.4  in.  <f>)  Always  Quenched  from  1510°F  (Buhler  and 

Scheil) 

the  plastic  deformations  due  to  thermal  stresses  will  be  smaller  for  the  con- 
structional steels  than  for  the  nickel  steels.  Also  the  transformation  products 
obtained  with  the  low-carbon  nickel  steel  are  generally  different  from  those 
obtained  with  constructional  steels.  This  alone  will  lead  to  residual-stress 
systems  differing  from  those  shown,  depending  largely  on  the  hardenability 
characteristics.  The  foregoing  presentation  of  the  superposition  of  the  two 
types  of  stresses  is  best  illustrated  in  its  application  to  constructional  steels 
by  reference  to  typical  examples. 

The  combination  of  transformation  and  thermal  stresses  was  determined* 
by  Buhler  et  a/.52  for  solid  cylinders  of  various  constructional  steels  and 

*  Stresses  were  determined  by  Sachs's  boring-out  method. 
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Armco  Iron.     Stress  patterns  obtained  may  all  be  characterized  by  the  three 
types  of  distribution  appearing  in  Fig.  11-17. 

Example  A  presents  a  linear  increase  in  the  length  and  diameter  on  boring 
out.  Therefore,  the  longitudinal-stress  distribution  is  also  linear  across  the 
section,  and  the  tensile  stresses  in  the  core  have  the  same  magnitude  as  at  the 


TABLE   11-1 

Residual  1 

Stresses 

in  Nickel 

Steels 

Biihler  and  Scheil 

Steel 

Chemical 

Stress 

Stress  at,  psi 

Max.  Stress, 
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Analysis, 

Com- 

%            Heat  Treatment 

ponent  * 

Center 

Surf 

ace 

Tension 

Com  p. 

Ice-water-quenched 
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-71,100 

25. 

,600 

37,000 
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0.05  C          1650°F 
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0.13  Si 

R 

-41,200 

0 

0 

41 

,200 
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0 
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0.18  Si 
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-11,400 
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11 

,400 

0.44  Mn  Quenched  1650°F  in 
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23 .  02  Ni  t      salt  bath  of  390°F, 
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0 

0 

0 

0 

then  air-cooled 

R 

0 

0 

0 

0 

*  L  =  longitudinal;  T  =  tangential;  R 

=  radial. 

f  Specimen  diameter  1.97  in. 

J  Specimen  diameter  1.18  in. 

surface.  If  the  steel  has  a  high  elastic  limit  and  tensile  strength,  then  com- 
paratively high  residual  stresses  may  be  carried  elastically.  Through- 
hardening  steels  often  fall  in  this  group.  This  distribution  is  also  found  for 
thermal  stresses  arising  in  steels  of  about  0.30%  C  content  which  are  water- 
quenched  from  the  tempering  temperature. 

Example  B  exhibits  a  pronounced  curved  shape  for  the  length  and  diameter 
changes.  This  corresponds  to  a  curved  internal-stress  distribution,  and  often 
the  stress  in  the  core  exceeds  that  at  the  surface.  This  condition  is  typical 
of  a  steel  which  has  uniform  structure  through  the  cross  section  but  has  a  low 
elastic  limit  compared  to  the  residual  stresses.     This  distribution  is  also 
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distinctive  for  the  case  of  pure  thermal  stresses  occurring  in  transformation- 
free  bodies  or  for  steel  quenched  below  Au 

Example  C  represents  a  steel  which  is  not  through-hardened  because  of 
either  too  large  a  diameter  or  lack  of  hardening  capacity.  A  saddle  formation 
of  the  stress  in  the  core  results,  and  the  surface  stress  exceeds  that  in  the  core. 
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This  is  explained  by  the  ineffective  hardening  of  the  core  so  that  its  shearing 
deformation  is  easily  exceeded  by  the  tensile  residual  stresses. 

E.  Solid  Cylinders  as  Quenched 

Data  bearing  on  theoretical  considerations  regarding  the  superposition  of 
transformation  and  thermal  residual  stresses  have  already  been  discussed. 
Here  are  presented  various  examples  of  residual-stress  distribution  found 
experimentally  in  solid  cylinders  in  the  as-quenched  condition  for  Armco  iron 
and  constructional  steels  under  the  influence  of  different  factors.58 

5.  Velocity  of  Cooling.  Thermal  stresses  increase  as  the  cooling  velocity 
increases  and  then  combine  with  transformation  stresses.  Figure  11-18  gives 
the  residual  compressive  stress  found  in  the  surface*  when  it  is  cooled  from 

*  Similar  height  diagrams  and  curves  of  a  like  nature  given  in  this  paper  were 
published  by  Biihler  to  show  the  maximum  residual  stress;  this  maximum  stress 
may  be  located  anywhere  in  the  cross  section.  In  view  of  the  importance  of 
surface  stresses,  the  reviewer  has  modified  the  original  diagrams  to  show  here  only 
the  stress  at  the  surface  which  is  compression  in  all  cases.     Therefore,  the  maximum 
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above  As  at  different  quenching  velocities  as  obtained  by  using  water,  oil,  air, 
and  furnace  methods  of  cooling.  It  may  be  noted  that  the  residual  stress  is 
about  the  same  for  Armco  iron  and  0.18%  C  steel  whether  oil-  or  water- 
quenched.  There  is  also  little  difference  in  stresses  between  the  water-  and 
oil-quenched  0.59%  C  steel  and  spring  steel,  despite  differences  in  quenching 
velocity.  Between  0.24  and  0.49%  C  content  range,  however,  the  stress  is 
definitely  influenced  by  the  velocity  of  quench. 

Individual  stress-distribution  curves  through  the  cross  section  for  each 
condition  in  Fig.  11-18  can  be  described  as  being  linear  for  all  cases  of  air  and 
furnace  cooling,  according  to  example  A  in  Fig.  11-17;  the  magnitude  of  the 
longitudinal  and  tangential  stresses  is  about  the  same  at  the  surface  as  in  the 


O   A   F    W  O    A     WO     W  O    A    F     W    W  O     WO     WO 


Fig.  11-18.     Influence  of  Cooling  Velocity  after  Heating  above  Az  on  Residual 
Surface  Stress  for  1.97-in.-diameter  Bars  (Buhler) 

center  or  core  of  the  cross  section.  The  water-  and  oil-quenched  Armco  iron 
gave  curves  like  example  B  in  Fig.  11-17.  All  four  steels  with  0.1S,  0.24,  0.30, 
and  0.40  %  C  steels  which  were  water-  and  oil-quenched  exhibited  curves  similar 
to  example  C.  All  0.49  and  0.59%  C  and  spring  steels  water-quenched  gave 
linear  stress-distribution  curves  whereas,  when  they  were  oil-quenched,  the 
curves  were  like  example  C* 

6.  Quenching  Temperature.  Hardening  stresses  are  also  influenced  by  the 
temperature  at  which  the  steel  is  quenched.  Figure  11-19  illustrates  the  sur- 
face compressive  stresses  found  by  quenching  four  different  steels  in  water 
from  various  temperatures.  The  Armco  iron  and  0.18%  C  steel  have  about 
the  same  surface  residual  stresses,  regardless  of  quenching  temperature, 
except  at  the  low  value  of  600°F.  It  is  of  practical  importance  to  observe 
that  the  surface  stresses  are  considerably  influenced  by  quenching  in  the  range 

stress  occurring  may  be  greater  than  that  shown,  especially  if  the  stress  distribution 
is  similar  to  example  B  in  Fig.  11-17. 

*  Hereafter  each  figure  will  have  the  letters  A,  B,  and  C  marked  thereon  to 
indicate  the  type  of  stress  distribution  across  the  section  with  reference  to  Fig. 
11-17. 
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Relation  between  Surface  Stress  and  Temperature  of  Quenching  in 
Water  for  1.97-in.-diameter  Bars  (Biihler) 
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Relation  between  Surface  Residual  Stresses  and  Carbon  Content  for 
1.97-in.-diameter  Bars  Quenched  above  A3  (Biihler) 


from  just  below  A3  to  below  AY  for  the  0.30  and  0.49%  C  steels.  It  is  well 
known  that  the  hardness  and  tensile  properties  are  not  changed  by  quenching 
below  A\,  even  though  considerable  residual  stress  is  present. 

7.  Carbon   Content.     Relationship  between  the  surface  residual  stresses 
and  carbon  content  is  plotted  in  Fig.  11-20  for  1.97-in. -diameter  bars  quenched 
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Fig.   11-21.     Hardness  Survey  on   1.97- 

in. -diameter  Bars  Water-Quenched  above 

A  3  (Blihler  et  al.) 


from  above  A3.     It  may  be  noted  that  water  quenching  produces  maximum 

surface  stresses  at  about  0.30%  C  cn„ 

yUU 
content.     Oil  quenching  results  in 

surface  stresses  which  are  lower  and 

little  affected  by  carbon  content  in 

comparison  with  the  water  quench. 
8.  Hardenability.     A  hardness 

survey  made  across  transverse  sec- 
tions   of    1.97-in.-diameter    bars   is 

shown    in    Fig.    11-21    for   various 

steels   water-quenched  from  above 

A  3.     The  shallow-hardening  steels 

of  0.30  to  0.40%  C  content  show  the 

greatest  difference  in  hardness  be- 
tween the  surface  and  center,  and 

it  is  these  same  steels  which  also 

produce  the  greatest  surface  stresses 

(Fig.     11-20).     Structurally     these 

steels  showed  on  the  surface  a  thick 

martensitic  shell  and  little  or  no  hardening  of  the  core  or  center  section. 

It  is  believed  that  harden- 
ability curves  correlated  with 
metallurgical  structure,  tem- 
perature-gradient curves  (Fig. 
11-10),  and  strength  properties 
at  elevated  temperatures  (Table 
11-3)  would  lead  to  a  rapid 
means  of  determining  residual 
stresses.  Extensive  research  is 
needed  in  this  direction  and 
should  include  the  influence  of 
tempering  treatments. 

9.  Specimen  Diameter.  The 
influence  of  specimen  diameter 
on  the  surface  residual  stresses 
is  given  in  Fig.  11-22  for 
0.30%  C  steel  water-quenched 
from  1560°F.  Under  through- 
hardening  conditions  obtained 
with  the  1-in. -diameter  speci- 
men the  residual  stresses  are 
relatively  low  compared  to  the 
maximum  reached  with  the 
1.97-in.  cylinders.     The  surface 
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Fig.  11-22.     Influence  of  Specimen  Diameter 

on  Residual  Surface  Stresses  of  0.3%  C  Steel, 

Water-Quenched  from  1560°F  (Biihler) 
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stresses  again  decrease  above  1.97  in.  in  diameter  and  then  finally  increase. 
This  latter  increase  is  explained  by  the  greater  thermal  stresses  produced  in 
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large-diameter  bars,  as  shown  in  Fig.  11-39.  Residual  stresses  are  definitely 
related  to  hardenability,  but  little  research  has  been  conducted  toward 
studying  this  correlation.  This  field  of  research  offers  an  opportunity  for  the 
formulation  of  general  laws  concerning  the  production  of  residual-stress 
systems  by  means  of  heat  treatment. 

F.  Solid  Cylinders  Normalized  or  Quenched  and  Tempered 

The  practical  condition  under  which  most  constructional  steels  are  used 
incorporates  some  type  of  normalize  or  quench  and  temper  treatment.  Vari- 
ous types  of  heat  treatments  are  discussed  here  from  the  standpoint  of  residual 
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Fig.  11-23.     Influence  of  l^-hr  Temper  on  Residual  Surface  Stresses  for  Steels 
Water-Quenched  from  1560°F  (Exceptions  Noted)  (Btihler) 

stresses  finally  present  in  the  surface  of  solid  cylinders  of  different  steels 
(Table  11-2).  In  some  cases  these  cylinders  were  (a)  oil-  or  water-quenched 
from  above  A3  and  then  tempered  or  (b)  quenched  from  usually  the  tempering 
temperature.  A  combination  of  both  transformation  and  thermal  stresses  is 
produced  in  the  treatment  in  a  and  principally  thermal  stresses  in  b.  This 
process  of  quenching  from  the  tempering  temperature  is  of  particular  interest 
from  the  standpoint  of  temper  brittleness  and  utilization  of  favorable  surface 
stresses  to  improve  fatigue  resistance  without  changing  the  hardness  and 
tensile  properties  often  specified  for  constructional  steels.  All  residual-stress 
studies  presented  were  obtained  by  Sachs's  boring-out  method.  In  all  cases 
the  longitudinal  and  tangential  stresses  on  the  surface  were  found  to  be  in 
compression  and  not  in  tension. 
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10.  Plain  Carbon  Steels — Transformation  plus  Thermal  Stresses.  Three 
plain  carbon  steels  (1.97-in.-diameter  solid  cylinders)  of  0.18,  0.30,  and 
0.49%  C  content  (Table  11-2)  were  water-quenched  from  1560°F  and  then 
tempered  for  1 J^  hr  at  various  temperatures.  The  surface  stresses  shown  in 
Fig.  11-23  for  all  these  conditions  were  in  compression  and  are  reduced  in 
almost  a  linear  manner  with  tempering  temperature  except  for  0.18%  C  steel. 
Four  different  diameters  were  investigated  from  1.97  through  9.84  in.  for  the 
0.30%  C  steel.  As  would  be  expected,  greater  surface  residual  stresses 
remain  behind  in  the  larger  than  in  the  smaller  sections  at  570°F  temper. 

TABLE  11-2 
Chemical  Analysis,  per  cent 

C  Si  Mn  P  S  Cu  Cr 

Armco  iron  0.025  0.01  0.005  0.016  0.04 

St  37  0.16  0.01  0.47  0.043  0.034  

St  42  0.26  0.31  0.56  0.030  0.028  0.12       0.06 

St  50  (1.9")  0.30  0.20  0.75  0.051  0.030  

St  50  (5.9  &  9.8")  0.36  0.33  0.64  0.024  0.023  0.23 

St  60  0.50  0.30  0.78  0.026  0.026  

MnSi  50  0.24  0.28  0.83  0.048  0.034  0.21 

MnSi  I  or  70  0.38  0.43  1.11  0.068  0.028  0.18 

MnSi  II  0.46  0.42  1.12  0.033  0.032  

St  52  0.18  0.01  0.75  0.037  0.035  0.87       0.42 

Length  of  tempering  time  influences  the  surface  residual  stresses  for  0.30%  C 
steel  solid  bars  1.97  in.  in  diameter,  water-quenched  from  1560°F.  Up  to 
\Yi  hr  time  at  570°F  the  stresses  drop  quickly  to  about  one-half  the  value 
in  the  as-quenched  state;  between  1J^  and  8  hr  no  change  appears.  After 
10  hr  a  small  decrease  in  residual  stress  occurs,  but  it  is  still  about  40  per  cent 
of  its  initial  magnitude.  Yield  and  tensile-strength  properties  remain  almost 
constant,  regardless  of  large  changes  in  surface  stresses. 

11.  Plain  Carbon  Steels — Thermal  Stresses.  The  magnitude  and  distribu- 
tion of  residual  stresses  presented  in  Figs.  11-24  through  11-27  were  obtained 
on  round  bars  of  six  different  steels  (Table  11-2).  These  cylinders  were  (a) 
normalized  at  1560°F  and  water-quenched  from  the  tempering  temperature, 
(b)  water-quenched  from  1560°F  and  again  quenched  from  the  tempering 
temperature,  or  (c)  heated  below  A\  and  water-quenched.  In  view  of  the 
relatively  high  tempering  temperature  after  treating  above  A  3  in  a  and  b,  it 
would  be  expected  that  the  thermal  type  of  stresses  would  predominate. 

In  these  tests,  curves  were  obtained  of  the  temperature  of  the  surface  and 
core  similar  to  those  in  Fig.  11-10.  The  temperature  difference  between 
surface  and  core,  as  well  as  the  course  of  the  curves,  was  the  same  for  steels 
37,  50,  and  MnSi  I.  Therefore,  the  conditions  governing  pure  thermal-stress 
formation  were  practically  the  same  with  the  exception  of  strength  properties. 
Steel  60  cooled  somewhat  more  slowly,  owing  to  its  lower  heat  conductivity 
and  MnSi  II  gave  a  larger  temperature  differential  between  the  surface  and 
core  than  the  other  steels. 

The    cooling   rate   from   the   tempering   temperature   influences   residual 
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stresses,  as  evidenced  from  Fig.  11-24.  A  0.30%  plain  C  steel  (St  50)  was 
water-quenched  from  1560°F  and  then  tempered  at  1200°F  but  cooled  from 
the  temper  in  four  different  mediums  of  water,  oil,  air,  and  the  furnace. 
Water  quenching  from  the  temper  produced  surface  stresses  over  five  times 
as  great  as  the  slower  velocity  of  the  air-  and  furnace-cooling  methods;  oil 
quenching  gave  stresses  about  21i  times  as  large.  Also  a  comparison  can  be 
made  of  water  quenching  from  1200  instead  of  1560°F  (above  A3)  which 
resulted  in  surface  stresses  about  40  per  cent  as  great  (Fig.  11-23). 

Water  quenching  0.30%  plain  C  steel  (St  50)  from  1110°F  after  normalizing 
from  1560°F  produces  about  40,000  psi  longitudinal  and  25,000  psi  tangential 
stresses  in  the  surface.     These  longitudinal  stresses  are  about  SO  per  cent 


Water  Oil  Air  Furnace 

Method  of  cooling  from  temper 

Fig.   11-24.     Influence  of  Method  of  Cooling  from  Tempering  Temperature  of 
1200°F  on  Residual  Surface  Stresses  in  0.30%  C  Steel  (1.97  in.  <£,  St  50)  Water- 
Quenched  from  1560°F  (Biihler) 


and  the  tangential  55  per  cent  as  great  as  those  obtained  in  Fig.  11-24  where 
the  cylinders  were  water-quenched  from  1560°F  followed  by  another  water 
quench  from  1200°F.  Tempering  at  570°F  for  1}$  hr  reduces  the  surface 
stresses  to  about  one-half  the  value  obtained  with  no  temper. 

Residual-longitudinal-stress-distribution  curves  were  obtained  for  four 
different  steels  in  Fig.  11-25  (Table  11-2).  Two  of  these  steels  were  of  the 
plain  carbon  type  having  0.16  and  0.49%  C  content  while  two  were  MnSi 
spring  steels.  All  these  steels  were  water-quenched  from  a  tempering  tem- 
perature of  1110°F.  Stress-distribution  curves  which  are  straight  lines 
indicate  that  the  shear-deformation  limit  was  not  exceeded  after  the  stress 
reversal;  the  curved  distribution  shows  that  the  shearing  limit  was  locally 
exceeded  during  the  cooling  process. 

Large-diameter  cylinders  (5.9  in.)  of  0.36  %  plain  C  steel  were  first  normalized 
and  then  water-quenched  from  1110°F.  The  manner  in  which  these  residual 
stresses  change  with  time  of  tempering  at  S40°F  is  illustrated  in  Fig.  11-26. 
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Fig.   11-25.     Distribution  of  Longitudinal  Stress  through  the  Cross  Section  of 

1.9-in.  $  Steel  Cylinders  Water-Quenched  from  1110°F  after  Prior  Heat  Treatment 
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It  is  apparent  that  there  is  only  a  small  change  in  tensile  properties  compared 
to  the  large  variations  in  residual  stresses. 

The  relationship  between  longitudinal-surface  thermal  stresses  and  the 
carbon  content  and  yield  strength  is  shown  in  Fig.  11-27  from  the  data  in 
Fig.  11-25  and  other  results  by  the  same  author.  Here  straight  lines  are 
arbitrarily  drawn  between  some  points,  *  even  though  the  conditions  governing 
stress  formation  are  not  all  comparable,  as  previously  mentioned.  The  lower 
yield  point  used  here  was  that  obtained  from  the  ordinary  tensile  test  repre- 
senting uniaxial  stress  at  room  temperature.  Actually  the  residual  stresses  at 
the  surface  are  biaxial  and  triaxial  below  the  surface;  also  the  residual  stress 
may  be  related  to  yield  strength  at  some  elevated  temperature.     For  these 
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Fig.    11-26.     Influence  of  Tempering  Time  on   Thermal   Stresses  and   Strength 
Properties  (Buchholtz  and  Biihler) 

reasons  some  question  arises  as  to  the  applicability  of  the  relationships  in 
Fig.  11-27,  but  the  following  observations  are  made: 

1.  Higher  thermal  stresses  are  developed,  as  would  be  expected,  at  1110°F 
quench  than  at  840°. 

2.  Both  steels  MnSi  I  and  MnSi  II  quenched  at  1110&F  show  that  higher 
residual  surface  stresses  are  supported  elastically  than  plastically  if  the 
shearing  strength  of  the  steel  is  sufficiently  high. 

3.  A  comparison  of  St  50  and  MnSi  I  quenched  at  840°F  shows  that  the 
residual-stress  distribution  is  linear  in  both  cases.  Table  11-3  reveals  that, 
even  though  the  tensile  properties  at  elevated  temperatures  are  much  higher 
for  MnSi  I  than  for  St  50,  the  surface  stress  is  only  about  one  half  as  much 
for  the  former  as  for  St  50.     At  1110°F  quench,  however,  the  surface  stresses 

*  Each  point  is  identified  by  letter  A  or  B  and  type  of  steel.  Letters  A  and  B 
refer  to  the  type  of  stress-distribution  curve  across  the  section,  according  to 
examples  A  and  B  in  Fig.  11-17,  and  the  kind  of  steel  is  as  indicated  in  Table  11-2. 
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Fig.    11-27.     Relationship  of   Carbon   Content  and   Yield   Strength  to   Surface 
Stresses   in    Water-Quenched   Solid   Cylinders    1.9   in.   in   Diameter    (Data   from 
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TABLE  11-3 
Strength  Properties  at  Elevated  Temperatures* 


Test 
Temp.,  °F 

68 
302 
572 
842 
932 


302 

572 
842 
932 


Yield  Strength,  psi,  for 
Offset 

0.03%                0.2%  Strength,  psi  Elong., 

St  50—0.30  %  C,  0.20  %  Si,  0.75  %  Mn 

51,500             50,600  81,500  23.7 

49,200             49,200  88,000  13.7 

25,900             32,600  86,500  21.0 

21,000             28,700  59,600  32.5 

12,800             20,000  41,200  42.0 

MnSi  1—0.38%  C,  0.43%  Si,  1.11%  Mn 

83,900             87,000  115,100  19.0 

77,900             77,900  103,800  11.4 

48,800             60,700  105,400  12.3 

36,000             55,200  85,300  18.7 

16,900             31,000  50,100  41.3 


% 


Reduction  of 
Area,  % 

64 
68 
50 
66 
75 

62 
59 
42 
67 
90 


*  On  basis  of  30-sec  loading  period. 
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are  about  the  same  for  both  steels,  even  though  plastic  flow  has  developed 
in  the  outer  layers  of  St  50  but  remains  linear  for  MnSi  I. 

12.  Alloy  Steels — Transformation  and/or  Thermal  Stresses.  Compara- 
tively few  residual-stress  data  have  been  published  on  alloy  constructional 
steels,  but  Fig.  11-28  presents  available  information  on  Ni  and  CrNi  steels. 
One  important  finding  was  that  the  surface  stresses  were  always  in  compression 
and  not  in  tension  for  the  conditions  investigated. 

These  steels  were  all  oil-quenched  from  1540°F  and  then  air-cooled  or 
water-quenched  from  the  tempering  temperature  with  subsequent  retemper 
in  some  cases.     It  is  apparent  from  Fig.  11-28  that  water  quenching  VCN  25 


H3  Brinell  center 
JH  Long,  stress 
■  Tang,  stress 


VCN  25 
%  C  0.38 

Si  0.34 
Mn  0.39 


%  Cr  1.20 
Ni  2.59 
Cu  0.16 


VCN  15  Ni 

0.31;  0.71  0.40;  0.05 

0.34;  1.65  0.52;  3.07 

0.59;  0.17  0.72;  0.16 


2  hr  temper  at  °F 
Quench  from  temper 
W=  water;  A=  air 
Retemper  at  °F 

Fig.  11-28.     Surface  Residual  Stresses  in  Some  Alloy  Steels  Oil-Quenched  from 
1540°F  and  Further  Treated  as  Shown  (Btihler) 

steel  from  the  temper  in  A  produces  41,000  psi  longitudinal  surface  stress  or 
about  three  times  as  great  as  the  air  cool  in  E.  Tests  made  on  water-quenched 
cylinders  retempered  at  900°F  for  2  hr,  B,  resulted  in  the  same  stress  as  the 
normalized  condition  E;  no  change  in  surface  stress  or  hardness  was  found  in 
B  even  after  10  hr  temper.  Condition  E  was  also  investigated  with  900°F 
retemper  for  2  and  10  hr,  but  no  change  was  noted.  Some  indication  of  the 
influence  of  diameter  on  residual  stresses  is  also  found  in  the  comparison  of 
D  and  F.  Here  the  longitudinal  surface  stress  is  16,000  psi  for  8.66  in. 
diameter  and  about  one  half  as  much  for  the  1.97  in.  size. 

G.  Tubes  as  Quenched 

The  importance  of  hollow  shafts  as  machine  elements  makes  it  desirable 
for  one  to  have  a  knowledge  of  the  factors  influencing  residual  stresses  produced 
by  various  heat  treatments.  An  extensive  investigation  was  made  by  Fuchs59 
covering  Armco  iron  and  five  different  constructional  steels  (Table  11-2)  of 
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1.97-  through  9.84-in.  diameters  and  various  bores.*     All  residual  stresses 
were  determined  by  Sachs's  boring-out  method. 

One  finding  of  fundamental  and  practical  interest  was  made  regarding  the 
difference  in  residual-stress  distributions  for  tubes  quenched  from  the  bore 
only,  from  the  outside  only,  and  from  both  inner  and  outer  surfaces  (Fig. 
11-29).  These  tubes  (1.97  in.  OD  X  0.95  in.  bore)f  were  of  plain  0.30%  C 
steel   (St  50)   water-quenched  above  Az  at   1560°F.     Quenching  from  the 
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Fig.  11-29.     Residual-Stress  Distribution  in  0.30%  C  Tubes  Water-Quenched  at 
1590°F  from  Various  Surfaces  (1.97  in.  4-  X  0.94  in.  ID,  St  50)  (Fuchs) 

outside  only  gives  stresses  similar  to  those  found  in  solid  cylinders.     Inside 
quench  produces  a  reversed-stress  distribution,  that  is,  compression  in  the 

*  The  1.97-in. -diameter  specimens  were  15.75  in.  long;  the  5. 91-in. -diameter 
specimens  17.72  or  25.6  in.  long;  the  9.06-  and  9.84-in. -diameter  specimens  25.6  in. 
long.  In  most  cases  the  maximum  bore  studied  was  such  that  the  area  was  0.25 
that  of  a  solid  section,  except  for  St  42  where  the  maximum  bore  ratio  was  0.4,  and 
St  50  where  it  was  0.5. 

f  The  ratio  of  the  cross-sectional  area  of  the  bore  to  that  of  the  outside  diameter 
was  0.25. 
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bore  and  tension  on  the  outer  surface.  When  the  tube  is  quenched  simul- 
taneously from  inner  and  outer  surfaces,  then  the  two  actions  are  super- 
imposed; compressive  stresses  occur  at  both  surfaces  which  are  suddenly 
cooled  and  tensile  stresses  in  the  slowly  cooled  intermediate  zone. 

Many  further  findings  by  Fuchs  are  presented  in  the  following  discussion. 
All  data  apply  to  quenching  from  both  surfaces. 

H.  Tubes — Thermal  Stresses 

Thermal  stresses  were  investigated  for  plain  0.30%  C  steel  (St  50)  and 
Armco  iron  of  1.9  in.  diameter  with  two  different  hole  sizes,  as  shown  in  Fig. 
11-30.  Both  were  water-quenched,  the  former  from  below  Ai  at  1110°F  and 
the  latter  from  below  Az  at  1560°F.  The  0.59-in.  bore  (0.1  area  ratio)  in 
0.30%  C  steel  gives  little  change  in  stress  distribution  over  the  solid  cylinder; 
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Influence  of  Bore  Ratio  on  Residual  Thermal  Stresses  (1.97  in.  4>) 
(Fuchs) 

the  larger  bore  of  0.94  in.  (0.25  area  ratio)  shows  the  increasing  influence  of 
cooling  from  the  bore  by  the  tendency  to  form  residual  compressive  stresses 
on  that  surface.  Stress-distribution  curves  for  the  Armco  iron  displayed  the 
same  shape  as  for  the  0.30%  C  steel,  but  their  magnitude  was  some  different 
(Fig.  11-30).  Even  here  compressive  stresses  did  not  appear  in  the  bore 
until  the  larger  bore  was  reached.  No  change  of  section  hardness  occurred. 
In  summary,  it  can  be  said  from  these  tests  and  others  that  residual  thermal 
stresses  decrease  considerably  with  increasing  bore. 

I.  Tubes — Transformation  and  Thermal  Stresses 
13.  0.26';,  Carbon  Steel.  Water  Quenching.  A  0.25%  plain  C  steel  (St  42) 
was  quenched  in  water  from  1560°F,  and  the  residual  stresses  were  determined 
in  the  as-quenched  condition.  Surface  residual  stresses  were  determined  for 
1.9-in.-diameter  cylinders  with  no  bore  and  with  0.4-,  0.8-,  and  1.8-in.  bores. 
The  0.4-in.  bore  (R  =  0.04)  gave  about  the  same  stresses  on  the  outer  surface 
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as  were  obtained  with  the  solid  cylinder;  also  the  bore  stresses  were  tension 
(about  80,000  psi  longitudinal  and  40,000  psi  tangential).  This  stress  condi- 
tion indicates  that  the  action  of  the  coolant  on  the  small  bore  surface  was  not 
very  effective.  Outer-surface  hardening  of  shallow  depth  was  found  with  the 
structure  below  this  skin  surrounded  by  a  ferrite  network.  Effect  of  bore 
diameter  on  residual  stresses  was  first  evidenced  with  an  0.8-in.  bore  (R  = 
0.17).  Here  the  outer  surfaces  stresses  were  two  thirds  of  the  values  obtained 
with  the  solid  bar;  also  the  principal  stresses  in  the  bore  changed  from  tension 
into  about  15,000  psi  compression.  Pronounced  bore  effect  was  obtained 
with  a  1.2-in.  hole  where  the  bore  stresses  were  0-7000  psi  compression  and 
the  0.1  stresses  were  20,000-25,000  psi  compression.  It  is  important  to 
associate  these  low  stresses  with  the  almost  through  hardening  present  which 
the  investigator  reported  was  accompanied  by  a  structure  of  martensite  with 
some  islands  of  troostite. 

Residual  stresses  after  570°F  temper,  of  the  quenched  cylinders,  were 
considerably  reduced  with  the  exception  of  the  1.2-in.  bore  where  little  change 
took  place. 

14.  0.30-0.36%  Carbon  Steel.*  (a)  Water  Quenching.  The  influence  of 
increased  hardenability  on  residual  stresses  is  apparent  in  Fig.  11-31  for 
1.9-in. -diameter  cylinders  (both  solid  and  hollow)  St  50  having  0.30%  C  and 
higher  manganese  content  compared  with  the  afore-mentioned  0.26%  C  steel. 
Already  the  0.6-in.  bore  (R  =  0.1)  is  effective  from  a  quenching  standpoint  in 
tending  to  produce  bore  stresses  of  about  zero  value  and  considerable  reduction 
of  outside-diameter  stresses  compared  with  solid  cylinder.  Hardening  of  both 
surfaces  occurred  with  a  soft  core.  Through  hardening  is  approached  witli  a 
0.9-in.  bore,  and  the  entire  cross  section  was  reported  as  showing  a  martensitic 
structure. 

(b)  Oil  Quenching.  Oil-quenching  (Fig.  11-31)  instead  of  water-quenching 
the  0.30%  C  steel,  as  would  be  expected,  considerably  reduces  the  residual 
stresses  for  the  as-quenched  condition.  As  the  bore  increases,  the  residual 
stresses  on  the  outside  diameter  change  little  compared  to  the  large  decrease 
at  the  inside  diameter.  Tangential  stresses  remain  practically  the  same  at 
both  surfaces,  regardless  of  bore  ratio.  Carbon  content  and  quenching 
velocity  here  are  such  that  no  increase  in  hardness  was  obtained  for  the  tubes 
over  the  solid  cylinders;  the  structure  showed  a  pronounced  ferrite  network 
for  even  the  thin-wall  tube. 

(c)  Tempering  Temperature.  The  influence  of  the  tempering  temperature 
on  residual  stresses  is  expressed  in  Fig.  11-31  for  water-  and  oil-quenched 
members  of  1.9  in.  diameter.  Generally,  the  stress  decrease  for  the  tubes  is 
similar  to  that  for  solid  cylinders  in  a  region  of  tempering  temperature  of 
600°F  and  above.  Between  300°  and  800°F  tempering  temperature,  the 
stresses  decrease  very  fast  in  an  almost  linear  manner;  between  800°  to 
1200°F,  the  stress  change  is  much  less.  Tempering  water-quenched  tubes 
at  300°F  presents  a  marked  increase  in  residual  stress  as  well  as  a  large  decrease 

*  St  50  had  0.30  %  C  content  in  1.9  in.  diameter  and  0.36  %  C  in  5.9  and  9.8  in. 
diameter,  as  evidenced  in  Table  11-2. 
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in  hardness  over  the  as-quenched  condition.  This  was  chiefly  attributed  to 
the  decrease  of  volume  as  a  result  of  diminished  martensite  at  the  inner  and 
outer  surfaces  of  the  tubes  which  were  not  through-hardened.  These  should 
be  compared  with  the  water-quenched  tubes  which  were  through-hardened 
where  the  stress  was  decreased  at  300°F  temper  (Fig.  11-31  for  R  —  0.5); 
stress  was  also  linear  between  the  outer  and  inner  surfaces. 
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Fig.  1 1-31.     Influence  of  Tempering  Temperature  on  Residual  Stresses  for  0.30%  C 

Steel  (ST  50)  (Fuchs) 

Segregation  influences  residual  stresses,  as  found  from  tests  on  tubes 
(1.9  OD  X  0.6  in.  ID)  having  2°  of  segregation  which  were  tempered  at  300°F 
for  10  hr  after  water-quenching  from  1560°F.  One  tube  with  little  segregation 
produced  weak  hardening  in  the  bore  and  showed  a  smaller  dip  in  the  deforma- 
tion curves  than  is  indicated  in  Fig.  11-29;  the  hardening  on  the  outer  surface 
was  preponderant.  Another  tube  possessing  greater  segregation  resulted  in 
relatively  greater  surface  hardening  on  the  bore  than  at  the  outer  surface; 
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Water-quenched  from  1560°  F  and  tempered  2  hr  as  shown 
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Fig.   11-33.     Influence  of  Bore  Ratio  on  Residual  Stresses   (1.97  in.   <f>)   (Fuchs) 
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compressive  stresses  in  the  bore,  therefore,  exceeded  those  at  the  outer  surface, 
which  is  the  case  represented  in  Fig.  11-29. 

When  oil-quenched,  the  solid  cylinder  after  300°F  tempering  temperature 
(Fig.  11-31)  showed  an  increase  in  stresses,  and  this  finding  was  also  confirmed 
by  Sachs.60  Stresses  for  oil  quenching  are  much  less  than  for  water  quenching 
and  generally  decrease  almost  linearly  with  increase  in  tendering  temperature. 

Water-quench  1510T-2  hr  temper  570°F 
BHN 
OD  460     450  460  450  435 

Center   —      250  250  —  265 

ID   250     440  440  255  435 

100 


435 
335 
435 


-80 


-100 


M        1 
5.91  in.  4> 

i 

[ 

•  Long,  stress 

\ 

o  Tang,  stress 
—  OD 

\ 
\ 

Bore 

\ 

K  N 

\ 
\ 

\ 

fc^ 

*s5^' 

2? 
o 
.a 

O 

.0 

m 

0.05 


0.20     0.25 


Fig.  11-35. 


0.15   0       0.05     0.10     0.15 
Area  ratio  of  bore  to  OD 
Influence  of  Bore  Ratio  on  Residual  Stresses  for  0.38%  C,  0.43%  Si, 
1.11%  Mn  Steel  (MnSi  70)  (Fuchs) 


(d)  Specimen  Size.  Surface  residual  stresses  and  hardness  values  for  1.9- 
through  9. 8-in. -diameter  solid  and  tubular  sections  are  presented  in  Fig.  11-32. 
Here  the  influence  of  size  is  given  for  cylinders  subjected  to  several  different 
heat  treatments. 

Figure  11-32  gives  the  residual  stresses  for  5.9-in.-diameter  cylinders  after 
water  quenching  and  a  2-hr  temper  at  840°F.  Results  for  a  10-hr  temper 
showed  that  the  outer  surface  stresses  would  be  decreased  by  14,000  psi  and 
the  bore  stresses  by  about  7000  psi. 

At  840°F  temper  there  is  little  difference  in  Fig.  11-32  between  the  stresses 
for  tubes  water-  and  oil-quenched,  except  for  bore  longitudinal  and  outsicle- 
diameter  tangential  stresses. 
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15.  0.44%  Carbon  Steel.  A  plain  0.44%  C  steel  of  1.9  in.  diameter  in  solid 
and  tubular  sections  was  water-quenched  at  1560°F  and  tempered  at  840°F 
for  2  hr.  For  these  conditions  the  residual-surface  stresses  are  shown  in 
Fig.  11-33.  Increased  hardenability  of  this  steel  over  the  0.30%  C  is  evi- 
denced by  the  greater  hardness  values,  but  the  remaining  residual  stresses  in 
both  steels  are  low  because  of  the  840°F  draw  temperature. 

16.  MnSi  Steels.  The  two  steels  MnSi  50  and  MnSi  70  (Table  11-2) 
produced  surface  residual  stresses,  as  shown  in  Fig.  11-34,  when  water- 
quenched  at  1560°F  and  tempered  at  570°F  in  1.9  in.  diameter.     Increased 
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Fig.  11-36.     Influence  of  Specimen  Diameter  on  Residual  Stresses  for  0.38%  C, 
0.43%  Si,  1.11%  Mn  Steel  (MnSi  70)  (Fuchs) 

hardenability  of  MnSi  70  over  MnSi  50  resulted  in  lower  stresses  and  pro- 
nounced martensite  formation,  for  the  former  steel  MnSi  50  (0.24%  C)  shows 
higher  stresses  than  the  0.30%  C  steel  (Fig.  11-31)  on  the  basis  of  solid 
cylinders  tempered  at  570°F;  as  the  bore  increased,  through  hardening  was 
approached  with  the  deeper-hardening  MnSi  50  steel  leaving  lower  stresses 
than  in  the  0.30%  C  steel.  Tempering  MnSi  70  tubes  at  840°  (Fig.  11-33) 
instead  of  570°F  does  not  change  the  residual  stresses  because  they  are  already 
very  small. 

Whereas  MnSi  70  in  1 .9-in.-diameter  tubular  sections  left  very  low  residual 
stresses  (Fig.  11-34)  because  of  through  hardening,  this  same  steel  in  5.9-  and 
9. 1-in. -diameter  tubes  exhibited  much  higher  stresses  (Fig.  11-35),  because 
of  relative  surface-hardening  effect.  The  shallow-hardening  0.36%  C  steel 
(Fig.  11-32)  water-quenched  in  the  same  tubular  sections  and  with  the  same 
drawing  temperature  produced  much  higher  stresses  than  MnSi  70  of  greater 
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hardenability  (Fig.  11-35).  Solid  cylinders  9.1  in.  in  diameter  of  MnSi  70, 
except  at  the  surface  layer,  exhibited  a  ferrite  network  which  grew  stronger 
toward  the  interior;  even  the  2-in.  hole  already  diminished  the  ferrite  residue 
with  consequent  reduction  in  residual  stress  (Fig.  11-35). 
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Fig.  11-37.     Residual  Stresses  in  Piston  Rod  Bored  after  Quenching  and  Tem- 
pering (Sachs) 
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Surface  stresses  plotted  versus  specimen  diameter  for  MnSi  70  steel  tem- 
pered at  570°F  in  Fig.  11-36  may  be  compared  with  the  0.30-0.36%  C  steel 
in  Fig.  11-32.  For  tubular  sections  the  deeper-hardening  MnSi  70  steel  leaves 
lower  stresses  than  the  shallow- 
hardening  plain  carbon  steel. 
In  the  latter  steel  the  stresses 
for  the  large-size  tubular  mem- 
bers approach  that  for  the  solid 
section,  but  in  MnSi  70  the 
stresses  for  the  tubular  shape  are 
much  less  than  for  the  solid. 

17.  Precipitation -Hardening 
Steel.  A  precipitation-harden- 
ing steel  (St  52,  Table  11-2) 
with  chrome-copper  alloy  and 
0.18  %  C  content  was  investigated 
for  residual  stresses  shown  in  Fig. 
11-33.  When  water-quenched 
and  tempered,  this  steel  gives 
low  surface  stresses  about  the 
same  as  the  lower-hardenability 
0.30%  C  steel  (Fig.  11-31).  Air  cooling  from  1600°F  and  tempering  at  930°F 
also  left  very  low  stresses  with  the  tangential  and  radial  practically  zero. 
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18.  0.70%  Carbon  Steel.  Sachs61  investigated  heat-treated  Diesel-engine 
piston  rods  10  in.  in  diameter  with  3%-m.  bore  and  found  residual  stresses 
up  to  54,000  psi  or  55  per  cent  of  the  tensile  strength.  These  rods  were  forged 
from  a  0.70%  C  steel  (0.3%  Si,  0.6%  Mn)  quenched  as  a  solid  bar  in  oil  from 
15G0°F  and  tempered  at  1240°F  (20%22  Brinell)  followed  by  probably 
quenching  again  from  the  drawing  temperature.  These  bars  were  then  bored 
out  to  form  the  tubular-rod  design;  residual  stresses  determined  are  reported 

in  Fig.  11-37. 

19.  SAE  4130  Steel.  Sachs31 
reported  residual  stresses  in  air- 
craft tubing  of  thin  wall  section. 
Two  different  tube  sizes  of  nor- 
malized SAE  4130  steel  were 
investigated  as  shown  in  Fig. 
11-38.  Results  for  oil-quenched 
tubing  are  given  in  Fig.    11-39. 

J.  Residual  Stress  versus 
Grain  Size 

An  observation  often  made  in 
heat-treating  operations  is  that 
the  coarse-grained  steels  have  a 
greater  tendency  to  warp  and 
crack  than  fine-grained  steels. 
These  practical  findings  are  usually  explained  by  a  difference  in  hardenability, 
but  Kontorovich  and  Livshits62  related  this  problem  to  one  of  residual 
stresses.  They  air-hardened  some  Cr-Ni  and  Cr-Ni-W  steels  of  various 
austenitic  grain  sizes  (Table  11-4)  and  measured  residual  stresses. 

Cr-Ni  steel  was  processed  from  two  different  heats  of  substantially  the  same 
analysis  where  grain  size  was  controlled  by  ladle  additions;  bars  2.17  in.  in 
diameter  and  presumably  hollow  were  annealed  and  then  heat-treated  in  billet 
lengths  by  air  cooling  from  1650°F  followed  by  a  3-hr  draw  in  oil  at  355°F. 
Tubular  specimens  were  machined  from  these  heat-treated  members  to 
dimensions  of  1.97  in.  OD  X  1.18  in.  ID  X  0.39  in.  length.  Investigation  of 
Cr-Ni-W  steel  was  made  from  actual  production  parts  processed  from  three 
different  heats  to  the  same  chemistry  specification  but  different  grain  size; 
these  production  parts  were  presumably  solid  and  heat-treated  according  to 
Table  11-5.  Tubular  specimens  were  machined  from  the  cylindrical  portion 
of  these  parts  to  3.54  in.  OD  X  2.36  in.  ID  X  0.39  in.  length;  the  boring-out 
method  was  followed  to  measure  tangential  residual  stresses.* 

A  comparison  of  residual  stresses  found  in  coarse-  and  fine-grained  Cr-Ni 
steels  is  quoted  in  Fig.  11-40  and  in  the  Cr-Ni-W  steels  in  Fig.  11-41.  It  is 
apparent  that  the  residual  stresses  are  considerably  greater  for  the  coarse- 

*  The  manner  in  which  these  specimens  were  prepared  and  their  short  length 
may  leave  some  question  regarding  the  validity  of  the  stress  values  obtained.  The 
results,  however,  do  show  comparative  effect  of  grain  size. 
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Fig.  11-39.     Tangential  Stress  in  SAE  4130 
Oil-Quenched  from  1550°F  (Sachs) 


RESIDUAL  STRESS  VERSUS  GRAIN  SIZE 


501 


than  for  the  fine-grained  steels.  Stress  distribution  for  the  Cr-Ni  steels  is 
of  the  kind  typical  of  thick-walled  cylinders  cooled  from  both  inner  and  outer 
surfaces;  the  progress  of  the  stress  in  the  Cr-Ni- W  differs  from  that  in  the 
Cr-Ni  because  the  tubular  specimens  have  been  machined  from  a  solid  heat- 
treated  production  part.  It  should  be  noted  that  part  1  (Fig.  11-41)  shows  a 
reverse-stress  distribution  and  one  of  greater 
intensity  than  part  4  of  the  same  grain  size ;  the 
only  difference  is  that  two  additional  air-cooling 
treatments  were  given  part  4  (Table  11-5).  The 
inference  is  that  this  multiple  treatment  is  detri- 
mental because  of  the  greater  danger  of  surface 
cracking  and  distortion  due  to  the  presence  of  this 
severe  stress  system.  With  the  exception  of  part 
4  the  stress  curves  (Figs.  11-40  and  11-41)  indi- 
cate the  predominating  influence  of  thermal  over 
transformation  stresses,  whereas  for  part  4  this  is 
reversed. 

The  three  parts  made  from  Cr-Ni-W  steels 
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exhibited  about  the  same  tensile  properties  (Table  11-5),  although  a  lower 
impact  resistance  was  obtained  for  the  fine-  than  for  the  coarse-grained  steel; 
at  the  same  time  the  internal  stress  was  much  different.  An  endurance  limit 
was  obtained  of  66,900-69,700  psi  for  the  coarse-  and  71,100-75,400  psi  for 
the  fine-grained  steels.  These  values  were  presumably  based  on  small  fatigue 
specimens  machined  out  of  production  parts;  if  this  was  the  case,  then  the 
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difference  in  fatigue-strength  values  reflects  the  influence  of  grain  size  since 
the  residual  stresses  would  be  small,  if  any. 

TABLE   11-4 

Chemical  Analysis  and  Grain  Size 
Chemical  Analysis,  % 

Heat  or                      ^-       »-*^^^_^*~—~~^-  McQuaid-Ehn  Hardness, 

Part  No.          C            Si         A  In        Cr         Ni  W  Grain  Size  RC 

4864          0.17       0.23     0.57     1.53     4.78  ....  7  44-45 

5338          0.17       0.34     0.35     1.43     4.29  ....  4-5  42-43 

9          0.16       0.23     0.43     1.27     4.27  0.86  8  38 

1           0.16       0.36     0.45     1.49     4.30  1.09  2-3  37 

4           0.15       0.20     0.41      1.51     4.28  0.96  2-3  38 

TABLE  11-5 
Heat  Treatment  and  Mechanical  Properties  of  Cr-Ni-W  Steel 
Part  Elong.,    RA,  Impact,    Hardness, 

No.  Heat  Treatment  Lit.,  psi  %  %    ft-lb/in.2        RC 

9     (a)  Air-Cooled  1740°F  175,000       14.2       52         638  38 

(6)   Air-Cooled  1560°F 
(c)    Oil  Temp.  340°F 
1     Same  as  a,  b,  &c  176,400       15.4       56         820  37 

4     Same  as  a  &  b,  then  temp.  356°F 

Cool  from  1560°F,  temp.  356°F  160,000       15.2       58         909  34 

Cool  from  1560°F,  temp.  356°F  182,000       14.0       64         918  38 

Variation  in  residual-stress  intensity  according  to  grain  size  was  attributed 
to  the  fine-grained  steel  being  more  isotropic  and  permitting  the  internal 
stress  to  become  better  equalized  through  the  section.  The  greater  amount 
of  grain-boundary  matrix  in  fine-  over  coarse-grained  steels  makes  it  more 
favorable  for  plastic  deformation,  and  this  leads  to  a  decrease  in  the  residual 
stress. 

K.  Interrupted  Quench 

Residual  stress,  distortion,  and  danger  of  cracking  are  reduced  by  using 
some  type  of  interrupted  quench,  as  represented  by  the  three  right-hand 
charts63  in  Fig.  11-42.  This  involves  quenching  from  the  austenitic  tem- 
perature into  some  kind  of  hot  bath  maintained  above  the  Ms  temperature 
so  that  cooling  is  interrupted.  After  equalizing  at  the  temperature  of  the 
quenching  medium  the  parts  are  cooled  slowly  so  that  the  austenite-martensite 
transformation  occurs  at  a  uniform  rate  throughout  the  section.  In  this 
manner  the  usual  tensile  transformation  stresses  are  practically  eliminated  or 
much  reduced  in  intensity. 

Customary  quench  and  temper  procedure  (left-hand  diagram  in  Fig.  11-42) 
is  more  conducive  to  cracking  or  distortion  from  high  internal  stresses  than 
when  the  interrupted  quench  is  applied,  particularly  with  higher-carbon 
steels.  Cracking  may  occur  during  martensite  formation  owing  to  volume 
increases  and  accompanying  tensile  stresses  because  of  nonuniform  trans- 
formation through  the  cross  section.  Rawdon  and  Epstein64  first  proved  the 
existence  of  such  cracks  which  was  later  confirmed  by  Lucas65  and  Davenport, 
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Roff,  and  Bain.66  Davenport67  found  tensile,  impact,  and  fatigue  properties 
considerably  lower  for  0.93%  C  steel  specimens  quenched  and  tempered 
to  the  same  hardness  of  RC  50-51  as  those  austempered.  Reduced  mechanical 
properties  may  partly  be  explained  by  the  minute  cracks  and /or  unfavorable 
residual  stresses. 
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Fig.  11-42.     Effects  of  Four  Important  Quenching  Methods  (Scasholtz) 


L.  Centrifugal  Cast-Steel  Tubes 

Residual  stresses  are  produced  in  centrifugal  cast-steel  tubes68  as  shown  in 
Fig.  11-43  for  two  different  heat  treatments.  High  compressive  stresses 
develop  in  the  bore  and  tension  in  the  outer  surface.  This  prestressing  is  of 
practical  importance  because  it  can  be  employed  to  increase  the  resistance  of 
the  tube  to  service  loading  from  internal  pressure,  as  for  example,  in  a  gun. 
Under  bending  or  torsional  type  of  loading,  however,  the  residual  tension 
stresses  on  the  surface  would  not  be  expected  to  be  favorable  to  optimum 
fatigue  resistance. 

These  residual  stresses  are  due  principally  to  segregation  occurring  in  the 
tube  wall  as  produced  by  centrifugal  forces  in  the  casting  process.  Tubes 
investigated  in  Fig.  11-43  were  of  0.3%  C,  1.07  Cr,  and  0.3%  Mo  and  had 
2.76  in.  inner  by  7.09  in.  outer  diameters.     Segregation  was  found  through 
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the  wall  section  of  carbon,  chromium,  and  molybdenum,  but  that  for  the 
carbon  was  most  pronounced.  Carbon  varied  in  the  outer  surface  from  about 
0.24  per  cent  to  a  gradually  increasing  amount  through  the  wall  section  and 
reached  a  final  value  of  0.56  per  cent  at  the  bore. 

In  the  cooling  of  such  an  as-cast  or  heat-treated  tube,  transformation  occurs 
at  different  temperature  levels  throughout  the  wall  as  a  result  of  this  segrega- 
tion.    Pearlitic  transformation  occurs  first  in  the  outer  layers  while  martensite 

i?  =  air-cooled  from  1515°  F 

T=  w.-q.  1610°F;  air-cooled  1020°  F 


2  3 

Wall  thickness 
Fig.  11-43.     Internal  Stress  in  the  Wall  of  a  Centrifugal  Cast-Steel  Tube  (Caillaud) 

products  are  last  formed  at  the  inner  layers.  Accompanying  volume  changes 
arising  at  different  time  intervals  form  the  origin  for  the  final  state  of  residual 
stresses.     Importance  of  mold  speed  on  cracking  has  also  been  studied.69 

M.  Flaking 

Hairline  or  shatter  cracks,  termed  flaking,  can  occur  during  the  cooling  of 
large  sections  like  blooms,  billets,  and  forgings  of  alloy  steels.  It  is  generally 
conceded  that  these  flakes  are  a  result  of  the  combined  action  of  both  hydrogen 
embrittlement  and  superimposed  internal  stress.  Tensile  stresses  arising  from 
volume  increases  during  transformation,  particularly  in  segregated  areas,  are 
more  detrimental  than  stresses  of  thermal  origin.  An  example  of  a  fatigue 
fracture  initiating  from  flaking  is  given  in  Fig.  11-44  for  a  12-in. -diameter 
forging  hammer  rod. 

It  is  frequently  stated  that  hydrogen  alone  has  never  been  found  definitely 
to  cause  cracks,  but  it  is  reflected  in  low  ductility;  also  stresses  alone  appear 
unable  to  produce  flaking  in  the  absence  of  hydrogen.  These  two  statements 
represent  the  views  of  many  authorities,  but  there  still  exists  some  difference 
of  opinion  on  the  relative  importance  of  these  two  factors.  Although  the 
subject  of  hydrogen  embrittlement  is  beyond  the  scope  of  this  chapter,  various 
investigators  have  reported  practical  means  for  minimizing  its  effect.     Detri- 
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mental  tensile  stresses  caused  in  cooling  can  be  eliminated  by  the  proper  kind 
of  controlled  cooling  or  annealing  cycles. 

Studies  of  flake  formation  and  prevention  have  been  made  by  many  investi- 
gators. The  subject  was  reviewed  in  the  literature  of  several  countries  by 
Johnson,  Poole,  and  Rosa;70  the  hairline-crack  subcommittee  of  the  Iron  & 
Steel  Institute,71  Zappfe;72  Cramer  and  Bast;73  and  Houdremont  and  Schra- 


Fig.    11-44.     35,000-lb    Hammer  Eod  Fatigue  Failure  Initiating  from  Internal 

Flakes 

der.74  Shatter  cracks  leading  to  fissures  in  railroad  rails  have  been  extensively 
reported  by  H.  F.  Moore.75  Many  additional  literature  sources  may  be  found 
in  the  bibliographies  of  these  references. 

Although  hairline  cracks  and  so-called  snowflakes  are  more  obvious  in 
steels,  they  also  occur  in  weld  deposits.  Snowflakes  in  weld  deposits  do  not 
necessarily  develop  from  hairline  cracks  but  may  form  during  a  tension  test 
to  give  little  change  in  tensile  strength  but  large  decreases  in  ductility. 
Lefevre76  reviews  means  of  overcoming  these  defects  and  concludes  that  they 
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are  caused  by  tensile  stresses  arising  under  conditions  similar  to  those  discussed 
for  steel. 

N.  Residual  Stresses  Due  to  Cold  Drawing 

The  occurrence  of  many  cases  of  particularly  longitudinal  cracking  after 
cold-drawing  operations  is  responsible  for  the  great  amount  of  research  spent 
in  determining  the  residual-stress  system  produced  in  bars  and  tubes  under- 
going such  mill  operations.  An  example  of  tubes  cracked  after  the  second 
cold-draw  pass  is  shown  in  Fig.  11-45  for  a  carbon-free  allow  steel  of  consider- 
able strain-hardening  capacity. 


Fig.    11-45.     Residual   Stresses   Causing  Longitudinal   Cracks   Originating  from 

Inner-Tube  Wall 


Cracking  is  a  process  involving  the  relief  of  stresses,  and,  therefore,  it  would 
be  logical  to  investigate  the  tangential  stresses.  Factors  of  a  metallurgical 
and  mechanical  nature  may  also  govern  the  intensity  of  these  stresses  and  the 
resistance  of  the  material  to  cracking.  Very  often  such  cracking  occurs  only 
on  a  few  pieces  of  a  lot  being  processed;  in  such  cases  it  may  be  that  the  high 
residual  stresses  in  combination  with  isolated  factors  of  a  metallurgical  and 
mechanical  nature  cause  cracking.  Although  residual  stresses  in  drawn  brass 
products77'  78  were  the  first  to  be  studied  because  of  their  importance  in  the 
use  of  shells,  the  later  investigations  have  been  made  on  steel  bars  and  tubes. 
It  is  this  work  which  is  briefly  reviewed. 

Fahrenhorst  and  Sachs79  subjected  40  hot-rolled  bars  of  0.06%  C  steel*  to 
10  to  24  per  cent  reduction  in  one  pass  of  cold  drawing  to  obtain  a  final 
diameter  of  1.57  in.     These  bars  were  selected  from  ingots  which  were  bottom- 

*  Basic  Bessemer  steel:  0.06%  C,  0.41%  Mn;  0.045  and  0.06%  P.  Before 
drawing,  residual  stresses  were  less  than  3000  psi.  Two  years  elapsed  after  draw- 
ing before  this  residual-stress  study  was  made. 


RESIDUAL  STRESSES  DUE  TO  COLD  DRAWING 


507 


and  top-poured,  killed,  and  rimmed  and  were  from  the  top  and  bottom  of  the 
ingot.  Five  bars  or  12  per  cent  cracked  during  drawing  at  17  to  24  per  cent 
reduction.  Ingot-pouring  practice,  location  in  the  ingot,  microstructure, 
notched-bar  impact  strength,  or  hardness  showed  no  relationship  to  the 
cracking.  On  bars  cold  drawn  to  7.5  to  9.1  per  cent  reduction,  the  residual 
stresses  measured  by  the  boring-out  method  were  about  40,000  psi  tension  in 
longitudinal  and  tangential  directions  on  the  outside  diameter,  whereas  the 
inside-diameter  stress  was  compression  of  65,000-85,000  and  37,000-55,000, 
respectively.     Straightening    on    a    Medart-type    machine    had    a    marked 
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Fig.  11-46.  Influence  of  the  per  cent  Reduction  by  Cold  Drawing  of  Steels  37 
and  60  on  Surface  Stresses,  Physical  Properties,  and  Power  (Biihler  and  Buchholtz) 

influence  in  that  outside-diameter  tensile  stresses  produced  in  drawing  were 
reversed  to  compressive  stresses  of  30,000-40,000  psi  and  accompanied  by  a 
redistribution  through  the  cross  section;  the  inside-diameter  stress  became 
compression  values  of  zero  to  60,000  psi  with  tension  in  the  core.  Similar 
reversal  was  previously  found  for  brass.80 

Biihler  and  Buchholtz81  determined  the  residual  stresses  for  three  different 
steels  (Table  11-6)  with  cold-draw  reductions  of  0.8  to  9  per  cent.  Hot-rolled 
bars  of  0.10  and  0.50%  C  steels  were  first  normalized  and  then  lathe-turned  to 
proper  diameter  to  give  desired  reduction.*  Residual  stresses  measured  are 
given  in  Fig.  11-46  along  with  physical  properties.  The  influence  of  tensile 
strength  on  residual  stresses  for  hot-rolled  bar  stock  from  three  steels  (Table 
11-6)  with  9  per  cent  reduction  is  reported  in  Fig.  11-47. 

*  The  cold-drawing  die  had  a  1.89-in.  hole  and  a  single  throat  radius  of  1.18  in. 
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TABLE  11-6 
Chemical  Analysis,  per  cent 


Steel 

C 

Si 

Mn 

P 

S 

Cu 

Cr 

St  37 

0.10 

0.01 

0.44 

0.035 

0 .  033 

0.13 

0.07 

St  52 

0.19 

0.45 

0.93 

0.041 

0.026 

0.68 

0.43 

St  60 

0.50 

0.38 

0.75 

0.020 

0.024 

0.20 

Trace 

From  Fig.  11-46  it  may  be  noted  that  below  0.6  per  cent  reduction  on 
0.10%  C  steel  the  surface  stresses  are  in  compression;  for  the  0.50%  C  steel 
this  point  is  at  0.8  per  cent  reduction.  For  larger  values  of  reduction  the 
surface  stresses  turn  into  tension.     A  second  stress  reversal  was  mentioned82 


55    60      65      70      75      80      85      90      95     100    105 
Ultimate  strength  of  the  original  steel 


Long,  stress  1  jn  surface  of  bars 

Tang,  stressj  after  cold  drawing 

Ultimate  strength"! 

Yield  point  >  after  cold  drawing 

Elongation  J 

Yield  point"! 


Elongation  J 


for  annealed  steel 


Fig.  11-47.     Strength  Properties  before  and  after  C  old  Drawing  and  Dependence 

of  Drawing  Stresses  on  the  Ultimate  Strength  of  the  Original  Steel  (Biihler  and 

Buchholtz)  (Specimen  drawn  from  1.968  to  1.890  in.  diameter) 


as  occurring  around  55-65  per  cent  reduction  where  tensile  stresses  develop 
in  the  core  to  form  internal  troughlike  cracks.  Surface  stresses  show  a 
pronounced  increase  with  increasing  tensile  strength  of  the  steel  before 
drawing  as  revealed  in  Fig.  11-47. 
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O.  Cracking  Due  to  Rapid  Heating  and  Cooling 

A  slow  rate  of  cooling  or  heating  through  the  critical  range  is  necessary  if 
residual  stresses  leading  to  cracks  are  to  be  avoided  in  certain  steels.  Ingots 
crack  longitudinally,  as  shown  in  Fig.  11-48,  when  the  rate  of  heating  is  too 
rapid.     Detrimental   internal   stresses   arise   from   too   high   a   temperature 


Fig.  11-48.     Ingot  Cracked  as  Result  of  Too  Rapid  Heating  (SAE  3245  Steel) 

gradient  occurring  during  nonuniform  heating  through  the  cross  section. 
Undoubtedly  the  cast-ingot  structure  and  a  combination  of  other  factors  left 
the  ingot  in  a  vulnerable  condition  to  be  influenced  by  .internal  stresses. 

When  large  sizes  of  alloy  steel  already  containing  high  internal  stresses  are 
heated  rapidly  to  a  high  temperature,  this  heat  shock  can  result  in  cracking. 
Such  a  case  is  shown  in  Fig.  1 1-49  for  8-in.  rounds  of  SAE  52100  steel.     Faulty 


(a)  Longitudinal  section  (b)  Transverse  section 

Fig.  11-49.     Internal  Stress  Develops  Cracks  in  8-in.  Rounds  of  SAE  52100  Steel 

cooling  or  heating  operations  in  processing  to  8-in.  rounds  produced  large 
residual  stresses;  when  these  cold  rounds  were  placed  in  a  rotary  furnace  for 
reheating,  the  rapid  heating  superimposed  additional  internal  stresses  and 
caused  these  cracks  to  develop.  General  surface  cracking  developed  in  Fig. 
11-50  owing  to  rolling  blooms  being  too  cold  (25%  Cr,  20%  Ni).  Consider- 
able resistance  to  deformation  is  characteristic  of  such  high-alloy  steel,  and 
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Fig.   11-50.     Surface   Cracking  of  Bloom   Rolled  Too  Cold— (25%  Cr,  20%  Ni 

Steel) 

tensile  stresses  causing  rupture  are  produced  in  the  surface  when  the  steel  is 
rolled  at  too  low  a  temperature. 

P.  Ingot-Mold  Cracking 

Thermal  stresses  produced  in  ingot  molds  during  the  casting  of  ingots  is 
often  responsible  for  mold  failure  typical  of  that  shown  in  Fig.  11-51.  Failures 
often  develop  near  the  open  end  where  the  axial  stresses  are  reduced  and  the 
tensile  hoop  stresses  increased  about  25  per  cent  over  that  at  other  sections 


Fig.  11-51.     Thermal  Cracks  in  Ingot  Mold 
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away  from  the  end.83'  84  For  this  reason  molds  are  often  reinforced  around 
the  open  end  by  a  rib.  Data  on  such  failures  were  published  in  two  reports.85 
The  cracking  of  ingot  molds,  caused  by  thermal  stresses  set  up  during  the 
casting  of  ingots,  was  studied  by  Land.86  His  work  is  based  on  certain 
assumptions  concerning  the  influence  of  temperature  and  stress  on  the  plastic 
deformation  and  physical  properties  of  ingot-mold  iron.  Under  these  assump- 
tions the  thermal  stresses  are  shown  to  be  about  one-half  the  ultimate  strength 
of  the  iron.  Mold  shape  and  end  effects  are  discussed.  Residual  stresses 
are  formed  as  the  mold  cools  slowly  after  each  ingot  is  cast;  any  such  residual 
stresses  would  be  superimposed  on  the  thermal  stresses  produced  during 
pouring  and  might  have  a  dangerous  cumulative  effect. 

Q.  Piercing  Rods  on  Tube  Mills 

Piercing  rods  7}-i  in.  in  diameter  used  on  a  Pilger  mill  in  the  manufacture 
of  hot-rolled  seamless-steel  tubing  were  developing  premature  fatigue  failure.50 
These  rods  were  failing  near  the  piercing  end.  The  material  was  an  air- 
hardening  steel  having  a  tensile  strength  of  128,000  psi.  The  residual-surface 
stress  was  determined  in  the  region  of  fracture  to  be  60,000  psi  tension.  This 
combined  with  the  action  of  bending  and  torsional  stresses  from  external 
loading  would  lead  to  early  fatigue  failure. 

The  end  of  the  rod  opposite  which  failure  occurred  was  found  practically 
free  of  internal  stresses.  The  presence  of  these  tensile  residual  stresses  in  the 
region  of  failure  was  explained  by  heavy  forces  imposed  on  the  heated  working 
surface  of  the  piercing  rod.  A  flow  condition  undoubtedly  followed  similar 
to  that  found  in  drawing  through  a  die.  Also  the  temperature  differential 
between  the  surface  and  core  may  have  some  small  influence  on  these  failures. 
It  was  recommended  that  these  failures  be  averted  by  tempering  the  rods  at 
regular  intervals  at  about  1025°  to  1100°F. 

R.  Residual  Stresses  in  Rails 

Railroad  rails  may  contain  residual  stresses  as  a  result  of  processing  or 
operating  loads  and  even  through  placing  the  rail  in  the  track  structure. 
Little  information  exists  on  this  general  subject,  but  much  of  that  available 
pertains  to  processing.  Here  the  residual  stresses  result  from  rolling,  cooling, 
and  straightening.  It  is  considered  that  the  rolling  stresses  are  practically 
zero  because  of  the  customary  high  rolling  temperatures.87  Calculations88'  89 
have  been  made  regarding  cooling  stresses  which  account  for  cracking  by 
assuming  a  certain  temperature  differential  between  the  surface  and  core  of 
rail  sections. 

Meier90  determined  longitudinal  stresses  in  rails  by  cutting  longitudinal 
strips  of  0.3  X  0.3  in.  cross  section  from  1-ft-long  sections  taken  from  the 
centers  of  rail  lengths.  His  findings  for  unstraightened  and  straightened 
rails  are  shown  in  Fig.  1 1-52.  Meier  recognized  that  such  mechanical  methods 
of  stress  measurement  represented  average  values  over  the  strips  and  noted 
that  some  strips  bent  when  cut  out,  indicating  the  presence  of  residual  stresses 
in  other  planes.     In  order  to  answer  the  question  whether  residual  stresses 
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persist  after  the  rail  is  subjected  to  operating  loads,  Meier  made  fatigue  tests 
on  rail  sections;  rail  with  known  residual  stresses  was  subjected  to  alternating 
stresses  of  +2800  to  +28,400  psi  for  about  two  million  cycles,  and  no  change 
in  the  residual-stress  system  was  noticeable. 

It  is  apparent  from  Fig.  11-52  that  the  stresses  from  straightening  are 
generally  greater  than  the  cooling  stresses.  Straightening  rails  vertically 
is  the  basis  for  the  preceding  data,  and  98-ft  rails  so  straightened  may  shorten 
as  much  as  \lA  hi.     Meier  reported  differences  in  maximum  residual  stress 


Fig.  11-52. 


A  =  unstraightened  rail;  residual  stress  due  to  cooling  only 
B  =  same  as  A  except  rail  straightened  vertically 

Residual  Stress  in  Straightened  and   Unstraightened  Rail   (Meier) 


after  straightening  of  10,000  to  28,000  psi  because  of  various  roll  diameters 
and  arrangements  used  in  the  several  types  of  straightening  machines. 
Horizontal  straightening  has  less  influence  on  the  residual  stresses. 

X  rays  were  used  by  Regler, 91 1 weronowa, 92  and  Terminassow, 93  to  determine 
residual  stresses  in  rails,  but  Schonrock87  appears  to  be  the  first  to  have  used 
the  Glocker94  method  which  forms  the  present  basis  for  stress  analysis  by 
X  rays.  Figure  11-53  gives  the  results  of  Schonrock1  for  unstraightened  and 
straightened  rails  having  a  tensile  strength  of  100,000  psi  and  for  straightened 
rails  of  128,000  psi  tensile  strength. 

Residual  stresses  developed  by  traffic  were  explored  by  Magee  and  Cress.95 
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Internal  strains  developed  at  the  gage  corner  of  new  and  used  rail  were 
measured  in  order  to  provide  information  on  the  cause  of  shelling.  Wire- 
resistance-type  strain  gages  of  y±-v&.  gage  length  were  cemented  to  the  leaving 
end  of  one  rail  so  that  they  were  in  the  joint  gap  between  two  rail  ends,  and 
additional  gages  were  located  in  the  upper  web  fillet  away  from  the  rail  end. 
Residual  strains  were  measured  after  various  amounts  of  traffic  over  a  2-day 
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Fig.  11-53.     Summary  of  Results  of  Residual  Stresses  in  Three  Different  Rails 

(Schonrock) 


period.  Some  tensile  strains  equivalent  to  as  much  as  85,000  psi  and  com- 
pressive strains  much  above  the  ordinary  yield  point  were  obtained.  Insuffi- 
cient tests  were  made  to  permit  general  conclusions,  but  the  following  facts 
were  discovered,  as  quoted  from  their  report: 

1.  High  residual  stresses  are  developed  within  the  rail  head  at  points  where 
the  actual  dynamic  stresses  during  wheel  passage  are  well  below  the  yield 
point  of  the  steel.     Presumably  residual  stresses  at  these  points  are  "balancing 
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stresses"  caused  by  the  yield  point  being  exceeded  elsewhere,  as,  for  example, 
near  the  bearing  surface. 

2.  The  repetition  or  reversal  of  dynamic  stresses  accompanying  wheel 
passage  in  the  area  where  shelling  develops  was  not  found  to  be  sufficiently 
high  in  these  measurements  to  indicate  fatigue  failure.  Computed  dynamic 
shearing  stresses  from  the  measured  direct  stresses  were  also  well  below  the 
fatigue  strength. 

3.  Accumulated  residual  strains  were  found  to  be  quite  high  in  the  area 
where  shelling  develops. 

4.  These  measured  stresses  suggest  the  possibility  that  shelling  may  be  the 
result  of  exhausted  ductility  due  to  excessive  plastic  flow  and  high  residual 
strains  rather  than  fatigue  of  the  metal  from  repeated  or  reversed  stresses. 

The  exact  manner  in  which  residual  stresses  influence  various  types  of  rail 
failures  has  never  been  investigated  to  a  conclusion.  Meier96  stated  that 
their  effect  is  apparent  and  that  high  tensile  stresses  in  the  rail  base  are 
particularly  detrimental.  Any  residual  stresses  must  be  considered  in 
combination  with  those  due  to  temperature  and  constraining  forces  to  give 
the  final  prestressed  condition;  then  this  stress  system  is  further  modified  by 
traffic  loading.  Ros97  also  measured  residual  stresses  in  rails  which  are 
summarized  in  Table  11-7.  Ros  concluded  that,  if  production  methods  are 
closely  controlled,  then  these  residual  rail  stresses  are  of  no  practical  impor- 
tance on  the  fracture  or  fatigue  strength  of  rails. 

S.  Injury  in  Ground  Surfaces 

Residual  stresses  are  generated  in  the  grinding  process  and  are  responsible 
for  several  kinds  of  injury  in  ground  surfaces.  To  determine  the  influence  of 
various  heat-treating  and  grinding  practices  on  fatigue  resistance,  Staudinger98 
made  fatigue  tests  in  reversed  bending  of  case-carburized,  nitrided,  and 
quenched  and  tempered  steel-plate  specimens  (Fig.  11-54).  Two  carburizing 
steels   (Table   11-8,   1407  and   1207)   were  case-carburized  by  four  different 

TABLE   11-7 
Residual  Stress  in  Various  Type  Rails,  psi 


Heat- 

Two- 

One- 

Treated 

Material 

Material 

Normal 

TT     ,  (Surface 
HeadlMax. 

-36,100 

4-10,100 

+  10,700 

-8000 

-37,300 

4-11,500 

+  11,800 

-7800 

Web,  max. 

+30,300 

-23,500 

+   9,200 

-5800 

Rail  Base,  surface 

-12,500 

+   5,100 

+   7,000 

-4100 

TABLE  11-8 
Chemical  Analysis  of  Steels  Tested  by  Staudinger,  per  cent 


Type  Steel 

C 

Mn 

Si 

Cr 

Mo 

V 

ECMo  80  Flw.  1407 

0.17 

0.92 

0.35 

1.35 

0.25 

EC  80  Flw.  1207 

0.18 

1.34 

0.35 

1.06 

Flw.  1470 

0.25 

0.62 

0.35 

2.60 

0.23 

0.19 

Flw.  1473 

0.29 

0.64 

0.18 

2.61 

0  26 

Flw.  1620 

0.29 

0.64 

0.18 

2.61 

0.26 
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methods  (Table  11-9)  in  three  different  carburizing  compounds  (Table  11-9); 
hardness  of  the  case  surface  varied  from  RC  60  to  64  with  a  core  strength 
between  171,000  and  228,000  psi,  depending  on  the  type  of  heat  treatment 

TABLE   11-9 
Various  Heat  Treatments  Used  in  Test  Specimens 

Case-Hardening  Methods,  °F 

Heat  Treatment 
Rate  of  temp,  increase  in  carburizing 
Carburizing  temp. 
Intermediate  hardening  Temp. 
Intermediate  anneal  in  charcoal  for  2  hr 
Hardening  in  oil 
Stress  Relief,  1  hr 

Case-Hardening  Compounds  Used  on  Test  Specimens 

1  =  CMD  12  case-hardening  powder 

2  =  EL  453  case-hardening  powder 

3  =  C  5  carburizing  salt  bath 

Example.  Test  Series  identified  as  2C  in  Figure  11-54  means  that  EL  453 
powder  was  used  for  carburizing  and  method  C  case  hardening  was  applied. 

Also  specimens  of  two  nitriding  steels  (1470  and  1473)  were  nitrided  on  all 
sides  to  give  a  Vickers  surface  hardness  of  880  to  900  with  a  core  strength  of 
156,000  psi.  For  comparison  with  performance  of  a  nitriding  steel,  another 
steel  (1620)  having  the  same  analysis  as  one  of  the  nitriding  steels  (1473)  was 
quenched  and  tempered  to  about  156,000  psi  tensile  strength.  Further,  a 
carburizing  steel  (1407)  was  hardened  without  carburizing  and  then  tempered. 
These  plate  specimens  were  ground  on  a  reciprocating-type  surface  grinder 
having  a  cross-feed.  Two  Norton  grinding  wheels  of  the  following  markings* 
were  used: 

A  soft  wheel:       38A60-J8  VBE 
A  harder  wheel:  38A46-K 

All  wheels  were  7.87  in.  in  diameter  by  0.7  in.  wide.  Wheel  speed  was 
always  6120  ft/min,  and  the  transverse  speed  of  the  table  33  ft/min.  Grind- 
ing was  done  dry  and  without  a  coolant. 

Results  of  fatigue  tests  are  given  in  Fig.  11-54.  The  lowest  bending  fatigue 
values  were  obtained  with  certain  test  series  of  case-carburized  specimens 
using  the  harder  wheel  for  which  Staudinger  gave  the  following  reasons: 

Series  1C — Stress  relieving  after  final  hardening  was  omitted. 
Series  2C — Case-carburizing  compound  EL  453  had  too  intense  action. 
Series   IB — Too   rapid  rate  of  temperature  increase  in  carburization   (it 
would  seem  that  this  factor  is  hardly  of  any  importance). 

*  These  markings  correspond  to  the  System  given  in  Grinding  Wheel  Information 
and  Selection,  Norton  Company,  Worcester,  Mass. 
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The  low  values  for  these  series  are  explained  by  either  grinding  cracks  or 
cementite-network  formation  in  case-carburizing.  The  choice  of  carburizing 
medium  (Table  11-9)  had  no  influence  on  the  grinding  sensivity.  Grinding 
cracks  in  the  case-hardening  steels  (1407  and  1207)  decreased  the  fatigue 
strength  to  one-third  the  value  of  the  perfectly  ground  specimens;  whereas 
poor  grinding  and  grinding  away  too  much  of  the  case  layer  might  decrease 
the  alternating  bending  strength  by  50  per  cent.  Nitrided  steels  were  found 
less  sensitive  to  grinding  cracks  and  decreased  the  fatigue  resistance  about 
35  per  cent. 

It  was  furthermore  shown  that,  even  for  perfect  grinding  with  the  soft 
wheel,  the  alternating  strength  was  usually  decreased.  Two  reasons  for  this 
loss  in  fatigue  resistance  are: 

1.  A  decrease  in  surface  hardness  may  arise,  which  may  be  greater  for  a 
down-feed  of  0.0008  in.  than  for  0.0002. 

2.  Surface  layers  of  case-hardened  and  nitrided  parts  have  high  compressive 
stresses.  Each  grinding  pass  removed  a  portion  of  the  external  zone  contain- 
ing these  residual  stresses  which  are  favorable  to  high  fatigue  strength." 

The  larger-size  case-carburized  specimens  (1207)  having  0.039-in.-deep 
cases  showed  a  decrease  in  fatigue  strength  of  about  50  per  cent,  if  grinding 
cracks  existed.  Regardless  of  specimen  size  or  shape,  grinding  cracks  had  a 
detrimental  influence  on  alternating  strength.  Quenched  and  tempered  steel 
(1620  not  shown  in  Fig.  11-54)  showed  a  loss  in  fatigue  resistance  of  20  per 
cent  when  grinding  with  too  hard  a  wheel.  Too  large  a  down-feed  caused 
damage  up  to  5  per  cent. 

It  is  important  to  note  from  Fig.  11-54  that  the  alternating  strength  of  the 
unground  surface  generally  compares  favorably  with  that  of  the  ground  one, 
and  this  was  also  confirmed  by  Wiegand.100  In  such  cases  the  unground 
surfaces  must  be  smooth  and  free  of  cracks,  and  satisfactory  heat  treatment 
must  be  obtained  without  surface  decarburization  or  even  grain-boundary 
cementite  precipitation.  The  influence  of  retained  austenite  is  very  con- 
troversial. Some  investigators  believe  that  the  least  percentage  possible  is 
desirable  to  minimize  danger  of  grinding  cracks.  On  the  other  hand,  the 
percentage  of  retained  austenite  present  in  many  production  parts  is  sufficient 
to  cause  some  concern  if  this  contention  were  true,  because  little  grinding 
difficulty  has  been  reported  for  such  parts  owing  to  this  factor. 

Aircraft  gears  which  developed  early  fatigue  failure,  initiating  in  the 
root  radius,  were  found  to  have  surface  cracks  or  damage  due  to  grinding 
after  case  carburizing.  The  danger  of  grinding  cracks  developing  was 
eliminated  by  grinding  or  machining  and  polishing  the  root  radius  after 
carburizing  and  before  hardening.18-  101  Almen5  also  discussed  premature 
failure  of  gear  teeth  due  to  grinding  injury  or  cracks. 

A  burned  surface  developed  in  grinding  may  be  detected  by  shot  blasting102 
after  rough  grinding  and  before  finish  grinding.  The  softer  or  burnt  areas  will 
be  more  readily  attached  and  darkened  by  the  impact  of  the  shot.  Stock 
removal  is  not  so  uniform  in  the  roughing  operation  as  it  is  in  the  finish  grind, 
and  surface  injury  is  more  likely  to  develop  in  the  roughing  operation.     This 
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damage  occurs  as  a  result  of  material  and/or  grinding  conditions  which  lead  to 
low  fatigue  resistance.  Important  findings  and  an  excellent  review  of  the 
literature  have  been  presented  by  Tarasov103  relative  to  the  detection,  causes, 
and  prevention  of  injury  in  ground  surfaces.  Injury  here  is  defined  as  cracks, 
burns,  and  high  tensile  stresses  in  ground  surfaces.  Although  no  fatigue 
data  are  given,  Tarasov  confirms  the  findings  of  Staudinger98  and  Brophy104 
that  the  metallurgical  state  of  the  steel  can  easily  account  for  injury,  as  has 
already  been  discussed. 

Residual  stresses  due  to  bone-dry  grinding*  were  discussed  by  Tarasov. 
He  gave  curves  showing  how  the  practical  factors  of  (1)  wheel  grade,  (2) 
wheel  speed,  and  (3)  down-feed  greatly  influenced  surface  injury.  Tempering 
up  to  about  300°F  after  grinding  reduces  the  tendency  to  crack.  Tarasov 
employed  a  controlled  method  of  etch  cracking  previously  utilized  by 
Brophy,104  to  measure  the  degree  of  injury  and  residual  stresses f  in  the 
ground  surface.  Although  etching  did  not  permit  a  quantitative  measure 
of  the  residual  stresses,  difference  of  degrees  could  be  detected.  Here  an 
increase  in  the  length  of  etch  cracks  under  constant  etching  conditions  corre- 
sponds to  more  severe  surface  stresses. 

Mickel  and  Sommer105  reported  that  grinding  cracks  on  case-carburized 
piston  pins  decreased  the  compressive  fatigue  resistance  by  25  per  cent  when 
one  steel4:  was  used.     This  decrease  was  only  6  per  cent  for  another  steel. § 

They  reported  these  values  on  the  basis  of  only  a  few  tests  but  remarked 
that  the  decrease  could  be  much  greater,  depending  on  the  extent  of  the  crack 
and  its  relative  location  to  the  highly  stressed  region. 

Almen5  took  a  0.002-in.  deep  grinding  pass  across  a  H6-in.-thick- strip  of 
annealed  spring  steel  and  found  270,000  psi  tension  on  the  surface. 

Low-carbon  normalized  steel  bars  were  ground  to  a  depth  of  0.022  in.,  and 
residual  stresses  were  measured.106  A  maximum  tensile  surface  stress  of 
25,000  psi  was  found,  and  the  stressed  zone  had  a  depth  of  about  0.036  in. 
Layers  were  etched  off,  and  the  change  in  deflection  of  the  bars  was  used  to 
calculate  the  stresses  by  equations  derived  by  Davidenkov. 

An  unusual  experience  of  hardening  the  surface  by  grinding  was  reported 
by  Hollo  way.107     He  ground  a  0.35%  C  and  1.2%  Mn  steel  quenched  and 

*  The  Norton  wheel  used  38A46-J8  VBE;  7  to  8  in.  diameter  V2  in.  wide;  wheel 
speed  6000  ft/min;  cross-feed  0.050  in.  per  pass;  down-feed  0.002  in.;  total  down- 
feed  0.020  in.;  transverse  speed  40  ft/min. 

t  Surface  stresses,  when  they  are  above  a  threshold  level,  can  be  developed  into 
etch  cracks  by  etching  with  hydrochloric  or  sulphuric  acid,  either  hot  or  cold. 
Increasing  the  etching  time  or  the  etchant  temperature  makes  it  possible  to  develop 
lower  stresses  into  etch  cracks.  The  depth  of  surface  cracks,  occurring  during  or 
after  grinding,  is  generally  around  0.010  to  0.020  in.,  but  the  depth  of  the  stressed 
layer  from  which  such  cracks  originate  appears  to  be  of  the  order  of  0.0005  in. 
According  to  Tarasov,  the  length  of  the  crack  is  a  more  satisfactory  criterion  for 
determining  the  degree  of  residual  stresses  present  than  the  number  of  cracks. 

|  EC60;  0.12-0.18%  C,  0.25-0.35%  Si,  0.45-0.55%  Mn,  0.55-0.65%  Cr;  0.20% 
Cu;  core  tensile  strength  97,000-117,000  psi;  surface  RC  56-59. 

§  EC80;  0.14-0.19  %  C,  0.20-0.35  %  Si,  1.07-1.30  %  Mn,  0.75-0.95  %  Cr,  0.1  %  V; 
0.25%  Cu;  core  tensile  strength  139,000-154,000  psi;  surface  RC  58-62. 
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tempered  to  286-293  VPN.  After  grinding,  a  partially  martensitic  layer 
0.003  in.  deep  was  present,  having  a  hardness  of  500-600  VPN. 

Monma108  ground  quenched  carbon  steels.  He  reported  that  grinding 
cracks  were  caused  by  shrinkage  due  to  a  — *  f3  martensite  transformation 
in  the  surface  layer  caused  by  heat  of  grinding.  Little  difference  in  number 
of  cracks  resulted  between  wet  and  dry  methods  of  grinding.  Tempering 
at  300°F  before  grinding  prevented  cracks  developing,  because  at  this  tem- 
perature a  — >  /3  transformation  had  taken  place  uniformly  through  the  section 
before  grinding. 

Wulff109  made  electron-diffraction  studies  of  the  metallurgical  state  of 
surfaces  prepared  by  grinding  and  other  finishing  methods  using  stainless 
steel.  He  concluded  that  flash  temperatures  in  the  surface  layer  of  atoms 
could  exceed  1300°F  and  in  a  subsurface  layer  above  400°F;  this  was  also 
suggested  by  Bowden.110 

No  data  have  been  found  on  the  comparative  grinding-damage  suscepti- 
bility of  steels  of  the  through-hardening  and  surface-treated  types  where 
surface  hardness  is  about  RC  60  or  above.  It  would  appear  that  the  surface- 
treated  types  would  be  less  apt  to  damage  from  grinding;  for  example,  the 
initial  compressive  stresses  usually  present  with  such  surface  treatments  as 
case  carburizing  or  nitriding  must  first  be  offset  by  tensile  stresses  from 
grinding  before  residual  stresses  become  dangerous.  In  through-hardened 
steels  there  is  no  such  protective  layer  of  high  surface-compressive  stresses. 
On  the  other  hand,  stresses  alone  may  not  be  the  only  detrimental  factor 
as  structural  damage  must  also  be  considered. 

T.  Gears 

Benson111  reported  the  premature  fatigue  failure  of  traction-gear  rims 
because  of  unfavorable  residual  thermal  stresses  produced  in  water  quenching 
from  the  tempering  temperature  of  1110°F.  Calculated  service  stresses  were 
moderate,  and  ample  evidence  existed  that  gears  of  the  same  design  but 
without  the  unfavorable  internal  stresses  were  adequate.  These  gears  were 
made  from  an  oil-quenched  Ni-Cr  steel*  and  were  machined  all  over,  following 
the  quench  from  the  temper.  Failure  occurred  by  teeth  breaking  out  and  by 
radial  cracks  through  the  rim. 

Such  tooth  failures  in  gears  are  not  unusual  and  result  from  repeated  over- 
loading in  service.  In  this  case,  however,  the  initiation  point  of  failure  had 
definite  characteristics  which  eliminated  such  a  simple  explanation.  The 
primary  fatigue  cracks  did  not  originate  at  the  top  of  the  root  radius  F  in 
Fig.  ll-55«,  where  the  maximum  bending  stress  due  to  tooth  loading  exists 
and  fatigue  cracks  due  to  overloading  are  normally  found;  instead,  the  cracks 
started  at  the  bottom  of  the  root  radius  (X,  Y,  and  Z).  Also  cracks  tended 
to  grow  in  a  radial  direction  through  the  rim,  starting  about  10°  from  a  radial 
line,  instead  of  about  45°,  as  is  usual  with  simple  tooth  overloading.  Cracks 
X  and  F  later  progressed  to  break  out  a  tooth,  but  crack  Z  severed  the  rim. 

*  Chemical  analysis:  0.34  %  C,  3.23  %  Ni,  0.12  %  Cr,  nil  Mo;  physical  properties: 
yield  point  130,000  psi,  ult.  141,000  psi;  19%  elong.;  49%  red  area;  Izod  40. 
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Further,  these  cracks  did  not  start  close  to  the  end  of  the  tooth,  as  would  be 
expected  from  an  overhung  pinion;  instead  they  initiated  at  a  distance  of 
XA  to  %  in.  from  the  motor  end  of  the  teeth. 

Residual  thermal  tensile  stresses  of  considerable  magnitude  were  found 
to  exist,  as  shown  in  Fig.  ll-55c  and  d.  Failure  was  attributed  to  these 
unfavorable  residual  tensile  stresses  plus  the  tensile  shrinkage  stresses  of 
about  17,000  psi  obtained  in  mounting  on  the  rim,  all  of  which  were  super- 
imposed on  the  service  stresses.  To  measure  these  residual  circumferential 
thermal  stresses,  rings  were  machined  from  the  gear  rim  (Fig.  11-556),  and 
differences  in  ring  diameter  were  measured  before  and  after  cutting  from  the 


(b) 


Compressive  stress 
Surface  residual  stresses 
along  length  of  tooth  at  root 

(d) 


Fig.  11-55.     Gear-Tooth  Failure  from  Residual  Tensile  Stress  (Benson) 


gear.  The  computed  stresses  from  diameter  changes  are  given  in  the  middle 
column  of  Table  11-10.  These  rings  were  also  split,  which  permitted  calcula- 
tions of  the  stress  gradient  through  the  ring  section  to  be  made,  as  given  in  the 
last  column  of  Table  11-10.  Here  the  term  "opening"  means  tensile  stresses 
in  the  outer  surface  of  the  ring,  and  "closed"  means  compression.  In  view 
of  the  three-dimensional  nature  of  the  residual-stress  system  present,  this 
method  for  determining  only  circumferential  stresses  would  be  expected  to 
give  stresses  lower  than  those  actually  present. 

Benson  also  complained  of  distortion  in  machining  due  to  the  release  of 
these  residual  stresses  which  necessitated  elaborate  sequences  of  machining. 
He  severely  criticized  the  frequently  used  British  practice  of  quenching  from 
the  tempering  temperature  which  is  required  in  order  to  obtain  high-impact- 
strength  values  and  expressed  the  thought  that  in  most  cases  the  increased 
impact  resistance  obtained  was  not  necessary. 


RIVETS 


521 


Gear-tooth  performance  as  affected  by  residual  stresses  is  discussed  further 
under  sections  presenting  various  surface-treating  processes. 

Form  versus  generate  grinding  of  case-carburized  gears  was  investigated  by- 
Greaves,  Kirstowsky  and  Lipson  m  Both  fatigue  tests  and  residual-stress 
measurements  indicated  that  form  grinding  was  less  desirable  than  generate 
grinding.  Original  compressive  stresses  in  the  surface  due  to  case  carburizing 
were  apparently  offset  by  opposing  tensile  stresses  due  to  grinding.  Less 
tension  stress  was  produced  in  generate  than  in  form  grinding. 

TABLE   11-10 
Average  Residual  Stress  Stress  Difference  between  ID 

Ring  No.  in  Ring,  psi  and  OD  of  Ring,  psi 

1  -35,800  5600  (opened) 

2  -24,600  2240  (opened) 

3  -22,400  Nil 

4  -17,900  2240  (closed) 

5  +11,200  6700  (closed) 

6  +29,100  15700  (closed) 

7  -47,000  24600  (opened) 

8  -13,400  35800  (opened) 

9  +26,200  15700  (opened) 
10  +26,900  20200  (closed) 


U.  Rivets 

Residual  stresses  influence  the  clamping  force  of  rivets  as  found  by  Schulz 
and  Buchholtz.112     They  found  that  l-in.-diameter  rivets  of  0.16%  C  steel 
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1200      1800  0 

Temperature,  °F 

Shrinking  and  Clamping  Force  of  Carbon-  and  Nickel-Steel  Rivets, 
1  in.  in  Diameter  (Schulz  and  Buchholtz) 

having  38,400  psi  yield  strength  produced  a  clamping  force  of  42,700  psi.  This 
compares  with  a  clamping  force  of  8500  psi  for  an  alloy  steel  of  0.1%  C  and 
3%  Ni  of  99,600  psi  yield  strength. 

The  explanation  for  the  clamping  force  of  the  alloy-steel  rivet  being  only 
one-fifth  that  of  the  carbon-steel  rivet  is  given  in  Fig.  11-56.     The  shrinkage 
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of  the  rivet,  with  decreasing  temperature,  is  interrupted  by  the  gamma-alpha 
transformation  at  which  time  an  elongation  of  the  rivet  occurs.  In  the  case 
of  the  plain  carbon-steel  rivet  this  transformation  and  accompanying  elonga- 
tion occur  during  the  riveting  operation  at  about  1300°F;  the  nickel-steel 
rivet  has  a  greater  elongation  than  the  carbon-steel  rivet  at  the  time  of 
transformation,  and,  what  is  most  important,  this  elongation  occurs  after 
completion  of  the  riveting  process  at  a  lower  temperature  of  about  1000°F. 
After  completion  of  the  riveting,  a  shortening  of  the  carbon-steel  rivet  of 
0.7  per  cent  takes  place  after  transformation  which  compares  with  about 
0.5  per  cent  for  the  nickel-steel  rivet. 

Alloy-steel-rivet  applications  have  presented  some  difficulties.  An  exten- 
sive review  of  this  subject  has  been  published,112  and  the  practices  and  service 
experiences  on  railroads  have  been  discussed  for  many  years  before  engineering 
meetings  of  the  American  railroads. 

V.  Crankshafts 

Machining  operations  on  crankshafts  partially  relieve  any  residual  stresses 
which  may  be  present.  Stress  relief  in  such  an  intricate-shaped  part  often 
results  in  distortion  or  warpage  which  is  usually  corrected  by  cold  straighten- 
ing.    This  straightening  operation  of  only  several  thousandths  of  an  inch 
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Fig.  11-57.     Effect  of  Straightening  Crankshafts  on  the  Fatigue  Life  (Schmidt) 

leads  to  unfavorable  residual  tensile  stresses  being  produced  in  the  crank- 
journal  fillet  with  consequent  premature  fatigue  failure  initiating  in  these 
fillets.  This  subject  was  extensively  investigated  by  Schmidt113  for  double- 
throw  aircraft-engine  crankshafts  having  three  main  journals. 

Schmidt  made  fatigue  tests  in  reversed  bending  on  full-size  crankshafts* 
having  3. 07-in. -diameter  journals  which  were  (1)  not  straightened,  (2) 
straightened  at  room  temperature  by  plastically  deforming  the  shaft  with 
force  vertical  to  the  center  main  journal,  and  (3)  straightened  by  peening 

*  The  material  was  a  low-nickel  steel  (aircraft  steel  1460.5)  heat-treated  to 
16,300-18,500  psi  tensile  strength. 
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the  proper  side  of  the  crank  cheeks  with  the  ball  head  of  a  hand  or  air  hammer. 

Fatigue  results  are  given  in  Fig.  11-57. 

Straightening  according  to  method  2  gave  an  endurance  limit  20  per  cent 

lower  than  that  of  the  unstraightened  crankshafts;  this  loss  of  fatigue  strength 

was  even  greater  for  a  limited  life,  being  35  per  cent  at  50,000  cycles  and 

27  per  cent  at  100,000  cycles.     One  shaft  straightened  at  355°F  instead  of  at 

room    temperature    resulted    in    no 

180 
improvement  over  cold  straightening. 

These  straightened  shafts  all  devel- 
oped premature  fatigue  failure  initiat- 
ing at  the  two  crank-journal  fillets 
toward  the  center  line  of  the  shaft 
and  adjacent  to  the  center  main 
journal.  Here  high  tensile  stresses 
remained  from  straightening,  whereas 
unstraightened  shafts  fractured  at  all 
crank-journal  fillets.  Four  shafts 
straightened  by  peening  exhibited  a 
fatigue  resistance  similar  to  those 
unstraightened. 

Some  explanation  was  sought  for 
this  20  per  cent  decrease  in  fatigue 
strength.  Residual  longitudinal  ten- 
sile stresses  produced  in  crank-journal 
fillets  from  straightening  by  method 
2  were  determined  by  X  ray*  to  vary 
between  85,000  to  100,000  psi.  When 
the  modified  Goodman  diagram  (Fig. 
11-58)  is  consulted  for  the  steel  used 
in  these  shafts,  it  is  apparent  that  at 
a  prestress  of  R\  =  100,000  psi  the 
range  of  fatigue  strength  is  only  60 
per  cent  of  that  when  Rx  =  zero. 
This  calculated  reduction  of  40  per 
cent  compares  with  only  20  per  cent 
found  in  the  fatigue  tests.  This  dif- 
ference   suggested    further  study   to 

determine  if  it  were  due  to  gradual  relief  of  residual  stress  by  the 
effect  of  cyclic  loading.  Therefore,  a  shaft  was  straightened  resulting  in  a 
residual  longitudinal  stress  in  the  fillets  of  about  100,000  psi;  then  this  shaft 
was  subjected  to  500,000  cycles  of  reversed  bending  slightly  below  the  endur- 
ance limit.  X-Ray  measurements  indicated  that  this  residual  stress  was 
reduced  to  48,000  psi.     With  reference  again  to  Fig.  11-58,  with  a  prestress 

*  Cranks  were  tempered  to  142,000-156,000  psi  in  order  to  obtain  an  accuracy 
of  plus  or  minus  7000  psi  residual  stresses.  As  a  comment,  this  temper  treatment 
would  remove  some  of  the  residual  stresses,  but  Schmidt  did  not  discuss  this  point. 


60     90     120 
1000  psi 


Smax  =  stress  range  without  residual  stress 
Sj  =  stress  range  with  residual  stress 
S2  =  stress  range  with  residual  stress 
J?x  =  100,000  psi  (before  fatigue  test) 
R2  =  48,000  psi  (after  500,000  cycles) 
Stresses  plotted  are  peak  values  in  fillet 

Jx 

Srn 


_    51,000   _ 
85,000 


=  0.6 


68,000 
85,000 


=  0.8 


Fig.  11-58.     Explanation  for  Reduced 
Fatigue     Resistance     of     Straightened 
Crankshaft  (Schmidt) 
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of  R2  =  48,000  psi  it  is  shown  that  the  range  of  fatigue  strength  is  SO  per  cent 
as  great  as  when  R2  =  zero.  This  calculated  20  per  cent  reduction  then 
agrees  with  that  found  in  the  fatigue  test. 

The  foregoing  explanation  has  considerable  practical  significance;  it  offers 
a  method114  for  superimposing  the  residual  stress  on  that  due  to  the  external 
load  in  order  to  determine  its  influence  oh  the  endurance  limit.  These 
stresses  cannot  be  added  mathematically  as  is  often  done  by  many  investi- 
gators; instead  it  becomes  more  important  to  know  the  equilibrium  value 
of  the  residual  stress  after  cyclic  stressing  than  it  is  to  know  its  initial  value. 
Then  it  may  be  possible  to  use  the  usual  stress-range  diagram,*  as  was  done 
in  Fig.  11-58.  Application  should  be  made  of  this  analysis  to  other  problems 
involving  residual  stresses  as  a  means  of  verifying  whether  it  can  be  safely 
used  for  design  purposes. 

W.  Thermal  Residual  Stresses  versus  Fatigue  Strength 

Btihler  and  Buchholtz115  presented  convincing  data  that  thermal  residual 
surface-compressive  stresses  would  increase  the  bending  endurance  limit, 
whereas  initial  tensile  stresses  would  decrease  it.  Their  laboratory  tests  were 
made  in  rotating  bending  on  plain  specimens  1.07  in.  in  diameter  with  various 
degrees  of  thermal  residual  stress  but  with  no  transformation  stresses.  The 
complete  stress  distribution  was  determined  by  the  boring-out  method  and 
correlated  with  the  fatigue  resistance.  Ten  different  steels  in  Table  11-11 
were  investigated  under  different  heat  treatments  to  produce  physical  prop- 
erties, residual  stresses,  and  endurance  values  in  Table  11-12. 

All  constructional  steels,  furnace-cooled  from  1110°F,  showed  zero  stress 
at  the  outer  surface  (Table  11-12).  On  the  other  hand,  all  steels  quenched 
from  below  A\  at  1110°F,  whether  in  oil,  water,  or  salt  water,  always  showed 
compressive  stresses  on  the  surface  and  compensating  tensile  stresses  in  the 
core.  The  more  drastic  the  quench,  the  greater  the  surface  stress  and  endur- 
ance limit,  and  yet  the  tensile  properties  were  practically  not  affected.  The 
endurance  limit  is  increased  in  a  progressive  manner  with  increasing  initial 
compressive  stresses  on  the  surface,  according  to  Table  11-12.  It  would  be 
expected  that  the  percentage  increase  in  endurance  limit  obtained  in  Table 
11-12  would  be  much  greater  if  notched  instead  of  plain  specimens  of  carbon 
steel  had  been  tested. 

Since  surface  residual  compressive  stresses  were  found  to  increase  the 
fatigue  resistance,  it  was  believed  that  a  decrease  would  be  obtained  if  these 
initial  stresses  were  in  tension  instead  of  compression.  The  contention  was 
substantiated  by  the  tests  on  Ni  12  and  Ni  16  steels  which  is  apparent  from 
a  consideration  of  the  findings  in  Table  11-12.  Again,  if  notched  instead  of 
plain  specimens  of  this  high-nickel  steel  had  been  tested,  then  the  percentage 
decrease  in  endurance  limit  would  be  expected  to  be  greater  than  the  12  to 
16  per  cent  shown.  Btihler  used  these  nickel  steels  to  obtain  the  initial 
tensile  stress  on  the  surface  and  still  be  able  to  machine  the  specimens  in  the 

*  The  biaxial  state  of  stress  is  neglected  here,  but  in  many  problems  its  influence 
may  not  be  too  great. 
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TABLE  11-11 
Chemical  Analysis,  per  cent 


Steel  < 


Mn 


Si 


Ni 


C  10 

0.10 

0.45 

0.25 

0.030 

0.030 

C  29 

0.29 

0.60 

0.30 

0.026 

0.030 

C33 

0.33 

0.62 

0.29 

0.022 

0.026 

C  34 

0.34 

0.69 

0.27 

0.031 

0.023 

C  36 

0.36 

0.74 

0.40 

0.031 

0.032 

C  57 

0.57 

0.50 

0.28 

0.017 

0.017 

C98 

0.98 

0.27 

0.18 

0.012 

0.025 

Mn-Si 

0.35 

1.28 

0.37 

0.033 

0.031 

Ni  12 

0.04 

0.52 

0.15 

Ni  16 

0.05 

0.39 

0.12 

*  Plain  fatigue  specimens  for  Mn-Si  steel  were  0.17  in.  in  diameter  while  for  all 
other  steel  specimens  were  made  1.07  in.  in  diameter. 

TABLE   11-12 
Fatigue  Strength  versus  Residual  Stresses  and  Mechanical  Properties 

Bi'ihler  and  Buchholtz 


0.2  Yield      Tensile     Red. 


Endurance 
Limit 


Steel  Heat  Treatment 

C33     Furnace-cool  from  1110°F 

Ice-water-quench    from 

1110°F 

C34     Furnace-cool  from  1110°F 

Oil    (175°F)-quench    from 

1110°F 
Ice-water-quench    from 

1110°F 
Salt-water       (  —  5)-quench 
from  1110°F 
C36     Furnace-cool  from  1110°F 
Ice-water-quench    from 
1110°F 
C57     Furnace-cool  from  1110°F 
Oil-quench  from  1110°F 
Ice-water-quench    from 

1110°F 
Water-quench  1560°F;  Air- 
cool  1110°F 
Water-quench  1560oF;  Ice- 
water-quench  1110°F 
Mn-Si  Furnace-cool  from  1110°F 
Water-quench  from  1 1 10°F 
Ni  12    Air-cool        from        1650°F 
Furnace-cool  from  1650°F 
to       680°F;        then       ice- 
water-quench 
Ni  16    Air-cool  from  1650°F 

Ice-water-quench    from 
1650°F 


Strength, 

psi 

55,800 

54 , 800 
49,600 

54 , 900 

51,800 

50,200 
52 , 200 

52 , 800 
45,500 
44,100 

44 , 100 

86,900 

86,900 
62,200 
61,400 
115,400 


113,800 
121,600 


Strength , 

psi 

84 , 800 

89 , 300 
91,500 

94,700 

96 , 700 

93,400 
99 , 000 

98,100 
90 , 900 
92,600 

95 , 700 

115,800 

118,100 

99,700 

101,100 

149,300 


Area, 
% 
53 

51 
54 

54 

54 

55 


35 

35 

32 

60 

60 
58 
58 
49 


psi 
35,600 

39 , 800 
39,800 

42 , 700 

46 , 900 

48,400 
42 , 700 

49 . 800 
37 , 000 
41,200 

42 , 700 

45 , 500 

51,200 

49 , 800 
52 , 600 
5S.300 


152,500      41       51,200 
167,100      40      62,600 


127,700     166,000      44      52,600 


% 
100 

112 
100 

107 

118 

122 
100 

117 
100 
111 

115 

100 

112 
100 
106 
100 


100 

84 


Residual  Surface 
Stress,  psi 

Long.  Tang. 

0  0 

-32,700  -39,800 

0  0 

-29,200  -29,200 

-45,500  -45,500 

-48.400  -45,500 

0  0 

-45,500  -39,800 

0  0 

-34,100  -28,400 

-48,400  -42,700 

0  0 

-52,600  -45,500 

0  0 

-24,200      

0  0 


+  52,600      +102,400 
0  0 


+  18,500      +42,700 


boring-out  operation;  tensile  stresses  could  be  obtained  with  other  types  of 
steels,  but  their  high  hardness  would  make  machining  very  difficult. 

To  investigate  residual  tensile  stresses  further  some  0.34%  C  steel  (Table 
11-11)  specimens  were  prepared  having  an  outside  diameter  of  1.07  in.  and  a 
bore  of  0.31  in.     These  specimens  were  water-quenchecl  at  1110°F  from  the 
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may  be  considered  to  contain.  The  question  naturally  arises  that,  if  residual 
stresses,  hardening,  and  other  beneficial  factors  result  after  repeated  stressing, 
then  why  not  begin  the  life  of  fatigue  specimens  or  design  members  with 
some  of  these  desired  characteristics. 

This  question  was  investigated  by  surface-rolling  before  fatigue-testing 
some  0.3-in.  and  larger-diameter  rotating-beam  plain  fatigue  specimens  of 
normalized  and  tempered  0.48%  C  steel.117  A  maximum  endurance  limit  was 
obtained  which  was  32  per  cent  higher  than  that  of  the  unrolled  specimens. 
About  the  same  32  per  cent  increase  was  obtained,  however,  by  not  rolling 
but  by  the  process  of  first  stressing  just  below  the  endurance  limit  and  then 
increasing  the  bending  stress  in  very  small  increments  after  each  10  to  50 
million  cycles.  This  procedure  is  called  coaxing  by  Gough118  and  trainieren 
by  German  investigators.  It  would,  therefore,  appear  that  initial  surface 
cold  working  may  lead  to  the  same  endurance  limit  as  coaxing.  Residual 
stresses  alone,  as  obtained  by  thermal  treatment  in  Table  11-12,  produced 
much  smaller  increase  in  endurance  limit  compared  with  the  maximum  of 
32  per  cent  by  surface  rolling.  The  inference  is  that  surface  rolling  is  more 
beneficial  because  of  strain  hardening  and  other  effects  not  produced  in  the 
thermal  treatment.  Residual  stresses  obtained  by  rolling  are  believed  to  be 
much  greater  than  those  obtained  by  the  thermal  treatment,  but  it  is  difficult 
to  understand  how  this  factor  in  itself  could  account  for  the  difference  in 
increased  fatigue  resistance  obtained  by  surface  working  over  thermal  stresses. 

Earlier  research  thoroughly  supports  the  beneficial  effects  of  coaxing  on  the 
endurance  limit.  Gough118  obtained  an  increase  of  28  per  cent  for  0.13%  C 
steel  in  rotating  bending,  whereas  Moore  and  Jasper119  found  as  much  as  25 
per  cent  in  their  tests  of  a  number  qf  steels  and  wrought  iron.  Kommers120 
reported  increases  as  large  as  31  per  cent  for  cast-iron  plain  and  notched 
specimens  and  23  per  cent  for  Armco  iron.  French,121  Bennett,122  and 
Kommers119  found  beneficial  effects  by  proper  degrees  of  overstressing,  and 
the  so-called  damage  line  is  influenced  by  this  phenomenon  as  established  by 
Russell  and  Welcker123  for  16  widely  varying  materials. 

Y.  Fading  of  Residual  Stresses 

Substantial  proof  exists  that  residual  stresses  originally  present  before  test 
will  change  and  generally  level  off  or  fade  as  a  result  of  repeated  stressing. 
The  crankshaft  previously  discussed  is  one  example,  although  in  this  case 
both  thermal  and  transformation  stresses  were  superimposed  on  stresses  due 
to  straightening.  Also  the  1 .07-in.-diameter  rotating-beam  fatigue  specimens 
reported  by  Buhler  and  Buchholtz115  in  Table  11-12  were  investigated  for  resid- 
ual thermal  stresses  by  the  boring-out  method  before  and  after  fatigue  testing. 
The  changes  in  the  longitudinal  and  tangential  stresses  found  through  the 
cross  section  are  given  in  Fig.  11-59  for  some  of  the  steels  investigated. 

The  0.36%  C  steel  showed  an  initial  compressive  stress  of  45,500  psi  longi- 
tudinally on  the  surface,  and  this  was  reduced  to  5700  psi,  a  decrease  of  87  per 
cent,  after  0.97  million  reversals  at  48,400  psi  bending  stress.  This  latter 
stress  was  slightly  below  the  endurance  limit  of  49,800  psi  and  below  the  yield 
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strength  of  52,800  psi.  Surface  tangential  stress  is  also  very  much  reduced, 
and  the  entire  stress  distribution  through  the  cross  section  is  leveled  off, 
Similar  statements  can  also  be  made  regarding  the  0.57%  C-content  steel. 

Even  in  the  presence  of  surface  residual  tensile  stresses  for  the  12%  Ni 
steels  there  was  a  40  per  cent  reduction  in  the  tangential  stress  after  1.35 
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9.31  xlO6  cycles 
at  ±  52,600  psi 


Fig.  11-59. 


o    %    v2    h 

Cross  section  position,  sq  in. 

Fading  of  Residual  Stresses  Due  to  Repeated  Stressing  (Biihler  and 
(Buchholtz) 


million  reversals  at  a  bending  stress  equal  to  the  endurance  limit.  After 
2.36  million  reversals,  this  reduction  was  55  per  cent.  The  16%  Ni  steel  only 
showed  a  decrease  of  30  per  cent. 

These  statements  refer  to  the  fading  of  residual  thermal  stress  in  solid 
specimens,  but  0.34%  C-steel  tubular  specimens  having  tensile  stresses  in 
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the  surface  were  also  investigated.  The  results  in  Fig.  11-60  are  particularly 
interesting,  because  the  initial  surface  tensile  stresses  actually  changed  into 
compression  after  various  degrees  of  bending  stress  and  a  number  of  stress 
reversals  were  applied. 

Section  W  discussed  how  the  endurance  limit  was  not  decreased  by  these 
residual  tensile  stresses.  The  fact  that  these  tensile  stresses  go  into  com- 
pression should  offer  an  explanation.  Therefore,  it  would  appear  that  residual 
tensile  stresses  of  the  order  of  15,600  psi  (longitudinal)  are  not  detrimental  in 
reversed  bending  because  of  fading.     Some  materials  may  be  influenced  by 
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Bore  water -quenched  from  1110°F 

Fig.   11-60.     Influence  of  Repeated  Stresses  on  the  Residual  Surface  Stress  on 
Hollow  Cylinder  Quenched  from  Bore  (Steel  C34,  0.34%  C,  0.69%  Mn)  (Btthler 

and  Buchholtz) 

this  degree  of  initial  stress  unless  they  have  sufficient  damping  capacity  to 
level  off  the  stress  peaks. 

Fading  of  residual  stresses  was  also  established  by  means  of  X-ray  measure- 
ments made  by  Gisen  and  Glocker115  which  were  reviewed  by  Barrett.14 
Decrease  in  residual  stresses  after  fatigue  testing  of  shot-peened  parts  was 
reported  by  H.  F.  Moore.163 


Z.  Fracture  Plane  Affected  by  Residual  Stress 

Biaxial  state  of  surface  residual  stress  superimposed  on  the  stresses  due 
to  the  external  load  can  alter  the  plane  of  fatigue  fracture,  as  shown  in  Fig. 
11-61  by  Btihler  and  Buchholtz.115  Fatigue  specimens  1.07  in.  in  diameter 
of  Ni  12  steel  were  tested  in  rotating  bending,  as  previously  reported  in  Table 
11-12.  When  the  surface  residual  stress  was  zero,  then  the  fracture  plane  was 
perpendicular  to  the  specimen  length  (Fig.  11-61);  the  same  steel  with  a 
surface    biaxial    residual    tensile-stress    system    of    considerable    magnitude 
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exhibited  a  diagonal  fracture  (Fig.  ll-61a)  typical  of  a  torsion  failure  although 
a  bending  load  was  applied. 

This  torsional  type  of  fracture  is  explained  by  the  large  surface-tangential 
residual  tensile  stress  (102,400  psi)  compared  with  the  lower  longitudinal 
stress  (52,700  psi).  The  path  of  fracture  would,  therefore,  be  influenced  by 
the  tangential  component  and  be  inclined  to  the  length  axis.  When  trans- 
formation stresses  predominate  over  the  thermal  type,  it  is  characteristic  to 


(a)  Residual  tensile  surface  stress  =  52,700  long,  and  102,400  psi  tang. 


„    Jk 


(b)  No  residual  stress 

Fig.  11-61.     Bending-Fatigue  Fracture  Influenced  by  Residual  Stresses  (Buhler 

and  Buchholtz) 

find  the  tangential  exceeding  the  longitudinal  stresses;  whereas  in  construc- 
tional steels  the  thermal  stresses  invariably  predominate,  and  the  longitudinal 
stresses  exceed  the  tangential.57 

AA.  Flame  Heating 

Thum  and  Erker124  demonstrated  how  thermal  residual  stresses  could  be 
applied  either  to  decrease  or  to  increase  fatigue  resistance.  Residual  stresses 
were  produced  in  specimens  by  local  heating  to  a  red  heat  below  the  critical 
temperature  by  means  of  a  torch.  Commercial-steel  bar  stock  of  2%2  in.  by 
2%  in.  cross  section  of  low-carbon  content  with  as-rolled  surface  was  the 
material  tested  under  repeated  tensile  loading  in  a  50-ton  pulsator. 

Residual  thermal  stresses  were  produced  across  the  test  section  by  locally 
applying  heat  to  the  center  area  of  the  2?s'-in.  width  and  then  allowing  the 
specimens  to  cool.  Fatigue  failure  started  in  the  middle  of  this  heated  region 
containing  high  tensile  stresses  rather  than  from  the  edge  of  the  specimen,  as 
was  the  case  for  the  not-heated  specimens.  Despite  these  unfavorable 
residual  tensile  stresses  the  upper  allowable  fatigue-strength  value  was  only 
2  per  cent  less  than  that  of  the  specimens  having  no  initial  stress  from  heating. 
Explanations  for  this  small  loss  of  fatigue  strength  are:  (1)  The  upper  tensile 
endurance  value  is  above  the  yield  strength  of  the  steel,  (2)  residual  stresses  are 
not  nearly  so  effective  without  as  with  stress  concentration,  and  (3)  the  applied 
stress  is  uniform  across  the  section.     In  (1)  plastic  deformations  are  produced 
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in  loading  the  specimen  which  reduce  the  residual  stresses  to  a  small  remaining 
value125  of  little  influence  on  the  fatigue  resistance. 

Notched  specimens  were  also  prepared  with  residual  thermal  stresses  and 
submitted  to  fatigue  test  in  a  manner  similar  to  the  plain  specimens.  The 
results  are  presented  in  Fig.  11-62.  Residual  tensile  stresses  produced  at  the 
outer  edge  of  the  specimen  and  compression  around  the  hole  as  in  (b)  result 
in  a  27  per  cent  increase  in  the  upper  fatigue  limit  over  the  case  of  (a)  with  no 
residual  stress.  When  the  residual-stress  system  in  (b)  is  reversed  as  in  (c) 
so  as  to  produce  initial  tensile  stresses  around  the  hole,  then  a  lost  in  fatigue 
resistance  of  12  per  cent  occurs  over  that  for  case  (a)  with  no  residual  stresses. 

Alternating  tensile  loading 
Min.  stress  2,300  psi 


©5 


yUr-l 


Stress  due 
to  test  load 

||  "0  hole 


No  residual 
stress 


Max. 
tensile 
stress 


Torch  applied 
locally  over 
these  areas 
to  red  heat 


Residual  therma 

stresses  applied 

before  test 


23,500  psi 


Fig. 


26,300  psi  tensile  32,700  psi 

100%  stress  127%  88% 

W  (b)  (c) 

11-62.     Influence  of  Thermal  Stresses  on  Fatigue  Resistance  of  Notched 
Specimens  (Thum  and  Erker) 


It  is  important  to  note  that  favorable  residual  compressive  stresses  in  (b)  give 
a  fatigue  resistance  40  per  cent  greater  than  the  unfavorable  initial  tensile 
stresses  in  (c).  Mention  should  be  made  that  all  endurance  values  for  the 
notched  specimens  were  below  the  yield  strength  of  the  steel.  When  a 
specimen  in  (c)  was  stretched  beyond  the  elastic  limit  prior  to  fatigue  test, 
then  a  portion  of  residual  stresses  were  lost  while  the  remaining  stresses  still 
caused  a  slight  increase  in  fatigue  strength  over  that  in  (a). 

Buhler  and  Lohmann126  used  the  boring-out  method  to  determine  residual 
stresses  in  a  mild-steel  disk  3.8-in.  in  diameter  by  0.79-in.  thick.  This  disk  was 
torch-heated  to  1740°F  in  the  center  over  2-to-23|-in. -diameter  area  and 
air-cooled.  Tangential  stress  in  the  edge  of  17,000  psi  compression  was 
reported;  balancing  stresses  in  the  center  were  tension  of  40,000  psi  for  each 
the  radial  and  tangential  components. 

Bollenrath127  measured  residual  stresses  by  the  Mathar  method  of  drilling- 
holes  in  a  24-in. -square  plate,  0.59  in.  thick,  of  mild  steel.     This  plate  was 
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torch-heated  until  the  surface  melted  over  a  center  band  3  to  4  in.  wide  across 
the  plate.  Maximum  residual  tensile  stress  of  71,000  psi  was  found  in  the 
heated  zone  which  was  above  the  tensile  strength  (53,000  psi)  of  the  plate. 

Siebel  and  Pfender128  measured  residual  stresses  by  cutting  strips  from  an 
18-in. -square  plate,  1.18  in.  thick,  of  steel  having  36,000  psi  yield  point.  This 
plate  was  torch-heated  in  the  middle  to  750°F  and  air-cooled.  Stresses  found 
are  plotted  in  Fig.  11-63. 

Residual  stresses  in  flame-cut  plates  have  been  reviewed16  and  reported 
by  several  investigators  to  vary  from  small  tensile  values  to  55,000  psi  tension. 
Only  approximate  methods  of  stress  measurement  were  used.  No  cracking 
was  encountered  in  steel  less  than  0.35%  C.  Large  pieces  of  steel  over  0.35% 
C  cracked  when  not  preheated. 


(U  O 
3  O 
■O  O 


K      -10 
-20 


Upper  face  (torch  side) 
Lower  face 


Fig.   11-63.     Residual  Stresses  in  Mild-Steel  Plate  Heated  in  Center  to  about 
750°F  by  Torch  and  Air-Cooled  (Siebel  and  Pfender) 

The  influence  of  residual  stresses  on  fatigue  resistance  as  produced  by  flame 
heating  0.25%  C  plates  was  also  reported  from  a  limited  number  of  tests  by 
Bruchner  and  Munse.128 


BB.  Internal-Stress  Peak  Effect  Due  to  Residual  Stresses 

Parts  which  are  surface-hardened  by  such  means  as  case  carburizing, 
nitriding,  and  induction  or  flame  hardening  exhibit  reduced  fatigue  resistance 
in  the  heat-affected  or  transition  zone  between  the  hardened  and  unhardened 
regions.  This  weakness  may  occur  in  a  (1)  subsurface  area  or  (2)  surface 
zone  between  the  hardened  and  unhardened  area;  it  is  usually  attributed  to 
the  physical  and  structural  properties  of  the  steel  in  the  transition  region 
being  inferior  to  that  in  the  hardened  layer.  Another  explanation  for  this 
weakness  discussed  here  is  that  the  favorable  residual  compressive  stresses 
in  the  hardened  layer  are  balanced  by  opposing  unfavorable  tensile  stresses 
in  the  transition  zone.  It  is  these  residual  tensile  stresses  which  lead  to  an 
internal-stress  peak;129  premature  fatigue  failure  initiates  through  this  region 
of  high  tensile  stresses. 

The  nucleus  of  fracture  located  below  the  surface  may  not  necessarily  occur 
at  the  depth  of  the  hardened  layer.  Wiegand"  explained  this  in  Fig.  11-64 
where  the  initiation  point  of  fracture  F  is  located  in  the  region  of  high  tensile 
stresses  causing  an  internal  notch.     Maximum  tensile  stress  occurs  below  the 
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surface  at  F  because  of  the  combined  effect  of  the  internal  stress  from  surface 
hardening  superimposed  on  the  stress  due  to  external  loading.  Even  though 
this  internal-stress  peak  exists,  it  is  well  known  that  the  actual  fatigue  resist- 
ance is  greater  for  a  surface-hardened  condition  than  when  the  entire  piece  is 
quenched  and  tempered  to  the  same  tensile  strength  as  the  core;  an  example 
of  this  is  given  for  a  case-carburized  condition  in  Table  11-14,  series  1  and  2. 

Evidence  of  an  internal-stress  peak  in  the  surface  layer  occurs  in  the  runout 
zone  as  a  result  of  case  carburizing,"  as  presented  in  Table  11-14.  Fatigue 
strength  of  plain  specimens  with  and  without  such  an  internal-stress  peak  is 
compared  (series  1,  2,  and  6).  The  tapered  case  structure  on  smooth  cylindri- 
cal specimens  (series  6)  gives  a  lower  fatigue  strength  than  even  those  quenched 


.   Specimen 
— £ 


1- Residual  stress  due  to  case  carburizing 
2- Bending  stress  due  to  external  loading 
3 -Resultant  stress  from  1  and  2 


Fig.  11-64.     Stress  Distribution  through  Tension  Side  of  Bending  Specimen  Case- 

Carburized  (Wiegand) 

and  tempered  (series  1)  to  the  same  tensile  strength  as  the  core  of  the  case. 
Failure  initiates  at  the  surface  and  in  the  transition  zone  containing  residual 
tensile  stresses.  Johnson130  discussed  a  similar  internal-stress  peak  arising 
from  the  end  effect  in  induction-hardening  a  journal  on  a  shaft. 

If,  in  addition,  this  transition  region  happens  to  be  located  in  an  area  con- 
taining an  external-notch,  which  produces  an  external-stress  peak,  such  as  a 
fillet  or  oil  hole,  then  still  further  weakening  may  occur.  Almen131  mentioned 
the  decreased  fatigue  resistance  of  gear  teeth  from  hardening  the  flank  only; 
an  internal-stress  peak  results  in  the  runout  zone  which  is  located  in  the  root 
radius  of  case-carburized  gears,  or  filleted  shafts132  are  improperly  processed 
to  the  extent  of  too  much  of  the  case  layer  in  the  radius  being  ground  away; 
premature  fatigue  failure  occurs  through  the  transition  area  containing  an 
internal-  and  an  external-stress  peak. 

Internal  and  external  stress  peaks  exist  simultaneously  when  the  journal 
portion  of  a  crankshaft  is  induction-hardened  too  close  to  the  journal  fillet; 
this  condition  results  in  low  fatigue  resistance  as  found  by  Williams  and 
Brown133  in  Fig.  11-65.     A  similar  example  is  cited  by  Johnson130'  134  in  the 
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induction  hardening  of  crankshaft  journals  where  improvement  results  from 
keeping  the  heat-affected  zone  some  distance  away  from  the  fillets.  Improved 
fatigue  resistance  results  in  such  examples  if  the  soft  transition  area  can  be 
rolled,  shot-peened,  or  surface-work-hardened  as  a  means  of  introducing 
compressive  stresses  to  offset  the  detrimental  tensile  stresses  from  induction 
hardening. 

TABLE  11-14 

Notch  Effect  in  Transition  Region  of  Case-Hardened  Specimens 
Wiegand  and  Scheinost 


Type  Specimen, 
0.55  in.  Diameter 


Series        Type  Treatment 


Fatigue  Strength  for 
107  Cycles 


Rotating     Reversed 

Bending,      Torsion, 

psi  psi 


1  Quenched  and  tempered      88,300         35,600 

2  Case-hardened   to   depth     99,600         44,800 

0.008  in.  after  grinding 


-*\ ^0.079  "  dia. 


3  Quenched  and  tempered      48,400         17,100 

4  Hole    drilled    after    case     29,900         14,200 

hardening 

5  Hole  drilled  before  case     62,600         41,200 

hardening 


Transition  region 


6  Case-hardened  layer  con- 
ical shaped  to  give  tran- 
sition 


81,100 


Cr-Ni-Mo  Steel:  0.13%  C;  1.92%  Cr;  0.22%  Mo;  2.15%  Ni. 

182,000  tensile  strength  for  both  quenching  and  tempering  and  core  of  case. 

Hardness  of  case  surface  60-62  RC. 


Fatigue  data"  on  case-carburized  parts  are  presented  in  Table  11-14 
(compare  series  3,  4,  and  5)  to  substantiate  further  these  contentions  regarding 
the  presence  of  both  internal  and  external  stress  peaks.  In  the  example  of  the 
transverse  hole  (series  4)  applied  after  carburizing,  the  fatigue  failure  initiated 
below  the  rim  of  the  hole  in  the  transition  region  F  in  Fig.  11-64;  fatigue 
resistance  is  only  62  per  cent  of  that  for  similar  quenched  and  tempered 
specimens  (series  3).  Failure  is  expected  to  initiate  below  the  surface  of  such 
surface-hardened  parts  but  not  to  give  a  lower  fatigue  resistance  than  the 
quenched  and  tempered  specimen  which  has  the  same  tensile  strength  as 
the  core  structure  below  the  case  layer.  This  lower  fatigue  value  is  explained 
by  the  unfavorable  residual  tensile  stresses  occurring  at  an  external  notch. 
This  effect  is  eliminated  by  drilling  the  hole  before  carburizing  (series  5). 
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Fig.  11-65.     Endurance  Tests  on  Crankshafts;  "Normal"  Was  Carburized  and 
Quenched  (Williams  and  Brown) 
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Fig.  11-66.     The  Effect  of  Induction  Hardening  on  the  Endurance  Limit  of  a 
Cylindrical  Specimen  with  an  Oil  Hole  (Johnson) 
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Johnson130-  134  found  that  crankshaft  journals  exhibited  similar  weakness 
at  oil  holes  after  induction  hardening.  Figure  11-66  illustrates  his  findings, 
and  Fig.  11-67  shows  how  improvement  was  obtained  by  shot  peening. 
German  investigations132'  135'  136  of  flame-hardened  crankshafts  revealed  that 
(1)  it  was  necessary  to  flame-harden  the  journal  fillet,  and  (2)  journals  that 
failed  through  the  oil  hole  were  little  improved  in  torsional-fatigue  resistance 
and  may  even  be  weakened  by  flame  hardening.  Zimmerman187  tested 
%6-in. -diameter  specimens  in  rotating  bending  which  had  sharp-  or  square- 
cornered  fillets.  He  found  an  endurance  limit  of  54,000  psi  when  the  external 
notch  was  flame-hardened  which  was  even  higher  than  for  an  unnotched  part 
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Fig.  11-67.     The  Effect  of  Shot  Peening  on  the  Endurance  Limit  of  an  Induction- 
Hardened  Cylindrical  Specimen  with  an  Oil  Hole  (Johnson) 

that  had  not  been  flame-hardened.  These  findings  form  a  basis  for  production 
crankshafts138  of  one  large  automobile  producer  which  are  flame-hardened 
in  the  fillets  as  well  as  the  journal  portion. 

It  is,  therefore,  imperative  that  both  the  designer  and  the  metallurgist 
evaluate  the  influence  of  this  internal-stress  peak  effect  before  releasing  parts 
for  production. 

CC.  Induction  Hardening 

Residual  stresses  are  obtained  by  induction  hardening.  These  stresses  are 
usually  considered  to  be  in  compression  in  the  surface  layers  and  for  this 
reason  are  favorable  toward  fatigue  resistance.139  Rapidly  heating  the  outer 
surface  of  a  cylinder  by  induction  heating  causes  the  outer  layer  to  expand. 
Yielding  occurs  in  this  outer  zone  because  of  its  reduced  strength,  and  it  is 
upset  in  compression  on  a  cold  core.     Quenching  this  upset  surface  then 
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produces  residual  stresses  due  to  transformation  (tension  stresses)  and  thermal 
(compression  stresses)  changes  in  the  outermost  layer  heated  above  the  critical 
temperature.  An  intermediate  layer  just  below  the  surface  which  was 
not  heated  above  the  critical  would  give  only  thermal  or  compressive  stresses. 
It  should  be  mentioned  that  this  upset  layer,  if  allowed  to  cool  without 
hardening,  would  leave  tensile  stresses  on  the  surface.  Therefore,  the  final 
residual  compressive  stress  on  the  surface  of  induction-hardened  parts  would 
not  be  expected  to  be  nearly  so  great  as  that  obtained  by  quenching  a  cylinder 
heated  throughout  above  As. 

Johnson134  found  10,000  psi  tensile  in  one  member  and  in  another  10,000  psi 
compressive  stresses  in  the  surface  of  induction-hardened  parts  2%  in.  in 
diameter,  as  determined  by  the  boring-out  method.  Other  investigators 
report  high  compressive  stresses  on  the  surface,  but  such  divergence  in  the 
findings  may  be  due  to  the  method  employed  to  measure  the  residual  stress  or 
factors  in  the  induction-hardening  method  and  particularly  the  case  depth 
and  rate  of  heating.  Details  of  stress  measurement  are  seldom  given  by 
investigators,  but  it  is  customary  to  extrapolate  the  residual-stress  curve 
through  the  hardened  layer  after  machining  away  the  softer  core;  if  this  is 
done,  the  gradient  obtained  could  be  in  serious  error  as  illustrated  in  Fig.  1 1-72. 

Almen131  found  40,000  psi  compressive  stress  in  the  surface  of  a  6-in.-long 
crankshaft  journal  induction-hardened.  Comparative  fatigue  results  have 
been  reported140  on  furnace-  and  induction-treated  testpieces  from  three 
different  steels.  Another  investigation141  determined  the  residual  stresses  in 
cylinders  (2.6  in.  OD  X  1.93  in.  ID  X  1.14  in.  long)  of  four  steels  (Table 
11-15)  as  affected  by  case  depth  and  rate  of  cooling.  These  stresses  were 
obtained  by  the  Anderson  and  Fahlman  method  of  cutting  rings  0.39  in.  thick 
and  slitting;  for  this  reason  the  stress  gradient  measured  near  the  surface, 
especially  if  steep,  may  be  in  considerable  error.  Nevertheless,  these  results141 
have  comparison  value  and  are  briefly  quoted.  The  depth  of  the  induction- 
hardened  layer  influences  the  surface  residual  stresses,  as  shown  in  Fig.  1 1-68 ; 
the  stress  gradient  through  the  hardened  region  is  given  in  Fig.  11-69.  Sur- 
face stresses  as  influenced  by  different  quenching  mediums  of  water,  10  per 
cent  soda  solution,  and  still  air  are  reported  in  Table  11-16.  Tempering 
temperature  and  time  reduce  the  surface  residual  stresses,  as  indicated  in 
Fig.  11-70. 

TABLE  11-15 

The  Influence  of  the  Case  Depth  on  Internal  Stresses  by  Induction 

Hardening 
Kontorovich  &  Livshitz 
Internal  Stresses,  psi,  in  the  case  after  hardening  to  the 
indicated  depths 

Steel         Curve  No.    _^_ —               — — ■                                    w—  — -^ 

Grade              Fig.              0.039           0.079           0.118           0.157  0.197 

1045                   1               28,400         55,500         74,000          56,900  

XHB                  2               11,400         38,400         68,300          88,200  45,500 

XHM                3               28,400         21,300         52,600          96,700  102,400 

XMM                4                28,400         72,500        103,800  88,200 
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Steam  hammer  piston  rods  often  develop  fatigue  failure  in  the  tapered 
portion  which  fits  into  the  ram,  and  this  section  has  been  induction-hardened.142 
Some  forge  shops  report  a  substantial  increase  in  service  life  through  induction 
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Fig.  1 1-68.     Influence  of  Case  Depth  on  Residual  Stress  by  Induction  Hardening 

(Kontorovich  el  al.) 

hardening  whereas  others  report  little  or  no  improvement.  Life  variation 
may  be  due  to  the  method  of  induction  hardening,  but  probably  other  factors 
such  as  fitting  of  rod  in  ram  and  type  of  forging  work  being  produced  have  an 
important  bearing  on  this  problem. 
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Fig.  11-69. 


Distribution  of  Residual  Stress  through  Case  by  Induction  Hardening 
(Kontorovich  et  al.) 


Highly  stressed  gear  teeth  have  been  induction-hardened  along  the  tooth 
profile  and  root  radius.  Such  gears  have  been  reported143  to  run  3000  hr 
without  failure  in  an  accelerated  fatigue  test  whereas  oil-quenched  and 
tempered  gears  were  pitted  after  100  hr.     Almen131  and  Martin  and  Gehr144 
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discussed  gear-tooth  hardening.  They  stated  that  the  fatigue  resistance  was 
unfavorably  influenced  by  (a)  induction  hardening  through  the  tooth  section 
or   (b)  hardening  flank  only  and  not  the  root  radius.     Danger  of  surface 


Drawing  time,  hr 

Fig.  11-70.     Influence  of  Drawing  Temperature  and  Time  on  Residual  Stress  Due 
to  Induction  Hardening  (Kontorovich  et  at.) 

tensile  stresses  causing  quenching  cracks  after  induction  heating  can  be 
prevented  by  decreasing  the  temperature  gradient;  use  of  an  interrupted  or 
oil  quench  or  a  steel  less  susceptible  to  cracking  offers  means  for  overcoming 
this  difficulty.144 

TABLE  11-16 

The  Effect  of  Cooling  Rate  on  the  "Structure,"  Properties,  and  Internal 

Stresses  by  Induction  Hardening 

Kontorovich  &  Livshitz 

Depth  of  Case,  in. 


Steel      Quenching 
Grade       Medium 
XHB     Water 


Inter- 
Hardened  mediate 


Structure  of 
RC       Hardened  Case       Zone  Zone 

50-51  Highly  dispersed     0.161         0.008 
martensite 
Soda  solution  48-50   Larger  grained     0.189         0.016 

martensite 
Air  44-46  Still   larger     0.185      Through 

grained  mart. 
XHM   Water  61-62  Highly  dispersed     0.197         0.008 

martensite 
Soda  solution  59-60  Mart.  &  islets  of     0.213         0.012 

troostite 
Air  35-42  Sorbite  Through 

XMM  Water  62-63  Highly  dispersed     0.161         0.008 

martensite 
Soda  solution  60-61  Martensite  0.189 

Air  50-51  Troostite  0.157      Through 


Surface 

Residual 

Compressive 

Stress,  psi 

90,000 

97,000 

4,000 

88,000 

74,000-94,000 

18,000 
97,000 

83,000 
32,000 
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Distortion  resulting  from  residual  stresses  and  means  for  minimizing  it  in 
induction-hardened  machined  parts  were  presented  by  Lauderdale.145  Stress 
concentration  which  may  result  from  certain  induction-hardening  procedures 
was  discussed  in  section  BB  under  internal-notch  effects. 


DD.  Flame  Hardening 

Favorable  residual  compressive  stresses  shown  in  Fig.   11-71  have  been 
found  on  the  surface  of  7^i6-in.-diameter  tubular  axles146  (0.50%  C,  0.25% 
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Ni,  0.13%  Cr);  tubes  were  flame-hardened  by  the  spinning  method  where  the 
flame  head  was  equal  to  the  length  of  the  hardened  area.  Internal  stresses 
were  determined  by  the  boring-out  method  for  the  flame-hardened  condition 
in  comparison  with  tubes  which  were  (a)  quenched  and  tempered  and  (b) 
air-cooled  from  the  hot-rolled  condition  off  the  mill.  Fatigue  tests  were  made 
on  these  full-size  tubes  in  rotating  bending  as  a  cantilever  beam  under  condi- 
tions of  high-stress  concentration  obtained  by  press-fitting  a  head  over  the 
tube  in  the  region  which  was  flame-hardened.  A  correlation  between  the 
tensile  and  endurance  values  with  the  surface  residual  stresses  is  given  in 
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Table  11-17  (series  1,  2  and  3).  Flame-hardened  tubes  exhibited  at  least 
83  per  cent  greater  fatigue  resistance  than  those  not  surface-treated,  and  this 
was  attributed  largely  to  the  favorable  high  residual  surface-compressive 
stresses.  To  judge  by  the  tensile  properties,  the  quenched  and  tempered 
tubes  would  be  expected  to  have  a  higher  endurance  limit  than  the  hot-rolled 
tubes,  but  this  was  not  the  case. 

TABLE  11-17 

Influence   of   Residual  Stresses   on   Fatigue   Strength   of   Press-Fitted 

Assemblies 


Type  A 


Endurance 
Limit  Value 


No. 


Treatment  of 
Inner  Member 

Hot -rolled 
Qw  1500°F 
Temper  1050°F 
Flame-hardened 

Norm.  &  temp. 
Flame-hardened 
Surface-rolled 

Temp.  1000°F 
Temp.  750°F 
Temp.  500°F 


12,000 
<12,000 


100 
<100 


Type  B 

Residual  Surface 
Stress,  psi 

Long.  Tang. 

Type  A 
-8,700        -8,500 
+1,600        +2,000 


TypeC 

Tensile  Properties* 


Y.P., 


61,000 
72,000 


rat., 

psi 


104,000 
119,000 


R.  of  Elong.. 
A.. 


Izod, 
ft-lb 


>22,000     >183     -105,000     -123,000 

Type  S 

11,000   100    15,600    26,800 

18,000   163    18,500    21,500 

>  22, 000     >200  87,000  45,000 

Type  C— Water  Quench  1550°F 

12,500        100     81,000 

>22,000     >176     96,000 

>22,000     >176     92,000 


About  same  as  1 


48,000        92,000      47 


183 
217 


179 


125.000 

49 

18 

lsAo 

253 

139,000 

34 

11 

% 

262 

135,000 

50 

17 

^19 

262 

*  Properties  on  1  through  6  given  for  mid-section;  7  through  9  are  outside-diameter  values. 

Fatigue  tests147  were  made  on  larger  press-fitted  assemblies,  similar  to  those 
on  the  afore-mentioned  tubes,  9 J^-in. -diameter  solid  shafts  (0.52%  C)  being 
used.  Normalized  and  tempered  shafts  were  progressively  flame-hardened 
(3>s-in-  flame-bead  speed)  locally  under  the  portion  where  the  wheel  was 
pressed  on ;  for  comparison  purposes  others  were  tested  without  flame  harden- 
ing. Fatigue  results  in  Table  11-17  (series  4  and  5)  indicate  the  superiority  of 
flame  hardening.  Some  difficulty  was  experienced  with  circumferential 
thermal  cracks  developing  during  flame  hardening;  even  in  the  presence  of 
such  defects  the  endurance  limit  was  increased  by  at  least  63  per  cent. 

Residual-stress  distribution  through  the  entire  section  was  determined 
by  the  boring-out  method  for  different  rates  of  travel  of  the  flame  head;  for 
clarity  these  stresses  are  shown  here  only  through  the  surface  layer  0.3  in. 
thick,  in  Fig.  11-72.  It  may  be  noted  that  the  residual  stress  both  changes 
in  direction  and  has  a  low  magnitude  near  the  surface,  which  was  not  found  in 
the  case  of  the  tubes  (Fig.  11-71).  In  fact,  the  residual  stresses  for  the  non- 
flame-hardened  condition  (Fig.  11-72)  are  not  much  different  at  the  immediate 
surface  than  for  the  flame-hardened  condition,  but  below  the  surface  the  stress 
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decreases  abruptly.  The  effective  depth  of  the  residual  compressive  stresses 
by  flame  hardening  (Fig.  11-72)  is  evidently  essential  in  this  case  to  produce 
the  increased  fatigue  strength.  The  method  of  residual-stress  analysis  used 
to  obtain  Figs.  11-71  and  11-72  may  have  some  bearing  on  these  differences. 
The  boring-out  operations  were  continued  further  for  the  9K  in.  so  as  to  give 
a  thinner  wall  of  D/d  ratio  than  for  the  tubular  axles;  also  after  final  boring 
of  the  9^-in.  cylinders  they  were  slit  and  the  tongues  cut  (Fig.  11-3),  whereas 
this  was  not  done  for  the  tubular  axles.*  These  operations  are  very  important 
for  surface-hardened  specimens  in  order  to  detect  any  stress  reversal  or  steep- 
stress  gradient  in  the  immediate  surface  layers.  Such  findings  as  in  Fig.  1 1-72 
raise  the  question  of  the  validity  of  published  data  on  residual  stresses  reported 
for  particularly  surface-hardened  parts,  unless  the  surface  layer  were  machined 
or  etched  sufficiently  thin  to  minimize  errors  due  to  extropolation. 

Similar  rotating  bending-fatigue  tests  were  made  on  press-fitted  2-in.  shaft 
assemblies,148  and  the  endurance  limit  was  about  three  times  as  great  for 
those  flame-hardened  as  for  those  not  surface-treated.  The  spin-hardening 
method  was  used,  but  no  residual  stresses  were  measured.  In  all  the  press-fit 
tests  mentioned  in  this  paper  the  endurance  limit  is  given  as  the  stress  above 
which  the  axle  will  break  off  just  inside  the  fitted  portion  after  85  million  stress 
reversals;  the  axle  may  have  shallow  fatigue  cracks,  however,  in  the  fitted 
portion,  as  detected  after  the  wheel  is  pressed  off  following  the  completion  of 
the  test.  The  stress  level  at  which  these  cracks  initiate  in  the  presence  of 
fretting  corrosion  apparently  is  not  much  different  for  the  flame-hardened  than 
for  the  non-surface-treated  condition;  the  propagation  of  these  incipient 
fatigue  cracks  is  greatly  retarded  by  the  layer  of  residual  compressive  stresses 
present  on  the  flame-hardened  member.  Shafts  not  flame-hardened  have  no 
such  protective  layer  of  residual  stress,  and,  once  fatigue  cracks  initiate,  they 
can  propogate  fast  to  dangerous  depths  and  finally  result  in  a  broken  shaft. 

Kallen  and  Nienhaus149  used  the  boring  method  to  determine  the  residual 
stresses  in  a  flame-hardened  4-in.  shaft  of  medium-manganese  steel.  Com- 
pressive stresses  were  found  in  the  surface,  185,000  psi  longitudinally  and 
170,000  psi  tangentially;  these  were  balanced  by  tensile  stresses  in  the  center, 
57,000  psi  (radial  and  tangential)  and  128,000  psi  (longitudinal).  Surface 
hardness  was  RC  50  and  dropped  off  to  30  at  %-in.  depth  and  to  20  in  the  core. 

Increased  fatigue  resistance  by  flame  hardening  is  often  attributed  to  the 
higher  tensile  strength  with  accompanying  increased  fatigue  resistance  of 
the  hardened  layer.  Voss150  reported  a  core  tensile  strength  of  122,300  psi 
and  surface  zone  of  291,600  psi  for  l?4-in.  crankshaft  journals  which  were 
flame-hardened. 

Earlier  discussion  in  section  BB  included  additional  considerations  regarding 
residual  stresses  accompanying  flame  hardening. 

*  Other  variables  were  (a)  the  9}4  in.  members  were  flame-hardened  by  the 
progressive  method  and  the  tubular  axles  by  the  spinning  method,  and  (6)  an 
optimeter  (Fig.  11-4)  was  used  for  making  measurements  of  diameter  and  length 
changes  during  boring  out  in  the  case  of  tubular  axles  and  SR-4  strain  gages  (Fig. 
11-5)  in  the  residual-stress  study  of  the  9H  hi-  members. 
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EE.  Residual  Stresses  by  Surface  Rolling 

Surface  rolling  to  be  effective  in  increasing  fatigue  resistance  must  plas- 
tically deform  the  surface  layers.     The  core  metal  is  strained  elastically  under 
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relatively  low-tension  stress  while  the  surface  layer  is  under  high  compressive 
stress.  A  number  of  9J^-in.-diameter  solid  shafts  of  plain  carbon  steel 
(0.52%  C),  normalized  and  tempered,  were  rolled.  A  three-roller  device 
having  type-5  rollers,  in  Fig.  11-73,  was  employed,  utilizing  three  different 
pressures  of  12,000,  21,000  and  32,000  lb  maximum  load  per  roller.  The 
boring-out  method,  supplemented  by  slitting  and  cutting  tongues  (Fig.  11-3) 
was  followed  to  determine  the  large  residual  stresses  given  in  Fig.  11-74.  It 
should  be  noted  that  the  stress  in  the  surface  layer  also  changes  direc- 
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tion,  similar  to  that  discussed  in  Fig. 
11-72,  but  to  a  lesser  extent. 

Effectiveness  of  these  high  residual 
stresses  on  fatigue  strength10'  147  is 
shown  in  Table  11-17  (series  4  and  6). 
Rotating  bending  tests  made  on  press- 
fitted  assemblies  gave  over  22,000 
psi  endurance  limit  for  pins  rolled  at 
21,000-lb  roller  pressure;  this  com- 
pares with  only  11,000  psi  for  similar 
pins  not  rolled.  Rolling,  therefore, 
more  than  doubles  the  factor  of  safety 
against  the  pins  breaking  off  just 
inside  the  edge  of  the  press  fit,  as 
shown  in  Fig.  11-75. 

Such  rolling  is  effective  in  com- 
pressing the  steel  to  a  considerable 
depth.10  Hardness  surveys  in  Fig. 
11-73  made  on  transverse  sections 
cut  from  shafts  under  various  rolling 
conditions  show  that  it  is  not  difficult 
to  influence  the  hardness  of  the  sur- 
face layer  }4  in.  and  more  deep. 
Tensile  and  fatigue  properties  of  this 
layer  are  naturally  increased  by  this 
work  hardening  over  the  unrolled 
condition.  Part  of  the  increased  fa- 
tigue resistance  in  Table  11-17  is, 
therefore,  due  to  the  strain  hardening 
and  part  due  to  residual  stresses.9 
Additional  hardness  curves  on  0.3- 
through  2-in. -diameter  surface-rolled 
shafts  have  been  measured  and  cor- 
related with  increased  fatigue  resist- 
ance.0- m  Roller  shape,  size,  pres- 
sure, and  yield  strength  of  the  shaft 
material  determine  depth  of  hardness 
penetration.  This  depth  can  be 
calculated.151 

Similar  internal-stress  investiga- 
tions were  made  earlier  by  Buhler152 
on  bars  of  a  smaller  diameter  rolled 
under  several  conditions.  His  results 
are  given  in  Fig.  1 1-76  for  two  differ- 
ent bar  diameters  and  two  kinds  of 
low-carbon  annealed  steel. 

Favorable  residual  surface  stresses 
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obtained  by  surface  cold  working  are  not  to  be  confused  with  the  type 
obtained  by  usual  mill  operations  in  production  of  cold-rolled  or  drawn  bar 
stock.     Starting  at  less  than  1  per  cent  reduction  of  area  in  mill  operations 


Fig.  11-75.     Typical  Fatigue  Fracture  of  Crankpin  Initiating  Just  inside  the  Press- 
Fitted  Wheel 

with  some  steels  it  was  found  that  the  surface  stresses  begin  changing  from 
favorable  compression  to  unfavorable  tension.81  Reduction  of  area  by  sur- 
face rolling  depends  considerably  on  surface  finish  and  is  expressed  in  thou- 
sandths of  1  per  cent  reduction  on  large  design  members. 
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Fig.  11-76.     Influence  of  Change  in  Diameter  by  Rolling  on  Surface  Residual 

Stresses 


Surface  rolling  has  been  applied  to  many  production  parts  to  improve 
fatigue  resistance  greatly,  but  usually  residual  stresses  are  not  measured. 
This  subject  has  been  reviewed.10  Richards161  also  applied  rolling  to  rec- 
tangular bars  of  Al-Zn-Mg  alloy  and  measured  stresses. 
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FF.    NlTRIDING 

High  residual  compressive  stresses  are  produced  in  the  surface  of  nitrided 
parts  which  have  been  traced  to  the  increase  in  volume  of  the  nitrided  layer 
as  determined  by  measuring  specific  weight.  About  71,000  psi  residual 
compressive  stress  in  the  longitudinal  direction  was  calculated  from  contrac- 
tion of  various-diameter  bars  which  were  ground  off  in  two  successive  steps.153 
Initial  surface  stresses  as  high  as  160,000  psi  were  reported  by  Almen5  in 
Fig.  11-77  for  strip  stock,  but  Gentner154  found  only  27,000  psi  on  l-in.-thick 
bars.  In  all  cases  only  approximate  methods  were  used  to  determine  the 
magnitude  of  the  residual  stresses.  The  effect  of  the  transverse  stresses 
which  were  also  compressive  was  disregarded. 
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Fig.  11-77. 


Magnitude  and  Depth  of  Stress  Imposed  by  Various  Surface  Treat- 
ments (Almen) 


Increased  fatigue  resistance  of  nitrided  plain  specimens  (0.3  in.  in  diameter), 
as  determined  by  many  investigators,  is  summarized  in  Fig.  11-78  by  Mai- 
lander153  for  different  core  tensile  values  and  depth  of  case  layer.  Endurance 
of  the  nitrided  members  was  25  per  cent  greater  than  for  those  not  nitrided 
when  the  case  depth  was  0.030  in. ;  it  was  35  per  cent  greater  for  a  case  depth 
of  0.037  in.  Also  residual  surface  stress  changes  little  with  specimen  diameter, 
as  shown  in  Fig.  11-79.  Mailander  concluded  that  this  improved  fatigue 
strength  was  not  due  to  residual  stresses  but  attributed  it  to  the  high  alter- 
nating strength  of  the  nitrided  layer  itself.  Two  reasons  were  given  for  this 
contention.  First,  it  was  found  that  fatigue  fracture  had  its  origin  below  the 
surface  a  distance  of  about  the  thickness  of  the  nitrided  layer.  Ratio  of  the 
diameter  of  the  bar  over  the  nitrided  layer  to  the  diameter  over  the  core  was 
1.25  and  1.35,  which  corresponded  very  closely  to  the  increased  fatigue 
resistance  reported  previously.  This  would  indicate  that  the  core  layer 
adjacent  to  the  case  determines  the  fatigue  strength,  and  it  is  no  stronger  than 
if  it  were  a  surface  layer  without  the  case  protection. 

As  additional  proof  of  his  contention  regarding  residual  stresses  influencing 
fatigue  resistance,  Mailander  nitrided  plain  fatigue  specimens  of  two  different 
steels  and  then  stretched  them  beyond  the  yield  strength  of  the  core  so  as  to 
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give  a  permanent  set.  Fatigue  resistance  was  found  to  be  practically  the 
same  for  stretched  as  for  the  nonstretched;  also,  the  depth  of  the  origin  of 
fracture  below  the  surface  did  not  change  as  a  result  of  stretching.     It  was 
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Fig.  1 1-79.     Influence  of  Specimen  Diameter  on  Residual  Stress  Due  to  Nitriding 

(Mailander) 

reasoned  that,  if  residual  stresses  had  an  influence  on  fatigue  values,  then 
stretching  would  diminish  the  surface  residual  stresses  and  also  change  the 
depth  at  which  failure  occurred. 

Wiegand132  attributed  the  higher  fatigue  resistance  of  nitrided  members  to 
residual   stresses   and   supported   his   contention   with   tensile   strength   and 
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modulus  values  in  Table  11-18.  Since  the  tensile  strength  of  the  almost 
through-nitrided  specimens  exhibited  no  greater  values  than  the  core  material, 
a  quenched  and  tempered  structure,  he  reasoned  that  the  fatigue  resistance 
would  also  be  no  different.  This  does  not  necessarily  follow,  and  further 
evidence  bearing  on  this  question  is  discussed  under  case  carburizing. 

TABLE  11-18 

Strength  and  Elasticity  of  Nitrided  Layers 

Wiegand 

Tensile  Strength,  psi, 
to  Produce 

Incipient  Elasticity, 

Testpiece*                    Heat  Treatment             Tearing  Fracture             psi 

Flat  bar  0.079"  X    (Quench  &  temp.                     156,500  30,500,000 

0.472"  section       \ Nitrided  0.0315"  deep         133,700  133,700  

Round    bar    0.098"    Nitrided   almost   through  130,900  130,900  30,360,000 
diam.                             0.0433"  deep 

Round    bar    0.394"/ 0-008"  deep  145,100     166,400      

diam.  nitrided  0.0118"  deep  139,400     157,900      

10.0177  deep  135,100      

*  Cr-Mo-V  Steel:  0.3%  C,  2.5%  Cr,  0.3%  Mo,  0.25%  V. 

Landau155  discussed  the  fatigue  results  of  several  investigators.  He 
believes  that  residual  stresses  by  nitriding  are  effective  in  increasing  fatigue 
resistance  but  supports  his  contention  largely  on  the  basis  of  diagrammatic 
stress-distribution  systems  rather  than  by  quantitative  data.  At  the  same 
time  he  emphasized  the  high  hardness  of  the  nitrided  layer  and  calculated  high 
tensile  strength  as  being  responsible  for  increased  fatigue  resistance. 

Nitrided  surfaces  appear  sensitive  to  high  overloads  such  as  are  represented 
by  the  upper-slope  portion  of  an  S-N  curve.  In  this  region  plain  specimens 
nitrided  started  failure  from  the  outer  surface.153  Tensile  strength  of  the  core 
in  these  tests  was  136,500  psi,  and  fatigue  failure  still  started  below  the  surface 
at  138,000  psi  after  35,000  cycles.  At  156,000  psi  failure  occurred  at  the 
surface.  Wiegand156  reported  similar  phenomena  for  notched  specimens 
nitrided  where  the  core  had  a  tensile  strength  of  145,000-158,000  psi.  The 
fatigue  strength  above  1,000,000  reversals  was  much  in  favor  of  the  nitrided 
specimens,  but  below  this  number  of  loadings  the  superiority  decreased  until 
the  S-N  curves  crossed  at  1000  cycles.  At  these  high-load  stresses  the  core 
material  is  above  the  yield  point  and  does  not  offer  proper  support  to  the  case 
so  that  cracking  of  the  case  layer  occurs.  A  redistribution  of  residual  stresses 
also  develops. 

Sutton157  found  that  nitrided  plain  fatigue  specimens  under  reversed- 
bending  stresses  gave  47  per  cent  increased  endurance-limit  value  over 
nonnitrided  pieces;  under  reversed  axial  loading  nitriding  led  to  only  3  per 
cent  improvement.  The  nucleus  of  failure  in  bending  was  below  the  surface 
but  under  tension  originated  at  the  surface.  This  may  suggest  that  residual 
stresses  are  not  the  principal  contributing  factor  in  obtaining  increased  fatigue 
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strength.  This  finding  as  regards  the  small  improvement  is  characteristic  of 
surface-treated  members  without  stress  concentration.  In  the  practical  case 
stress  concentration  is  generally  present  so  that  surface  treatment  would  be 
expected  to  be  beneficial  under  axial  loading,  as  shown  by  Wiegand132  for 
nitrided  screw  threads. 

GG.  Case  Carburizing 

Carburizing  and  hardening  lead  to  compressive  residual  surface  stresses, 
which  Almen5  found  to  be  about  75,000  psi  at  the  immediate  surface.     No 

Stresses  due  to  load 


Tangential  stresses  above  £  of  pins 

+ 


(d) 


Radial  stresses  shown  below  <£  of  pins. 
Tangential  stresses  shown  above  (t  of  pins. 

Fig.  11-80.     Residual  Stresses  in  Piston  Pins  (Mickel  and  Sommer) 

complete  quantitative  data  appear  to  have  been  published  regarding  the 
magnitude  of  such  internal  residual  stresses,  and  this  may  be  explained  by  the 
difficulty  of  handling  such  hard  materials  by  relaxation  or  X-ray  methods  of 
stress  analysis.  Absorption  of  carbon  in  the  case-hardened  layer,  however,  is 
associated  with  an  increase  in  volume  and,  therefore,  residual  compressive 
stresses.  On  the  other  hand,  a  decarburized  surface  represents  a  decrease  of 
carbon  corresponding  to  a  decrease  of  volume;  from  this  it  is  reasoned  that  a 
decarburized  surface  contains  tensile  residual  stresses.  Dickie168  submitted 
an  equation  for  calculating  the  tensile  stress  in  a  decarburized  layer  and  made 
measurements  to  confirm  the  presence  of  such  stresses. 

An  investigation  of  the  fatigue  resistance  of  piston  pins  for  internal-corn- 
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bustion  engines  by  Mickel  and  Sommer105  involved  a  consideration  of  residual 
stresses.  Tubular  piston-pin  fractures  usually  occur  from  the  bore,  and  some 
reasons  given  are:  (1)  any  inclusions  or  metallurgical  defects  which  have  a 
natural  preference  for  that  location,  (2)  surface  finish  which  is  not  so  good 
on  the  inside  as  on  the  outside,  (3)  inspection  difficulties  which  occur  in 
examining  the  bore  and  locating  any  defects,  (4)  crushing  stress  due  to  exterior 
loading  in  the  bore,  (5)  unfavorable  residual  stresses  with  some  heat  treatments. 
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Fig.  11-81.     Fatigue  Resistance  of  Piston  Pins  (1%  in.  OD  X  7/8  in.  ID  X  3^  in.) 

(Mickel  and  Sommer) 

A  severe  internal-stress  distribution  is  produced  in  case-hardened  pins  as 
shown  in  a,  b,  and  c  of  Fig.  11-80  for  three  different  conditions  of  the  bore. 
When  the  outside  diameter  only  is  carburized  as  in  a,  the  tangential  stress  is  a 
maximum  compression  value  in  the  outer  layers  unless  the  surface  is  damaged 
in  grinding.  At  the  immediate  outside  surface  the  residual  radial  stress  is  zero 
but  increases  quickly  to  a  maximum  tension  value  a  small  distance  below  the 
surface.  If  the  hardness  gradation  is  not  uniform  at  the  junction  of  the  core 
with  the  bottom  of  the  case  layer,  then  abrupt  internal-stress  changes  occur 
which  act  as  an  internal  notch.     This  condition  leads  to  a  "paving-block" 


552 


RESIDUAL  STRESSES 


type  of  fracture  wherein  the  surface  layer  breaks  loose,  resulting  in  reduced 
fatigue  resistance.105  The  same  type  of  failure  results  when  the  case  layer  is 
too  shallow;  the  residual  radial  tensile  stress  combines  with  initial  tangential 
compressive  stress  to  give  a  high  shearing  stress  leading  to  failure.  Such 
failures  can  be  prevented  by  proper  thickness  of  case  layer  and  by  a  smooth 
and  not  too  abrupt  hardness  transition  between  the  core  and  case. 

Figure  11-806  indicates  the  stress  condition  for  case  carburizing  both 
outside  diameter  and  inside  diameter,  whereas  a  decarburized  surface  on  the 
bore  produces  tensile  stresses  as  shown  in  c.     Mickel  and  Sommer105  tested 
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Fig.  11-82.     Fatigue  Resistance  of  Piston  Pins  (Wiegand) 


a  number  of  piston  pins  under  alternating  compressive  loading  imposing 
stresses  in  the  pin  according  to  d.  The  compressive  loading  varied  from  a 
small  initial  compressive  force  to  a  maximum  as  a  means  of  determining  the 
endurance-limit  values. 

Fatigue  resistance  of  pins  from  0.11-0.18%  C  steel  with  0.2%  Cr  is  shown  in 
Fig.  11-81  where  different  conditions  of  the  bore  were  investigated.  Although 
the  magnitude  of  residual  stresses  was  not  determined,  there  is  little  variation 
in  fatigue  strength,  regardless  of  bore  condition,  except  when  the  case  depth 
on  the  bore  is  one-half  that  on  the  outside  diameter.  It  is  inferred  from 
results  that  the  methods  of  processing  and/or  this  type  of  steel  did  not  respond 
to  residual  stresses  in  the  bore;  or  it  may  be  in  this  instance  that  residual 
stresses  were  not  a  controlling  factor  in  the  strength  of  these  pins. 
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A  greater  response  to  residual-stress  formation  in  the  pin  bore  was  found  by 
Wiegand132  in  similar  fatigue  tests  of  a  different-type  alloy  steel  as  presented 
in  Fig.  1 1-82.  Fatigue  resistance  was  increased  80  per  cent  by  case-carburizing 
the  bore  with  the  outside  diameter  when  no  defects  were  present  in  the  bore; 
this  increase  was  90  per  cent  when  longitudinal  defects  such  as  slag  lines 
existed  in  the  bore. 

Wiegand  submitted  evidence  to  show  that  the  increased  fatigue  resistance 
in  Fig.  11-82  was  due  to  favorable  residual  stresses.  He  anticipated  objection 
to  this  conclusion  because  this  increase  is  often  explained  by  the  case  layer 
having  a  higher  hardness  and  corresponding  higher  static  strength  and  fatigue 
strength  than  the  core.  He  countered  this  objection  on  the  basis  that  tensile- 
strength  values  obtained  on  bars  case-carburized  about  all  the  way  through 
the  section  were  nearly  always  below  or  just  above  those  for  pseudocarburized 
material.     The  modulus-of-elasticity  values  were  also  comparable. 

Contrary  to  Wiegand,  the  results  of  Woodvine159  showed  that  the  tensile 
strength  of  the  case  layer  was  about  50  per  cent  greater  than  that  of  the  core. 
Peterson  and  Lessells160  presented  an  excellent  analysis  of  why  surface 
strengthening  increases  fatigue  resistance.  Their  explanation  indicates  that 
residual  stresses  could  have  little  or  no  influence  and  that  hardness,  physical 
properties,  and  microchanges  in  themselves  would  account  for  increased 
fatigue  resistance  found  for  surface-strengthened  members.  This  contention 
by  earlier  investigators  was  reviewed  elsewheren  9'  10  in  considerable  detail. 

A  definite  lack  of  data  exists  regarding  residual  stresses  in  surface-hardened 
layers  obtained  by  different  methods  reviewed  here  and  elsewhere  in  this 
chapter.  Explanations  are  generally  oversimplified.  The  complex  nature 
of  the  problem  requires  further  intensive  research. 

HH.  Shot  Peening 

Almen5  reported  residual  compressive  stress  in  the  outer  layers  of  shot- 
peened  steel  specimens  of  over  100,000  psi  (Fig.  11-77).  Richards161  shot- 
peened  Al-Zn-Mg  bars  y±  in.  thick  and  found  residual  compressive  stress  in 
the  surface  layer  of  30,000  to  70,000  psi,  depending  on  shot  size  used.  Depth 
of  compressive  stress  varied  from  0.020  to  0.030  in.  Normalized  bar  stock 
of  SAE  1045  steel  cylinders  3  in.  in  diameter  were  shot-peened  by  Greaves111 
and  found  to  have  longitudinal  and  tangential  compressive  stresses  of  37,000 
and  50,000  psi,  respectively. 

Large  increases  in  fatigue  resistance  due  to  shot  peening  have  been  reported 
in  production  parts  by  Almen.162  A  general  review  of  the  literature  has  also 
been  published  by  H.  F.  Moore163  and  others.9  Richards161  demonstrated 
the  improved  corrosion  fatigue  strength  of  aluminum  alloys  of  X76S-T  for 
propeller  blades  and  25S-T  specimens.  Also  H.  F.  Moore164  measured  the 
reduction  of  residual  stresses  in  shot-peened  parts  by  cycles  of  repeated 
stress.163 

An  engineering  expression  of  the  value  of  shot  peening  used  by  the  spring 
industry  is  shown  by  the  modified  Goodman  diagrams9  in  Figs.  11-83  and 
11-84. 
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II.  Axle  Straightening 

Horger  and  Lipson165  found  that  the  endurance  limit  in  rotating  bending 
of  full-size  automobile  rear  axles  was  13,000  to  16,000  psi  when  the  shafts  were 
straightened  in  production.  Similar  unstraightened  axles  had  an  endurance 
limit  of  20,000  psi  or  at  least  25  per  cent  greater  fatigue  resistance  than  the 
straightened  shafts.     The  detrimental  effect  of  unfavorable  tensile  stresses 
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Diagram  Showing  Greater  Allowable  Stresses  Permitted  on  Shot- 
Peened  Springs  of  Pretempered  Wire  (Gibson  Co) 


produced  in  straightening,  which  measured  as  high  as  120,000  psi,  was  over- 
come by  shot  peening  after  straightening  to  give  at  least  43,000  psi  endurance 
value. 

JJ.  Springs 

Scragging  or  presetting  of  springs166'  167  has  been  practiced  for  many  years 
as  a  means  of  improving  fatigue  resistance.  Becker  and  Phillips2  reported 
an  increase  of  32  per  cent  in  safe  range  of  stress  by  scragging  low-chromium 
steel  leaf  springs.  If,  in  addition  to  scragging,  the  springs  were  also  water- 
quenched  from  the  tempering  temperature,  then  about  45  per  cent  increased 
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fatigue  strength  resulted.  Both  the  scragging  and  quenching  treatment  used 
induce  favorable  compressive  stresses  in  the  surface  layers  of  the  spring. 
Estimated  maximum  residual  compressive  stress  in  the  surface  zone  was 
found  to  be  as  high  as  83,000  psi  by  quenching  from  1290°F. 

Torsion-bar  springs  are  prestressed168'  169  by  first  shot  peening  and  then 
twisting  the  bar  through  an  angle  of  as  much  as  90°.     This  twisting  is  repeated 
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Fig.    1 1-84.     Influence  of   Surface   Conditions  and   Tempering  Temperature  on 
Torsional  Fatigue  Resistance  for  10,000,000  Load  Applications  (Manteuffel) 

through  a  smaller  angle  so  as  to  leave  a  permanent  set  of  34  °-  Residual 
surface-compressive  stresses  of  35,000  psi  produced  in  this  manner  are  depended 
on  to  give  the  high  fatigue  strength  required  in  applications  where  torsion 
springs  are  used.170 

KK.  Cable 

Wire  and  cable  used  in  aircraft  and  bridge  construction  have  developed 
failure  in  the  looped  ends  at  anchorage  shoes  or  grommets  as  reviewed  by 
Brewer.171  Heat-treated  wire  made  into  preformed  loops  has  developed 
fatigue  failure  at  the  inside  of  the  loop  where  Brewer  showed  that  high  residual 
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tension  stresses  existed.  Bridge  cable  from  cold-drawn  wire  has  not  developed 
such  failures.  Also  heat-treated  wire  has  low-ductility  characteristics  in  this 
zone  of  the  bend  with  little  ability  for  plastic  flow  under  stress  concentration, 
whereas  cold-drawn  wire  is  better  in  this  respect. 

Looped  ends  of  aircraft  bracing  wires  have  been  cured  by  using  an  air 
hammer  to  peen  the  wire  down  against  the  grommet  after  it  was  installed.172 
The  explanation  for  this  was  that  the  residual  stresses  in  the  loop  were  ironed 
out  and  reduced  to  a  very  low  figure. 

LL.  Prestress  Applied  Mechanically 

Seeger173  investigated  the  fatigue  resistance  of  hollow  shafts  which  were 
preloaded  axially  so  as  to  produce  compressive  prestress  below  yield-strength 
value  of  the  steel.  Prestressing  was  obtained  by  tightening  a  bolt  running 
axially  through  the  hollow  shafts.  Several  steels,  a  cast  iron,  and  an  alumi- 
num alloy  were  the  materials  used.  Some  of  these  shafts  had  (a)  no  stress 
concentration  (&)  notch,  and  (c)  press  fit.  These  shafts  were  subjected  to 
fatigue  stressing  in  rotating  bending,  with  and  without  corrosion,  and  also  in 
reversed  torsion. 

Results  of  these  bending  tests  are  reported  in  Fig.  11-85.  Plain  specimens 
of  the  quenched  and  tempered  steel  in  curve  A  showed  a  decrease  of  fatigue 
strength  due  to  compressive  prestress,  but  an  increase  was  obtained  in  the 
presence  of  a  notch  as  in  curve  D.  Cast  iron  exhibits  a  marked  strength 
increase  due  to  prestress  shown  in  curve  B,  compared  to  the  decrease  in 
A  for  steel.  Even  the  corrosion-fatigue  resistance  of  steels  is  greatly  improved 
by  prestress  as  reported  in  G  and  H. 

Results  of  torsion  tests  in  Fig.  11-86  shows  a  large  gain  in  endurance  values 
due  to  prestress. 

Fatigue  behavior  in  Figs.  11-85  and  11-86  was  explained  by  (1)  the  relation- 
ship for  the  material  of  the  separation  resistance,  causing  brittle-type  fracture, 
to  the  slip  resistance,  leading  to  ductile-type  fracture,  and  (2)  the  resultant 
maximum  shearing  stress  determined  by  separate  shearing  stresses  produced 
by  compressive  prestress  and  applied  load.  Here  is  a  good  example  of  the 
influence  of  residual  stresses  alone  on  fatigue  resistance  without  other  factors 
being  introduced.  Most  other  cases  are  complicated  by  several  factors 
influencing  fatigue  strength. 

Various  other  examples  of  the  beneficial  application  of  prestress  obtained 
by  mechanical  means  are  of  value  to  the  designer. 

Bolts  represent  a  simple  illustration  of  the  value  of  the  proper  initial 
tightening  stresses  on  bolt  fatigue  resistance.  Fatigue  strength  was  increased 
as  much  as  150  per  cent  by  proper  preloading,  and  this  factor  is  of  equal 
importance  to  or  greater  than  manufacturing  practices  and  material  selection. 
A  rolled  thread  will  maintain  the  prestress  with  less  change  than  a  cut  thread 
because  of  better  thread  engagement  owing  to  improved  surface  finish. 
Almen174  has  presented  data  on  this  subject  of  prestress,  but  extensive  investi- 
gations of  value  to  designers  were  reported  by  Thum  and  Wurges175  and 
Martinaglia.176 
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Fig.  11-85.     Effect  of  Axial  Compressive  Prestress  on  Bending  Fatigue  Strength 

(Seeger) 

Prestressing  has  been  obtained  in  guns1  by  shrinking  several  tubular  mem- 
bers over  one  another,  by  wrapping  wire  under  tension  on  a  central  tube,  and 
after  World  War  I  by  autofrettage.  In  this  last  method  a  single  cylinder  is 
subjected  to  high  hydraulic  pressure  so  as  to  enlarge  the  bore  permanently 
about  6  per  cent  and  the  outside  diameter  by  about  1  per  cent  for  the 
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average  wall  ratio  used.  In  this  way  the  elastic-strength  pressure  of  a 
gun  can  be  nearly  doubled  through  the  combined  effect  of  the  increased  elastic 
limit  and  the  residual  compression  stress  near  the  bore. 

Cast-steel  driving-wheel  centers  for  steam  locomotives  are  prestressed  in  the 
axle  bore  previous  to  pressing  the  wheel  on  the  axle.  This  operation  consists 
of  pressing  an  oversize  tapered  plug  through  the  bore10  so  as  plastically  to 
deform  the  surface  layers.  In  this  manner  the  holding  ability  of  press-fitted 
members  is  increased,  and  they  may  be  pressed  on  and  off  a  number  of  times 
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Fig.  11-86.     Effect  of  Axial  Compressive  Prestress  on  Torsion  Fatigue  Strength 

(Seeger) 

without  loosing  their  fit.  Compressor  and  turbine  rotors  are  also  improved 
by  being  subjected  to  overspeecl  operation  as  a  means  of  obtaining  centrifugal 
stresses  above  the  yield  point.177 

MM.  Beams 

Precast  and  prestressed  concrete  beams  have  been  used  for  the  deck  of  a 
railway  bridge  in  England  in  1946. 178'  179  Concrete  beams  of  conventional 
design  would  have  been  51  in.  deep,  but  the  prestressed  beams  were  only 
41  in.  because  of  the  initial  compressive  stresses  incorporated  in  the  bottom 
flange. 

To  produce  the  initial  compressive  stress  a  special  casting  technique  was 
followed.  A  load  is  applied  to  the  reinforcing  rods  in  the  lower  flange  before 
the  concrete  is  poured  so  as  to  cause  the  rods  to  extend.  This  load  is  main- 
tained until  the  concrete  has  set  and,  when  released,  applies  compressive  stress 
to  the  concrete  in  which  it  is  imbedded.  This  initial  compressive  stress  is 
sufficiently  high  so  that  tensile  stress  due  to  maximum  bridge  loading  will 
never  exceed  the  prestress.  In  this  manner  the  low  tensile  properties  of 
concrete  are  overcome.  The  prestressing  rods  are  made  from  0.2-in. -diameter 
hard-drawn  wire  having  a  tensile  strength  of  224,000  psi.  Secondary  rein- 
forcements are  of  mild  steel. 
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NN.  Columns 

A  convenient  method  of  strengthening  bridges  is  to  increase  the  section  of 
members  by  welding  longitudinal  steel  plates  or  shapes  to  the  members  while 
they  remain  in  place  on  the  bridge.  This  welding  operation  leaves  residual 
tension  stresses  in  some  regions  of  the  member  and  compressive  stresses  in 
other  locations.  These  stresses  can  be  as  high  as  the  yield-point  strength  oi 
structural  steel  which  is  about  36,000  psi;  generally,  these  stresses  are  about 
5000  to  15,000  psi.  Square-ended  columns  having  an  l/r  ratio  of  about  65 
which  are  strengthened  in  this  manner  and  which  are  straight  after  welding 
have  the  same  unit  load-carrying  strength  as  the  original  column.180 

Influence  of  prestretching  and  precompression  on  the  buckling  strength 
of  Al-Cu-Mg  alloy  tubes  was  investigated  by  Bungardt.186  Precompression 
of  0.2  to  1.0  per  cent  increased  the  buckling  strength  25  to  30  per  cent  with 
increasing  slenderness  ratio.  On  the  other  hand,  prestretching  up  to  1  per 
cent  decreased  the  buckling  strength  at  most  by  10  per  cent. 

OO.  Embrittlement 

Cold-bent  reinforcing  bars  tend  to  develop  surface  cracking  at  the  inside 
region  of  the  bend  if  the  compression  of  the  metal  in  this  zone  is  above  about 
40  per  cent,  based  on  original  bar  dimensions.  Such  cracking  is  encountered 
especially  in  mild  steels  as  was  reported  by  Korber  et  al.U2  for  six  different 
steels  including  cast  steel. 

Internal  tensile  stresses  are  retained  in  the  compressed  zone  of  the  bar,  and 
embrittlement  which  occurs  in  this  region  is  attributed  to  these  unfavorable 
stresses.  Opposing  compressive  stresses  are  produced  in  the  stretched  or 
outside  portion  of  the  bend.  Apart  from  the  reduced  ductility  and  structural 
changes  taking  place  in  the  steel  on  bending,  it  has  been  found  that  steel- 
quality  factors  enhance  embrittlement;  this  occurs  because  inclusions  and 
so  on  assume  preferred  orientation  at  right  angles  to  the  tension  stress. 

Similar  difficulty  was  cited  by  Brewer  from  residual  stresses  in  spring  loops 
made  from  oil-tempered  SAE  1065  steel  having  a  tensile  strength  of  225,000 
psi.  Cold-drawn  wire  of  the  same  steel  and  tensile  strength  did  not  exhibit 
cracking  when  acid-pickled.183 

PP.  Thermal  Fatigue  of  Bearing  Alloys 

Small  steel-backed  bearings  of  tin-base  alloy  exhibit  marked  cracking 
through  the  alloy  and  finally  disruption  when  repeatedly  heated  and  cooled 
through  85-300°F.  This  phenomenon  termed  "thermal  fatigue"  has  been 
investigated  by  Boas  and  Honeycombe.184'  185  They  found  that  noncubic 
metals  like  tin,  cadmium,  and  zinc  alloys  (99  per  cent  purity)  which  were 
even  unattached  to  a  backing  strip  behaved  in  a  similar  manner.  Rates  of 
heating  and  cooling  were  found  to  be  of  little  significance.  The  cause  of 
stresses  leading  to  failure  is  explained  on  the  basis  that  these  metals  possess 
marked  anisotropy  of  thermal  expansion,186  and  repeated  temperature  changes 
produce  plastic  deformation;  cubic  metal  lead  exhibits  no  deformation  or 
failure  of  this  type.     Stresses  of  this  type  have  been  calculated  by  Laszlo.187 
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These  investigators  expressed  the  thought  that  metals  which  possess  a  high 
degree  of  anistropy  of  thermal  expansion  cannot  be  obtained  in  a  strain-free 
condition  at  room  temperature  by  casting  or  annealing.  Their  findings  may 
have  some  practical  implications  as  regards  service  failures  of  bearings. 


QQ.  Aluminum  Alloys 

With  the  introduction  of  heat-treated  aluminum  alloys  the  problem  of 
quenching  stresses  became  important.     These  stresses  may  be  unfavorable  in 

that  low-fatigue  resistance,  dis- 
tortion, warping,  or  even  tearing 
may  result,  especially  in  machining 
of  solution-heat-treated  materials. 
On  the  other  hand,  the  cooling 
stresses  may  be  favorable  so  as  to 
increase  fatigue  resistance.  It  is, 
therefore,  essential  to  have  a 
knowledge  of  means  of  producing 
and  controlling  these  residual 
stresses. 

Wasserman188  made  X-ray  de- 
terminations of  quenching  stresses. 
He  found  pure  aluminum  in  0.040- 
in.-diameter  testpieces  almost  free 
of  stresses;  with  increasing  diame- 
ter the  stresses  reached  a  maximum 
of  7000-8500  psi  at  about  0.24 
in.  in  diameter.  Duraluminum 
(4.27  %  Cu,  0.53  %  Mg,  0.28  %  Mn) 
quenched  from  930°F  in  ice  water 
produced  surface  compressive 
stresses  of  about  6600  psi  for 
0.04-in.-diameter  specimens;  with 
increasing  diameter  the  stresses 
rose  first  rapidly  and  then  slowly 
to  about  48,000  psi  at  0.79  in.  in 
diameter. 

Zeerleder189  found  that  the  alloy 
Avional  D  (4%  Cu,  0.2%  Si,  0.6 
Mg,  0.5%  Mn)  in  1.9-in.-diameter  bars  gave  quenching  stresses  of  about  the 
same  magnitude  as  Wasserman188  obtained  for  smaller  sizes.  Zeerleder  used  the 
Heyn  and  Bauer  method  to  determine  longitudinal  stresses ;  this  unidirectional 
consideration  of  strain  gives  stresses  too  low.  His  results  showed  that 
increasing  time  of  cooling  prior  to  quenching  decreases  stresses  as  in  Fig. 
11-87.  Increasing  temperature  of  the  quenching  bath  reduces  stresses,  as 
exhibited  in  Fig.  1 1-88.     Mechanical  treatment  such  as  stretching  or  upsetting 
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Fig.  11-87.  Longitudinal  Residual 
Stresses  in  Avional  D  Extruded  Bar  1.97 
in.  in  Diameter,  Water-  (68°F)  Quenched 
from  Anneal  (970°F);  Age  24  hr  at  120°F 
with  Different  Cooling  Periods  before 
Quenching  (Zeerleder) 
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of  quenched  pieces  greatly  modifies  the  internal  stress,  as  illustrated  in  Fig. 
11-89. 

Quenching  stresses  were  shown  by  Forrest  to  have  a  considerable  influence 
on  fatigue  resistance.190  Rotating-cantilever  fatigue  tests  were  made  on  two 
wrought-  and  one  cast-aluminum  alloy,  plain  and  notched  specimens  prepared 
with  varying  degrees  of  internal  stresses  being  used.  Figure  11-90  indicates 
that  the  endurance  values  of  plain  specimens  from  wrought  alloys  are  not 
influenced  by  residual  stress,  *  but 
the  cast  material  gave  a  20  per 
cent  increase  with  the  presence  of 
surface-compressive  stresses  from 
quenching.  Findings  regarding 
notched  specimens  were  of  greater 
practical  importance  from  the 
standpoint  of  actual  design  mem- 
bers. The  results  in  Fig.  11-90 
present  increases  in  fatigue 
strength  of  40-80  per  cent,  when 
wrought  specimens  with  annular 
notches  contain  the  usual  surface- 
compressive  stress.  Forrest  made 
the  interesting  observation  that 
some  notched  specimens  having 
surface-compressive  stresses  from 
quenching  ran  many  millions  of 
cycles  with  visible  cracks  but  with- 
out complete  failure.  This  resist- 
ance of  a  crack  in  propagating 
through  the  surface  layer  contain- 
ing residual  compressive  stresses 
has  also  been  reported  for  steel.147 

Heavy  sinking  passes  applied  in 
producing    ^i-in.-OD  X  %-in.-ID 
tubing  lead  to  high  tensile  stresses 
in  the  surface  and  reduced  fatigue 
resistance,190     according    to    Fig. 
11-91.     Rotating  cantilever  speci- 
mens having  an  annular  notch  were  investigated.     It  was  found  that  the 
fatigue-strength  values  varied  in  the  ratio  1  to  1.8,  with  the  higher  values  cor- 
responding to  specimens  having  compressive  surface  stress  and  the  lower 
values  to  those  having  tensile  stress  in  the  outer  layers  of  the  tube  wall. 

*  In  Fig.  11-90  the  heat-treatments  producing  the  residual  stresses  were  as 
follows:  Treatment  A — for  150  alloy  quench  in  nearly  boiling  water  from  925°F 
and  aged  room  temperature;  same  for  L45  alloy  but  from  995°F  and  aged  330°F; 
same  for  alloy  298  but  from  995°F  and  not  aged.  Treatments  B  and  C  were 
similar  to  A  except  quenched  in  water  at  room  temperature  after  which  alloy  150 
was  aged  at  room  temperature,  alloy  L45  aged  330°F,  and  alloy  298  not  aged. 
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Fig.  11-88.  Longitudinal  Residual 
Stresses  in  Avional  D  Extruded  Bar  1.97 
in.  in  Diameter,  Water-Quenched  from 
970°F;  Age  24  hr  at  120°F  with  1-sec 
Cooling  Period  before  Quenching  (Zeer- 
leder) 


562 


RESIDUAL  STRESSES 


Fischer191  suggested  obtaining  favorable  residual  compressive  stresses  by 
stretching  notched  testpieces  in  tension  and  then  determining  the  fatigue 
resistance.  Forrest190  made  such  tests  in  rotating  bending  on  specimens 
machined  from  stress-free  aluminum.*  Notched  pieces  were  statically 
prestressed  in  tension  to  56,000  psi  nominal  stress  through  the  base  of  the 
notch,  which  compares  with  a  yield  strength  of  40,000  psi  and  ultimate  of 
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Fig.  11-89.     Longitudinal  Residual  Stresses  in  Avional  D  Extruded  Bar  1.97  in. 

in  Diameter,   Water-  (68°F)  Quenched  from  950°F;  Age  5  days  at  68°F  with 

1-sec  Cooling  Period  before  Quenching  (Zeerleder) 

69,000  psi  for  the  material  used.  Such  prestressed  specimens  had  twice  the 
endurance  limit  of  similar  stress-free  pieces,  as  shown  in  Fig.  11-92. 

Sutton  discussed  the  results  of  Forrest190  and  cited  his  experience  with 
prestressing  of  heat-treated  and  straightened  bars  of  a  Duralumin  alloy. 
Prestressing  to  about  89  per  cent  of  the  ultimate  caused  a  considerable  reduc- 
tion in  fatigue  strength  of  plain  and  notched  specimens,  possibly  30  per  cent. 
On  this  basis  Sutton  suggested  close  scrutiny  of  cold  treatments  which  are 
expected  to  improve  fatigue  performance. 

This  principle  of  preloading  was  applied  as  a  means  of  improving  the  fatigue 

*  Specimen  BSS  6L1  was  about  the  same  as  BSS  5T4  in  Fig.  11-91,  treatment  A, 
except  that  elongation  was  about  16  per  cent. 
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Fig.  11-90. 


*  Average  stress,  1000  psi 
t90  after  retreat  in  B 


A  —  Machined  from  heat-treated  material  having  low  residual  stresses. 
B  —  Heat-treated  after  machining  to  obtain  high  residual  stresses. 
C—  Heat-treated  after  machining  but  before  cutting  notch. 
N-  Notched  specimens. 
P-  Plain  specimens. 

Effect  of  Residual  Stress  on  Fatigue  Properties  of  Aluminum  Alloys 
(Forrest) 
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strength  of  spot-welded  joints,  as  shown  in  Fig.  11-93  by  Forrest.190  A  simple 
lap  joint  consisting  of  0.7-in.-wide  pieces  of  20-gage  (0.036  in.)  Alclad  sheet 
was  made  having  a  single  spot  weld.  These  spot- welded  assemblies  were 
overloaded  in  tension  before  fatigue  testing  by  application  of  a  load  equal 
to  two-thirds  the  average  static  stress  to  failure.  This  preloading  gave  a 
50  per  cent  increase  in  allowable  mean  stress  when  these  pieces  were  tested 
under  fluctuating  tension  loading.     Also  Field  and  associates192  made  fatigue 
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Endurance,  psi 
A  -  Polished  specimens.  22,450 

B  -  Notched  specimens.  7,800-9,000 

C-  Notched  specimens  prestressed.  17,900 

Effect  of  Preloading  on  Fatigue  Strength  of  Notched  Specimens  of 
Stress-Free  Aluminum  (Forrest) 


tests  on  spot-welded  assemblies  and  obtained  appreciable  increase  after  cold 
rolling  with  a  2.7  per  cent  reduction.  A  greater  reduction  resulted  in  no 
improvement  over  the  unrolled  material.  In  these  spot-weld  tests  the 
increased  fatigue  resistance  was  believed  to  result  from  a  redistribution  of  an 
unfavorable  internal  stress  to  a  favorable  one  rather  than  to  cold  working. 

Means  for  reducing  detrimental  residual  stresses  likely  to  cause  rupture  in 
quenching  or  machining  as  developed  in  quenched  aluminum-alloy  parts  after 
solution  treatment  were  summarized  by  Benson193  in  Fig.  11-94.  He  investi- 
gated internal  stresses  in  wrought  metal  to  DTD  410  (1.8-2.5%  Cu,  0.6-1.4% 
Ni,  0.65-1.2%  Mg,  0.6-1.2%  Fe,  0.55-1.25%  Si,  0.05-0.15%  Ti)  quenched 
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in  water  from  about  985°F.  In  one  series  of  tests  the  quenching  water  was 
at  room  temperature,  and  stress-relief  temperature  was  varied;  another  series 
incorporated  different  temperature  values  for  the  quenching  water.  If  the 
data  in  Fig.  11-94  are  compared,  it  is  apparent  that  minimizing  internal  stresses 
by  increasing  the  quenching-water  temperature  involves  less  sacrifice  of 
strength  properties  than  final  stress-relief  operations.  Benson  points  out 
that  increasing  the  precipitation-hardening  temperature  is  the  procedure  most 
convenient  in  practice  but  increasing  quenching-water  temperature  is  pref- 
erable for  general  engineering  applications. 

Frommer  and  Lloyd194  made  X-ray  studies  of  residual  stresses  in  aluminum 
alloys.  A  description  is  given  of  the  apparatus  and  experimental  technique 
that  have  been  found  most  suitable,  and  a  selection  of  some  applications  to 
some  important  practical  problems  is  summarized.  Their  results  showed  how 
stresses  could  be  greatly  reduced  in  quenching  by  use  of  shrouds  around  thin 
sections  of  forgings  having  both  heavy  and  light  sections.  Surface-layer 
stresses  of  a  highly  localized  nature  produced  by  various  machining  and  shot- 
blasting  operations  are  quoted  from  their  findings  in  Table  11-19.  Internal- 
stress  distribution  through  thick-walled  extruded  tubes  representing  various 
methods  of  manufacture  were  also  presented. 

Many  other  investigators  have  measured  residual  stresses  in  aluminum 
alloys,  but  no  correlation  was  reported  with  fatigue-strength  properties. 
Some  of  these  studies  were  reported  by  Grogan  and  Clayton,195  Kempf, 
Hopkins  and  Ivanso,196  Phillips  and  Brick,197  Kempf  and  Van  Horn,198  and  a 
book12  was  published  discussing  this  subject. 
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A.  Introduction 
Cracks  generally  are  produced  by  any  of  the  following  conditions: 

1 .  Machining  and  grinding  operations. 

2.  Working  operation. 

3.  Service  loading. 

"Machining,  if  done  at  excessive  speeds  or  excessive  feed,  may  result  in  tearing 
of  metal  and  the  resultant  crack  formation.  The  cracks  are  surface  cracks, 
and  their  direction  corresponds  to  the  direction  of  feed.  Grinding  will 
produce  cracks  as  a  result  of  localized  heating  when  the  speed  of  grinding  is 
excessive.  Severe  grinding  produces  residual  tensile  stresses  which  exceed 
the  tensile  strength  of  the  material  and  exhibit  themselves  in  the  form  of 
grinding  checks  and  cracks.  These  are  always  located  at  the  surface,  and 
their  direction  and  distribution  corresponds  to  the  direction  of  grinding.  A 
region  particularly  susceptible  to  the  formation  of  grinding  cracks  is  the 
transition  zone  between  a  straight  and  a  filleted  section,  since  at  this  point 
two  different  grinding  operations  form  a  junction  resulting  in  a  notch  or  an 
actual  crack. 

Cracks  may  also  result  from  improper  forging,  casting,  rolling,  and  heating 
operations  or  during  uneven  cooling  from  the  finishing  temperature.  These 
cracks  will  occur  at  any  depth,  and  their  orientation  may  be  definite,  dependent 
on  the  direction  determined  by  working,  (such  as  rolling  marks),  or  they  may 
occur  at  random  as  in  the  case  of  quenching  cracks.  For  example,  cracks 
produced  in  rolling  or  drawing  rods,  tubes,  or  wires  are  usually  parallel  to  the 
axis. 
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Service  loading  results  in  cracks  at  the  surface,  or  in  the  case  of  surface- 
treated  parts  they  may  occur  at  the  junction  of  the  case  and  the  core.  They 
frequently  occur  at  a  discontinuity  in  section  where  the  effect  of  stress  con- 
centration is  particularly  pronounced.  The  direction  of  the  cracks  usually 
corresponds  to  the  direction  or  plane  of  the  applied  load. 

The  mere  existence  of  a  crack  does  not  necessarily  indicate  a  dangerous 
condition,  and  many  cases  are  on  record  where  the  cracked  part  behaved 
satisfactorily  in  service.  Whether  a  crack  will  or  will  not  lead  to  failure 
depends  on  several  conditions,  the  principal  of  which  are :  shape  of  the  crack, 
location  of  the  crack,  type  of  material,  and  the  conditions  of  loading. 

The  shape  of  the  crack  is  related  to  the  direction  of  the  applied  stress, 
and  the  crack  is  particularly  significant  if  its  principal  dimension  is  at  right 
angle  to  the  direction  of  the  tensile  stress.  Location  of  the  crack  is  also 
significant,  and  in  a  piece  subjected  to  a  bending  or  torsional  load  a  crack 
found  at  the  neutral  axis  is  not  dangerous.  The  same  crack  would  be  dan- 
gerous if  a  pure  axial  load  was  applied,  a  rare  case  in  most  industrial  applica- 
tions. Since  the  maximum  stress  in  bending  and  in  torsion  occurs  at  or  near 
the  surface,  surface  cracks  must  be  regarded  as  real  danger  points. 

The  type  of  material  is  also  important  in  deciding  whether  a  given  crack 
might  result  in  failure.  Some  materials,  such  as  heat-treated  steels  of  high 
hardness,  are  "notch  sensitive,"  whereas  annealed  steels  are  less  susceptible 
to  notches.  Cast  iron  is  particularly  not  sensitive  to  notches.  A  crack, 
therefore,  that  in  cast  iron  will  not  result  in  failure,  in  hardened  steel  would  be 
particularly  dangerous. 

As  to  the  condition  of  loading,  cracks  may  lead  to  failure  only  when  the 
part  is  subjected  to  fatigue  loading.  Under  static  loading  the  existence  of  a 
crack  is  not  deleterious  to  the  strength  of  the  part. 

It  is  thus  obvious  that,  although  the  experimental  methods  of  crack  detec- 
tion, particularly  as  set  up  in  inspection  processes,  are  simple,  the  matter  of 
interpretation  of  these  cracks  is  a  matter  of  judgment  and  calls  for  knowledge 
of  stress  analysis,  metallurgy,  and  service  operations. 

The  methods  for  crack  detection  described  in  this  chapter  are  only  the 
representative  or  typical  methods,  or  those  that  offer  promise  for  future 
development.  Presumably  any  number  of  test  methods  can  be  developed 
from  any  set  of  physical  conditions,  but  only  those  that  have  the  obvious 
feature  of  simplicity  and  reliability  or  that  furnish  a  particularly  effective 
solution  to  a  representative  group  of  problems  are  considered  here.  None 
of  these  methods  represents  a  solution  to  all  the  problems  because  of  the 
great  diversity  of  manufactured  parts  and  conditions. 

Present  discussion  does  not  include  the  radiographic  methods  of  crack 
detection  (X  rays,  gamma  rays),  and  a  separate  chapter  in  the  handbook  is 
devoted  to  this  topic. 

B.  General  Methods 

In  spite  of  the  significant  progress  made  in  the  field  of  crack  detection,  many 
methods  which  have  been  in  use  in  the  past  still  find  wide  application  at  the 
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present  time.     These  methods  are  based  on  simple  mechanical  or  optical 
principles,  and  they  are  characterized  by  a  simplicity  of  operation. 

1.  Visual  Inspection.  This  is  undoubtedly  the  oldest  method  used  in 
crack  detection,  and  it  can  be  considered  as  indispensable  in  all  engineering 
inspection  problems.  It  is  used  both  aided  and  unaided  by  some  additional 
device  such  as  a  magnifying  glass  or  photographic  camera.  When  used  by 
trained  personnel,  it  represents  an  effective  means  for  detecting  surface  cracks, 
blowholes,  shrinkage  cracks  in  castings  and  forgings,  and  the  like. 

2.  Acoustic  Methods.  The  simplest  and  probably  the  oldest  method  of 
testing  by  acoustic  means,  and  one  that  is  still  extensively  used  in  practice, 
involves  hammering  or  tapping  the  part  and  listening  to  the  sound  produced. 
The  assumption  is  that  a  part  free  from  cracks  will  vibrate  at  its  natural 
frequency.  Conversely,  absence  of  a  "pure"  note  should  be  an  indication  of 
the  existence  of  a  crack. 

This  method  of  testing  is  not  always  reliable.  It  is  reported,  for  example, 
that,  when  wheels,  in  which  very  large  cracks  were  artificially  produced  by 
drastic  quenching,  were  struck  by  a  hammer,  they  rang  as  well  as  sound 
wheels.  The  difficulty  is  that  longitudinal  waves  of  medium  frequency 
spread  around  the  cracks  instead  of  being  stopped  by  them.  In  addition,  the 
note  emitted  by  the  struck  body  depends  on  the  degree  of  restraint  imposed 
on  the  body  by  the  method  of  support.  Besides,  the  natural  frequency  of  the 
struck  body  may  be  so  high  as  to  be  inaudible  to  the  human  ear. 

For  these  reasons  the  acoustic  method,  though  simple  in  operation  and  very 
effective  in  many  cases,  cannot  be  considered  as  totally  reliable.  The  degree 
of  its  advantage,  however,  is  attested  by  its  widespread  use  in  industry.  It  is 
particularly  used  in  the  railroad  industry  to  test  the  soundness  of  wheels;  and 
in  the  shipping  industry  to  test  steel  castings  for  ship  hulls  and  anchors,  on 
pipes,  forgings,  welds,  and  the  like. 

A  refinement  of  the  acoustic  method  involves  the  use  of  the  stethoscope,  and 
successful  results  are  reported  by  the  Union  Carbide  and  Carbon  Company 
in  the  examination  of  welded  tanks,  pipes,  and  so  on.  Tests  conducted, 
however,  at  the  National  Physical  Laboratory  on  welded  structures  are  not 
particularly  encouraging.  , 

The  acoustic  method  may  be  combined  with  a  magnetic  method  to  produce 
satisfactory  results.  The  article  under  test  is  magnetized  so  that  a  magnetic 
flux  passes  through  the  weld.  Defects  in  the  weld  cause  a  disturbance  in  the 
flux  lines,  distorting  the  field  in  the  vicinity  of  the  defect.  The  "tester" 
comprises  a  searching  device  connected  up,  through  an  amplifier,  to  ear- 
phones. The  searching  device  consists  of  an  electromagnetic  vibrator  which 
produces  a  characteristic  "hum."  The  intensity  and  pitch  of  the  "hum" 
undergo  a  change  which  can  be  detected  in  the  earphones  whenever  the 
searching  device  approaches  the  distorted  magnetic  flux  in  a  defective  weld. 

3.  Damping  Method.  Detection  of  cracks  by  means  of  damping  is  rela- 
tively new,  and  it  is  not  yet  widely  applied  in  industry.  The  method  involves 
striking  the  body  with  a  hammer  and  measuring  consecutive  amplitudes  of 
free  vibration,  from  which  damping  capacity  is  determined.     When  an  object 
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is  set  into  free  vibration,  the  amplitudes  of  these  vibrations  decrease  expo- 
nentially. This  is  due  to  internal  friction  of  the  object  and  is  known  as  the 
damping  property  of  vibration.  The  specific  damping  capacity  may  be  deter- 
mined by  measuring  the  logarithmic  decrement  of  vibration.  This  can  be 
obtained  by  vibrating  the  object  first  at  its  natural  frequency  and  then  at 
frequencies  on  each  side  of  the  peak  frequency  and  noting  the  amplitudes. 

Since  clamping  capacity  is  characteristic  of  the  material,  the  assumption  is 
that  a  material  having  cracks  should  have  a  higher  damping  capacity.  Figure 
12-1  shows  the  directional  effect  of  damping  in  a  material  free  from  defects 

compared  with  a  material  with  inter- 
nal cracks.  The  sound  material  shows 
a  symmetrical  distribution  of  damping 
whereas  the  cracked  material  shows  an 
anisotropic  damping. 

4.  Leakage  Test.  This  form  of  test 
is  used  for  the  detection  of  cracks  in 
connection  with  proof-testing  pressure 
vessels,  containers,  castings,  and  so  on. 
The  usual  procedure  is  to  paint  the 
joints  and  seams  with  whitewash  and 
then  to  fill  the  container  with  oil.  The 
existence  of  a  crack  is  revealed  by  the 
leakage  of  oil  with  consequent  staining 
of  the  whitewash. 

For  the  detection  of  cracks  in  alu- 
minum, anodic  oxidation  may  be  used. 
If  cracks  are  present,  they  will  appear 
as  stains  on  the  film  of  aluminum  oxide. 
The  specific  procedure  used  in  leak- 
age tests  varies,  of  course,  with  each 
type  of  application.  In  some  cases  hot 
oil  is  used;  in  others  steam,  air,  soap- 
suds, and  so  on.  Air  is  used  with  the 
part  under  investigation  immersed  in  water  and  cracks  being  detected  through 
the  appearance  of  air  bubbles.  In  some  cases  soapsuds  are  placed  inside  the 
vessel,  soap  bubbles  indicating  leakage. 

5.  Drilling  Tests.  Drilling  tests  accompanied  by  visual  inspection  are 
extensively  used  for  the  detection  of  cracks  in  large  forgings  and  castings.  At 
particularly  suspicious  sections  a  hole  is  drilled,  and  the  internal  walls  are 
examined  for  cracks.     The  holes  are  then  plugged  and  welded. 

A  modification  of  this  method,  particularly  used  for  the  detection  of  cracks 
in  welds,  involves  milling  out  a  small  portion  of  the  weld  after  which  a  visual 
inspection  is  made.  This  is  often  facilitated  by  etching  the  surface  to  make  the 
crack  more  visible. 

6.  Oil- Whiting  Method.  This  method  involves  the  use  of  oil  which  would 
penetrate  a  crack.     The  oil  is  then  wiped  off  the  surface,  and  the  surface  is 


Fig.  12-1.  The  Directional  Effect  of 
Damping  in  a  Material  Free  from 
Defects  and  Stressing,  Compared 
with  That  in  a  Stressed  Material 
with  Internal  Cracks 
The  unstressed  material  shows  the 
same  value  for  the  damping  in  all 
directions,  whereas  the  stressed  or 
defective  material  distinctly  shows 
anisotropic  damping 
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coated  with  whiting.  The  part  is  then  struck  or  moved  to  allow  the  oil  to 
come  out  of  the  cracks  and  to  discolor  the  whiting. 

It  is  reported  that  this  method  is  used  with  some  success  in  the  examination 
of  springs  for  possible  cracks.  Instead  of  whiting  being  used,  the  springs  are 
sand-blasted,  and  cracks  exhibit  themselves  as  dark  streaks  on  an  otherwise 
smooth  surface. 

The  Zyglo  method  developed  by  the  Magnaflux  Corporation  represents 
another  modification  of  the  oil-whiting  method.  The  part  is  coated  with  a 
fluorescent  penetrant,  which,  is  subsequently  wiped  off  the  surface.  A 
developer  is  then  applied  to  draw  the  penetrant  from  the  crack,  and  when 
viewed  under  ultraviolet  light  it  locates  the  position  of  the  crack. 

7.  Etching  Tests.  Etchants  are  extensively  used  for  the  detection  of 
cracks;  a  typical  etchant  is  a  50  per  cent  solution  of  hydrochloric  acid  at 
approximately  160°F.  Special  precaution  should  be  taken  with  hard  steels, 
for  if  not  sufficiently  tempered  they  will  develop  cracks  from  the  etchant 
itself.  Internal  and  surface  cracks  produced  by  grinding,  forging,  rolling, 
quenching,  and  so  on  are  easily  revealed  by  the  etching  method. 

C.  Magnetic  Methods 

The  development  of  the  magnetic  methods  of  crack  detection  can  be  traced 
to  the  end  of  the  last  century  when  a  patent  was  applied  for  by  A.  Herring  for 
detecting  cracks  in  metals  by  means  of  a  compass  needle.  This  was  followed 
by  the  work  of  W.  Medcalf,  C.  W. 
Burrows,  and  others.  The  first  prac- 
tical application  of  the  ideas  can  be 
attributed  to  W.  E.  Hoke  who  devel- 
oped in  1921  an  actual  magnetic  de- 
tector   which    utilized    iron    particles      ~ 

suspended  in  oil.     This  work  was  ex-      — 

tended  by  A.  V.  de  Forest  and  his  as-     '  ~^i 

sociates  who  made  a  major  contribution      j?IG     ^2-2.     Diversions   of   Flux    by 

in  developing  an  equipment  for  the  use  Crack 

of  industrial   plants.     Simultaneously, 

work  was  done  by  Kinsley  in  developing  the  magnetic  inductive  methods  for 

crack  detection. 

The  magnetic  method  of  crack  detection  is  based  on  the  fact  that  the 
magnetic  permeability  of  the  material  is  markedly  affected  by  the  presence  of 
a  crack,  permeability  being  lower  for  a  faulty  material  than  for  a  sound  one. 
The  magnetic  lines  of  force  in  a  magnetized  piece  will  be  diverted  in  those 
regions  where  there  is  a  change  in  permeability,  and,  since  the  permeability 
is  less  near  the  crack  than  in  the  uncracked  area,  the  lines  of  force  will  go 
through  the  air  over  the  crack. 

This  is  illustrated  in  Figs.  12-2  and  12-3.  Figure  12-2  shows  a  magnetized 
piece,  with  the  magnetic  lines  of  force  shown  by  dotted  lines.  X  is  the  crack, 
and  it  causes  the  lines  of  force  to  pass  through  the  air  and  set  up  N  and  S  poles 
as  shown.     These  poles  will  attract  magnetic  particles  sprayed  or  blown 
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on  the  piece  and  in  this  manner  will  indicate  the  location  of  a  crack.  The 
same  phenomenon  is  shown  in  Fig.  12-3  for  a  bar  magnetized  by  a  current 
flowing  longitudinally. 

The  magnetic  method  offers  many  obvious  advantages  to  the  technique  of 

crack  detection,  but  it  also  has  two  serious  limitations.     It  is  not  applicable 

to  nonferrous  materials,  and,  in  addition,  insignificant  variations  in  mechanical 

X  properties    frequently    produce    large 

variations  in  the  magnetic  field  which 

in  turn  may  give  a  false  indication  of 

the  presence  of  a  crack. 

8.  Methods  of   Magnetization   and 
Detection.     The  remanent  magnetism 
in  a  piece  is  usually  not  sufficient  to 
reveal  the  existence  of  cracks,  and  for 
Fig.    12-3.     Diversions    of    Flux    by      ^B  reason  it  is  necessary  to  magnetize 
Internal  Cavity  the  piece  by  meang  of  an  extemal  field_ 

The  method  of  magnetization  will  depend  on  several  factors,  such  as  the  form 
and  size  of  the  part  to  be  inspected,  probable  location  of  the  crack,  and  matter 
of  convenience.  In  cracks  at  right  angle  to  the  axis  of  the  piece,  longitudinal 
magnetization  is  required  which  can  be  affected  by  a  current  passing  through 
a  conductor  wrapped  around  the  piece.  On  the  other  hand,  if  the  cracks  are 
parallel  to  the  axis,  as  in  rolling  or  drawing  rods,  tubes,  and  wires,  circular 
magnetization  is  necessary.  This  is  obtained  by  passing  a  current  through 
the  piece.  If  the  crack  position  is  random,  as  in  quenching  cracks,  the  field 
of  excitation  is  combined.  By  means  of  a  d-c  electromagnet,  a  longitudinal 
field  is  applied  in  order  to  detect  cracks  which  are  at  right  angle  to  the  field, 
while  at  the  same  time  a  circular  field  is  applied  by  an  alternating  current 
for  the  detection  of  cracks  in  the  longitudinal  direction. 

Continuous  flux  is  obtained  through  a  d-c  magnetization  while  alternating 
flux  is  obtained  by  means  of  an  alternating  current.  In  general,  the  advantage 
of  a  d-c  magnetization  lies  in  the  fact  that  a  uniform  magnetic  field  is  obtained 
and  a  greater  degree  of  penetration  is  achieved.  It  is  reported,  for  instance, 
that  cracks  3  in.  below  the  surface  have  been  thus  detected.  The  disadvan- 
tage is  that  the  demagnetization  process  is  more  involved  with  direct  than 
with  alternating  current.  If  the  part  is  magnetized  by  an  alternating  current, 
demagnetization  simply  involves  stepping  down  continuously  the  maximum 
current  applied.  In  d-c  magnetization,  however,  a  special  auxiliary  demag- 
netization equipment  is  needed,  or  demagnetization  must  be  carried  out 
immediately  after  the  part  is  magnetized  and  the  current  stepped  down 
continuously  with  frequent  changes  of  the  direction  of  the  field. 

Detection  of  cracks  involves  locating  the  magnetic  poles  which  appear  near 
the  crack  across  which  a  magnetic  flux  was  produced.  The  simplest  though 
very  inadequate  method  utilizes  a  small  pivoted  bar  magnet  which  is  moved 
relative  to  the  piece  and  in  this  manner  discerns  a  variation  in  the  magnetic 
field  produced  by  the  crack.  Another  method  (the  magnetic-inductive 
method)  involves  the  use  of  search  coils  in  which  a  current  is  induced  by  the 
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magnetic  flux  in  the  specimen.  The  existence  of  the  crack  is  detected  by  the 
changes  in  the  coil  current  produced  by  the  changes  in  the  magnetic  flux. 
Still  another  method  involves  the  use  of  magnetic  particles,  dry  or  in  a  liquid 
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Fig.  12-4.     Description  of  the  Parameter  in  Fig.  12-5 

form,   to  delineate  the  form  of  the  crack.     This  method  is  known  as  the 
magnetic-powder  method,  and  it  is  extensively  used  in  industrial  applications. 

9.  The  Magnetic-Powder  Method.  As  has  been  pointed  out  before,  the 
magnetic-powder  method  involves 
the  use  of  iron  particles  which 
affect  the  magnetic  resistance  of  the 
crack.  The  gain  in  energy  achieved 
by  the  presence  of  the  iron  filings  is 
the  force  with  which  the  filings  are 
retained  in  the  neighborhood  of  the 
crack.  When  this  force  is  greater 
than  the  force  which  must  be  exerted 
to  blow  away  or  to  wash  away  the 
cracks,  the  crack  can  be  detected. 

There  are  several  factors  which 
affect  the  detection  of  the  crack, 
and  the  relation  between  pertinent 
variables  is  shown  in  Fig.  12-5. 
Figure  12-5  gives  the  least  detecta- 
ble width  of  a  crack  as  a  function 
of  the  field  strength.  It  may  be 
noted  that  the  field  strength  should 
be  at  least  30  ampere  turns  per 
centimeter  and  that  no  advantage 
is  derived  by  using  strengths  above 
90  ampere  turns  per  centimeter. 
Figure  12-6  shows  that  the  mag- 
netic-powder method  is   not   very 
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Fig.  12-5.  The  Maximum  Width  of  a 
Flaw  That  Can  Be  Indicated  in  Relation 
to  the  Field  Strength 
Effect  of  a  flaw  2.5  to  5  per  cent  of  the 
cross  section;  crack  situated  at  the  sur- 
face; length  of  filings  5  X  10-4  cm 
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effective  in  detecting  subsurface  cracks,  an  increase  in  the  field  strength 
above  60  ampere  turns  per  centimeter  not  producing  any  greater  depth 
effect. 

The  magnetizing  methods,  as  has  been  pointed  out  before,  depend  on  the 
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type  of  application.  As  to  the  detection  of  cracks,  fine  iron  filings  are  used. 
These  filings  are  usually  prepared  from  low-carbon  steels  so  that  they  will  not 
have  an  appreciable  residual  magnetism  and  are  ground  fine  to  prevent 
clogging.  Cracks  are  detected  by  either  the  dry  or  the  wet  method.  The 
dry  method  has  the  advantage  of  being  clean  and  more  sensitive  to  sub- 
surface cracks  but  has  the  disadvantage  that  iron  filings  cling  to  cracks  and 
are  difficult  to  remove.  As  a  result,  the  wet  method  is  used  much  more 
extensively.  Magnetization  and  crack  detection  may  be  done  simultaneously 
or  separately,  and  the  choice  depends  on  the  type  of  cracks  suspected,  type  of 
material,  and  so  on. 
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Fig.  12-6.     Depth  Effect  of  the  Magnetic-Powder  Method  in  Relation  to  the  Field 

Strength 
Effect  for  10~3  cm  width  of  crack;  5  per  cent  weakening  of  cross  section;  5  X  10~4 
cm  length  of  filings 

For  the  detection  of  very  small  cracks,  particularly  if  they  are  located  in 
crevices,  small  fillets,  bottoms  of  splines,  and  similar  places,  a  fluorescent 
medium  is  used  in  which  filings  are  suspended.  The  examination  is  made 
with  the  aid  of  ultraviolet  light.  This  process  is  commercially  known  as 
Magnaglo. 

The  magnetic-powder  method  is  widely  used  in  the  United  States,  com- 
mercial instruments  being  manufactured  by  the  Magnaflux  Corporation. 
Surface  cracks  in  castings,  forgings,  rolled,  machined,  and  ground  parts  are 
easily  detected  by  this  method,  both  in  the  laboratory  and  on  the  assembly 
lines.  As  a  tool  of  inspection  it  contains  a  hazard,  however,  in  that  thousands 
of  pieces  may  pass  without  any  crack,  and  by  the  time  a  cracked  piece  appears 
the  inspector  may  overlook  it  because  of  monotony  and  visual  fatigue. 
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10.  The  Magnetic-Inductive  Method.  The  magnetic-powder  method  is 
generally  not  sensitive  to  cracks  located  much  below  the  surface,  and  the 
magnetic  inductive  method  was  developed  for  this  range  of  applications. 
Different  types  of  equipment  have  been  built  to  suit  different  conditions,  but 
they  are  all  based  on  the  principle  that  a  change  in  a  magnetic  flux  due  to  the 
presence  of  a  crack  induces  a  current  in  the  search  coil.  The  coils  can  be 
movable  or  stationary,  depending  on  the  type  of  application.  In  the  movable- 
coil  type  of  equipment  a  magnetic  field  is  induced  by  a  permanent  magnet,  and 
sudden  changes  in  this  field,  caused  by  the  presence  of  a  crack,  induce  a 
current  in  a  search  coil  which  is  passed  over  the  piece.  The  signal  is  then 
amplified  and  recorded.  This  method  has  been  successfully  used  in  the 
examination  of  welds,  steel  cables,  and  so  on. 
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Fig.  12-7.     Circuit  of  Cable  Tester 
E  =  excitation  coils 

P  =  testing  coil,  differentially  connected 
G  =  ballistic  galvanometer 


In  the  equipment  with  stationary  coils  either  the  piece  is  moved  relative 
to  the  search  coil,  or  an  a-c  field  is  used  for  magnetization.  The  form  in 
which  this  method  was  used  when  applied  to  the  testing  of  cables  (Fig.  12-7) 
involved  winding  two  excitation  coils  around  the  cable  and  using  a  search  coil 
consisting  of  two  single  coils  and  situated  between  the  excitation  coils.  The 
cable  is  moved  at  a  uniform  rate  between  the  coils,  and  the  electromotive  force 
induced  in  the  search  coil  is  detected  on  a  ballistic  galvanometer. 

In  the  United  States  three  different  instruments  have  been  developed  for 
the  detection  of  metallurgical  and  manufacturing  irregularities.  Although 
their  primary  function  is  not  the  detection  of  cracks,  they  can  be  used  for 
that  purpose  in  spite  of  the  reticence  of  the  advertising  claims.  These 
instruments  are  the  Cy olograph,  the  Magnetic  Analysis  Comparator,  and  the 
Ferrograph. 

The  Cyclograph,  manufactured  by  the  Allan  Du  Mont  Company,  contains  a 
test  coil  which  controls  the  frequency  of  an  oscillator.  The  testpiece  when 
inserted  into  the  test  coil  produces  core  losses,  and  these  in  turn  affect  the 
output  of  the  oscillator.     The  resultant  signal  is  viewed  on  the  screen  of  a 
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cathode-ray  tube.  This  instrument  is  not  applicable  to  the  detection  of 
surface  cracks  but  will  detect  internal  defects.  When  operating  in  the 
frequency  range  of  2000  to  10,000  cycles  the  core  losses  are  mainly  governed 
by  the  magnetic  properties  of  the  material,  and  the  Cyclograph  acts  as  a 
magnetic-inductive  instrument. 

The  Magnetic  Analysis  Comparator  operates  at  a  lower  frequency  than 
the  Cyclograph.  The  instrument  contains  two  coils,  primary  and  secondary, 
and  it  is  set  up  to  produce  a  sine  wave  on  the  oscilloscope  screen  when  a  piece 
void  of  cracks  is  passed  through  the  coils.  When  the  testpiece  is  then  inserted, 
the  existence  of  a  crack  produces  electromotive  forces  which  manifest  them- 
selves in  a  distortion  of  the  sine  wave.  This  instrument  is  being  used  in  the 
inspection  of  bars  and  tubes  and  will  respond  to  the  existence  of  a  crack. 

The  Ferrograph  is  a  hand-sorting  instrument  operating  at  a  low  frequency 
(26  cycles),  and  it  utilizes  the  remanent  magnetism.  The  testpiece  is  inserted 
in  a  transformer,  and  the  existence  of  a  flaw  is  evidenced  by  a  voltage  induced 
in  the  secondary  winding. 

D.  Supersonic  Methods 

Supersonic  methods  represent  a  relatively  recent  development  in  the  science 
of  crack  detection.  In  1930  Muhlhauser  applied  for  a  patent  in  which  he 
proposed  to  study  flaws  in  metal  with  an  ultrasonic  receiver  and  transmitter. 
Sokoloff  conducted  experiments  in  the  United  States,  and  F.  A.  Firestone  and 
others  developed  practical  instruments  for  crack  detection  in  the  laboratory 
and  in  the  shop. 

Supersonic  methods  involve  the  use  of  sound  waves  of  high  frequency  (up 
to  10  megacycles).  Because  of  this  feature,  supersonic  methods  do  not 
possess  the  limitations  characteristic  of  audible  sound  waves.  These,  being 
of  moderate  frequency,  have  a  low  penetrating  power,  bend  easily  around 
corners,  and,  consequently,  cannot  locate  cracks  with  sufficient  sharpness. 
Supersonic  waves,  on  the  other  hand,  have  a  great  penetrating  power,  are 
focused  easily,  and  are  easily  deflected  or  reflected  from  defects  in  the  material. 

Several  methods  have  been  developed  for  the  detection  of  cracks.  In  one 
of  them  the  piece  is  set  in  vibration  at  its  natural  frequency  (in  the  supersonic 
range),  and  the  vibration  is  then  picked  up  by  electronic  means.  This  usually 
comprises  an  oscillator  which  beats  with  the  incoming  frequency  so  that  the 
frequency  of  the  beats  falls  in  the  audible  range. 

Another  method  of  crack  detection  is  based  on  the  damping  capacity  of  the 
material.  The  principle  is  similar  to  that  described  in  section  B ;  the  instru- 
mentation depends  on  the  type  of  application.  The  methods  which  offer  a 
considerable  promise  are  those  in  which  the  supersonic  wave  is  actually 
passed  through  the  piece  and  the  reflected  or  absorbed  wave  is  measured. 
These  methods  are  incorporated  in  several  instruments  developed  commercially. 

11.  The  Reflection  Method.  The  reflection  method  has  been  effectively 
developed  by  F.  A.  Firestone,  and  it  is  incorporated  in  a  commercial  instru- 
ment known  as  the  Supersonic  Reflectoscope.  A  quartz  crystal  is  attached 
to  the  part  being  tested  through  a  thin  film  of  oil.     The  crystal  is  connected 
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to  a  high-frequency  oscillator  which  causes  it  to  emit  supersonic  sound  waves. 
The  electric  impulses  are  impressed  on  the  supersonic  waves  and  radiate 
discontinuously.  A  group  of  supersonic  waves  radiates  from  the  crystal,  is 
reflected  from  the  end  of  the  part  being  tested,  and  then  returns  back  to  the 
crystal.  The  crystal,  thus  subjected  to  oscillatory-wave  pressure,  generates 
voltage,  which  is  picked  up,  amplified,  and  recorded  on  the  screen.  If  a  crack 
is  present  in  the  piece,  the  supersonic  wave  is  reflected  from  it  back  to  the 
crystal  before  the  reflection  from  the  end  of  the  piece.  The  whole  process  is 
repeated  60  times  a  second  so  that  a  continuous  wave  form  appears  on  the 
oscilloscope  screen. 

It  is  reported  that  cracks  anywhere  at  the  surface  down  to  a  depth  of 
several  feet  can  be  detected  by  this  method.  The  crack  can  be  only  a  few 
thousands  of  an  inch  long.  The  method  is  applicable  to  various  metals  and 
plastics,  fabricated  as  forgings  or  castings,  with  the  limitation  that  the  surface 
tested  be  smooth  and  homogeneous. 

An  interesting  method  involving  the  reflection  of  supersonic  waves  was 
developed  by  Sokoloff .  A  crystal  is  placed  in  a  large  flat  vessel  filled  with  oil 
in  such  a  way  as  to  send  the  sound  vertically  upwards.  At  the  point  where 
the  beam  meets  the  liquid  surface  an  oblique  ray  of  light  is  reflected  on  a 
screen.  The  testpiece  is  placed  in  the  oil  slightly  below  the  surface.  Changes 
in  the  light  beam  indicate  the  existence  of  a  flaw  in  the  piece. 

12.  The  Absorption  Method.  This  method  is  incorporated  in  a  Brush 
analyzer.  The  analyzer  consists  of  two  crystals,  one  of  which  acts  as  a 
generator  of  supersonic  waves,  the  other  as  a  receiver.  The  piece  is  passed 
between  the  two,  and  a  crack  is  detected  by  a  change  in  the  energy  received. 
The  instrument  is  effective  in  detecting  the  existence  of  a  crack  but  not  its 
shape  or  location.  For  this  reason  it  is  more  effective  as  a  means  of  inspection 
for  cracks  in  large-scale  production. 

E.  Electrical  Methods 

The  electrical  methods  for  crack  detection  are  not  so  numerous  nor  so 
extensively  developed  as  the  magnetic  methods.  Since  the  use  of  the  latter  is 
restricted  to  ferrous  materials,  there  appears  a  distinct  need  for  a  method 
which  would  be  applicable  to  aluminum,  magnesium,  brass,  and  other  non- 
ferrous  metals. 

13.  The  Drop -of -Potential  Method.  This  method  consists  of  applying  a 
predetermined  set  of  potentials  to  the  testpiece  and  measuring  the  resultant 
current  distribution.  Presence  of  a  crack  will  affect  the  distribution  of  the 
current,  and  this  in  turn  will  reveal  the  existence  of  the  crack. 

This  method  has  been  successfully  applied  to  welded  joints,  and  a  good 
correlation  is  reported  between  the  voltage  reading  across  the  welds  and  the 
weld  quality. 

It  has  also  been  used  in  testing  turbine  rotors.  A  10,000-ampere  current 
is  passed  through  the  rotor  between  copper  contacts,  so  that  the  current  flows 
longitudinally.  Contact  is  made  at  a  number  of  equally  spaced  points,  and 
the  potential  differences  between  neighboring   points  are   measured   by  a 
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potentiometer.  If  these  readings  are  not  uniform,  the  existence  of  a  flaw  is 
suspected. 

Another  application  is  found  in  the  railroad-track  inspection  for  defective 
rails.  After  the  crack  is  located  by  the  Sperry  apparatus  built  into  a  special 
self-propelled  car,  the  car  is  stopped,  and  the  extent  of  the  crack  is  determined 
by  the  drop-of-potential  method.  From  the  examination  it  is  determined 
whether  the  crack  is  sufficiently  serious  to  necessitate  the  removal  of  the  rail. 

14.  The  Eddy-Current  Method.  The  eddy-current  method  is  based  on  the 
principle  that  a  change  in  a  magnetic  field  will  produce  an  electromotive  force 
in  the  testpiece  exposed  to  the  magnetic  field.  This  force  produces  local 
electric  currents  (eddy  currents),  and  these  in  turn  set  up  magnetic  fields 
which  can  be  detected  by  search  coils.  Any  factors,  such  as  cracks,  which 
affects  the  strength  of  the  eddy  currents,  will  affect  the  current  in  the  search 
coil. 


Fig.  12-8.     Pickup  Unit  and  Systems  of  Eddy  Currents  It  Induces  in  Homogeneous 
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The  usual  method  of  applying  this  method  is  to  utilize  two  field  coils  in 
series,  with  the  testpiece  passing  through  them.  Inside  each  field  coil  is 
located  a  search  coil.  The  search  coils  are  wound  in  such  a  manner  that  the 
current  from  the  field  coils  is  neutralized,  and  only  the  difference  of  the  eddy 
current  fields  is  measured.  This  method  is  very  well  suited  to  nonmagnetic 
materials.  Ferrous  materials  must  be  magnetized  to  saturation  by  means  of 
a  direct  current  before  the  eddy-current  method  is  applied. 

A  particularly  successful  effort  to  develop  an  eddy-current  instrument  is 
described  in  the  ASME  Transactions,  v  63,  1941.  The  instrument  consists 
of  an  a-c  electromagnet  which  is  excited  by  a  coil  supplied  with  alternating- 
current  through  the  leads.  If  the  magnet  is  placed  on  a  plate,  then,  because 
of  its  axial  symmetry,  the  system  of  eddy  currents  induced  will  be  circular,  as 
shown  in  Fig.  12-8.  If  the  plate,  on  the  other  hand,  has  a  crack  in  it,  the  cur- 
rent will  not  go  through  the  crack  and  will  be  broken  to  give  two  current 
systems  as  shown.  A  small  pickup  electromagnet  moved  across  the  plate 
with  the  crack  will  encounter  an  electromotive  force  which  will  be  an  indication 
of  the  crack. 

This  is  one  of  many  possible  arrangements  for  detecting  cracks  by  means  of 
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eddy  currents,  and  it  can  be  applied  not  only  to  flat  plates  but  also  to  objects 
irregular  in  shape.  It  locates  cracks  in  metals  having  high  conductivity  such 
as  copper,  aluminum,  and  Duralumin.  If  the  conductivity  is  less,  as  in  lead, 
or  the  crack  is  located  well  below  the  surface,  vacuum-tube  amplification  is 
required. 

In  another  instrument,  developed  for  the  detection  of  cracks  in  tubes  and 
pipes,  standard  tube  and  test  tube  are  inserted  in  a  set  of  energizing  coils 
carrying  an  alternating  current  and  a  set  of  test  coils.  When  the  test  tube  is 
void  of  cracks,  the  coils  are  in  a  balanced  relation.  The  presence  of  a  crack 
upsets  the  balance  and  is  indicated  on  the  indicating  device.  This  method  is 
applicable  to  nonferrous  tubings.  Steel  tubings  are  first  saturated  mag- 
netically with  d-c  windings  or  a  direct  current  superimposed  on  a-c  windings 
to  make  them  nonmagnetic.  This  method  is  applicable  to  the  detection  of 
longitudinal  cracks.  For  the  detection  of  short  flaws  a  suitable  modification 
in  test  arrangement  is  used. 

Another  arrangement  utilizing  the  principle  of  eddy  current  has  a  conductor 
passing  through  solenoid  coils  acting  as  the  primary  winding  of  a  transformer 
connected  to  an  a-c  source.  The  testpiece  acts  as  a  secondary  winding  of  a 
transformer,  and  eddy  currents  are  induced  in  it  by  the  solenoids.  The 
existence  of  a  crack  in  the  testpiece  changes  the  impedance  of  the  solenoid 
which  is  measured  by  a  suitable  bridge  arrangement. 

The  Cyclograph,  previously  described,  is  a  magnetic-induction  instrument 
when  operating  in  the  frequency  range  of  2000  to  10,000  cycles.  At  higher 
frequencies  (the  instrument  operates  up  to  200,000  cycles)  the  Cyclograph 
represents  an  eddy-current  arrangement. 
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1.  Introduction.  In  the  service  failure  of  a  machine  part  a  knowledge  of  the 
characteristic  features  of  various  kinds  of  fractured  surfaces  is  often  of  con- 
siderable value  in  planning  an  experimental-stress-analysis  program  aimed 
at  solving  the  problem.  For  example,  the  appearance  of  the  fracture  may 
show  that  it  was  caused  by  alternating  torsion  and  thus  eliminate  all  bending 
tests  from  the  experimental-stress-analysis  program.  The  details  of  the 
surface  may  also  disclose  whether  the  failure  developed  in  a  short  or  a  long 
period  of  service — information  which  is  of  value  in  judging  the  percentage 
improvement  (that  is,  decrease  in  peak  stress)  needed  to  prevent  further 
failures.  The  material  presented  has  been  chosen  on  a  basis  of  usefulness  in 
this  initial  step  of  many  stress-analysis  investigations.  It  is  not  intended  to 
cover  other  aspects  of  fracture  involving  strength  or  rupture  theory,  research 
with  idealized  specimens,  and  so  on. 

It  should  be  pointed  out  that  the  subject  is  not  a  well-documented  one,  and 
experience  shows  that  serious  mistakes  may  easily  be  made  in  judging  what 
appear  to  be  relatively  simple  cases.  For  example,  Fig.  13-1  shows1  a  fracture 
of  a  rotor  which  most  engineers  would  judge  at  once  to  be  due  to  fatigue.  As  a 
matter  of  fact,  the  rotor  had  not  been  run  at  all;  cracks  had  been  developed 
during  heating  and  cooling  of  the  forging. 

It  is  proposed  to  discuss  fatigue  failures  first  since  of  all  service  failures 
these  account  for  the  largest  single  source,  estimated  by  some  authorities  at  as 
high  as  80  per  cent  of  all  failures  of  machine  parts.  Furthermore,  fatigue 
failures  often  occur  with  no  warning  and  thus  may  result  in  a  catastrophe  with 
loss  of  -life.  Plastic  deformations  in  the  fracture  section  of  fatigue  failures 
are  often  so  minute  that  the  two  broken  pieces  fit  closely  when  held  together. 

A  service  failure  displaying  the  characteristics  of  the  conventional  short- 
time  tensile  test  is  extremely  unlikely,  since  such  a  failure  would  develop 
in  the  usual  acceptance  and  overspeed  tests  of  machinery.  Long-time  creep 
and  creep-rupture  effects  are  another  matter  and  are  discussed  later,  together 
with  some  brief  remarks  on  impact  fracture. 

2.  Bending-Fatigue  Fractures.  Fatigue  failures  due  to  bending  are  the 
most  prevalent  type  encountered,  with  the  torsion  type  next  and  the  axial 
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type  seldom  occurring  in  service.  Although  it  can  be  said  that  service 
conditions  usually  involve  combinations  of  variable  and  steady  stresses  and 
sometimes  also  both  bending  and  torsion,  usually  a  dominant  type  of  failure 
is  found;  we  shall  try,  therefore,  to  set  up  simple  criteria  for  comparison 
purposes. 


Fig.  13-1.     Fracture  of  Turborotor  Due  to  a  Flaw  Has  Appearance  of  Fatigue 
Failure,  although  Rotor  Was  Never  in  Service  (Lasche) 

Vibration  and  misalignment  are  the  chief  causes  of  bending  failures,  although 
in  many  cases,  such  as  vehicle  axles,  the  service  conditions  are  so  variable  that 
occasional  failures  occur. 

Practically  all  service  fatigue  failures  occur  at  a  region  of  stress  concentra- 
tion, such  as  the  end  of  a  keyway,  the  edge  of  a  press-fitted  member,  a  fillet 
at  a  shoulder  of  a  shaft,  the  bottom  of  a  thread,  or  the  edge  of  an  oil  hole.  The 
conventional  fatigue  specimen  is  made  with  a  very  large  contour  radius  at  the 
critical  section  and,  therefore,  is  essentially  free  from  stress  concentration. 
Any  further  remarks  concerning  the  "no-stress-concentration"  case  will  be 
solely  for  the  purpose  of  clarifying  the  manner  of  failure,  that  is  crack  progress 
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in  a  general  way,  and  not  for  the  purpose  of  illustration  of  a  type  of  service 
failure. 

Fatigue  fractures  in  general  show  smooth  and  coarse  areas  as  is  evident 
from  the  illustrations  of  this  section.  The  smooth  area  is  due  to  crack 
development  with  the  smoothness  caused  by  repeated  opening  and  closing 
of  the  crack,  whereas  the  coarse  area  is  due  to  final  rupture  and  is  usually 
quite  rough  and  "crystalline-appearing."  The  garage  mechanic  will  say  that 
the  metal  has  crystallized,  but  it  is  well  known  that  the  metal  is  crystalline  to 
begin  with  and  that  recrystallization  does  not  occur.  The  rough  rupture  area 
is  similar  in  appearance  to  that  of  a  broken  tensile  or  impact  testpiece. 

Figures  13-2  and  13-3  illustrate  fatigue  fractures  produced  under  laboratory 
conditions  in  rotating  specimens  subjected  to  bending  in  a  fixed  plane.2  For 
an  understanding  of  the  characteristic  features  shown  in  Figs.  13-2  and  13-3,  a 
few  observations  on  the  mechanism  of  crack  development  are  necessary.     We 
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Fig.    13-2.     Typical   Fracture — "No-Stress-Concentration"   Case    (Conventional 

Fatigue  Specimen) 

will  not  concern  ourselves  here  with  the  initiation  of  a  crack  on  a  microscale, 
which  has  been  shown  to  be  due  to  shear  stress3  for  ductile  materials.  Once 
started,  and  as  far  as  appearance  to  the  eye  is  concerned,  a  fatigue  crack 
follows  a  general  direction  normal  to  the  main  tensile-stress  field,*  except 
as  the  crack  becomes  deep  and  rupture  becomes  imminent  (Figs.  13-4,  13-26, 
13-29).  In  the  conventional  bending-fatigue  specimen  (Fig.  13-2)  the  crack 
penetrates  radially,  that  is,  in  a  direction  perpendicular  to  the  axis.  In  the 
filleted  shaft  (Fig.  13-26),  a  consequence  of  the  crack  following  a  course 
dictated  by  the  normal  stress  field  is  the  characteristic  "dished"  fracture 
surface. 

A  plot  of  the  strength  of  individual  grains  along  a  peripheral  circle  might  look 
like  Fig.  13-5.  If  the  stress  level  is  at  S',  just  exceeding  the  endurance  limit, 
failure  will  start  at  one  place,  corresponding  to  the  weakest  spot  F\.  For  the 
"no-stress-concentration"  case  (Fig.  13-2),  the  crack  progresses  across  the 
section  until  rupture  occurs  with  a  segmental  area  bounded  on  one  side  by 
the  shaft  periphery.  Note  that  the  rupture  area  is  not  directly  opposite  F\ 
but  is  displaced  angularly  in  a  direction  related  to  the  direction  of  rotation  as 

*  An  exception  to  this  general  relation  concerning  crack  direction  occurs  when  a 
second  crack  affects  the  stress  field  of  the  first.  See  text  in  connection  with  Fig. 
13-30. 
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shown4  in  Fig.  13-2.  For  the  high-stress-concentration  case  of  a  shaft  with  a 
deep  groove  or  small  fillet,  there  is  a  relatively  higher  peripheral  stress  (Fig. 
13-6)  which  causes  a  more  rapid  spread  of  the  crack  at  the  surface,  resulting 
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(a)  Low  Nominal  Stress 
Low  Stress  Concentration  (Large  Fillet) 


(b)  High  Nominal  Stress 


(c)  Low  Nominal  Stress 
High  Stress  Concentration  (Small  Fillet) 


(d)  High  Nominal  Stress 


Fig.   13-3.     Laboratory  Fatigue  Fractures — Stress-Concentration  Case  of  Shaft 
with  Fillet  (Rotating  Shaft  Subjected  to  Bending  in  a  Fixed  Plane) 

in  an  enclosed  rupture  area  of  approximately  elliptical  form  (Fig.  13-3c). 
The  low-stress-concentration  case  Fig.  13-3a  is  intermediate,  with  an  appear- 
ance more  like  Fig.  13-2,  again  if  it  is  assumed  that  the  stress  is  slightly  above 
the  endurance  strength. 


INTERPRETATION  OF  SERVICE  FRACTURES 


597 


If  the  stress  level  is  raised  to  S"  failure  begins  at  a  number  of  additional 
places  F2,  Fs,  Fi,  etc.  In  the  "no-stress-concentration"  case  the  weakest 
point,  the  next  weakest,  and  so  on  will  occur  randomly  on  the  surface,  so  that 
even  at  relatively  high  stress  the  fracture  surface  will  usually,  although  not 


Fig.   13-4.     Direction   of  Fatigue   Crack  in   Relation  to   Stress  Lines   (Oschatz) 


Development  of  periphery 
Fig.  13-5.     Schematic  Diagram  of  Sources  of  Failure 

always,  show  only  one  "starting  point"  of  failure.  In  the  stress  concentration 
case  of  a  grooved  or  filleted  shaft,  however,  a  high  stress  plane  perpendicular 
to  the  axis  localizes  the  failure  in  the  axial  direction,  so  that  at  S"  a  number 
of  sources  Fh  Fo,  Fs,  Ft,  etc.  can  occur  on  a  single  peripheral  circle  (Fig. 
13-36,  d),  as  the  shaft  rotates  with  the  result  that  the  crack  tends  to  penetrate 
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concentrically  with  a  final  rupture  area  which  is  centrally  located  and  of 
approximately  circular  form. 

We  see,  therefore,  that  the  position  of  the  rupture  area  in  fractures  of 
grooved  or  filleted  shafts  should  depend  on  stress  level.     That  this  is  the  case 


(a)  (h) 

"No -Stress -Concentration"  Case 


(d) 

"Stress- Concentration"  Case 

Fig.  13-6.     Stress  Fields  for  Rotating-Beam  Specimens 


Fig.  13-7.     Shift  of  Rupture  Area  (0.20%  C  Steel) 

(a)  Upper  row:  Sharp-cornered  specimens;  stresses,  respectively,  19,200,  15,200, 
14,900,  and  14,000  psi,  reading  from  left 

(b)  Lower  row:  Fillet  radius  J-32  im;  stresses,  respectively,  23,800,  17,100,  16,200, 
15,100,  and  14,900  psi,  reading  from  left 

is  shown  by  Fig.    13-7.     Displacement  measurements   of  these  and   other 
fractures  of  low-carbon  steel  are  plotted  in  Fig.  13-8. 

The  type  of  relationship  shown  by  Fig.  13-8  is  of  value  in  considering  the 
degree  of  improvement  in  design  needed  to  prevent  further  failures.     If  the 
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rupture  area  is  centrally  located,  we  see  that  an  improvement  of  the  order  of 
30-100  per  cent  may  be  needed.     Incidentally,  the  centrally  located  rupture 


Fig.  13-8. 


0.2  0.3 

S   _  Displ.  of  rupt.  area 
r   ~~      Radius  of  shaft 

Shift  of  Rupture  Area  as  a  Function  of  Stress  Level  (0.20%  C  Steel 
Specimens) 


area  also  means  that  the  number  of  stress  cycles  probably  did  not  exceed 
300,000  which  information  is  often  useful  in  "reconstructing"  the  conditions 
leading  to  failure.     If,  however, 


the  rupture  area  is  widely  dis- 
placed as  shown  in  Fig.  13-3a,  c 
the  stress  was  not  much  above 
the  endurance  strength,  prob- 
ably exceeding  it  by  less  than 
10  per  cent.  This  means  that 
the  shaft  almost  succeeded  in 
doing  its  job,  and  a  large  im- 
provement may  not  be  needed 
to  prevent  further  failures. 
Incidentally,  the  number  of 
stress  cycles  indicated  by  this 
type  of  fracture  is  usually  of 
the    order    of   several    million. 


(b)  (c) 

Formation  of  Ratchet  Marks 


Between  the  two  extremes  just  described, 
there  are,  of  course,  all  the  intermediate  cases. 

Knowledge  of  characteristic  surface  markings  and  an  understanding  of  the 
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mechanism  of  their  development  are  of  considerable  value  in  trying  to  deduce 
the  conditions  involved  in  a  service  failure.  A  consequence  of  multiple- 
starting  points  of  failure  (Figs.  13-36  and  13-76)  is  that  radial  lines  are  formed 
where  the  cracks  starting  from  separate  sources  join  each  other.2'4  One 
might  wonder  why  such  radial  lines  should  form  in  view  of  the  foregoing 
remark  concerning  axial  localization.  As  illustrated  in  Fig.  13-9,  fatigue 
cracks  tend  to  travel  in  a  slightly  helical  manner,  and  where  the  cracks  "break 
over"  as  at  R  in  Fig.  13-9c  a  radial  "ratchet  mark"  is  formed.  The  helical 
course   of   crack  progress  is  apparently  due  to  internal  friction  or  torque, 


Fig.  13-10. 


Helical-Crack  Development  and  Ratchet  Marks  in  Laboratory  Test 
of  Rotor  Model 


since,  if  the  direction  of  rotation  is  reversed,  the  helix  angle  changes  sign 
(that  is,  either  "right-hand"  or  "left-hand"  thread  using  screw  notation). 

As  might  be  expected,  ratchet  marks  become  less  pronounced  as  the  fillet 
radius  approaches  a  sharp  corner.  In  Fig.  13-7,  the  specimens  having  a  sharp 
corner  (top  row)  do  not  show  ratchet  marks  whereas  the  high-stress  specimens 
of  the  }i2  in. -radius  group  (bottom  row)  show  well-defined  ratchet  marks.  A 
striking  example  is  that  of  Fig.  13-10  which  illustrates  a  laboratory  failure  of 
a  rotor  model5  having  three  radial  holes,  120°  apart.  Cracks  started  on  both 
sides  of  each  hole  and  progressed  to  form  the  three  large  ratchet  marks  shown. 

Toolmarks  or  grinding  scratches  often  influence  the  course  of  a  crack,  and 
in  such  cases  "break-over"  steps  similar  to  ratchet  marks  are  formed  where 
approaching  cracks  are  following  different  parallel  toolmarks.6 

The  other  main  class  of  fracture  surface  markings  of  importance  is  illustrated 
by  Fig.  13-11,  and  is  known  as  "beach  marks."*     Further  examples  are  to  be 

*  Terminology  for   surface   markings   is  not   in   a   satisfactory   condition.     In 
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found  in  Figs.  13-18  and  13-27.  Such  markings  are  characteristic  of  service 
failures  and  are  very  rarely  found  in  the  laboratory.  The  marks  represent 
successive  positions  of  the  crack  bottom  and  are  probably  due  either  to  varying 
applied  load  or  to  periods  of  rest  with  slight  plastic  flow  at  the  crack  bottom 
which  is  obviously  a  region  of  high-stress  concentration.  For  our  present 
purpose,  it  should  be  noted  that  a  very  fine  detailed  pattern  of  beach  marks 
indicates  a  relatively  long  period  of  crack  growth  which  suggests  that  the 
degree  of  improvement  needed  is  probably  not  large. 

At  a  high-stress  level  a  crack  penetrates  through  a  part  rapidly,  but  it  is 
interesting  to  note  that,  as  the  stress  level  decreases  toward  the  limiting 
endurance  value,  the  period  of  crack 
development  may  be  of  relatively  long 
duration.8'  9  In  Fig.  13-12  data  on 
crack  penetration9  obtained  by  a 
"heat  tinting"  method  with  a  grooved 
specimen  show  that  at  a  stress  level 
of  approximately  15  per  cent  above 
the  limiting  value  about  1^  million 
cycles  were  required  to  develop  the 
crack  from  a  barely  detectable  condi- 
tion to  rupture  of  the  specimen. 

A  few  typical  special  cases  of  bend- 
ing-fatigue  failures  will  now  be  de- 
scribed. Bolt  failures  are  often  due  to 
excessive  flexibility  of  the  structure  be- 
ing bolted,  resulting  in  bending  failure. 
Failure  of  a  bolt  originating  at  a  position 
corresponding  to  the  first  thread  of  the  nut  is  shown  in  Fig.  13-13.  Note 
from  Fig.  13-13  that  a  high-stress  concentration  exists  at  this  position.10 
Failures  sometimes  occur  under  the  head  of  a  bolt  in  the  fillet.  It  has  been 
estimated11  that  the  distribution  of  bolt  failure  is  about  as  follows:  65  per  cent 
at  the  first  thread  of  the  nut;  20  per  cent  at  the  end  of  the  threaded  portion 
of  the  bolt;  15  per  cent  under  the  head. 

In  Fig.  13-14  is  shown  a  failure  starting  at  the  end  of  a  profiled  keyway  in  an 
overhung  pinion  shaft  of  a  streetcar  drive.  If  the  keyway  is  of  sled-runner 
type,12  failure  due  to  bending  occurs  up  on  the  radius  portion  as  shown  in 
Fig.  13-15. 

A  typical  example  of  the  cantilever-beam  type  of  gear-tooth  fatigue  failure 
is  shown  in  Fig.  13-16.  Note  the  similarity  with  the  static  fractures  of  Figs. 
13-45  and  13-46;  this  is  discussed  further  in  connection  with  static  fracture  of 
brittle  materials. 


Fig.  13-11.     Beach  Marks  on  Service 
Fracture  of  Automobile  Rear  Axle 


reference  7  "ripple  mark"  is  used  to  describe  both  types  of  marking  mentioned  in 
the  foregoing,  whereas  in  reference  2  the  writer  has  used  the  term  "beach  mark" 
in  an  unfortunate  way.  It  is  believed  that  the  use  of  the  terms  "ratchet  mark" 
(or  the  more  inclusive  "break-over  mark")  and  "beach  mark"  as  herein  described 
would  form  a  satisfactory  basis  for  descriptive  purposes. 
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Fig.  13-12.     Penetration  of  Fatigue  Crack  in  Grooved  Specimen  of  Normalized 
0.45%  C  Steel  (Limiting  Fatigue  Strength— 19,000  psi) 
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(a)  Fatigue  fracture  (6)  Photoelastic    pattern    (M.    Hetenyi) 

Slice  of  three-dimensional  model  in  which 

stresses  were  set  up  by  the  fixation  method 

Fig.  13-13.     Comparison  of  Fatigue  Failure  of  a  Bolt  with  the  Photoelastic  Stress 

Pattern 
(Note  failure  in  bolt  at  first  thread  in  nut,  corresponding  to  high-stress  concen- 
tration) 
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Fatigue  failure  of  a  turbine  blade13  (Fig.  13-17)  is  generally  due  to  bending 
vibration  associated  with  resonance  phenomena.  Root  failures  usually  occur 
at  a  fillet  and  shroud  failures  at  the  hole  or  notch  used  for  fastening. 

A  crankshaft  failure  due  to  bending  is  apt  to  occur  across  the  cheek  as 
shown  in  Fig.  13-18.     A  torsion  failure  is  quite  different  as  is  shown  later 


Fig.  13-14.     Service  Failure  of  Streetcar  Drive  Pinion  at  Key  way 

(Fig.  13-27).  The  crankshaft  fracture  characteristics  may  be  different  if  the 
ratio  of  cheek  width  to  shaft  diameter  is  substantially  different  from  that 
of  the  crankshaft  illustrated. 

A  bending-fatigue  fracture  of  a  shaft  with  a  transverse  hole  lies  entirely  in  a 
transverse  plane  through  the  center  of  the  hole.     It  has  been  shown14  that  the 


Fig.  13-15.     Fatigue  Failure  of  Laboratory  Test  Shaft  at  Sled-Runner  Key  way 

maximum  stress  occurs  not  at  the  surface  but  at  a  short  distance  down  the 
hole.  Certain  fatigue  fractures  (Fig.  13-19)  seem  to  offer  confirmatory 
evidence. 

Press-  or  shrink-fitted  members  are  widely  used  in  all  kinds  of  machinery 
in  the  form  of  gears,  pulleys,  wheels,  sheaves,  couplings,  and  so  on.  A  high 
degree  of  stress  concentration  exists  at  the  edge  of  the  fit  which  coupled  with 
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Fig.  13-16.     Service  Failure  of  Gear  Teeth  Due  to  Fatigue 


Fig.  13-17.     Fracture  of  Turbine  Blade  Due  to  Repeated  Bending  (Lasche) 
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fretting  corrosion  (a  phenomenon  discussed  later)  results  in  reducing  the 
bending-fatigue  strength  of  a  shaft  to  30-50  per  cent  of  its  full  value.  A 
typical  failure  is  shown15  in  Fig.  13-20  and  for  comparison  the  failure  of  a 
solid  piece  of  the  same  outline.  Note  that  the  start  of  failure  of  the  press- 
fitted  member  is  inside  the  edge;  in  a  2-in. -diameter  shaft  this  distance  was 
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Fig.  13-18.     Bending  Type  of  Service  Failure  of  Diesel-Engine  Crankshaft 


about  }{q  in.,  but  this  dimension  probably  depends  on  such  factors  as  stress 
level,  shaft  diameter,  and  press-fit  pressure.16 

3.  Torsion-Fatigue  Fractures.  In  line  with  the  remark  in  the  preceding 
section  that,  apart  from  the  micro-origin,  a  fatigue  crack  generally  follows  a 
path  dictated  by  the  normal  stress  field,  one  would  expect  alternating  torsion 
cracks  to  follow  a  path  45°  to  the  axis.  It  is  almost  a  certainty  that  a  crack 
of  approximately  45°  helix  (Fig.  13-21)  found  in  service  is  due  mainly  to 
alternating  torsion.     Although  there  are  cases  where  torsion  produces  other 
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results,  to  be  described  presently,  it  can  be  said  that  bending  or  axial  stresses 
do  not  in  practice  produce  the  diagonal  crack  which  is  uniquely  characteristic 
of  torsion  failure. 

It   has   been  found17'  18'  19  that   conventional   specimens    (without  stress 
concentration)  of  certain  ductile  materials  tested  in  alternating  torsion  start 


Fig.  13-19.     Fatigue  Fracture  of  Shaft  with  Transverse  Hole 
Failure  appears  to  start  below  outer  surface 

to  crack  in  either  an  axial  or  a  circumferential  direction*  (Fig.  13-22),  some- 
times finally  branching  out  diagonally.  In  harder  materials  cracks  tend  to 
follow  the  diagonal  direction  entirely  unless  influenced  in  ways  to  be  discussed 
presently. 

An  interesting  example  of  a  torsion  failure  is  shown  in  Fig.  13-23,  the  crack 
occurring  on  the  journal  of  a  bus  drive.     It  is,  of  course,  realized  that  most 

*  In  discussion  of  his  paper  before  the  VII  International  Congress  of  Applied 
Mechanics  (London,  Sept.  1948),  J.  A.  Sauer  stated  that  in  his  torsion  fatigue  tests 
of  14S-T  aluminum  he  had  noted  that  relatively  highly  stressed  specimens  (short 
life)  tended  to  crack  axially  and  circumferentially,  while  specimens  stressed  at  a 
lower  level  (long  life)  tended  to  crack  in  a  helical  manner. 
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shafting  material  comes  in  rolled  bar  form  and  consequently  shows  a  direc- 
tional effect. 

If  the  bar  contains  pronounced  "stringers"  or  nonmetallic  inclusions,  a 
"splitting"  failure  of  the  type  shown20  in  Fig.  13-24  is  produced  by  alternating 
torsion. 


(a)  Press  Fit  (b)  Solid 

Fig.  13-20.     Mode  of  Failure  for  Press  Fit  and  Corresponding  Solid  Shape 

A  mathematical  analysis17  has  indicated  that,  with  failure  starting  at  a 
small  localized  stress  concentration,  a  helical  crack  is  to  be  expected  as  a  result 
of  alternating  torsion.  This  is  completely  confirmed  in  all  cases  of  torsion 
tests  of  a  shaft  with  a  transverse  hole,  regardless  of  material. 

The  fracture  appearance  depends  on  the  degree  of  stress  concentration;  for 
example,  as  a  fillet  radius  becomes  smaller,  the  fracture  tends  to  become 
localized  in  the  fillet  in  the  form  of  "saw-teeth"  (Fig.  13-25). 

Sometimes  it  is  difficult  to  judge  the  type  of  stressing  where  a  sharp  corner 
or  fillet  is  involved,  since  the  saw-teeth  become  in  effect  a  circumferential 
crack  (Fig.  13-26).     The  torsion  failure  of  the  crankshaft22  shown  in  Fig.  13-27 
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is  a  similar  example  in  which  the  original  crack  is  circumferential ;  incidentally 
this  is  a  case  which  could  easily  be  misjudged.  Other  tests18  have  shown  a 
tendency  for  the  crack  to  stay  in  the  fillet  over  a  smaller  part  of  the  periphery 
and  finally  to  break  away  in  a  helix.     It  was  thought22  that  this  phenomenon 


-FRETTING  CORROSION 


Fig.  13-21.     Service  Failure  Due  to  Alternating;  Torsion 


Fig.  13-22. 


Type  of  Cracks  Developed  in  Ductile  Steel  by  Alternating  Torsion 
(Dolan) 


of  the  crack  staying  in  the  fillet  might  be  determined  by  a  critical  ratio  of  r/d, 
(fillet  radius/shaft  diameter),  but  it  is  now  evident  that  the  answer  is  not  a 
simple  one.  Stress  level  may  be  a  factor  in  this  connection.  It  is  interesting 
to  note  that,  even  when  initial  cracking  is  entirely  limited  to  the  fillet  (Fig. 
13-26),  a  saw-tooth  "ray"  pattern21  develops  within,  probably  corresponding 
to  a  high-stress  level. 
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Coming  back  to  Fig.  13-27,  one  might  question  the  statement  that  the 
failure  was  due  to  alternating  torsion;  this  was  settled  by  model  tests22  wherein 
typical  bending  and  torsion  fractures  were  obtained  in  crankshaft  models. 
Recent  papers  on  crankshaft  stresses  have  thrown  additional  light  on  this 
problem.23 


Fig.  13-23.     Torsion  Failure  in  Journal  of  a  Bus  Drive 

It  is  well  known  that  compression  of  a  helical  spring  results  mainly  in 
twisting  the  wire  so  that  one  might  expect  to  find  characteristic  torsion  failures. 
That  such  is  the  case  is  shown  by  Fig.  13-28.  Sometimes  a  spring  will  develop 
a  split  along  the  wire  which,  as  mentioned  in  the  foregoing,  can  happen  in  an 
alternating  torsion  test  of  a  straight  section  where  stringers  or  inclusions  are 
present  in  the  material. 

A  splined  shaft  subjected  to  alternating  torsion  fails  along  the  bottom  edges 
of  the  splines  as  shown  in  Fig.  13-29.  This  is  another  example  of  where  a 
highly  localized  stress  field  strongly  influences  crack  development. 


Fig.  13-24.     Splitting  Fracture  of  Torsion  Bar  of  Ductile  Material  (Seeger) 


In  Fig.  13-30  a  comparison  is  made  of  the  torsion-fatigue  cracks  and  the 
corresponding  stress  field  for  a  shaft  with  a  keyway.  In  the  specimen  at  the 
left,  one  of  the  keyway  corners  is  rounded  in  order  to  obtain  a  single  crack; 
note  that  this  crack  progresses  approximately  normal  to  the  original  stress 
field.     In  the  specimen  at  the  right,  the  two  cracks  no  longer  follow  the 
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Fig.  13-25.     Service  Failure  of  Diesel-Driven  Shaft  Showing  Saw  Teeth  Due  to 

Alternating  Torsion 
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Fig.  13-26.     Comparison  of  Torsion-Fatigue  Fracture  and  Corresponding  Stress 
Field  for  a  Sharp-Shouldered  Shaft  (Oschatz) 
In  drawing,  a  denotes  the  fatigue  crack,  and  b  denotes  a  line  perpendicular  to 
the  main  stress  field 
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original  stress  field,  a  circumstance  which  Oschatz  explains  as  due  to  "cross 
effect"  of  the  cracks  on  the  stress  field.21 

In  a  loose-fitted  member,  nearly  all  the  alternating  torque  is  transmitted 
through  the  key,  resulting  in  failure  starting  at  the  bottom  edge  of  the  keyway 
of  the  shaft  and  producing  a  peeling  type  of  fracture  (Fig.  13-3 la).     Occa- 


Fig.  13-27.     Torsion  Type  of  Service  Failure  of  Diesel-Engine  Crankshaft 

sionally  the  peeling  process  goes  entirely  around  the  shaft  and  results  in  a 
sharp-edged  separated  shell  like  that  of  Fig.  13-316,  c,  which  has  much  the 
appearance  of  a  gadget  for  coring  a  grapefruit.  In  this  case  there  was  evi- 
dently some  pressure  originally  between  the  shaft  and  the  fitted  member,  or 
at  least  the  fit  was  probably  not  so  loose  as  the  case  illustrated  by  Fig.  13-31a. 
4.  Special  Cases  of  Fatigue  Failure.  A  type  of  failure  known  as  "pitting" 
occurs  on  the  tooth  surface  of  gears  (Fig.  13-32),  especially  those  having  a 
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relatively  high-pressure  angle  such  that  beam  failure  does  not  result  first 
as  the  loading  is  increased.  Pitting  can  be  reproduced  in  all  its  essential 
features  in  a  pair  of  normally  loaded  rotating  rollers,24  wherein  the  well-known 
Hertz  contact  stresses  are  developed.  Pitting  does  not  develop  on  dry  rollers; 
it  has  been  shown  that  the  presence  of  oil,  or  a  liquid,  is  necessary  to  develop 


Fig.  13-28.     Fatigue  Fracture  of  a  Helical  Spring 

the  crack  to  a  stage  where  a  particle  breaks  out.  The  crack  develops  at  a 
small  angle  with  the  surface  in  a  direction  such  that  the  initial  tip  of  the  crack 
goes  through  the  contact  area  first  (Fig.  13-33).  It  is  thought  that  original 
small  cracks  start  in  both  directions  but  that  crack  growth  depends  on  the 
afore-mentioned  conditions  which  results  in  hydraulic  pressure  within  the 
crack.  This  means,  of  course,  that,  if  the  direction  of  rotation  is  reversed, 
the  pitting  cracks  should  develop  in  the  opposite  direction;  experiments  have 
shown  this  to  be  true. 

Pitting  on  gear  teeth  appears  in  the  region  of  the  pitch  line,  as  shown  in 
Fig.  13-32.     The  individual  pits  are  quite  small,  and  by  the  time  a  number 
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Fig.  13-29.     Fatigue  Cracks  in  Spline  of  Automobile-Drive  Shaft  (Oschatz) 
Stress  field  obtained  by  means  of  soap-film  analogy  method 


Fig.    13-30.     Comparison   of   Torsion-Fatigue   Crack   and    Corresponding   Stress 
Field  for  Shaft  with  Key  way  (Oschatz) 


(a) 


(b) 


^777777//////////A     (c) 
Section  of  shell 
through  keyway 


Fig.  13-31.     Peeling  Type  of  Fracture  Starting  at  a  Keyway 
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have  merged  it  is  not  easy  to  identify  the  characteristics  shown  in  Fig.  13-33. 
The  methods  available  for  increasing  the  pitting  limit  are  higher  hardness 
material,  smoother  surfaces,  and  higher  viscosity  of  lubricant. 

It  is  possible  for  fatigue  failures  to  start  internally,  and  we  will  now  con- 
sider the  conditions  under  which  parts  fail  in  service  in  this,  manner.     In 


Fig.  13-32.     Pitting  of  Gear  Teeth 

case-carburized25  or  nitrided26  members,  the  surface  layer  is  so  much  harder 
and  stronger  than  the  core  material  that  failure  starts  just  under  the  hard 
layer  when  such  members  are  subjected  to  alternating  stress.  The  origin 
of  such  a  failure  has  a  characteristic  "fish  eye"  as  shown26  in  Fig.  13-34. 

Most  failures  starting  internally  are 
due  to  defects,  many  of  which,  such  as 
flakes  and  shatter  cracks,  have  been 
shown27  to  be  due  to  the  action  of 
hydrogen  in  the  thermal  processes  of 
making  the  steel  bar  or  forging.  Rail 
failures  of  the  "transverse-fissure"  type 
have  the  appearance28  of  Fig.  13-35,  the  large  bright  spot  in  the  railhead 
representing  what  was  an  "internal  fissure"  in  the  rail.  The  nucleus  of  the 
fissure  is  always  a  "shatter  crack"  (top  of  Fig.  13-35)  produced  in  making 
the  rail.  Cooling  procedures  in  rail  manufacture  have  been  worked  out  for 
avoiding  shatter  cracks. 


Fig.  13-33.     Pitting  Failure 
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Steam-hammer  piston  rods  are  subjected  to  axial-stress  waves  which  some- 
times cause  failures  of  the  kind  shown29  in  Fig.  13-36.  This  failure  shows 
characteristics  similar  to  the  previous  illustrations  of  rail  failure. 

Welded  members  tested  in  fatigue  occasionally  show  sources  of  failure 
starting  from  internal  nuclei,  particularly  where  large  masses  of  weld  metal 
are  deposited  rapidly. 


Fig.  13-34.     Fish  eye  under  Nitrided  Case  of  a  Fatigue  Test  Specimen 

In  large  cylindrical  forgings  it  is  possible  for  rather  large  internal  ruptures 
to  occur  as  a  result  of  temperature  gradient  if  proper  heating  and  cooling 
schedules  are  not  followed.30  Although  this  type  of  defect  is  a  rare  occur- 
rence, it  should  be  noted  that  such  a  defect  is  not  detected  by  surface-inspec- 
tion means  and  may,  therefore,  go  unnoticed.  The  boring  of  a  center  hole 
furnishes  a  means  of  detection.     Supersonic  waves  offer  an  effective  inspection 
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method.  In  Fig.  13-37  a  failure  due  to  this  kind  of  defect  is  shown,  the  two 
large  internal  areas  of  rough  appearance  having  been  produced  thermally  in 
making  the  forging  and  the  thin  outer  band  having  been  developed  from  the 
inside  out  by  service  cycling.     It  is  important  to  recognize  the  foregoing  case 


Shatter  Cracks  (Longitudinal  Section  through  Railhead) 


Fig.  13-35.     Transverse  Fissure  Type  of  Rail  Failure  (Seely) 

clearly,   since  the  usual  conclusion  would  be  that  the  rough  central  area 
represents  the  last  area  to  fail  instead  of  the  first. 

It  is  rather  generally  appreciated  that  simultaneous  corrosion  and  repeated 
stressing  of  a  steel  specimen  (that  is,  flooding  the  specimen  with  water  during 
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Fig.  13-36.     Steam-Hammer  Piston-Rod  Fracture  Starting  at  a  Flake  (Lessells) 


Fig.  13-37.     Internal  Rupture  of  a  Steel-Mill  Roll  (Adams  and  Watson) 
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testing)  lowers  the  endurance  limit  drastically,  whereas  prior  corrosion,  or 

rusting,  and  subsequent  testing  have 
considerably  less  effect.  An  electro- 
chemical theory  has  been  suggested,31 
but  for  our  purpose  the  important  fea- 
ture is  the  development  of  etched 
notches.  The  appearance  of  such 
notches  on  a  nickel-steel  specimen 
tested  in  bending  and  simultaneously 
corroded  by  water  is  shown32  in  Fig. 
13-38.  The  effect  of  alternating  torsion 
produces  the  interesting  corrosion-fatigue 
appearance  shown33  in  Fig.  13-39. 

Fretting  corrosion  was  mentioned  in 
connection  with  press-fitted  members.15 
Wherever  minute  relative  motion  occurs 

between  two  parts,34  particles  are  torn  loose,  and  these  oxidize,  so  that  in 


Fig.  13-38.      Corrosion  Fatigue  of  a 

Nickel-Steel  Shaft  in  Bending  (Mc- 

Adam ) 


Fig.  13-39.     "X  Marks"  Characteristic  of  Alternating  Torsion  and  Simultaneous 
Corrosion  (Dusold,  left;  Dolan,  right) 


steel,  a  reddish  brown  powder,  sometimes  called  "cocoa,"  is  found  at  the 

edges.     It  should  be  emphasized  that 

we  are  dealing  not  with  gross  rubbing 

in  the  usual  sense  but  with  very  minute 

relative  motions.     If  the  shaft  shown 

in  Fig.  13-40  is  bent  back  and  forth  by 

a  moment    ±M,  then  the  amount  of 

slip  will  increase  from  zero  at  some 

point  A  to  ±dl  at  the  edge.     Although 

a  precise  analysis  of  this  problem  is 

difficult,    a  rough  calculation  for  a   2 

in.-diameter  shaft  of  axle   steel   at  a 

value    of  stress   corresponding  to   the 

limiting  condition  in  fatigue  shows   that  the  order  of  magnitude  of   slip 


Fig.    13-40.     Sketch    Showing    Rela- 
tive Motion  of  Shaft  at  Edge  of  Collar 
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at  the  edge  is  a  small  fraction  of  one  thousandth  of  an  inch.  Special 
tests  have  shown34  that  fretting  can  be  produced  by  a  relative  motion 
having  a  total  amplitude  as  small  as  2.3  millionths  of  an  inch.  The  shiny 
brown  bands  found  on  a  shaft  after  removal  of  a  gear  or  ball  bearing  which  has 
been  in  service  for  some  time  are,  therefore,  accounted  for  by  the  small  elastic 
deformations  due  to  loading  or  vibration.  An  example  of  the  appearance  of 
such  a  surface  is  shown  in  Fig.  13-21.  The  effects  of  fretting  corrosion  on 
strength  and  methods  of  improvement  are  beyond  the  scope  of  this  chapter. 
The  characteristic  feature  of  failure  starting  a  slight  distance  inside  the  edge 
was  mentioned  in  connection  with  press-fitted  members.  Apparently  enough 
material  is  rubbed  away  to  move  the  point  of  maximum  stress  inward.  The 
other  features  of  fractured  surfaces  for  cases  where  fretting  corrosion  influ- 


Fig.  13-41.     Laboratory  Fatigue  Failure  of  Automatic-Type  Babbitt  Bearing 

ences  the  crack  initiation  are  not  unusual,  and  for  press-fitted  members  one 
finds  all  the  types  of  rupture  areas35  shown  in  Fig.  13-3. 

The  effect  of  temperature,  either  low  or  elevated,  does  not  change  the 
general  characteristics  of  fatigue  fractures.  At  elevated  temperature,  of 
course,  oxidation  occurs,  and  sometimes  shading  of  oxide  color  is  found 
corresponding  to  variable  time  of  exposure.  There  is  also  a  tendency  for 
fractures  at  elevated  temperature  to  be  relatively  coarser. 

Fatigue  failures  can  occur  in  quite  soft  metals.  The  crazing36  sometimes 
found  on  babbitted  engine  bearings  (Fig.  13-41)  is  due  to  fluctuations  in  load. 

Nor  are  fatigue  failures  limited  to  metals,  but  sometimes  occur  in  quite 
flexible  materials.  Figure  13-42  illustrates  fatigue  cracks  in  a  rubber  tire,  the 
cracks  developing  simultaneously  at  the  four  quadrant  positions  at  a  sharp 
and  apparently  unnecessary  corner.  These  cracks  penetrated  the  casing  as 
shown,  causing  a  blowout.  Fatigue  cracks  in  other  nonmetals,  such  as 
plastics,  cement,  glass,  and  porcelain,  seem  to  follow  the  same  general  direction 
as  for  metals. 
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5.  Static  or  Constant-Load  Fractures.  Failures  under  gradually  increasing 
load,  so-called  "static"  failures,  as  in  the  usual  "short-time"  tensile  test,  are 
not  given  much  space  in  this  chapter,  because  such  failures  are  almost  unheard 


Sec.  A  -A 


Fig.  13-42.     Fatigue  Failure  of  an  Automobile  Tire 
(Note  cracks  occurring  at  four  places  simultaneously  at  a  sharp  corner  in  the 
side  decorative  design.     Cracks  penetrated  casing  as  shown,  causing  a  blowout) 


Fig.  13-43.     Typical  Tensile  Fracture  of  Brittle  and  Ductile  Materials 

of  in  service.  As  a  matter  of  general  interest,  however,  tensile  fractures  of 
specimens  of  ductile  and  brittle  steels  are  shown  in  Fig.  13-43.  A  ductile 
material  fails  first  by  slip  resulting  in  a  necking  of  the  specimen.  This  in  turn 
creates  a  triaxial-stress  condition  inside  the  piece  resulting  in  a  transverse 
fracture  at  the  middle  of  the  piece37  (Fig.  13-44).     Final  failure  shows  shearing 
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of  the  outer  zone  along  an  angle,  resulting  in  the  well-known  "  cup-and-cone  " 
fracture. 

Brittle  materials  tend  to  fracture  along  a  path  dictated  by  maximum 
normal  stress  unless  disturbed  by  direc- 
tional effects  in  the  material.  For  example, 
a  brittle  member,  tested  in  torsion,  fails 
along  a  helical  path.  Figures  13-45  and 
13-46  show  a  comparison  of  laboratory 
failures  of  hardened*  steel  gear  teeth  due 
to  static  loading  and  the  corresponding 
Stresscoat  and  photoelastic  pattern.38 
Note  the  similarity  to  the  fatigue  failure 
of  Fig.  13-16.  Static  tests  of  models  of 
brittle  material  such  as  plaster  of  Paris,39'  40 
have  shown  a  similar  geometrical  appear- 
ance of  fracture  to  that  of  a  corresponding 
ductile-steel  member  broken  by  fatigue, 
and  this  suggests  that  brittle  models  may 
have  some  use  for  comparative  purposes 
(see  also  Chap.  14). 

At   room    temperature   a   steel  member 
carrying  a  given  static  load  can  be  expected 
to  do  so  indefinitely,  barring  corrosive  effects.     At  elevated   temperature, 
however,    the    member    may,    after    a    certain    length    of    time    and    with 


Fig.    13-44.     Internal    Crack   in 
an  Aluminum  Testpiece  Due  to 
Triaxial-Stress  Condition  Occur- 
ring during  Necking  (Ludwik) 


(a)  Static  fracture  in  a       (6)  Stresscoat  pattern       (c)  Superposition     of     a 
hardened  steel  gear  and  b 

Fig.  13-45.     Comparison  of  Laboratory  Static  Fracture  in  a  Gear  Tooth  and  the 
Corresponding  Stresscoat  Pattern  (Boor  and  Stitz) 

no  increase  in  load,  suddenly  snap  off.  Fractures  of  tensile  specimens  at 
elevated  temperature  as  a  function  of  time  are  shown42  in  Fig.  13-47.  The 
*  Case  depth  0.050  in.  has  hardness  Rockwell  C  60  (approximately  625  Brinell); 
core  hardness  Rockwell  C  26  (approximately  275  Brinell).  Note  that  failure 
originates  in  a  brittle  material  and  propagates  through  a  ductile  material;  a  similar 
condition  sometimes  is  found  in  chain  failures.41 
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(a)  Static  fracture   in   a     (6)  Photoelastic    stress     (c)  Superposition     of     a 
hardened  steel  gear  pattern  and  b 

Fig.  13-46.     Comparison  of  Laboratory  Static  Fracture  in  a  Gear  Tooth  and  the 
Corresponding  Photoelastic  Stress  Pattern  (Boor  and  Stitz) 


Stress,  psi/1000 
Time  to  rupture 
Elongation,  % 

Fig.  13-47.     Fractures  of  Tensile  Testpieces  of  Ni-Cr-Mo  Steel  at  932°  F  as  a 
Function  of  Time  (Thum  and  Richard) 
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Fig.  13-48.     Service  Failure  of  Cr-Mo-V  Bolts  in  Steam  Plant,  with  Steam  Tem- 
perature about  900°  F  (Thum  and  Richard) 


Short-time 

Short-time 

Long-time 

Short-time 

test, 

test, 

test, 

test,  1000°F 

room  temp. 

1000°F 

1000°F, 

after  18.4  hr 

60,000  psi, 

at  1000°F 

18.4  hr 

without  stress 

Fig.  13-49.     Fractures  of  Cr-Mo-W  Bolt  Models  (McVetty) 


624 


INTERPRETATION  OF  SERVICE  FRACTURES 


brittle  type  of  failure  shown  by  the  specimen  at  the  right  of  Fig.  13-47  is 
known  as  a  "creep-rupture "  failure.  Such  failures  are  generally  intergranular 
and,  consequently,  have  a  coarse  "crystalline"  appearance.  Being  of  a 
brittle  nature,  such  failures  are  strongly  influenced  by  stress  concentration. 
Service  failures  of  this  kind  in  a  steam  plant  are  illustrated  in  Fig.  13-48. 
Tests  with  bolt  models  at  1000°F  (Fig.  13-49)  show  that  failure  occurs  in  the 
minimum  straight  section  in  a  short-time  test,  but  in  a  long-time  test  failure 
occurs  in  the  threaded  portion  which  has  a  larger  cross-section  area  but  which 


(a)  391  hr 


(&)  300  hr 


Fig.    13-50.     Creep-Rupture  of   Cr-Mo-V  Bolt   Models— (1000°F,   58,000  psi) 

(McVetty) 

also  involves  stress  concentration.  Note  that  time  and  temperature  alone 
do  not  produce  this  result.  The  remarkable  degree  to  which  fracture  details 
are  reproduced  is  shown  in  Fig.  13-50,  both  specimens  being  tested  at  the 
same  load  and  temperature. 

As  shown  in  Fig.  13-51  micrographic  examination  is  a  useful  method  of 
distinguishing  between  "creep-rupture"  failures  and  fatigue  failures,  since  the 
former  are  intercrystalline  and  the  latter  are  usually  transcrystalline. 

Specimens  of  lead,  or  lead  alloy,  exhibit  at  room  temperature  characteristics 
such  as  occur  in  steel  only  at  high  temperature.  This  is  shown43  in  Fig.  13-52 
illustrating  a  creep-rupture  failure  at  room  temperature.  Failure  of  soldered 
joints  has  been  known  to  occur  in  service  owing  to  creep-rupture  effect. 

The  addition  of  a  lateral  tension  (biaxial-tension  case)  results  in  a  reduction 
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of  elongation44'  45  (Fig.  13-53);  in  other  words,  a  more  brittle  type  of  fracture 
is  produced.  Triaxial  tension,  such  as  occurs  in  a  specimen  having  a  deep  V 
groove,  results  in  a  completely  brittle  type  of  fracture.  Owing  to  absence 
of  flow  phenomena,  this  test  has  been  used  to  develop  what  has  been  called 
the  "cohesion  strength"46  of  the  material. 

Brittle-type  fractures  in  ductile  materials  have  occurred  in  welded  ships 
under  special  conditions  described  in  a  report47  of  the  Board  of  Investigation 
appointed  by  the  U.  S.  Navy. 


(a)   Creep-rupture  failure  (inter- 
crystalline) 


(b)  Fatigue  failure  (transcrystalline) 


Fig.  13-51.     Characteristic  Cracks  in  Micro-structure  Due  to  Creep-Rupture  and 

Fatigue  Failures  (Hull) 


In  steam  boilers,  hydrogen  embrittlement  sometime  occurs,  resulting  in  an 
extremely  brittle  fracture.48  A  corrosive  condition  plus  residual  stress  causes 
brittle  failures  in  cold-formed  brass  articles,  such  as  cartridge  cases  (Fig. 
13-54),  the  phenomenon  being  known  as  "season  cracking."49 

Glass  is  of  special  interest  since  it  does  not  have  a  grain  structure  and  can 
be  made  free  of  directional  effects  so  that  under  certain  conditions  fractures 
are  very  regular.  For  example,  certain  glass  plates  fracturing  during  manu- 
facturing will  break  into  precise  rectangles  while  cylindrical  glass  castings 


626 


INTERPRETATION  OF  SERVICE  FRACTURES 


(a) 
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fracture  32  in  in 

42  hr 

Fig.  1 3-52  (left) .     Influence  of  Time  on  Frac- 
ture of  Lead-Alloy  Specimens  at  Room  Tem- 
perature (Dollins) 
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Fig.    13-53.     Deformation   as   Function   of 
Biaxial  Stress  (Siebel  and  Maier) 


Fig.  13-54. 


Season  Cracking  of  Brass  Cartridge  Case  (Moore,  Beckinsale,  and 
Mallinson) 
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have  been  known  to  split  into  exact  halves  with  perfectly  smooth  surfaces.50 
It  has  also  been  shown  that  a  perfect  helical  fracture  can  be  obtained  in  glass 
tubing  by  heating  and  quenching  in  a  certain  way.51  A  compression  test  of  a 
glass  plate  carried  out  under  carefully  controlled  conditions  results  in  a  com- 
plete shattering  into  minute  pieces.75  These  examples  may  seem  surprising, 
since  ordinarily  broken  glass  is  quite  irregular.  In  most  cases  impact  is 
involved,  accounting  for  the  majority 
of  the  features  seen;  some  of  these 
features  are  discussed  in  the  next 
section. 

Internal  ruptures  of  the  "fish-eye" 
type,  described  in  the  preceding  section 
on  fatigue,  sometimes  occur  in  tensile 
tests,  occasionally  in  weld  metal  (Fig. 
13-55). 

6.  Impact  Fractures.  Of  the  various 
types  of  failure,  the  impact  type  is  the 
least  understood,  particularly  the  rela- 
tionship between  tests  and  service  ap- 
plication. The  impact  test  does  not 
furnish  quantitative  design  data,  as  do 
many  other  tests.  However,  some 
phenomena  shown  by  the  impact  test 
are  of  interest  and  may  be  useful  in  a 
general  way. 

In  connection  with  notched-bar-im- 
pact tests  of  steel,  two  types  of  frac- 
ture should  be  noted — ductile  and 
brittle  (Fig.  13-56).  These  two  types 
may  be  produced  in  the  same  material 
by  varying  the  following  test  condi- 
tions. (1)  geometry  of  test  piece,  (2) 
striking  velocity,  (3)  ambient  tempera- 
ture. If  foot-pounds  of  energy  is 
plotted  as  ordinate  and  one  of  the 
afore-mentioned  variables  as  abscissa, 
then  a  typical  S  diagram  is  obtained52 
(Fig.  13-57)  showing  a  transition  zone 
between  brittle  and  ductile  fractures. 
Where  temperature  is  the  only  variable,  the  transition  zone  sometimes  occurs 
in  the  neighborhood  of  0°F,  which  explains  why  railroads  experience  certain 
types  of  impact  fractures  in  severely  cold  weather.  Incidentally,  fatigue 
properties  do  not  decrease  in  a  similar  way  at  low  temperature. 

Explosions  usually  result  in  brittle  fractures,  even  though  the  material  is 
quite  ductile  judged  by  the  tensile  tests.  An  interesting  characteristic 
observed    in    the    case    of    an    exploded    tank53    was    that    "herringbone" 


Fig.  13-55.     Fish  eyes  in  Tensile  Test 
Specimen  Containing  a  Weld 


628 


INTERPRETATION  OF  SERVICE  FRACTURES 


Fig.     13-56.     Typical     Brittle     and     Ductile 
Fractures  of  Charpy-Impact  Specimens 


marks  on  the  ruptured  surfaces  (Fig.  13-58)  pointed  toward  the  origin  of 
failure. 

Impact  fractures  of  brittle  materials  such  as  tool  steel,  porcelain,  and  glass 

have  certain  characteristics  in 
common.  The  most  interest- 
ing work  has  been  done  with 
glass.50'  54'  55  Two  kinds  of 
surface  marks  have  been  clas- 
sified— "ribs"  and  "hackles." 
Rib  marks  are  shown  at  A  in 
Fig.  13-59.  These  are  like  the 
previously  discussed  fatigue 
"beach  marks'"  in  that  they 
represent  various  stages  of  the 
crack  front.  The  fracture  di- 
rection approaches  a  rib  mark 
on  the  concave  side  and  leaves 
on  the  convex  side.  Although 
rib  marks  are  found  on  glass 
fractures  initiated  by  impact, 
they  can  also  be  produced  by 
relatively  slow  tearing  of 
glass.54  Fracture  travels  more  rapidly  in  a  tension  region  resulting  in  a  wider 
spacing  of  rib  marks  than  in  a  compression  region.  In  Fig.  13-59a  the  frac- 
ture passed  from  left  to  right,  with  tension  on  the  top  and  compression  on 
the  bottom.  Hackle  marks  are  shown 
at  B  in  Fig.  13-59.  These  are  per- 
pendicular to  the  rib  marks  and  repre- 
sent regions  where  separately  advancing 
cracks  are  continuously  "breaking 
over"  to  form  a  major  crack.*  In 
these  two  respects,  hackle  marks  re- 
semble fatigue  "ratchet  marks,"  al- 
though the  mechanism  of  their  initia- 
tion is  apparently  different,  since  hackle 
marks  start  internally  and  ratchet 
marks  start  at  the  surface.  Hackle 
marks  are  evidence  of  an  explosive 
type  of  failure  usually  produced  under 
severe  forces  or  impact  conditions. 
Hackle  marks  point  toward  the  fail- 
ure and,  therefore,  are  especially  valuable  in  identifying  the  origin  of  failure 
where  the  rib  marks  are  too  faint.  The  similarity  of  hackle  marks  to  the 
"herringbone  marks"  (Fig.  13-58)  associated  with  explosive  failures  of  steel 

*  As  a  result  of  this  behavior,  a  section  perpendicular  to  the  hackle  marks  shows 
a  series  of  terraces. 


10  20  30  40 

Width  of  testpiece,  mm 

Fig.    13-57.     Influence   of   Width   of 
Testpiece  on  Impact  Value  (Greaves) 
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Fig.  13-58.     Herringbone  Marks  Pointing  toward  Source  of  Failure  in  Fractured 
Plate  from  Tank  Explosion  (Brown  and  Smith) 


(b) 

Fig.  13-59.     Fracture  Details  of  Glass  (Oughton) 
A — Rib  marks  B — Hackle  marks 
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Hill  I 

lllj! 


Fig.  13-60.     Fracture  Details  in  a  Plastic  Material  (Fosterite) 
A — Rib  marks  B — Hackle  marks  C — Flaw 


members  should  be  noted.  It  is  apparently  not  necessary  that  a  material 
be  as  brittle  as  glass  to  show  hackles  and  ribs,  since  these  are  also  found  in  a 
plastic  material  (Fig.  13-60).  Sometimes  the  source  of  failure  in  glass  is 
located  at  a  round  spot  from  which  the  hackles  spread  in  raylike  fashion56 
(Fig.  13-61).  Note  the  similarity  to  Fig.  13-36  representing  a  failure  in  steel. 
In  a  paper  before  the  Seventh  International  Congress  of  Applied  Mechanics 
in  London,  September  1948,  Mrs.  C.  F.  Tipper  has  thrown  light  on  the  forma- 
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tion  of  herringbone  marks  (Fig.  13-58).     Incidentally  such  marks  are  not 

limited  to  the  biaxial  stress  case  of  Fig.  13-58  (failure  of  pressure  vessels),  but 

also   occur  in  the  failure  of  ship 

plate.47     In    fact,    Mrs.    Tipper's 

results  were  obtained  in  a  tension 

tests  of  notched  plates  (Fig.  13-62). 

Ahead  of  the  crack  is  a  plastic 

wedge ;  sections  through  this  wedge 

at  A-A,  B-B  and  C-C  (Fig.  13-62) 

are  shown  at  the  right.     At  A-A, 

a  large  ragged  opening  exists  at 

the  middle  of  the  plate,  connected 

by  cracks  to  the  plate  surfaces ;  at 

B-B  a  small  opening  exists  with  no 

cracks  extending  to  the  surfaces; 

and  at  C-C  only  small  holes  exist. 

A  development  of  these  sections 

along  a  plane  D-D  results  in  a 

crack  front  having  roughly  the  shape  of  a  V.     Normals  to  this  front,  similar 

to  the  "hackle  marks"  just  discussed,  would  have  the  shape  of  herringbone 


Fig.      13-61. 
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Fig.  13-62.     Mode  of  Failure  of  a  Notched  Plate  in  Tension  (After  Mrs  C.  F. 

Tipper) 


marks  and  would  also  point  in  the  direction  of  the  origin  of  failure.  Inci- 
dentally, Mrs.  Tipper  showed  by  means  of  micrographs  that  the  "holes"  at 
C-C  were  the  result  of  cleavage  of  unfavorably  oriented  grains,  while  between 
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such  separations  plastic  deformation  and  tearing  occurred  in  other  grains. 
The  coarse  appearance  of  the  fracture  is  a  result  of  this  manner  of  failure. 

7.  Conclusion.  An  endeavor  has  been  made  in  the  foregoing  sections  to 
develop  types  of  fracture  corresponding  to  known  simple  loading  conditions. 
Complicated  cases  involving  combinations  of  simple  conditions  are  apt  to  be 
encountered,  and,  until  further  laboratory  work  has  been  done,  it  is  necessary 
to  use  judgment  based  on  considerations  of  stress  analysis. 

In  examining  fractured  surfaces,  be  sure  first  to  do  a  good  cleaning  job, 
using  a  solvent  such  as  carbon  tetrachloride,  alcohol,  or  gasoline.  It  is  not 
necessary  to  use  a  high-power  microscope,  but  sometimes  a  lower-power  glass 
(2  to  4 X)  is  helpful.  It  is  especially  important  for  both  visual  inspection  and 
photography  to  experiment  with  different  angles  of  oblique  lighting  to  bring 
out  some  of  the  fine  detailed  markings  properly. 
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A.  Brittle  Models 

1.  Characteristics  of  Brittle  Fractures.  Stress  analysis  by  means  of  brittle 
models  is  based  on  the  following  properties  of  brittle  materials:  (a)  that  they 
fracture  without  appreciable  deformation,  and  (6)  that  fracture  occurs  when 
the  maximum  tensile  stress  in  the  piece  reaches  a  certain  limiting  value.  If 
we  make  a  model  out  of  a  brittle  material  which  has,  in  addition  to  the  afore- 
mentioned properties,  a  nearly  linear  stress-strain  relationship  up  to  the  point 
of  failure,  we  find  that  stress  ratios  in  the  piece  will  be  about  the  same  at  the 
time  of  fracture  as  at  any  lower  value  of  the  load.  It  is  evident,  therefore,  that 
if  such  a  model  is  tested  to  destruction  and  the  ultimate  stress  the  material  can 
withstand  is  known  from  calibration  specimens,  the  magnitude  of  the  maxi- 
mum stress  in  the  model  for  any  value  of  the  load  can  be  simply  established. 

The  failure  of  brittle  materials  has,  however,  a  number  of  characteristic 
features  which  will  considerably  influence  the  results  obtained  by  the  afore- 
mentioned testing  procedure.  For  instance,  the  ultimate  strength  seems  to 
be  defined  in  a  rather  accidental  manner  by  the  condition  of  the  material  at  a 
certain  critical  point,  which  is  usually  limited  to  a  very  small  volume  compared 
to  the  bulk  of  the  entire  testpiece,  and  this  circumstance  almost  invariably 
causes  a  considerable  scattering  of  the  test  results.  The  probability  of  occur- 
rence, of  such  weak  points  within  the  most  highly  stressed  parts  of  the  model 
and  the  comparative  magnitude  of  the  maximum  stress  area  in  the  model  and 
in  the  calibration  pieces  will  have  to  be  taken  into  account  in  the  interpretation 
of  such  text  results,  as  is  shown  later. 

The  question  of  the  ultimate  cause  of  brittleness  is,  of  course,  of  great 
importance  in  these  investigations.  It  is  known,  for  instance,  that  under 
triaxial  compressive  stresses  of  great  intensity  it  is  possible  to  produce  large 
permanent  deformations  in  the  most  brittle  materials,  whereas  under  triaxial 
tensile  stress  the  majority  of  ductile  materials  fail  in  a  brittle  manner.  It  is 
also  known  that,  by  testing  ductile  materials  at  high  velocities  (impact)  or 
under  rapidly  alternating  loads  (fatigue),  rupture  surfaces  can  be  produced 
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which  have  all  the  characteristics  of  brittle  failures.  On  the  basis  of  these 
observations  it  may  be  generally  stated  that  the  ultimate  cause  of  brittleness 
is  always  mechanical  in  character  and  is  the  result  of  certain  types  of  stress 
distribution.  If  the  internal  structure  of  the  material  is  such  that  it  inher- 
ently produces  a  stress  distribution  (most  often  through  high  local  concentra- 
tion of  stresses)  that  precludes  the  possibility  of  plastic  yielding,  then  the 
material  will  be  generally  regarded  as  "brittle"  and  will  fail  as  such  under 
the  simplest  uni-  or  biaxial  conditions  of  stress.  This  theory,  based  on  the 
assumption  of  "internal  flaws"  in  the  structure  of  brittle  materials,  was 
developed  by  Griffith1  and  Smekal2  and  is  generally  accepted  at  present  as  the 
most  likely  explanation  of  the  puzzling  phenomena  observed  in  the  fracture 
of  brittle  materials. 

From  a  historical  point  of  view  it  is  of  interest  to  note  that  the  first  system- 
atic investigation  in  the  strength  of  materials,  carried  out  by  Galileo3  over 
300  years  ago,  was  apparently  based  on  experiments  with  beams  of  stone  or 
other  brittle  materials.  Though  Galileo  correctly  established  the  influence 
of  the  length  and  cross-sectional  dimensions  on  the  strength  of  beams,  he 
made  the  faulty  assumption  that  the  entire  cross  section  is  in  tension  and  that 
it  tends  to  rotate  around  one  edge  on  bending.  It  is  easily  seen  how  this 
assumption  could  be  prompted  by  observing  the  occurrence  of  brittle  fractures 
in  bent  beams. 

The  use  of  brittle  materials  in  modern  strength  investigations  was  introduced 
by  C.  Bach4  through  his  classical  experiments  with  cast  iron.  In  more  recent 
years,  model  tests  were  also  made  with  concrete,5  glass,6  and  synthetic  resins,7 
examples  of  which  are  shown  in  Fig.  14-1.  Though  these  tests  threw  con- 
siderable light  on  the  behavior  of  the  respective  materials  under  various 
conditions  of  stress,  the  materials  themselves,  with  the  possible  exception  of 
synthetic  resins,  were  not  found  very  suitable  for  the  prediction  of  maximum 
stress  through  model  tests.  Also,  the  production  of  a  large  number  of  identical 
specimens  of  these  materials,  required  in  tests  of  this  type,  is  rather  difficult. 
For  these  reasons,  most  of  the  brittle  models  today  were  made  of  plaster  of 
Paris  or  pottery  plaster,  which  are  closest  to  an  ideal  material  for  the  purpose ; 
the  use  of  these  is  discussed  later  in  more  detail. 

2.  Plaster  Models.  As  a  result  of  experiments  by  a  number  of  investi- 
gators,8-13 the  best  way  of  preparing  plaster  models  is  fairly  well  established 
and  may  be  described  as  follows. 

For  the  material,  commercial  molding  plaster,  plaster  of  Paris,  or  a  high- 
grade  pottery  plaster  (as  obtainable  from  the  U.  S.  Gypsum  Company)  may 
be  used.  The  chemical  composition  of  all  these  materials  is  nearly  the  same, 
but  the  last  one  (pottery  plaster)  is  preferable  because  it  is  somewhat  slower 
in  setting,  thus  permitting  a  longer  time  for  working  with  the  material.  The 
ultimate  strength  and  elastic  modulus  of  the  finished  product  is  greatly 
dependent  on  the  proportion  of  water  in  the  mixture,  the  strength  increasing, 
but,  at  the  same  time,  the  setting  time  decreasing,  with  a  decreasing  amount 
of  water.  The  best  proportion  was  found  to  be  70  lb  of  water  to  100  lb  of 
plaster,  which  mixture,  on  proper  handling,  gives  a  material  with  approxi- 
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mately  1,000,000  psi  modulus  of  elasticity,  about  1800  psi  compressive,  and 
600  to  800  psi  tensile  strength. 

The  mixture  is  prepared  by  pouring  the  plaster  slowly  into  pure  (drinking) 
water  at  room  temperature  and  then  allowing  it  to  stand  and  blend  for  10  to 
12  min.  At  the  end  of  this  period,  a  stirring  operation  should  be  started,  the 
purpose  of  which  is  to  liberate  the  entrapped  air  bubbles.  Stirring  can  be 
effected  by  a  small  immersed  propeller  or  by  mechanical  shaking  of  the  mixing 
tub,  and  should  be  continued  for  5  min.  Violent  stirring  is  to  be  avoided,  as  it 
would  produce  the  opposite  of  the  desired  effect;  that  is,  it  would  introduce 


Fig.  14-1.     Fracture  Specimen  of  Methyl  Methacrylate  Resin  (Plexiglas),  Exhibit- 
ing the  Sensitivity  of  the  Material  to  Small  Differences  of  Stress  Concentration 


more  air  into  the  mixture.  After  5  min  of  stirring,  a  mixture  is  obtained  that 
is  smooth  and  uniform  in  appearance  and  is  ready  to  be  poured  into  finished 
molds,  if  the  models  are  to  be  casted,  or  into  blank  molds,  if  the  final  models 
are  to  be  shaped  by  machining.  Molds  may  be  made  of  clay,  concrete,  steel, 
or  glass  plates,  the  surfaces  of  which  should  be  oiled  in  each  case  to  facilitate 
the  removal  of  the  plaster.  The  plaster  undergoes  a  small  volume  expansion 
on  setting,  which  enables  it  to  fill  the  molds  completely.  After  15  min  of 
setting,  the  plaster  warms  up  and  sweats,  forming  a  film  of  water  between  the 
casting  and  the  oiled  surface  of  the  mold,  which  permits  an  easy  removal  of 
the  mold  from  the  already  hardened  material.  The  obtained  specimens  should 
be  stored  in  a  moist  room  for  about  2  days  and  then  dried  for  a  minimum  of 
3  weeks  at  room  temperature.     It  is  not  advisable  to  attempt  drying  at 
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elevated  temperature,  because  the  plaster  may  be  dehydrated  at  a  too  rapid 
rate  ("burned"),  when  it  becomes  very  weak  and  chalky. 

With  this  procedure,  the  resulting  specimens  have  a  distinctly  metallic  ring 
when  struck,  their  surface  shows  no  cavities  or  discontinuities  when  examined 
under  a  low-power  microscope,  and  they  exhibit  a  practically  straight-line 
stress-strain  relationship  up  to  the  point  of  rupture.  The  material  may  be 
turned  in  an  ordinary  engine  lathe  or  may  be  drilled  or  shaped  in  a  milling 
machine.  The  speed  of  cutting  may  vary  considerably,  and  the  only  pre- 
caution that  needs  to  be  taken  is  to  keep  the  depth  of  cuts  at  moderate 
values. 

At  the  same  time  when  the  models  are  made,  a  few  calibration  specimens,  or 
control  pieces,  should  be  prepared  from  the  same  mixture  and  by  the  same 
casting  and  curing  procedure.  The  purpose  of  these  calibration  pieces  is  to 
establish  the  value  of  the  maximum  stress  at  which  the  material  will  fail. 
For  this  reason  the  specimens  are  usually  made  of  the  simplest  form,  and 
loaded  in  such  a  manner  that  the  magnitude  of  the  maximum  stress  can  be 
easily  and  accurately  calculated.  The  maximum  stress  in  the  model  is  then 
derived  by  way  of  comparison  between  the  fracture  loads  of  the  model  and 
of  the  calibration  pieces,  respectively. 

The  plaster-model  method  was  used  in  the  investigation  of  stresses  at  holes, 
fillets,  and  key  ways  by  R.  E.  Peterson,8  Trinks  and  Hitchcock,10  and  Seely 
and  Dolan.12  Curved  beams  were  tested  by  Seely  and  James,9  a  variety  of 
structural  models  was  investigated  by  Roark  and  Hartenberg,11  and  the  stress 
distribution  in  bent  plates  was  analyzed  by  Newmark  and  Lepper.13  In  most 
of  these  investigations  the  results  of  the  plaster-model  tests  were  compared 
with  available  results  of  the  mathematical  theory  of  elasticity,  with  photo- 
elasticity,  and  in  some  cases  with  fatigue-test  data.  Such  a  comparison  is 
illustrated  in  Fig.  14-2.  As  a  rule,  the  stress  concentration  factors  derived 
from  plaster-model  tests  are  considerably  below  those  obtained  by  calculation 
or  by  photoelasticity  and  are  about  the  same  and  seldom  above  those  derived 
from  fatigue  tests. 

On  the  basis  of  the  previously  discussed  experimental  work,  the  following 
rules  may  be  recommended  in  the  use  of  the  plaster-model  method  of  stress 
analysis : 

(a)  The  type  of  stress  distribution  and  the  relative  volume  of  the  most 
highly  stressed  material  should  be  as  closely  as  possible  the  same  in  the 
calibration  pieces  as  in  the  mode). 

(b)  Reliable  quantitative  values  for  the  maximum  stress  in  the  model  may 
be  established  only  by  testing  a  larger  number  of  (not  less  than  6)  identical 
specimens. 

(c)  For  extremely  high  and  very  localized  concentration  of  stress,  the 
method  is  likely  to  give  inconsistent  results.  A  possible  explanation  for  this 
is  discussed  in  the  following  section. 

3.  The  Statistical  Theory  of  Strength.  The  particular  features  of  the  test 
results  obtained  in  the  fracture  of  brittle  materials  may  be  explained  by  the 
statistical  theory  of  strength,  which  was  originally  proposed  by  Weibull,  14>  15 


640 


BRITTLE  MODELS  AND  BRITTLE  COATINGS 


and  to  which  further  contributions  were  made  by  Frenkel  and  Kontorova16 
and  others.17-20 

This  theory  is  based  on  the  assumption  that  the  ultimate  strength  of  a 
testpiece  is  determined  by  its  weakest  point,  which  is  a  product  of  unfavorable 
coincidence  between  stress  intensity  and  a  defective  state  of  the  material. 
The  likelihood  of  such  coincidence  may  be  calculated  by  the  laws  of  proba- 
bility, if  the  characteristic  distribution  of  defects  through  the  bulk  of  the 
material  and  the  type  of  stress  distribution  in  the  specimen  are  known. 
The  result  of  such  calculation  is  not  a  precise  value  for  the  strength  of  the 
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Fig.  14-2.     A  Comparison  between  the  Stress-Concentration  Factors  Derived  from 
Plaster-Model  Tests  of  Round  Filleted  Shafts  in  Bending  and  Those  Obtained 
Photoelastically  by  E.  E.  Weibel  with  Flat  Bakelite  Specimens  of  Similar  Pro- 
portions (F.  B.  Seely  and  T.  J.  Dolan12) 


testpiece  but  an  indication  of  the  degree  of  probability  that  fracture  will  occur 
at  a  certain  value  of  the  load. 

For  the  distribution  of  faults  in  the  material,  Weibull  assumes  a  power  law 
with  two  arbitrary  parameters  that  can  be  adjusted  to  fit  any  particular 
material.  Weibull's  assumption  is  mathematically  the  simplest  and  provides 
the  greatest  versatility  for  the  investigation  of  more  complicated  problems. 
There  are,  however,  factors  in  favor  of  the  normal  Gaussian  distribution  used 
by  Frenkel  and  Kontorova,16  and  further  possibilities  are  open  through  a 
number  of  other  distributions  available  in  mathematical  statistics.20 

Through  this  statistical  point  of  view  it  is  easily  seen  that,  for  the  same 
type  of  stress  distribution,  the  probability  of  fracture  will  increase  with  the 
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size  of  the  specimen,  larger  testpieces  exhibiting  relatively  lower  strength  and 
a  greater  dispersion  of  individual  test  results.  This  is  all  in  agreement  with 
the  so  called  "size  effect"  observed  not  only  in  static  fracture  of  brittle 
materials,  but  also  in  all  impact  and  fatigue  tests.  Support  of  this  theory 
may  be  found  in  the  plaster-model  tests  of  Peterson,8  who  observed  that  the 
presence  of  very  small  holes  in  tension  specimens  caused  no  noticeable  reduc- 
tion in  the  ultimate  strength  of  the  pieces.  This  may  be  explained  by  the  fact 
that  by  the  reduction  of  the  size  of  the  holes  the  localized  stress  peaks  at  the 
boundaries  of  the  holes  will  cover  such  minute  volumes  of  the  material  that 
the  probability  of  their  coinciding  with  defective  spots  becomes  negligibly 
small. 

Among  the  quantitative  proofs  of  Weibull's  theory  we  may  mention  that 
it  made  possible  the  calculation14  of  the  difference  in  tensile,  bending,  and 
torsional  strength  observed  much  earlier  by  Kuntze  in  a  series  of  tests  with 
brittle  models  made  of  a  mixture  of  plaster  and  stearic  acid.  Also  the  tests 
made  by  Davidenkov,  Shevandin,  and  Wittman19  with  brittle-steel  specimens 
at  low  temperatures  gave  quantitative  confirmation  of  Weibull's  theory. 

The  statistical  theory  of  strength  had  also  a  number  of  applications  beyond 
the  field  of  brittle  fractures.  Among  these  we  may  quote  the  work  of  Daniels17 
who  investigated  the  strength  of  bundles  of  threads  and  reached  the  interesting 
conclusion  that  a  bundle  containing  n  threads  is  likely  to  sustain  a  P  load  only 
if  there  are  k  threads  in  the  set  (k  <  n)  whose  strength  exceeds  the  value  of 
P/k.  The  effect  of  the  principal  variables  in  fatigue  tests  was  analyzed 
statistically  by  Freudenthal.18 

4.  Stress  Crazing  of  Synthetic  Resins.  Indication  of  the  maximum  tensile 
stress  in  a  model  may  be  obtained  by  making  the  piece  out  of  one  of  the 
synthetic  materials  which  develops  crazing  under  sustained  static  loads. 

The  crazing  marks  first  appear  as  fine  hairlines  on  the  surface  of  the  mate- 
rial, and,  under  prolonged  loading,  they  gradually  spread  and  deepen,  though 
they  never  seem  to  enter  areas  where  the  stress  is  under  a  certain  limiting 
value.  The  lines  develop  normally  to  the  tensile  stresses  and  show  up  the 
best  when  the  piece  is  viewed  at  an  angle  under  oblique  lighting,  when  they 
appear  in  bright  reflection  as  illustrated  in  Fig.  14-3. 

Sensitivity  for  stress  crazing  was  observed  in  Plexiglas,  Lucite,  Vinylite,  and 
photoelastic  Bakelite  (BT-6 1-893).  In  each  case,  crazing  is  produced  at  a 
comparatively  low  value  of  stress  that  may  be  as  small  as  one  fifth  of  the 
ultimate  tensile  strength  of  the  material.  Klemperer21  observed  that  crazing 
in  Plexiglas  first  appears  in  about  4  days  at  a  stress  of  4000  psi,  and  it  takes 
over  30  days  to  develop  the  lines  at  3000  psi.  The  formation  of  the  crazing 
can  be  greatly  accelerated,  however,  by  wetting  the  surface  of  the  specimen 
while  it  is  under  load,  with  alcohol  or  carbon  tetrachloride.  This  etching 
action  brings  out  in  less  than  a  minute  a  full  crazing  pattern  that  would 
otherwise  require  weeks  to  develop.  In  spite  of  etching,  however,  Plexiglas 
appears  to  be  indefinitely  resistant  to  crazing  at  stress  values  under  2000  psi. 

Though  crazing  lines  are  obviously  sharp  fissures  wedging  into  the  material, 
their  presence  seem  to  have  an  unexpectedly  small  effect  on  the  ultimate 
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strength  of  the  piece.  Completely  crazed  Plexiglas  specimens  were  tested  to 
fracture  by  Klemperer,21  who  found  that  the  strength  of  such  pieces  was  about 
7300  psi,  amounting  only  to  a  27  per  cent  reduction  in  the  strength  of  the 
material  that  is  otherwise  around  10,000  psi. 

In  attempting  an  explanation  for  the  crazing  phenomenon,  one  may  be 
inclined  to  regard  it  as  the  first  indication  of-  incipient  failure  that  is  to  lead 
eventually  to  a  delayed  fracture  of  the  material.  It  is  well  established  that 
glass22  and  also  most  of  the  synthetic  resins  fail  under  continued  loading  at 
one  half  to  one  third  of  the  value  of  the  stress  that  is  required  to  produce 
fracture  at  an  instantaneous  application  of  the  load.     This  behavior  of  certain 


Fig.  14-3.     Stress-Crazing  Pattern  Indicating  Points  of  Maximum  Tensile  Stress 
in  a  Plexiglas  Ring  Compressed  by  Concentrated  Forces  at  End  Points  of  Hori- 
zontal Diameter 

materials  is  frequently  referred  to  as  delayed  fracture  or  "static  fatigue,"  and 
it  can  be  greatly  accelerated  by  wetting  or  etching  the  surface  of  the  specimens 
under  load,  which  draws  an  obvious  comparison  with  stress-crazing  phe- 
nomena. In  spite  of  this,  however,  the  foregoing  reasoning  cannot  furnish  an 
acceptable  explanation  for  the  origin  of  all  stress  crazing,  since  we  have  such 
examples  as  Columbia  Resin  CR-39  (Allyl  Diglycol  Carbonate),  with  a  marked 
sensitivity  for  delayed  fracture,  which  shows  no  inclination  for  stress  crazing 
even  when  stressed  close  to  its  ultimate  strength  and  wetted,  at  the  same 
time,  by  any  of  the  usual  etching  agents  (alcohol,  carbon  tetrachloride,  or 
ether). 

Further  study,  and  an  ultimate  explanation  of  the  cause  of  stress  crazing 
will  probably  contribute  greatly  to  our  understanding  of  the  structure  and 
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strength  of  glass  and  resinous  materials.  For  the  present,  its  only  application 
is  to  furnish  a  striking  indication  of  the  most  highly  stressed  regions  in  models 
of  structural  and  machine  parts,  and  it  is  being  used  for  such  instructive 
purposes  in  the  design  departments  of  some  aircraft  companies. 

B.  Brittle  Coatings 

5.  Oxide  Coatings.  The  use  of  brittle  coatings  as  strain  indicators  is  based 
on  the  observation  that  such  coatings,  through  their  rupture,  can  reveal  the 
magnitude  of  strain  in  the  underlying  material  of  the  testpiece.  If  the  surface 
of  a  specimen  is  coated  by  an  adhering  brittle  substance,  on  application  of  a 
load,  the  coating  will  evidently  crack  first  at  the  point  where  the  strain  is  the 
greatest.  By  observing  the  initial  formation  of  the  cracks  and  their  subse- 
quent spreading  as  the  load  is  increased,  the  nature  and  approximate  magni- 
tude of  the  stresses  in  the  most  critical  areas  of  the  test  piece  may  be  established. 

The  first  brittle  coating  used  for  strain  detection  was  probably  the  mill  scale, 
the  thin  iron-oxide  layer  which  forms  on  the  surface  of  hot-rolled  steel  stock. 
This  scale,  being  comparatively  inextensible,  breaks  at  fairly  low  values  of 
strain,  emitting  slight  crackling  sounds  as  the  first  evidence  of  fracture.  It 
requires,  however,  strains  of  the  order  of  1  per  cent  or  more  to  cause  visual 
indication  of  the  rupture,  and  for  this  reason  mill  scale  can  be  used  only  as  an 
indicator  of  yielding  in  mild  steel  specimens.  At  strains  of  such  magnitude 
the  edges  of  the  cracks  are  sufficiently  separated  and  the  scale  flaked  off  along 
the  slip  lines  or  Luders'  lines  of  maximum  shearing  strains,  to  show  along  these 
lines  the  metal  beneath  the  oxide  scale.  For  photographic  recording  it  is  very 
desirable,  however,  to  increase  the  contrast  between  the  slip  lines  and  their 
background.  Oiling  the  surface  is  helpful  in  this  respect,  but  better  results 
are  obtained  by  painting  the  surface  of  the  piece  before  testing  with  thin 
whitewash  (lime  and  water)  which  forms  a  white  coat  on  drying.  This  coat 
flakes  off  with  the  oxide  scale  along  the  slip  lines,  making  these  appear  as  dark 
pencil  lines  against  a  white  background,  as  shown  in  Fig.  14-4.  The  surface 
of  the  testpiece  should  be  cleaned  of  grease  before  the  whitewash  is  applied 
with  a  soft  brush,  and  in  a  very  thin  solution,  the  application  being  repeated 
if  the  first  layer  does  not  appear  sufficiently  white  after  evaporation  of  the 
water. 

In  place  of  whitewash,  R.  S.  Johnston24  used  white  Portland  cement  in 
water,  obtaining  excellent  photographic  records  of  the  development  of  Luders' 
lines  in  the  web  plates  of  large  built-up  columns.  He  found  this  method 
sensitive  enough  to  show  the  otherwise  invisible  minute  slip  lines  which 
occurred  around  the  identification  marks  stamped  into  the  cold-steel  plates. 

Strain-indicating  oxide  films  can  also  be  produced  on  the  surface  of  any 
previously  machined  mild-steel  specimen  by  heating.  Such  tests  were  made 
by  W.  Mason25  who  brought  his  testpieces  up  to  a  temperature  of  1400°F  in  an 
electric  oven  in  about  30  min  and  held  them  there  for  15  min,  when  they  were 
quickly  removed  and  allowed  to  cool  at  room  temperature.  This  treatment 
produced  on  the  bright  surface  of  the  machined  specimens  a  brittle  oxide  layer 
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which  was  much  more  uniform  in  its  consistency  and  better  suited  for  the 
purpose  than  the  ordinary  mill  scale. 

On  aluminum-alloy  specimens  brittle  films  may  be  produced  by  anodic 
coatings  which  adhere  to  the  surface  very  well  and  give  good  indication  of  the 
progress  of  yielding  in  the  underlying  material. 

6.  Various  Resinous  Coatings.  The  first,  record  of  the  use  of  a  strain- 
indicating  resinous  coating  was  published  by  Sauerwald  and  Wieland26  in 
1925.  They  used  a  solution  of  shellac  in  alcohol  which  cracked  only  at  large 
values  of  strain.  It  was  employed  to  indicate  regions  of  yield  in  notched- 
bar-impact  tests  with  nonferrous  metals. 


Fig.  14-4.  Appearance  of  Slip  Lines  through  Whitewash  Coating  on  a  Dished 
Boiler  Head  under  Internal  Pressure 
Lines  a  were  the  first  ones  to  appear  owing  to  the  maximum  meridional  bending 
stress  in  the  knuckle.  At  increasing  pressure  these  were  joined  by  lines  of  the 
type  b,  which  were  caused  by  the  rising  difference  between  meridional  and  hoop 
stresses  (E.  Seibel  and  A.  Pomp,23) 

The  first  brittle  coating  that  cracked  within  the  elastic  limit  of  ordinary 
steels  was  described  by  Dietrich  and  Lehr27  in  1932.  It  was  the  so-called 
"Maybach"  lacquer,  named  after  the  manufacturing  concern  where  it  was 
developed,  and  its  use  was  covered  by  Deutches  Reichs-Patent  534,158.  As 
it  was  disclosed  in  a  later  publication,30  this  lacquer  consisted  of  a  solution  of 
colophony  in  benzol.  It  required  baking  to  develop  the  necessary  brittleness, 
and  its  cracking  sensitivity  could  not  be  sufficiently  controlled  to  give  quanti- 
tative information  concerning  magnitudes  of  strain.  Through  the  appearance 
of  the  first  crack  in  the  coating,  it  gave  a  reliable  indication  only  of  the  point 
and  direction  of  the  maximum  tensile  stress  in  the  piece.  On  the  basis  of  this 
information,  the  rest  of  the  test  consisted  in  applying  short-gage-length 
extensometers  at  the  indicated  points  and  perpendicularly  to  the  tension 
cracks,  to  measure  accurately  the  values  of  strain.  In  this  manner,  Dietrich 
and  Lehr  analyzed  the  stress  distribution  in  crankshafts,  connecting  rods,  and 
other  machine  parts. 
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From  the  subsequent  publications29,  30  which  appeared  on  the  use  of  this 
coating  in  the  next  8  years,  it  is  apparent  that  the  lacquer  was  never  developed 
to  the  stage  where  it  would  have  been  capable  of  giving  quantitative  results. 
Nevertheless,  this  was  the  first  demonstration  that  a  coating  can  be  produced 
which  can  render  valuable  information  without  stressing  the  test  object 
beyond  its  elastic  limit  and  impairing  thereby  its  further  use.  This  "non- 
destructive" feature  of  tests  with  suitable  coatings,  against  the  other  types 
which  may  only  be  regarded  as  "damage  indicators,"  is  perhaps  the  most 
important  single  factor  that  made  the  brittle-lacquer  method  of  stress  analysis 
practicable. 

In  1934  Portevin  and  Cymboliste31  published  a  set  of  very  clear  photographs 
of  isostatics,  obtained  also  by  a  lacquer  which  apparently  cracked  within  the 
elastic  limit  of  the  metallic  testpieces  used.  The  authors  listed  a  number  of 
possibilities  for  such  coatings,  as  natural  and  phenolic  resins  with  a  large 
variety  of  solvents,  without  disclosing,  however,  the  specific  combinations 
used  in  the  tests.  Tylecote32  in  1942  investigated  isostatic  patterns  in  spot- 
welded  aluminum-alloy  plates  by  use  of  a  resin-type  varnish  thinned  in  xylol. 
His  best  lacquer  started  to  crack  at  a  strain  value  of  0.0015  in. /in.,  which  was 
well  within  the  elastic  limit  of  the  aluminum-alloy  specimens.  It  was  found 
necessary,  however,  to  bake  the  coated  pieces  to  produce  such  cracking 
sensitivity,  and  the  process  could  not  be  controlled  quantitatively. 

A  striking  method  of  producing  resin  coatings  on  structural  objects  was 
developed  in  England  by  B.  P.  Haigh33  and  used  later  by  J.  S.  Blair.34  This 
consisted  of  heating  up  the  testpieces  to  140°C  and  then  dusting  on  to  the 
surface  powdered  resin  which  had  a  melting  point  slightly  above  100°C.  The 
resulting  coating  cracked  sometimes  at  elastic-stress  values,  but  its  principal 
use  was  to  facilitate  the  observation  of  Loaders'  lines  in  yielding.  Complex 
bridge-type  structures  up  to  100-ft  span  were  tested  in  this  manner  and  also 
pressure  vessels  and  tubes  under  internal  pressure. 

7.  Stresscoat.  The  most  suitable  material  at  present  for  the  preparation  of 
a  strain-indicating  brittle  coating  is  "Stresscoat,"  a  product  of  the  Magnaflux 
Corporation.*  It  is  a  coating  which,  when  used  with  suitable  precautions,  can 
give  quantitative  indication  of  the  maximum  strain  values  within  the  elastic 
range  of  steel  specimens.  Its  basic  ingredients  are  limed  wood  rosin  K  and 
dibutyl  phthalate,  with  carbon  disulfide  as  solvent.  These,  with  some  other 
modifying  components,  are  mixed  in  a  variety  of  proportions  to  produce 
lacquers  which  will  have  the  desired  strain  sensitivity  at  various  levels  of 
temperature  and  humidity. 

Since  the  coating  is  markedly  affected  by  small  changes  in  temperature,  the 
method  can  be  used  to  its  best  advantage  in  the  laboratory,  though  there  are 
provisions  for  making  tests  out-of-doors  under  favorable  conditions. 

A  Stresscoat  test  normally  begins  by  measuring  prevailing  temperature  and 
humidity  with  a  sling  psychrometer  and  then  selecting  a  suitable  coating 
material  from  the  selection  chart  shown  in  Fig.  14-5.     There  are  12  lacquers 

*  Stresscoat  methods,  equipment  and  materials  are  covered  by  the  following 
U.  S.  patents:  2,186,014;  2,294,897;  2,310,845  and  2,325,116. 
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(nos.  1200  to  1211)  available  for  general  test-room  use.  The  lacquer  of  the 
number  which  appears  in  the  selection  chart  at  the  intersection  of  the  dry-  and 
wet-bulb  readings  of  the  psychrometer  will  give  a  coating  which  will  crack 
first  at  a  strain  value  of  0.0007  to  0.0008  in. /in.  This  threshold  sensitivity 
of  any  particular  lacquer  can  be  more  definitely  established  by  use  of  the 
calibration  bars  which  are  supplied  with -each  standard  Stresscoat  outfit. 
These  bars  are  coated  at  the  same  time  as  the  principal  test  object,  are  kept 
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Fig.  14-5.     Stresscoat  Lacquer  Selection  Chart 

close  to  it  during  the  entire  drying  period,  and  are  tested  in  cantilever  bending 
during  the  main  test.  The  limit  of  crack  propagation  along  each  cantilever 
gives,  in  a  suitable  strain  scale,  the  threshold  sensitivity  of  the  applied 
coating. 

The  best  method  of  applying  the  lacquer  is  by  spraying  it  with  a  spray  gun 
on  the  surface  of  the  testpiece  which  should  be  previously  cleaned  of  grease 
and  loose  particles.  The  evenly  distributed  fine  air  bubbles  which  are  thus 
introduced  into  the  lacquer  contribute  appreciably  to  the  consistency  of  crack 
formation  in  the  coating.  The  bubbles  appear  to  have  two  functions:  (1) 
they  facilitate  an  even  drying  of  the  lacquer,  and  (2)  they  intercept  the  spread- 
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ing  of  the  cracks  into  regions  where  the  strain  is  below  the  normal  threshold 
sensitivity  of  the  coating.  On  account  of  the  offensive  carbon  disulfide 
solvent  in  the  lacquer,  spraying  should  be  done  in  a  spray  booth,  or,  if  this  is 
not  possible,  a  gas  mask  should  be  worn  by  the  operator.  The  thickness  of 
the  coating  does  not  need  to  be  completely  uniform;  between  the  limits  of 
0.004  to  0.008  in.  it  will  have  about  the  same  cracking  sensitivity.  The 
correct  thickness  can  be  best  judged  from  the  color  of  the  deposited  layer.  It 
takes  considerable  experience  to  produce  a  suitable  coating  on  complex  test- 
pieces,  and  practical  details  on  this,  as  well  as  on  later  phases  of  the  testing 


Fig.  14-6.     Initial  and  Full  Crack  Pattern  on  a  Generator  Bracket  Tested  in 
Cantilever  Bending  by  the  Brittle-Lacquer  Method43 


technique,  may  be  found  in  the  booklet  on  "Operating  Instructions  for  Stress- 
coat,"  published  by  the  Magnaflux  Corporation. 

After  the  testpiece  and  the  calibration  bars  have  been  coated,  they  should 
be  kept  at  a  uniform  temperature  during  the  entire  drying  period  (optimum 
12  to  24  hr)  and  the  subsequent  test.  If  the  temperature  is  kept  within 
+  2°F,  and  there  is  not  more  than  +  li°F  difference  at  any  time  between  the 
temperature  of  the  testpiece  and  the  calibration  bars,  the  method  is  capable 
of  furnishing  values  of  the  maximum  strain  in  the  testpiece  with  an  accuracy 
of  about  + 10  per  cent.  A  temperature  fluctuation  of  +  5°F  already  prevents 
quantitative  conclusions  from  the  tests.  Even  in  this  case,  however,  the 
lacquer  is  still  likely  to  indicate  reliably  the  point  and  the  direction  of  the 
maximum  stress  in  the  piece.  On  account  of  the  difficulties  involved  in 
providing  a  suitable  temperature  control,  many  experimenters  prefer  to  use 
Stresscoat  only  in  such  a  qualitative  manner  and  to  measure  the  strain  in 
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subsequent  stages  of  the  test  by  means  of  extensometers,  applied  at  the  points 
and  in  the  directions  indicated  by  the  crack  pattern  in  the  coating. 

The  first  cracks  which  appear  in  the  lacquer  are  rather  inconspicuous,  and 
they  can  be  best  detected  by  using  a  flashlight  at  a  small  angle  of  incidence 
to  the  surface  of  the  testpiece.     If  the  surface  was  originally  dull,  the  observa- 


Fig.   14-7.     Stress  Concentration  in  a  Flanged   Shaft  Subjected  to  Torsion,  as 

Shown  by  Stresscoat 

tion  of  the  cracks  can  be  greatly  facilitated  by  applying  to  the  testpiece  an 
undercoating,  consisting  of  bright  aluminum  powder  in  suspension,  before  the 
piece  is  sprayed  with  the  lacquer.  The  first  crack  in  the  coating,  having  its 
origin  at  the  point  of  maximum  tensile  stress  and  running  perpendicularly 
to  the  direction  of  this  stress,  has  the  same  appearance  as  the  first  fatigue 
crack  if  the  testpiece  is  subjected  to  alternating  loading.  It  can  thus  be 
utilized  in  the  prediction  of  fatigue  failures. 
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On  successive  increase  of  the  load,  the  cracks  spread,  and  the  limit  of  their 
propagation  always  marks  the  line  along  which  the  extensional  strains  have 
about  the  same  magnitude.  These  lines  are  sometimes  called  isoentatic* 
lines,  or  lines  of  equal  stretch,  and  they  may  be  traced  on  the  surface  of  the 
lacquer  to  denote  the  extent  of  the  spread  of  the  cracks  at  any  particular  value 
of  the  load. 

Though  Stresscoat  lacquers  become  brittle  on  drying,  they  exhibit  appre- 
ciable creep  under  sustained  loads.     If  the  duration  of  the  load  is  more  than 


Fig.  14-8.     Stresscoat  Pattern  on  Crankshaft  Loaded  in  Bending  (W.  T.  Bean, 

Jr.") 

10  sec,  the  effect  of  creep  on  the  cracking  sensitivity  should  be  taken  into 
account  by  means  of  the  creep-correction  chart  available  for  the  purpose.35 
This  creep  tendency  of  the  lacquer  can  also  be  utilized  in  the  determination 
of  compressive  stresses  in  a  specimen.  By  loading  the  piece  slowly  and  thus 
permitting  relaxation  of  the  lacquer,  it  is  possible  to  bring  the  testpiece  up  to 
full  load  in  about  1  hr  without  cracking  the  coating.  If  the  piece  is  then  kept 
under  full  load  for  another  hour  or  more,  the  coating  will  become  practically 
stress-free,  and,  when  the  applied  load  is  suddenly  released,  a  crack  pattern 
will  be  formed  which  will  indicate  the  distribution  of  the  highest  compressive 
strains   in   the   testpiece   under   normal   loading.     The   same   result   can   be 

*  From  the  Greek  iso  (equal)  and  entasis  (stretching). 
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obtained,  of  course,  by  applying  the  load  before  the  piece  is  coated,  but  then 
the  load  has  to  be  maintained  during  the  entire  drying  period,  that  is,  for  12  hr 
or  more. 

Ordinarily  there  is  enough  residual  tension  in  the  dried  coating  to  creep  the 
cracks  open  even  after  release  of  the  load.     However,  if  a  photographic  record 


Fig.   14-9.     Stresscoat  Patterns  on  a  Flapper  Valve  at  Various  Stages  in  the 
Deflection  of  the  Tongue43 

of  the  pattern  is  required,  the  cracks  may  be  intensified  by  a  red-dye  etchant 
which  is  supplied  by  the  producers  of  the  lacquer.  This  dye  solution  is 
painted  on  the  surface  of  the  lacquer;  it  penetrates  into  the  cracks  and  stays 
there  after  the  surface  is  wiped  clean  with  an  etchant  emulsifier.  All  the 
photographs  shown  of  Stresscoat  patterns  in  this  chapter  were  obtained  of 
testpieces  etched  in  this  manner.     Once  the  lacquer  coating  is  etched,  it  is 
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unsuitable  for  further  tests.  For  this  reason,  each  of  the  pictures  shown  in 
Fig.  14-9  of  the  successive  stages  of  crack  development  in  a  refrigerator  flapper 
valve,  were  obtained  from  a  separate  test.  The  red-dye  etchant  is  also  used 
for  increasing  the  cracking  sensitivity  of  coatings.  The  application  of  the 
etchant  on  loaded  specimens  decreases  the  threshold  value  of  the  lacquer  by 
approximately  6  numbers,  from  0.0008  to  about  0.0002  in. /in.  strain  for 
instance.     Results    obtained    by    sensitization    remain    chiefly    qualitative, 
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Fig.  14-10.     Bubble  Structure  in  Stresscoat  Lacquer  at  the  Fillet  of  a  Flapper 

Valve43 

however,  their  principal  use  being  to  indicate  the  direction  of  the  principal 
stresses  in  less  highly  stressed  areas  of  the  specimens. 

As  shown  by  the  number  of  articles  written  on  this  method,35-57  Stresscoat 
is  being  used  in  the  analysis  of  a  large  variety  of  stress  problems.  Its  principal 
advantages  are  that  it  does  not  require  the  preparation  of  models,  as  it  is 
applied  directly  to  the  surface  of  the  actual  structural  or  machine  part  under 
investigation,  and  that  it  is  a  nondestructive  method  of  testing  which  does  not 
affect  in  any  way  the  further  use  of  the  test  object.  Though  it  often  gives 
only  qualitative  indication  of  the  strain  distribution,  the  fact  alone  that  it  can 
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disclose  the  point  and  the  direction  of  the  maximum  stress  in  any  complicated 
object,  places  this  procedure  in  a  unique  position  among  the  available  methods 
of  experimental  stress  analysis. 

Stresscoat  shows,  with  an  exceptional  precision,  the  principal  stress  trajec- 
tories (isostatics).     Both  sets  of  the  orthogonal  trajectories  can  be  developed 


Fig.  14-1  la.     Set  of  Isostatic  Lines  in  an  Eyebar  in  Tension,  Obtained  by  Direct 
Loading  (A.  J.  Durelli49) 


in  this  manner,  one  by  direct  loading,  and  the  other  by  relaxation  of  the 
lacquer.  Since  the  purpose  of  tests  of  this  type  is  to  obtain  a  fully  developed 
pattern  including  the  less  highly  stressed  regions  of  the  testpiece,  the  lacquer 
is  usually  sensitized  by  chilling  its  surface  or  by  using  the  previously  discussed 
red-dye  etchant  while  the  piece  is  under  full  load.     From  the  formation  of  the 
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isostatic  pattern,  by  means  of  established  theorems  of  the  theory  of  elasticity, 
a  number  of  characteristic  features  of  the  stress  distribution  may  be  directly 
derived.  Another  possible  use  of  the  isostatic  lines  was  pointed  out  by  H. 
Neuber,48   who  showed   theoretically  that   in  any   plane-stress   system,   the 


Fig.  14-116.     Complementary  Set  of  Isostatic  Lines  in  an  Eyebar  in  Tension, 
Obtained  by  Relaxation  (A.  J.  Durelli49) 

distance  between  an  unloaded  boundary  and  a  neighbouring  principal-stress 
trajectory  is  inversely  proportional  to  the  boundary  stress  values.  Applica- 
tion of  this  method  and  also  other  Stresscoat  studies  of  isostatic  patterns  may 
be  found  in  the  publications  by  Durelli.49'  50 

Applications   of   Stresscoat   to   impact-stress   problems   are   illustrated   in 
Figs.   14-12  to   14-16.     A  comparison  between  the  patterns  produced  in  a 
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Fig.  14-12.     Impact  Strain  Patterns  on  Breech  of  a  Shotgun  (Greer  Ellis  and  F.  B. 

Stern,  Jr.51) 


Fig.  14-13.     Deformation  Pattern  of  the  Skull  of  a  Living  Anesthetized  Monkey 
(Macaque)  Due  to  a  Hammer  Blow  in  the  Top  Mid-Line  Region 
Further  tests  of  the  dead  animal  with  contents  of  the  skull  intact  and  tests  of 
the  empty  dried  skull  indicated  that  the  direction  of  strain  paths  were  essentially 
the  same  in  each  case  (H.  R.  Lissner  and  E.  S.  Gurdjian52) 
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cantilever  plate  by  static  and  impact  loads,  respectively  (Figs.  14-15  and 
14-16),  shows  that  the  stress  distribution  is  fundamentally  of  a  different 
character  in  these  two  cases.  Tests  thus  far  seem  to  indicate  that  the  velocity 
of  deformation  has  small  influence  on  the  cracking  sensitivity  of  Stresscoat 
lacquers,  and,  on  this  basis,  a  static  calibration  of  the  loading  appears  to  be 
satisfactory.  There  is  need, 
however,  for  more  quantitative 
information  in  this  regard.  Ap- 
proximate values  of  the  maxi- 
mum impact  strains  may  be 
established  either  by  repeating 
the  test  with  coatings  of  differ- 
ent cracking  sensitivity  or,  if  the 
testpiece  has  one  or  more  axes  of 
symmetry  with  respect  to  ap- 
plied load,  by  using  a  different 
coating  in  each  segment  of  the 
specimen. 

Stresscoat  may  also  be  used  in 
the  study  of  residual  stresses.54-56 
For  this  purpose  it  is  advisable 
to  choose  a  coating  which  is  sev- 
eral numbers  below  the  one  indi- 
cated by  the  selection  chart  for 
the  prevailing  temperature  and 
humidity  level.  The  sensitivity 
of  this  coating  may  be  further 
increased  by  drying  it  at  10°  to 
20°F  above  room  temperature 
and  by  using  the  red-dye  etchant 
during  the  test.  The  test  con- 
sists of  drilling  small  holes,  about 
}£  in.  in  diameter  and  Y%  in.  deep, 
into  the  surface  of  the  coated 
testpiece  and  observing  the  for- 
mation of  the  crack  pattern 
which  is  caused  by  the  release  of 
strain  in  the  surface  layer  through 
the  removal  of  the  material  from 
the  hole.  Examples  of  the  en- 
suing patterns  are  shown  in  Fig.  14-17.  The  extent  of  the  spreading  of 
the  cracks  from  the  boundary  of  the  holes  may  be  regarded  as  an  approxi- 
mate measure  of  the  magnitude  of  the  released  stresses.  Since  the  state 
of  stress  is  essentially  biaxial  in  these  cases,  correct  interpretation  of  the 
results  depends  greatly  on  whether  the  cracks  in  the  coating  are  pro- 
duced by  a  limiting  value  of  stress  or  strain.     Tests  made  with  torsional 


Fig.  14-14.  Deformation  Pattern  of  the 
External  Surface  of  the  Human  Skull  Due 
to  a  Blow  on  the  Side  of  the  Head  Well 
toward  the  Back 
The  areas  of  maximum  tensile  deforma- 
tion occur  on  the  side  of  the  head  toward 
the  temple  and  are  at  a  considerable  distance 
from  the  point  of  impact  (E.  S.  Gurdjian 
and  H.  R.  Lissner53) 
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specimens,43  indicate  that,  under  biaxial  stresses  of  equal  magnitude  but  of 
opposite  sign,  the  lacquer  cracks  at  closely  the  same  strain  value  as  under 
uniaxial  stresses  in  the  calibration  bars.  There  is  need,  however,  for  more 
tests  before  this  question  may  be  answered  in  the  general  case. 

For  outdoor  tests  in  the  20°  to  60°F  temperature  range,  there  are  some 
special  lacquers  available  which  are  numbered  several  grades  below  the  ones 
shown  in  the  selection  chart  in  Fig.  14-5.     These  lacquers  may  also  be  used  at 
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Fig.  14-17.     Residual-Stress  Indications  by  Brittle  Coatings 

(a)  Biaxial  tension,  set  up  by  internal  quenching  in  top  surface  of  aluminum- 
piston  crown 

(b)  Biaxial  compression,  produced  by  case  hardening  (63  Rockwell  C) 

(c)  Shear   pattern   produced  by  presetting  a  torsional  suspension  bar   (C.  W. 
Gadd55) 

room-temperature  tests  if  the  purpose  is  to  provide  a  coating  which  will  crack 
only  at  large  (plastic)  values  of  strain.57 
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A.  Introduction 

1.  Application  of  Model  Analysis.  In  the  field  of  structural  engineering, 
the  use  of  models  has  steadily  become  more  and  more  prevalent  in  the  last 
25  years.  Today  model  analysis  of  structures  not  only  is  extremely  important 
as  a  tool  for  research  and  development  but  also  forms  an  important  supplement 
to  the  mathematical  methods  used  in  the  actual  design  of  structures.  Perhaps 
the  most  widely  publicized  use  of  models  in  this  latter  respect  has  been  in 
connection  with  the  design  of  most  of  the  important  and  well-known  suspen- 
sion bridges  erected  during  the  last  20  years.  Further  evidence  of  the  impor- 
tance of  model  analysis  in  the  field  of  structural  design  are  the  well-equipped 
laboratories  which  have  been  established  by  several  Governmental  agencies. 
There  are  also  many  academic  institutions  which  have  fine  model-analysis 
laboratories  established  primarily  for  educational  and  research  purposes. 

Model  analysis  of  structural  problems  encountered  in  either  research  or 
actual  design  may  be  used  for  one  or  more  of  three  reasons:  (1)  because 
mathematical  analysis  of  the  problem  concerned  is  virtually  impossible;  (2) 
because  the  analysis,  though  possible,  is  so  complex  and  tedious  that  the 
model  analysis  offers  an  advantageous  short-cut;  and  (3)  because  the  impor- 
tance of  the  problem  is  such  that  verification  of  the  mathematical  solution  by 
model  test  is  warranted.     The  stress  distribution  in  an  irregularly  shaped 
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member  may  be  investigated  by  use  of  a  model  for  the  first  reason;  a  model 
test  may  serve  as  the  basis  for  the  analysis  of  a  complex  building  frame  for  the 
second  reason;  and  a  model  study  of  the  proposed  design  of  a  suspension 
bridge  may  come  under  the  third  classification. 

The  objective  of  tests  of  a  structural  model  may  generally  be  placed  in  one 
of  the  following  four  categories:  stress  analysis  of  the  model,  determination  of 
stress  distribution,  determination  of  critical  or  buckling  loads,  or  analysis 
of  the  characteristics  of  the  normal  modes  of  vibration.  As  used  in  this 
chapter,  stress  analysis  means  the  determination  of  the  total  axial  stress,  the 
total  shear  stress,  and  the  resisting  moment  acting  on  any  cross  section  of 
the  model,  whereas  stress  distribution  is  the  term  used  to  designate  the  manner 
in  which  the  stress  intensities  vary  across  any  cross  section  of  a  member. 

2.  Standard  Methods  of  Model  Analysis.  Certain  methods  are  commonly 
used  for  the  stress  analysis  of  a  model.  Among  them  are  the  brass-wire 
model  method,  the  Beggs  method,  the  Eney  deformeter,  the  Gottschalk 
Continostat,  the  moment  indicator  and  the  moment  deformeter.  All  these 
methods  are  discussed  in  this  chapter.  The  photoelastic  method  is  also  used 
to  a  limited  extent  in  the  stress  analysis  of  structural  models,  but  its  principal 
application  is,  of  course,  in  the  solution  of  stress-distribution  problems.  The 
use  of  mechanical-  or  electric-strain  gages  to  measure  the  various  strain  com- 
ponents of  a  structural  model  furnishes  the  basis  for  the  other  most  common 
method  of  solving  stress-distribution  problems  experimentally.  Both  these 
methods  are  discussed  elsewhere  in  this  handbook. 

Experimental  methods  of  determining  buckling  loads  and  vibrational  char- 
acteristics are  also  discussed  in  this  chapter. 

3.  Design  of  Models.  Whenever  a  reduced-scale  model  is  used  to  study  an 
actual  structure,  it  is  necessary,  of  course,  that  the  model  be  designed  so  that 
full-scale  behavior  of  the  prototype  may  be  deduced  from  the  observations  of 
the  behavior  of  the  model.  In  order  that  this  may  be  accomplished,  it  is 
necessary  that  the  dimensions  of  the  model  and  the  characteristics  of  the 
material  used  in  its  construction  bear  certain  definite  relations  to  the  dimen- 
sions and  material  of  the  prototype.  The  principles  which  govern  the  rela- 
tionship between  a  model  and  its  prototype  are  called  the  principles  of  simil- 
itude. Certain  of  these  principles  govern  the  design  of  the  model,  and  others 
establish  the  means  of  extrapolating  the  results  of  the  model  tests  to  predict 
the  performance  of  the  prototype. 

The  determination  of  the  principles  of  similitude  are  discussed  briefly  in 
this  chapter  and  in  more  detail  in  part  II  of  the  appendix. 

The  choice  of  the  proper  material  for  the  construction  of  models  is  of  great 
importance.  Not  only  must  the  material  be  such  that  its  structural  action 
is  suitable  to  its  use,  but  also  the  ease  with  which  it  can  be  fabricated  for  a 
small  model  must  be  borne  in  mind.  For  many  models,  the  materials  of  the 
prototype  may  be  used.  Steel  is  often  used,  and  reinforced  concrete  may  be 
used  if  the  model  is  sufficiently  large. 

It  is  often  desirable  to  use  a  material  which  has  a  lower  modulus  of  elasticity 
than  the  material  of  the  prototype  so  that  distortions  which  are  large  enough 
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to  be  measured  accurately  may  be  obtained  without  the  application  of  forces 
which  are  too  great.  The  use  of  Duralumin  or  brass  in  place  of  steel  is  some- 
times convenient  for  this  reason.  Brass  has  the  additional  advantage  that 
it  may  be  soldered  easily,  thereby  facilitating  the  construction  of  the  model. 

Celluloid  is  one  of  the  most  widely  used  materials  in  the  construction  of  the 
models  used  in  conjunction  with  the  more  common  model  methods  of  stress 
analysis,  and  its  properties  are  discussed  in  more  detail  in  the  next  article. 

The  selection  of  the  scale  of  a  model  depends  on  many  factors :  some  of  the 
more  important  are :  the  properties  of  the  materials  available  for  its  construc- 
tion; the  capacity  of  the  equipment  to  be  used  in  loading  the  model,  the  dimen- 
sions of  the  instruments  to  be  used  in  testing  of  the  model,  the  limitations  of 
machinery  to  be  used  in  fabricating  the  model,  and  the  funds  and  time  avail- 
able for  the  experimental  program.  As  the  scale  of  a  model  is  reduced,  it 
becomes  increasingly  difficult  to  maintain  exact  geometric  similarity,  and  the 
duplication  of  all  the  details  of  the  prototype  is  physically  impossible.  Some 
details  of  the  design  are  obviously  unimportant  and  may  be  omitted  from  the 
model.  In  other  cases,  the  details  of  the  structural  connections  have  a  great 
influence  on  the  result,  and  a  large  enough  scale  must  be  used  so  that  the 
structural  action  of  the  model  is  adequate. 

4.  Properties  of  Model  Materials.  The  properties  of  model  materials — 
such  as  steel,  brass,  Duralumin,  wood,  and  concrete — are  well  known  and 
need  not  be  reviewed  here.  Celluloid  is  widely  used  for  structural  models 
and  has,  in  common  with  certain  other  plastic  materials,  certain  properties 
which  are  not  well  known  and  require  further  discussion. 

Celluloid  (or  cellulose  nitrate)  has  some  very  desirable  properties  as  a 
model  material,  but  it  also  has  some  that  are  very  undesirable.  It  is  very 
readily  machined,  has  a  low  modulus  of  elasticity,  is  homogeneous,  and  may 
be  readily  welded  by  using  acetone.  On  the  other  hand,  its  elastic  properties 
change  decidedly  with  age,  temperature,  and  humidity.  More  serious  still, 
celluloid  creeps  under  a  constant  load;  that  is,  if  a  load  is  applied,  some  85 
per  cent  of  the  deformation  occurs  within  a  few  seconds,  but  the  remaining 
15  per  cent  takes  place  more  slowly.  It  would  be  necessary  to  wait  an  appre- 
ciable period — about  15  min — before  motion  would  be  essentially  complete. 
Even  then  small  movements  would  still  be  occurring. 

This  creep  phenomena  may  be  more  easily  understood  by  referring  to  Fig. 
15-1.  Suppose  a  weight  W  is  hung  on  the  celluloid  member  shown.  Almost 
instantaneously  the  member  would  undergo  about  85  per  cent  of  its  total 
elongation,  but  the  remaining  15  per  cent  would  take  place  gradually,  as 
shown  in  Fig.  15-16.  If  the  member  were  loaded  instead  with  a  weight  of 
2W,  the  elongation  would  vary  with  time  as  is  also  shown  in  Fi|\  15-16. 
The  elongation  which  had  taken  place  up  to  certain  times  after  loading — 
such  as  t  =  1,  2,  5,  10,  etc. — may  be  read  off  of  the  curves  in  Fig.  15-16  for 
various  loads  W,  2W,  3 IF,  etc.  If  these  elongations  were  plotted  against  the 
loads  as  shown  in  Fig.  15-lc,  it  would  be  found  that  all  the  elongations  which 
were  measured  at  1  min  after  loading  would  lie  along  a  straight  line  for  all 
practical  purposes.     The  same  would  be  true  for  the  elongations  measured  at 
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times  i  —  2,  5,  10,  etc.  All  of  these  straight  lines  would  likewise  pass  through 
the  origin.  This  latter  plot  discloses  a  very  important  characteristic  of  the 
creep  of  celluloid.  At  any  particular  instant  after  loading,  the  instantaneous 
elongation  (or  strain)  is  directly  proportional  to  the  load  (or  stress  intensity) ; 
that  is,  at  any  instant  the  material  is  following  Hooke's  law  and  has  an  instan- 

3W 


2W 


(a) 


W 

*d 

V 

w 


t=  1,5,15 

5       10      15 

Time  t,  min. 

(b) 


20 


Elongation 
(c) 
Fig.  15-1.     Creep  Properties  of  Celluloid 


taneous  modulus  of  elasticity  Et.     The  effect  of  creep  is  to  lower  this  instan- 
taneous value  of  the  modulus  with  time. 

It  is  extremely  important  that  the  creep  of  celluloid  has  this  characteristic ; 
otherwise,  its  usefulness  as  a  material  for  structural  models  would  be  impaired. 
In  view  of  the  creep  of  celluloid,  if  a  constant  load  W  were  applied  to  the  end 
of  a  cantilever  beam,  the 
elastic   curve  would   progres-  ,-,,,, 

sively  assume  different  posi- 
tions as  the  time  after  load- 
ing increased,  as  shown  in 
Fig.  15-2a.  Of  course,  after 
about  15  min,  the  rate  of 
creep  would  have  become  so 
small  that  the  beam  may  be 
considered  to  have  come  to 
rest.  Suppose,  however,  a 
fixed  deflection,  Ab  were  intro- 
duced at  the  end  of  the  beam, 
as  shown  in  Fig.  15-26.  The 
force  Pt  that  is  applied  to  the  beam  by  the  pin  which  maintains  the 
fixed  deflection  at  b  decreases  with  time  owing  to  the  creep  and  the  resultant 
lowering  of  the  instantaneous  modulus  Et.     Since  Et  does  not  vary   with 

the  stress  intensity  and  is,  therefore,  constant  for  the  entire  beam,  the  deflec- 

p 

tion  at  point  b  may  be  expressed  as  Ab  =  Kb  —  >  where  Kb  is  a  constant  which 

Et 


Fig.   15-2. 
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depends  only  on  the  dimensions  of  the  beam.  Hence,  Pt/Et  =  Ah/Kh  =  C, 
a  constant  which  does  not  vary  with  time.     The  deflection  at  any  point  n 

p 

may  be  expressed  as  A„  =  Kn  —  =  KnC,  also  constant  and  independent  of 

kit 

time,  since  Kn  is  a  constant  depending  only  on  the  dimensions  of  the  beam 
and  the  location  of  point  n.  It  is  apparent,  therefore,  that  not  only  does  the 
end  of  the  cantilever  remain  fixed  in  position  but  also  the  entire  elastic  curve 
of  the  beam  does  likewise.  It  may,  therefore,  be  concluded  that  the  deflected 
position  of  a  celluloid  model  will  not  change  with  time  if  a  fixed  deformation 
is  applied  to   the  model  in- 
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stead  of  a  constant  load. 

5.  Use  of  Spring  Balance 
to  Overcome  Creep.  It  has 
been  shown  in  the  previous 
article  that  the  deflected  shape 
of  a  celluloid  model  does  not 
change  with  time  if  a  fixed 
deflection  is  introduced  at  one 
point  on  the  model.  Due  to 
creep,  however,  the  effective 
modulus  of  celluloid  does 
change  with  time,  and,  there- 
fore, the  external  forces  and 
internal  stresses  of  the  model 
likewise  change  with  time. 
Thus,  it  is  difficult  to  interpret 
the  strains  and  deflections, 
even  though  they  do  not 
change  with  time  and,  there- 
fore, may  be  measured  without  difficulty.  In  other  words,  we  cannot  con- 
clude simply  from  the  measured  strains  that  a  certain  load  will  produce 
certain  stresses  in  the  model — all  we  know  is  that  some  unknown  load  pro- 
duces certain  strains  and  deflections. 

Through  the  use  of  a  so-called  celluloid  spring  balance,  we  may  circumvent 
this  difficulty,  however,  and  interpret  the  measurements  of  the  strains  and 
deflections.  Such  balances  may  be  designed  in  a  number  of  different  forms 
and  shapes,  depending  on  the  problem  at  hand.  Suppose,  for  example,  that 
we  wished  to  analyze  the  celluloid  model  of  the  rigid  frame  shown  in  Fig. 
15-3  when  it  was  acted  on  by  a  horizontal  force  H  at  the  top  of  the  right 
column.  To  do  this,  the  model  could  be  connected  to  a  balance  as 
shown  in  Fig.  15-3a.  Then  by  pulling  point  d  to  the  right,  a  horizontal 
deflection  A  could  be  applied  to  the  combined  system  of  model  and 
balance. 

If  it  is  assumed  that  the  steel  straps  ab  and  cd  may  be  considered  as  being 
infinitely  rigid  in  comparison  to  the  celluloid  model  and  spring  balance,  part 
of  this  total  deflection  A  is  introduced  into  the  model  and  the  remainder  into 


Fig.  15-3.      Celluloid  Spring  Balance 
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the  balance.     Thus, 

A  =  Am  +  As  (la) 

If  both  the  balance  and  model  have  been  made  out  of  the  same  piece  of  cellu- 
loid, it  is  legitimate  to  assume  that  the  instantaneous  modulus  Et  is  the  same 
for  both.  If  it  is  recognized  that  the  instantaneous  value  of  the  tension  in 
both  straps  is  the  same  and  equal  to  Pt  and,  therefore,  that  the  distorting 
force  on  both  model  and  balance  is  also  the  same  and  equal  to  Pt,  the  deflec- 
tions Am  and  A5  may  be  expressed  as  follows : 

Am=Km^  (lb) 

Pt 
AS  =  A'S-  (lc) 

where  Km  and  Ks  are  constants,  the  value  of  which  depends  only  on  the  geom- 
etry and  dimensions  of  the  model  and  balance,  respectively. 

Substituting  in  equation  la  from  equations  lb  and  lc,  we  find  that 

Pt  A 

It  -  t+T.  (ld) 

and,  therefore,  conclude  that  the  ratio  of  Pt  to  Et  remains  constant  and  does 
not  change  with  time.  In  other  words,  although  both  Pt  and  Et  change  with 
time,  they  always  bear  a  constant  relationship  to  each  other.  Substituting 
now  from  equation  la  back  into  equations  lb  and  lc,  we  find  that 

Km  A 

(le) 


Km  +  Kt 

KSA 
Km  +  Kt 


(If) 


Since  the  right-hand  sides  of  both  these  equations  contain  only  constants 
which  do  not  change  with  time,  this  means  that  both  Am  and  As  remain  con- 
stant and  do  not  change  with  time.  In  other  words,  by  using  a  celluloid 
spring  balance  in  this  manner  and  introducing  a  fixed  deflection  A  into  the 
combined  system  of  model  and  balance,  we  produce  a  distortion  of  both 
balance  and  model,  which  remains  constant  and  does  not  change  with  time. 
Suppose  that  the  model  had  been  distorted  in  this  manner  and  that  the 
resulting  strains  in  it  had  been  measured.  Suppose  that  we  then  wish  to 
interpret  these  strains  so  as  to  obtain  the  stresses  in  the  model  due  to  a  hori- 
zontal force  H.  Although  the  stresses  in  the  model  vary  with  time,  we  may 
express  the  instantaneous  value  of  the  stress  intensity  <jt  in  terms  of  Et  and 
its  corresponding  strain  e. 
Thus,  at  =  Ete  (lg) 
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From  equation  lc,                          Et  =  T~  Pt 

(lh) 

Therefore,                                        at  =  T~"  ePt 

(lj) 

Assume  that  Ks,  the  constant  of  the  spring  balance,  has  been  either  computed 
or  determined  previously  from  a  calibration  test.  The  desired  stress  intensity 
at  has  been  expressed,  therefore,  in  terms  of  the  known  constant  Ks,  the 
measured  quantities  e  and  As,  and  the  unknown  value  of  Pt.  By  assigning 
various  values  to  Pt  the  corresponding  stress  intensities  may  be  obtained. 
If  Pt  =  H,  the  corresponding  stress  intensity  <th  is  found  to  be 

Kse 

an  =  —  H  (Ik) 

As 

In  this  manner,  the  strain  measurements  may  be  interpreted  to  give  the  stresses 
in  terms  of  a  horizontal  force  H. 

The  use  of  the  spring  balance  is  discussed  in  subsequent  articles.  The 
determination  of  the  constant  of  the  spring  balance  by  calibration  test  is  also 
discussed  in  detail.  The  purpose  of  this  present  discussion  has  been  simply 
to  introduce  the  idea  of  the  balance  and  illustrate  how  it  could  be  used  to 
overcome  the  difficulties  associated  with  the  creep  properties  of  celluloid. 

B.  Model  Methods  for  Stress  Analysis 

6.  General.  One  of  the  most  frequent  uses  of  structural  models  is  to 
obtain  the  stress  analysis  of  a  model  of  a  statically  indeterminate  structure. 
There  are  numerous  methods  and  techniques  which  have  been  developed  for 
this  purpose.  In  using  some  of  these  methods,  the  required  results  may  be 
obtained  by  loading  the  model  in  the  same  manner  as  the  prototype.  The 
elastic  deformation  of  the  model  is  then  similar  to  that  of  the  prototype,  and 
strain  measurements  then  lead  to  the  required  results.  Such  a  method  is 
said  to  be  a  direct  method  of  model  stress  analysis.  Suspension-bridge  model 
studies  are  usually  conducted  in  this  manner;  the  moment  indicator  is  also 
used  in  a  direct  manner. 

Contrasted  to  direct  methods  of  model  analysis  are  those  methods  in  which 
the  model  is  loaded  in  a  manner  which  bears  no  direct  relation  to  the  actual 
loading  on  the  prototype.  Such  methods  are  called  indirect  methods.  Usu- 
ally such  methods  involve  first  finding  influence  lines  for  the  model.  These 
results  may  be  extrapolated  to  the  prototype,  and  the  stresses  in  the  prototype 
due  to  the  given  condition  of  loading  may  then  be  computed  from  these 
extrapolated  influence  lines.  The  methods  of  using  the  Beggs  deformeter 
and  the  moment  deformeter  are  examples  of  indirect  methods  of  model  analysis. 

7.  Theory  of  Certain  Indirect  Methods.  Muller-Breslau's  Principle. 
There  are  several  methods  of  obtaining  influence  lines  for  structural  models 
which  are  merely  different  experimental  techniques  of  utilizing  an  idea  which 
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is  known  in  structural-engineering  literature  as  Muller-Breslau's  principle. 
This  principle  may  be  stated  as  follows :  The  ordinates  of  the  influence  line  for 
any  stress  element  {such  as  axial  stress,  shear,  moment  or  reaction)  of  any  struc- 
ture are  proportional  io  those  of  the  deflection  curve  which  is  obtained  by  removing 
the  restraint  corresponding  to  that  element  from  the  structure  and  introducing  in 
its  place  a  deformation  into  the  primary  structure  which  remains. 

This  principle  is  applicable  to  any  type  of  structure,  whether  it  be  a  beam, 
truss,  or  frame,  or  whether  it  be  statically  determinate  or  indeterminate. 
In  the  case  of  indeterminate  structures,  this  principle  is  limited  to  structures 


(a) 


*£ 


i 

Kn 


Actual  structure 


Influence  line  for  Ra 
Fig.  15-4.     Muller-Breslau's  Principle 

the  material  of  which  is  elastic  and  follows  Hooke's  law.  This  limitation  is 
not  particularly  important,  however,  since  the  vast  majority  of  practical  cases 
fall  into  this  category.  The  spline  method,  the  brass-wire  model  method,  the 
Beggs  deformeter,  the  Eney  deformeter  and  the  Gottschalk  Continostat  are 
all  model  methods  which  are  experimental  applications  of  Muller-Breslau's 
principle. 

The  validity  of  this  principle  may  be  demonstrated  in  the  following  manner. 
For  this  purpose,  consider  the  two-span  continuous  beam  shown  in  Fig. 
15-4a.  Suppose  the  influence  line  for  the  vertical  reaction  at  a  is  required. 
This  influence  line  could  be  plotted  after  this  reaction  had  been  computed  for 
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a  unit  vertical  load  applied  successively  at  various  points  n  along  the  structure. 
This  reaction  could  be  computed  in  the  following  manner  for  each  of  the 
positions  of  the  unit  load.  Temporarily  remove  the  roller  support  at  a  from 
the  actual  structure,  leaving  the  primary  structure  shown  in  Fig.  15-46. 
Suppose  this  primary  structure  were  acted  on  by  the  unit  load  at  a  point  n 
and  a  vertical  upward  force  Ra  at  point  a.  If  this  force  Ra  had  the  same  value 
as  the  vertical  reaction  at  point  a  on  the  actual  structure,  then  the  stresses — 
and,  hence,  the  distortion — of  the  primary  structure  would  be  exactly  the 
same  as  those  of  the  actual  structure.  The  elastic  curve  of  the  primary 
structure  under  such  conditions  would,  therefore,  be  as  indicated  in  Fig. 
15-4c  with  the  vertical  deflection  at  point  a  being  zero. 

Suppose  we  now  consider  the  primary  structure  to  be  acted  on  by  simply  a 
vertical  force  F  at  point  a.  In  this  case,  the  primary  structure  would  deflect 
as  shown  in  Fig.  \h-Ad.  Thus,  we  have  considered  the  primary  structure 
under  the  action  of  two  separate  and  distinct  force  systems:  (1)  the  forces 
shown  in  sketch  c  and  (2)  those  shown  in  sketch  d.  Applying  Betti's  law* 
to  this  situation,  we  know  that  the  virtual  work  done  by  the  force  system  in 
sketch  c  during  the  distortion  produced  by  the  system  in  sketch  d  is  equal  to 
the  virtual  work  done  by  the  force  system  in  sketch  d  during  the  distortion 
produced  by  the  system  in  sketch  c,  or 

(Ra)(Aaa)    ~    (l)(ABO)    =    (F)(0) 

(2) 

Ana 

and,  therefore,  Ra  =  ~ —  (1) 

Aaa 

where  Aaa  =  upward  deflection  of  point  a  on  the  primary  structure  due  to  an 
upward  force  F  at  point  a 
Ana  =  upward  deflection  of  point  n  on  the  primary  structure  due  to  an 
upward  force  F  at  point  a 

From  this  equation,  it  is  apparent  that  the  reaction  Ra  when  the  unit 
vertical  load  is  applied  at  any  particular  position  of  point  n  is  proportional  to 
the  deflection  Ana  at  that  point.  The  shape  of  the  influence  line  for  Ra  is, 
therefore,  the  same  as  the  shape  of  the  elastic  curve  of  the  structure  when  it 
is  acted  on  by  an  upward  force  F  at  point  a.  The  magnitude  of  the  influence- 
line  ordinate  at  any  point  n  may  be  obtained  by  dividing  the  deflection  at 
that  point  on  this  elastic  curve  by  the  deflection  at  point  a.  In  this  manner, 
we  have  demonstrated  that  influence  lines  may  be  obtained  in  the  manner 
outlined  by  Muller-Breslau's  principle. 

In  a  similar  manner,  the  validity  of  this  principle  could  be  demonstrated 
for  the  influence  line  for  any  stress  element  of  any  structure.  In  the  general 
case,  equation  2  may  be  written  as  follows  for  any  stress  element  Xa- 

*  Betti's  law  may  be  stated  as  follows:  In  any  structure  the  material  of  which  is 
elastic  and  follows  Hooke's  law  and  in  which  the  supports  are  unyielding  and  the 
temperature  constant,  the  external  virtual  work  done  by  a  system  of  forces  Pm 
during  the  distortion  caused  by  a  system  of  forces  Pn  is  equal  to  the  external  virtual 
work  done  by  the  Pn  system  during  the  distortion  caused  by  the  Pm  system. 
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Xa  =  xf (1)  (3) 

It  is  important  to  note  the  sign  convention  of  this  equation,  namely:  Xa  is 
plus  when  in  the  same  sense  as  the  introduced  deflection  Aaa;  and  Ano  is 
plus  when  in  the  opposite  sense  to  the  applied  unit  load  the  influence  of  which 
is  given  by  the  ordinates  of  the  influence  line.  Note  further  that  Xa  may 
represent  either  a  force  or  a  couple.  If  Xa  is  a  force,  the  corresponding  Aaa 
is  a  linear  deflection;  but,  if  Xa  is  a  couple,  the  corresponding  Aaa  is  an  angular 
rotation. 

It  is  also  important  to  note  that  the  magnitude  of  any  influence-line  ordinate 
is  independent  of  the  magnitude  of  the  force  F  which  must  be  applied  to 
introduce  the  deflection  Aaa  into  the  primary  structure.  All  that  is  necessary, 
therefore,  is  to  introduce  some  suitable  deflection  Aaa  into  the  primary  struc- 
ture. Just  what  force  must  be  applied  to  introduce  this  deflection  makes  no 
difference.  Thus,  influence  lines  may  be  determined  in  this  manner  from 
celluloid  models  without  any  difficulty  being  encountered  clue  to  creep. 

8.  Instruments  for  Measurement  of  Deflections.  Practically  all  the  model 
methods  of  stress  analysis  involve  measuring  linear  deflections  of  the  model. 
Such  deflections  are  commonly  measured  by  one  of  the  following  methods: 
steel  scale  or  cross-section  paper;  dial  gage;  micrometer  barrel;  or  filar- 
micrometer  microscope. 

If  the  deflections  of  a  model  are  rather  large,  they  do  not  have  to  be  meas- 
ured by  precise  methods.  In  such  cases,  a  steel  scale  graduated  in  one- 
hundredths  of  an  inch  or  ordinary  cross-section  paper  may  be  mounted  adja- 
cent to  a  model  and  the  deflection  measured  in  this  manner  with  the  aid  of  a 
magnifying  glass.  Cross-section  paper  is  quite  useful  for  such  purposes, 
because  on  inspection  it  will  be  found  that  the  lines  are  not  solid  but  actually 
are  composed  of  a  series  of  dots  spaced  about  }{o  in.  apart. 

When  the  deflections  are  small,  it  is  necessary  to  use  one  of  the  more  precise 
methods  of  measurements.  Dial  gages  graduated  in  thousandths  or  ten- 
thousandths  of  an  inch  may  be  used.  Such  gages  have  the  disadvantage, 
however,  that  the  spring  which  is  attached  to  the  plunger  applies  sufficient 
force  to  alter  the  deflections  of  a  flexible  model  by  an  appreciable  amount. 
Where  a  dial  gage  cannot  be  used  for  this  reason,  it  will  be  necessary  to  use 
either  a  micrometer  or  a  microscope. 

The  principal  disadvantage  involved  in  using  a  micrometer  is  that  it  is 
difficult  to  establish  the  exact  point  of  contact  between  the  model  and  the 
micrometer.  This  difficulty  may  be  overcome  by  using  some  type  of  contact 
indicator.  The  simplest  type  of  indicator  is  a  battery-and-lamp  system 
wherein  the  model  and  micrometer  are  part  of  the  circuit  and  the  micrometer 
acts  as  the  switch  which  closes  the  circuit  by  making  contact  with  the  model. 
A  much-improved  contact  indicator  using  a  6E5  "magic-eye"  radio  tube  has 
been  suggested.2  The  wiring  diagram  for  this  device  is  shown  in  Fig.  15-5. 
In  this  arrangement,  the  contacts  on  the  model  and  micrometer  are  connected 
to  the  grid  circuit  of  the  tube,  and  their  coming  together  causes  the  "magic- 
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eye"  cathode-ray  target  to  become  completely  illuminated.  This  device  is 
very  sensitive  and  will  establish  the  point  of  contact  of  polished  steel  contacts 
within  three  or  four  millionths  of  an  inch. 

The  filar-micrometer  microscope  is  perhaps  the  most  useful  instrument  for 
measuring  model  deflections  when  all  things  are  considered.  The  type  of 
microscope  which  is  supplied  with  the 
Beggs  Deformeter  apparatus  is  very 
convenient.  The  apparent  field  of 
view  of  this  microscope  is  shown  in 
Fig.  15-6.  There  are  two  orthogonal 
cross-hairs  which  may  be  moved  across 
the  field  by  turning  the  micrometer 
head.  There  [is  likewise  an  index 
which  moves  with  the  cross-hairs  along 
a  fixed  scale  which  makes  an  angle  of 
45°  with  each  of  the  cross-hairs.  One 
complete  turn  of  the  micrometer  head 
causes  the  index  to  move  one  full  divi- 
sion along  the  fixed  scale.  By  bringing 
the  cross-hairs  tangent  to  two  succes- 
sive positions  of  the  target  it  is  possible 
to  obtain  the  movement  of  the  target 
from  the  difference  of  the  micrometer  readings  for  the  two  settings.  This 
arrangement  of  the  cross-hairs  and  the  fixed  scale  makes  it  possible  to  read 
both  the  horizontal  and  vertical  movements  of  the  target  with  one  orienta- 
tion of  the  microscope.     The  value  of  one  of  the  micrometer  divisions  in 
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Fig.  15-6.     Field  of  Filar  Micrometer  Microscope 

inches  may  be  calibrated  easily  by  observing  with  the  microscope  a  known 
movement  of  a  target  placed  on  the  plunger  of  a  dial  gage. 

After  a  little  practice,  almost  anyone  may  learn  to  use  a  micrometer  micro- 
scope successfully.  There  are  certain  important  rules  which  should  be 
observed,  however,  namely: 
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1.  Choose  clear,  well-defined,  and  readily  identified  targets. 

2.  Adjust  the  eyepiece  carefully  to  eliminate  parallax. 

3.  Focus  the  microscope  on  the  target  as  sharply  as  possible. 

4.  Orient  the  cross-hairs  accurately. 

5.  Do  not  touch  unnecessarily  the  microscope  or  the  table  on  which  it  is 
mounted. 

If  parallax  is  present,  the  image  of  the  target  will  not  lie  in  the  plane  of  the 
cross-hairs,  and  this  will  lead  to  difficulty  in  reproducing  readings.  Poor 
focusing  not  only  makes  it  difficult  to  bring  the  cross-hairs  tangent  to  the 
target  but  also,  in  effect,  changes  the  magnification  of  the  microscope  and, 
y.,  therefore,  its  calibration  factor. 

—^.  Poor  orientation  leads  to  errors 

of  the  type  shown  in  Fig.  15-7. 
~Z/L     Suppose  the  target  a  moves  to  a'. 


T 


To  obtain  the  vertical  compon- 
ent   d    of    this    movement,    the 


cross-hair    X-X   should   be   ori- 

,    X      ented  in  a  horizontal  direction. 

f  ~~~~~~~ ^j^c  The  difference  between  the  two 

""— >Jf     solid-line  positions  of  cross  hair 

X-X  would  give  the  correct  dis- 

i-,  T-,         ^         ,  ,      ^        ^  .  tance  d.     Suppose,  however,  that 

Fig.  15-7.     Error  Caused  by  Poor  Orienta-      ^  ,    ■  ■      L    t  , 

,.  '  the  cross-hair  was  oriented  poorly 

and  was  set  at  an  angle  /3  to  the 

horizontal  as  indicated  by  the  dashed-line  positions  X'-X'.     The  difference 

between  the  two  positions  of  X'-X'   would  indicate  that  the  supposedly 

vertical  movement  was  the  distance  d' .     From  the  sketch, 

d'  =  cos  (S(d  4-  c  tan  0)  =  d  cos  0  +  c  sin  /3  (4) 

This  equation  may  now  be  used  to  study  the  effect  of  poor  orientation: 

If  c  =      0       and     /3  =  1°,     d'  =  0.9999d,      .-.  0.0%  error 

If  c  =  0.5d     and     fi  =  1°,     d'  =  1.0086d,      .\  0.9%  error 

Ifc=      5d     and     0  =  1°,     d'  =  1.0871d,      .-.  8.7%  error 

This  comparison  shows  that,  if  the  resultant  movement  of  a  point  is  essentially 
in  the  same  direction  as  the  component  which  is  being  measured,  then  an 
error  in  orientation  does  not  have  much  effect  on  the  measurement.  If, 
however,  the  resultant  movement  of  a  point  is  such  that  the  component  being 
measured  is  small  in  comparison  to  the  component  normal  to  this,  then  a 
small  error  in  orientation  makes  an  appreciable  error  in  the  measurement. 
9.  Simplified  Indirect  Methods.  Perhaps  the  simplest  method  which 
utilizes  Muller-Breslau's  principle  is  the  spline  method  of  obtaining  influence 
lines  for  the  reactions  of  continuous  beams.  The  procedure  consists  simply 
of  selecting  a  long  flexible  spline  of  steel,  brass,  or  wood  and  laying  it  down  on 
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a  board  on  which  a  piece  of  cross-section  paper  has  been  mounted.  The 
spline  may  be  held  in  place  between  two  nails  driven  into  the  board  on  each 
side  of  the  spline  at  the  support  points.  A  vertical  displacement  may  then 
be  introduced  at  the  reaction,  the  influence  line  of  which  is  desired.  The 
elastic  curve  of  the  spline  in  such  a  case  may  be  marked  on  the  paper  and 
the  influence-line  ordinates  obtained  by  reading  the  deflection  ordinates  on  the 
cross-section  paper  and  dividing  each  of  them  by  the  introduced  displacement. 

Very  good  accuracy  may  be  obtained  by  using  a  ^-in.-square  steel  spline 
and  introducing  deflections  of  about  one  sixth  of  the  span  length  either  way 
from  its  mean  position.  Introducing  equal  displacements  both  ways  from 
the  undeflected  position  of  a  model  and  measuring  the  movement  of  a  point 
between  these  two  deflected  positions  constitute  a  technique  used  in  many 
methods  of  model  analysis. 
Such  a  technique  not  only  has 
the  advantage  of  producing 
larger  deflections  without  the 
possibility  of  overstressing  the 
model  but  also  in  some  cases 
minimizes  errors  in  the  meas- 
urements due  to  changing  the 
geometry  of  the  model. 

It  happens  that  this  technique 
does  not  affect  the  geometrical 
error  encountered  in  the  case 
of  the  reaction  influence  lines 
of  a  continuous  beam.  This 
technique  is  effective,  however, 
in  the  case  shown  in  Fig.  15-8. 
Here  the  influence  line  for  the 
horizontal  reaction  at  point  a 
may  be  obtained  by  introduc- 
ing a  horizontal  displacement  to  either  the  right  or  the  left  at  this 
point.  In  either  instance,  deflecting  the  column  into  a  curve  causes  a  small 
drop  of  the  top  of  the  column  Ab,  which  is  greatly  exaggerated  in  the  sketch. 
As  a  result,  a  point  n  would  drop  to  the  position  of  n'  owing  simply  to  the 
rotation  of  chord  be  of  the  elastic  curve  of  the  girder.  Thus,  if  the  deflection 
of  point  n  were  measured  from  n  to  ul,  it  would  be  too  large  by  the  amount 
nn';  or,  if  it  were  measured  from  n  to  nR  when  the  introduced  displacement 
was  to  the  right  at  point  a,  the  deflection  of  n  would  be  too  small  by  the  same 
amount  nn'.  Note,  however,  that,  if  point  a  were  displaced  from  L  to  R, 
and  the  resulting  displacement  of  n  were  measured  from  nL  to  nR,  the  error 
nn'  due  to  the  change  in  geometry  would  have  been  eliminated  from  this 
measurement.  The  displacement  from  nL  to  nR  would  give,  therefore,  the 
correct  value  for  the  deflection  Ana  corresponding  to  an  introduced  displace- 
ment of  a  of  Aoa.  Introducing  equal  displacements  both  ways  from  the  mean 
position,   therefore,   eliminates   certain   errors   resulting   from   changing   the 
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geometry  of  the  structure.     This  technique  is  not  a  "cure-all,"  however,  and 
does  not  eliminate  all  errors  due  to  changing  the  geometry  of  a  structure. 

The  so-called  brass-wire  model  method  is  simply  a  more  or  less  generalized 
version  of  the  spline  method,  wherein  the  models  are  fabricated  out  of  brass 
wire.  A  rather  large  variety  of  two-  and  three-dimensional  models  can  be 
built  up  in  this  manner.  Even  members  with  varying  moment  of  inertia  may 
be  simulated  by  soldering  end  to  end  a  number  of  small  pieces  of  different- 
sized  brass  wires.  Brass  wires  may  normally  be  obtained  in  a  wide  range  of 
gage  sizes,  and,  of  course,  brass  may  be  easily  soldered  to  facilitate  fabrication. 
Simple  templates  may  be  improvised  to  introduce  the  displacements,  and  the 
resulting  deflections  may  be  measured  by  using  a  magnifying  glass  in  combina- 
tion with  cross-section  paper  or  a  steel  scale,  by  a  micrometer  barrel  or  by 
some  other  simple  device. 

Both  the  spline  and  brass-wire  model  methods  utilize  simple  models  and 
simple  means  of  introducing  displacements  and  measuring  the  resulting  deflec- 
tions. To  obtain  suitable  accuracy  it  is  necessary  to  introduce  rather  large 
distortions  so  that  the  lack  of  precision  in  the  measuring  devices  does  not 
introduce  too  large  an  error  in  the  results.  As  a  result  in  certain  cases,  errors 
due  to  change  in  geometry  may  become  significant  and  may  be  impossible  to 
minimize.  In  such  event,  it  may  be  necessary  to  use  a  method  which  utilizes 
more  refined  instruments  and  techniques. 

10.  Certain  More  Refined  Indirect  Methods.  The  Gottschalk  Continostat3 
is  simply  an  extension  of  the  spline  and  brass-wire  model  methods.  The 
Continostat  itself  consists  of  a  long  steel-base  bar  to  which  a  number  of  adjust- 
able arms  are  attached.  These  arms  may  be  arranged  to  provide  the  sup- 
ports of  a  model.  They  may  likewise  be  adjusted  so  as  to  introduce  displace- 
ments at  the  support  points  and  thereby  distort  the  model  into  the  shape  of  the 
influence  lines  for  the  various  reactions.  Certain  other  attachments  are  pro- 
vided which  can  be  inserted  at  an  internal  cut  in  the  model  and  thereby  obtain 
the  influence  lines  for  thrust,  shear,  and  moment  at  such  a  point.  A  set  of 
thin  steel  splines  is  also  supplied  with  the  apparatus.  These  splines  may  be 
quickly  clamped  together  to  construct  models  of  various  beams  and  rigid 
frames.  The  model  and  Continostat  are  set  up  on  top  of  a  sheet  of  cross- 
section  paper,  and  the  distorted  shape  of  the  model  is  drawn  directly  on  this 
sheet.  Since  the  influence-line  ordinates  are  scaled  directly  from  the  cross- 
section  paper,  rather  large  deformations  must  be  introduced,  and,  therefore, 
this  method  is  subject  to  the  same  criticism  as  the  spline  and  brass- wire  model 
methods,  as  far  as  errors  due  to  change  in  geometry  are  concerned. 

The  Eney  deformeter4'  5  is  a  simplified  modification  of  the  Beggs  deformeter. 
This  instrument  was  designed  so  that  the  introduced  deformations  produce 
displacements  which  are  sufficiently  large  to  be  measured  accurately  with 
either  a  steel  scale  or  a  micrometer.  Either  celluloid  or  cardboard  models 
may  be  analyzed  with  this  deformeter.  This  deformeter  is  designed  to  intro- 
duce rather  small  deformations  in  both  a  plus  and  minus  direction,  and, 
therefore,  errors  due  to  change  in  geometry  are  less  than  such  errors  in  the 
case  of  the  other  methods  discussed  previously. 
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11.  The  Beggs  Method.  The  Beggs  method6-8  is  the  most  general  and 
usually  the  most  satisfactory  experimental  method  which  is  based  on  Muller- 
Breslau's  principle.  This  technique  was  developed  by  the  late  Professor 
George  E.  Beggs  of  Princeton  University.  The  equipment  consists  of  a  set 
of  deformeter  gages  and  plugs  for  introducing  the  deformations  and  a  microm- 
eter microscope  for  measuring  the  resulting  deflections.  In  order  to  obtain 
influence  lines  for  reactions,  the  deformeter  gage  is  used  to  replace  the  support 
of  the  model  at  that  point,  one-half  the  gage  being  attached  to  the  model 
and  the  other  half  to  the  mounting  surface.  To  obtain  influence  lines  for 
internal  moments,  shears,  and  axial  stresses,  it  is  necessary  to  cut  the  model 
and  connect  one-half  the  deformeter  gage  to  each  side  of  the  cut.  By  insert- 
ing different  types  of  plugs  between  the  two  halves  of  the  gage,  an  axial,  shear, 
or  angular  deformation  may  be  introduced  into  the  model,  thus  distorting  it 
into  the  shape  of  the  corresponding  influence  line.     A  typical  application  of 

the  Beggs  method  is  shown  in  Fig.  15-9. 

This  method  has  the  advantage  that  a  more 
reliable  and  accurate  means  is  used  for  introducing 
the  deformations,  and  a  more  precise  instrument 
is  used  for  measuring  the  deflections  which  are 
produced.  This  enables  one  to  introduce  smaller 
distortions  and  thus  reduce  errors  due  to  changing 
the  geometry  of  the  structure.  The  models  used 
with  the  Beggs  method  are  usually  made  from 
celluloid  or  a  high-grade  cardboard.  Since  the 
deformeter  gages  introduce  constant  distortions 
rather  than  applying  constant  loads  to  the  structure,  no  trouble  is  encountered 
due  to  the  creep  characteristics  of  celluloid.  The  method  can  be  used  with- 
out modification  for  any  planar  structure,  regardless  of  whether  the  members 
are  straight  or  curved  or  are  of  constant  or  varying  moment  of  inertia. 

The  usual  precautions  must  be  observed  in  using  the  microscope  in  this 
method.  Care  must  also  be  used  when  mounting  the  deformeter  gages  to 
be  sure  that  the  long  axis  of  the  gage  is  normal  to  the  axis  of  the  member. 
If  the  gage  is  not  so  mounted,  the  influence  data  obtained  for  the  shear  and 
axial  stress  will  be  in  error.  With  reference  to  Fig.  15-10,  if  the  gage  is 
mounted  in  the  direction  indicated  by  the  dashed  line,  the  test  data  will  give 
the  values  of  the  thrust  Tt  and  shear  St  perpendicular  and  parallel  to  this 
direction.  To  obtain  the  true  thrust  and  shear,  T  and  S,  it  is  necessary  to 
measure  the  angle  4>  and  convert  the  test  data  as  indicated  below: 

T  =  Tt  cos  <j>  +  St  sin  <f> 

S  =  St  cos  (j>  —  Tt  sin  0 

It  should  be  apparent  that  such  an  error  in  the  orientation  of  the  gage  does 
not  affect  the  data  obtained  for  the  moment  at  this  point. 

One  should  also  be  careful  to  attach  the  model  to  the  gage  so  that  the  axis 
of  the  member  lies  at  the  center  of  the  gage.     If  this  is  not  done,  the  influence- 


Fig.      15-10.     Orientation 
of  Beggs  Deformeter  Gage 
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line  ordinates  for  the  moment  at  this  point  will  be  in  error,  because  the  angular 
deformation  introduced  by  the  gage  not  only  rotates  the  cross  section  of  the 
model  but  also  introduces  an  axial  displacement  of  its  centroid. 

The  Beggs  plugs  may  be  calibrated  in  the  following  manner.  Attach  a 
strip  to  one-half  the  gage,  and  fasten  the  other  half  to  the  mounting  surface. 
Insert  the  various  plugs  into  the  gage  and  measure  the  resulting  displacement 
of  a  target  on  the  strip  with  the  microscope.  In  this  manner,  the  deformations 
introduced  by  the  various  plugs  may  be  calibrated  in  microunits  and  thence 
converted  to  inch  units,  if  desired,  using  the  calibration  constant  of  the 
microscope. 

12.  The  Moment  Deformeter.  The  moment  deformeter16  is  an  instrument 
which  deforms  a  model  so  that  it  takes  the  shape  of  the  influence  line  for  the 


Ma 
2El' 

Undisto'rted  position  of  ab- 


Fig.  15-11.     Theory  of  Moment  Deformeter 


bending  moment  at  the  section  located  at  the  center  of  the  instrument.  This 
deformation  is  accomplished  without  cutting  the  model  as  is  necessary  when 
using  the  Beggs  method. 

The  action  of  this  instrument  depends  on  a  relationship  which  exists  between 
bending  moment  and  deflection.  Consider  a  segment  ab  of  a  member,  this 
segment  being  initially  straight  and  having  a  constant  EI.  Suppose  that  a 
load  P  is  applied  at  point  o  as  shown  in  Fig.  15-11.  The  effect  of  the  load 
P  is  to  distort  the  structure  and  produce  bending  moments  throughout. 
The  bending  moments  thus  produced  at  the  ends  of  this  segment  are  Ma  and 
Mb,  which  are  assumed  to  act  as  shown.  The  bending-moment  diagram  for 
this  portion  may  then  be  drawn  easily.  Using  the  moment-area  theorems, 
Ac,  the  deflection  of  point  c  on  the  elastic  curve  from  the  chord  ab,  may  be 
computed  and  the  resulting  expression  simplified  to 
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8EI         \2EI 
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Thus  the  moment  at  c  due  to  the  load  P  acting  at  any  point  o  in  the  segment 
ab  is  found  to  be 


Mc 


8EI 
U 


2'Pd3 


(6a) 


where  d  is  the  distance  from  point  o  to  either  end,  a  or  b,  whichever  is  closer. 
If  the  load  P  is  applied  at  a  point  outside  the  segment  ab,  the  second  term  of 
equation  6a  vanishes,  and 


8EI 
M,  =  —A. 


(6b) 


Thus,  it  is  apparent  that  the  bending  moment  at  c  could  be  easily  computed 
if  the  deflection  Ac  could  be  measured  easily  on  a  model. 

There  is  a  convenient  way 
of  obtaining  Af  which  may  be 
explained  by  the  following  con- 
siderations. First  consider 
the  structure  to  be  acted  on 
by  the  force  P  applied  at  point 
o.  This  would  cause  the 
structure  to  be  distorted,  and 
the  deflected  shape  of  the 
segment  ab  is  shown  in  Fig. 
15-12a.  Next  consider  the 
structure  to  be  acted  on  by 
the  special  force  system  shown 
in  Fig.  15-126.  The  deflected 
shape  of  the  segment  ab  under 
such  conditions  is  also  shown 
in  this  sketch.  Applying 
Betti's  law  to  this  situation, 
we  know  that  the  virtual 
work  done  by  the  external- 
force  system  in  sketch  a  during  the  distortion  produced  by  the  external-force 
system  shown  in  sketch  b  is  equal  to  the  virtual  work  done  by  the  system  in 
sketch  b  during  the  distortion  produced  by  the  system  in  sketch  a;  therefore, 


Fig. 15-12. 
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From  the  geometry  of  Fig.  15-12a,  it  is  apparent  that 

Ac  =  Aro  - y~^  (7b) 

and,  therefore,  from  equations  7a  and  b,  it  may  be  concluded  that 

A0  =  Af  (8) 

Thus,  if  a  system  of  loads  such  as  that  shown  in  Fig.  15-126  is  applied  to  a 
segment  ab,  the  model  distorts  so  that  it  takes  the  shape  of  the  influence  line 
for  Ac. 

In  the  development  leading  to  equations  6a  and  b,  Mc  denotes  the  bending 
moment  at  c  caused  by  a  load  P  acting  on  the  model.  If  mc  denotes  the 
bending  moment  at  c  due  to  a  unit  value  of  P,  then, 

Mc 
nic  =  —  (9) 

and  from  equation  6a  the  following  relation  is  apparent: 

8EI  Ac       2  d3 
™°  =  U  P-+  3  U  (10) 

If  the  values  of  A,  are  obtained  using  the  loading  condition  shown  in  Fig. 
15-126,  then,  by  equation  8, 

8EI  A„       2  t/3 

m^UJ  +  lu  (lla) 

As  before  when  A0  is  measured  at  a  point  o  outside  the  segment  ab,  the  second 
term  in  equation  11a  vanishes,  and 

8EI  A0 
«■  =  -lTp  (llb) 

Thus,  for  the  portion  of  the  model  lying  outside  the  segment  ab,  if  the  loading 
of  Fig.  15-126  is  applied,  the  deformed  model  takes  the  shape  not  only  of  the 
influence  line  for  Ac  but  also  of  the  influence  line  for  mc  outside  the  limits  of 
the  segment  ab.  To  obtain  the  actual  ordinates  for  mc  at  any  point  o  outside 
the  segment  ab  that  value  of  A0  must  be  multiplied  by  8EI/L2P,  all  quantities 
which  concern  the  segment  ab.  If  the  value  of  A0,  at  points  within  the  seg- 
ment, is  known,  the  influence  line  ordinates  for  mc  may  be  computed  using 
equation  11a. 

To  determine  the  values  of  the  influence-line  ordinates,  one  must  know  in 
addition  to  A0  the  values  of  E,  I,  L,  d,  and  P.  With  the  exception  of  P  and 
E,  all  of  these  are  easily  determined.  When  used  with  a  celluloid  model,  it 
is  necessary  to  apply  a  fixed  distortion  corresponding  to  the  type  of  loading 
shown  in  Fig.   15-126  instead  of  constant  loads  P  and  P/2.     A  moment 


682 


STRUCTURAL  MODEL  ANALYSIS 


deformeter  which  embodies  the  principles  shown  diagrammatically  in  Fig. 
15-13  may  be  shown  to  produce  a  distorted  shape  of  both  the  model  and  balance 
beam  which  does  not  change  with  time  and  thus  effectively  eliminates  creep. 
If  a  plug,  which  has  a  diameter  larger  by  an  amount  A  than  the  undistorted 
distance  between  the  model  and  balance  beam,  is  forced  into  place  between 
the  two  pieces,  a  distorted  shape  of  both  balance  and  model  will  be  produced 
which  will  not  change  with  time.  This  assumes  that  both  model  and  balance 
have  been  made  out  of  the  same  piece  of  celluloid  and,  therefore,  have  the 
same  creep  characteristics.  It  also  assumes  that  the  frame  of  the  instrument 
is  made  out  of  metal  and  is  heavy  enough  to  be  assumed  rigid,  compared  to 

the  flexible  celluloid  members. 
The  pressure  Pt,  applied  by 
this  plug  to  the  model  and 
balance  will,  of  course,  change 
with  time,  proportionally  to 
the  change  in  effective  modu- 
lus Et,  but  the  elastic  curve 
of  both  members  will  not 
change. 

If,  in  addition  to  the  deflec- 
tions A0  at  the  various  points 
o  on  the  model,  the  deflection 
8S   of   the  balance   were  also 
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Fig.   15-13. 


Schematic   Diagram   of   Moment 
Deformeter 


measured,  then  recalling  the  discussion  in  article  5,  we  recognize  the  following 
relationships : 


Ks 


„  Pt  Et 

KsEt     °r    P,        8 


(12) 


where  Ks  is  a  geometrical  constant  of  the  balance  beam,  which  depends  on 
its  dimensions  and  the  manner  in  which  it  is  attached  to  the  instrument  frame. 
Thus,  if  Ks  were  computed  and  8S  were  measured,  the  ratio  of  Et  to  Pt  would 
be  known  not  only  for  the  balance  beam  but  also  for  the  model — providing 
that  both  balance  beam  and  model  are  made  from  the  same  sheet  of  celluloid. 
If  we  substitute  from  equation  12,  equations  11a  and  b  may  be  written  in 
the  following  form  for  use  on  a  celluloid  model  where  8S  has  been  measured 
on  the  balance  beam  of  the  instrument.  The  influence  line  ordinates  for  the 
bending  moment  at  c  are  obtained  from  equation  13a  for  points  o  within  the 
segment  ab, 


8IK,  A0       2<P_ 
L2     8,  +  3  ~V~ 


(13a) 


and  from  equation  13b  for  points  o  outside  the  segment  ab, 

8IKS  A0 


mc  = 


L-    8S 


(13b) 


MODEL  METHODS  FOR  STRESS  ANALYSIS 


683 


684  STRUCTURAL  MODEL  ANALYSIS 

The  value  of  Ks  may  be  computed  but  the  accuracy  of  the  result  may  not  be 
good  because  of  the  uncertain  fixity  conditions  at  the  point  of  attachment  of 
the  balance  beam.  As  a  result,  it  is  more  satisfactory  to  obtain  Ks  by  a 
calibration  test  run  on  a  statically  determinate  cantilever  beam,  where  the 
bending  moments  are  known  by  statics. 

The  latest  model  of  the  moment  deformeter  is  shown  mounted  on  a  cellu- 
loid model  in  Fig.  15-14.  It  may  be  noted  that  the  principle  of  this  instrument 
is  essentially  the  same  as  that  shown  in  simplified  form  in  Fig.  15-13.  The 
deflections  5a  and  A„  are  measured  with  the  same  type  of  micrometer  micro- 
scope as  used  with  the  Beggs  method. 

This  instrument  provides  an  effective  means  of  obtaining  influence  lines 
for  bending  moments  at  internal  sections  of  a  model  without  the  necessity  of 
cutting  the  model.  The  method  does  have  the  disadvantage  that,  in  order 
to  use  the  foregoing  simple  interpretation  of  the  measurements,  it  is  necessary 
to  apply  the  instrument  to  a  segment  of  the  model  which  is  initially  straight 
and  has  a  constant  I. 

13.  The  Moment  Indicator.  The  moment  indicator9  is  a  convenient 
instrument  which  furnishes  a  direct  method  of  obtaining  bending  moments  in 
a  model.  The  theory  of  this  instrument  is  based  on  the  Manderla-Winkler 
equations  which  are  used  primarily  in  the  analysis  of  secondary  stresses  in 
trusses.  These  equations  are  applicable  to  a  member  or  a  portion  thereof 
which  is  initially  straight  and  has  constant  E  and  /,  and  to  which  no  external 
loads  are  applied  between  the  ends  of  the  portion  under  consideration. 

The  Manderla-Winkler  equations  are  simply  expressions  for  the  moments 
acting  on  the  ends  of  a  member  in  terms  of  the  slopes  of  the  elastic  curve  of 
these  two  ends  of  the  member.  Let  Mab  be  the  moment  acting  on  the  A 
end  of  member  AB,  and  Mba  be  the  moment  on  the  B  end — the  end  moments 
being  positive  when  clockwise  on  the  end  of  the  member.  Also,  let  ta  and 
tb  be  the  slope  of  the  tangent  to  the  elastic  curve  at  points  A  and  B,  respec- 
tively. Such  slopes  are  measured  with  reference  to  the  chord  A B  of  the 
elastic  curve  and  are  positive  when  the  tangent  rotates  clockwise  with  refer- 
ence to  the  chord.  The  Manderla-Winkler  equations  may  be  derived  using 
the  moment  area  theorems  and  may  be  stated  as  follows: 

2EI 

Mab  =  -J-  (2^  +  r«) 

(14) 
2EI 

Mba  =  -^(ta  +  2tb) 

Keeping  these  relationships  in  mind,  we  may  now  proceed  to  the  development 
of  the  theory  of  the  moment  indicator. 

Referring  to  Fig.  15-15,  suppose  two  arms  were  attached  at  points  A  and  B 
of  a  member.  As  the  model  was  loaded  and  distorted  by  loads  applied  outside 
this  segment,  the  two  arms  would  rotate  through  the  same  angles  as  the 
tangents  to  the  elastic  curve  at  their  point  of  attachment.  If  we  recognize 
that  the  rotations  are  actually  through  small  angles,  the  following  relative 
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movements  of  the  targets  a  and  a',  and  b  and  b'  may  be  computed  easily. 
Let  Aa  and  A6  represent  the  relative  movements  of  the  targets,  being  positive 
when  the  targets  move  apart;  then, 


2L  L  L 

Aa  =  y  Ta  +  3  Tb  =  3  (2ta  +  TiJ) 

L  2L  L 

Ab  =  ~  ta  +  y  rB  =  -  (r  A  +  2tb) 


(15) 


If  we  substitute  from  equation  15  in  equation  14,  the  following  expressions  are 
obtained  for  the  end  moments  at  points  A  and  B: 


QEI 

Mab  =  -jy&° 

QEI 
Mba  =  ~JYAb 


(16) 


X 


16' 


-io' 


in  which  a  positive  A  (or  a  relative  movement  apart)  indicates  a  positive  end 
moment  (or  clockwise  on  the  end  of  the  segment).     Hence,  if  Aa  and  Ab  are 
measured  with  a  microscope  and  if  E  were  known,  the  moments  could  be 
determined  at  the  points  of  attachment  of 
the  moment  indicator. 

Here  again,  if  celluloid  is  used  as  the 
model  material,  the  creep  problem  must 
be  overcome.  Of  course,  constant  loads 
cannot  be  applied  to  a  celluloid  model 
because  its  deflection  will  change  with  time. 
If,  however,  a  fixed  deformation  is  applied 
to  the  model  at  the  point  and  in  the  direc- 
tion of  the  specified  loading,  the  deflected 
position  of  the  model  will  not  change  with 
time.  The  movements  of  the  targets  of  the 
moment  indicator  may  then  be  measured 
without  difficulty  with  a  microscope.  How- 
ever, it  would  still  be  impossible  to  com- 
pute the  end  moments  from  equation  16,  because  E  is  unknown  and  changing 
with  time.  Further,  the  corresponding  load  on  the  model  is  also  unknown 
and  is  changing  with  time  directly  proportional  to  the  change  in  E.  In  such 
a  case,  however,  it  is  possible  to  obtain  the  relative  value  of  the  moments 
because  they  are  proportional  to  the  product  of  /  and  the  moment-indicator 
deflections. 

Quite  often  these  relative  values  of  the  end  moments  may  be  converted  into 
absolute  values  in  terms  of  the  load  through  the  use  of  conditions  of  static 
equilibrium.  Consider  as  an  example  the  simple  frame  shown  in  Fig.  15-16. 
Suppose  that  the  moment  indicator  has  been  mounted  in  turn  on  each  column, 


Fig.  15-15.     Theory  of  Moment 
Indicator 
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and  thereby  relative  values  of  the  moments  at  two  points  on  each  column  have 
been  obtained  for  some  fixed  horizontal  displacement  imposed  at  the  top  of 
column  1-2.  In  this  case,  the  relative  value  of  the  end  moments  in  each 
column  could  be  extrapolated  from  the  relative  values  measured  at  the  points 
of  attachment  of  the  indicator.  Let  these  relative  values  at  the  ends  of  the 
columns  be  nin,  nu,i,  etc.,  and  then  the  absolute  values  could  be  expressed  as 

Mn  =  Cnin         M34  =  Cm34 
Mn  =  Cm2i         Mi3  =  Cmi3 


1 


4 
V,7? 


Fig.    15-16.     Conver- 
sion   of    Relative    into 
Absolute  Values  of  End 
Moments 


Isolation  of  each  column  as  a  free  body  would  enable  us  to  compute  the  shear 

in  each  column  in  terms  of  the  unknown  constant  C.     If  the  girder  were  now 

isolated  as  a  free  body  cutting  it  from  the  columns 

just  below  the  column  tops,  having  the  shears  on 

the  stub  ends  of  the  columns  in  terms  of  C,  the 

statics  equation   XH  —  0  applied  to  the   isolated 

I  girder  would  enable  us  to  find  C  in  terms  of  P. 

— *—  ~  —      Once  we  have  C  in  terms  of  P,  the  absolute  values 

of  the  end  moments  in  terms  of  P  may  be  obtained 

without  difficulty. 

The  foregoing  procedure  of  converting  relative 
values  into  absolute  values  of  moments  may  often  be 
done  very  easily.  There  are  cases,  however,  when 
either  there  are  no  suitable  equations  of  statics  available,  or,  if  so,  to  solve 
them  is  too  laborious.  In  such  cases,  the  use  of  a  celluloid  spring  balance  in 
the  loading  system  leads  to  a  direct  solution  for  the  absolute  values  of  the 
moments  in  the  model. 

The  use  of  a  spring  balance  to  overcome  creep  was  discussed  in  article  5. 
In  Fig.  15-3  the  balance  is  shown  connected  to  the  same  type  of  model  as 
depicted  in  Fig.  15-16.  Suppose  that  a  moment  indicator  were  mounted  on 
the  model  in  Fig.  15-3  and  that  readings  were  taken  on  the  targets  of  both 
the  indicator  and  the  spring  balance.     Refer-  , 

ring  to  equation  lh  in  article  5.  we  may  recall 
that,  having  measured  As,  we  may  then  express 
E  as 


S 


6- 


Si  ANP*. 


^ 


M 


E  =  A,P 


(17) 


Substituting  from  equation  17  in  equation  16 
gives 


Celluloid 
spring - 
balance 


^ 


■D 


E- 


6IK,  Aa 


(18) 


Fig. 


15-17.     Calibration     of 
Spring  Balance 


If  we  use  the  celluloid  spring  balance  in  this  manner,  therefore,  it  is  easy  to 
obtain  the  absolute  values  of  the  moments  in  terms  of  the  load  P. 

This  presumes,  of  course,  that  the  constant  Ks  of  the  balance  is  known. 
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The  value  of  this  constant  could  be  computed,  but  it  could  be  obtained  more 
accurately  from  a  calibration  test  on  a  statically  determinate  cantilever  beam 
such  as  shown  in  Fig.  15-17.  If  the  indicator  is  attached  as  shown,  the 
deflections  Aa  and  As  may  be  measured  with  the  microscope.  If  we  know  that 
the  moment  Mab  is  equal  to  P  times  d,  it  would  then  be  an  easy  matter  to 
back-figure  K,  by  applying  equation  18. 

The  moment  indicator  provides  a  very  satisfactory  model  solution  for  many 
problems.  A  typical  setup  of  the  moment  indicator  in  combination  with  a 
celluloid  spring  balance  is  shown  in  Fig.  15-18.  It  should  be  recalled  that  the 
theory  of  the  moment  indicator  was  based  on  the  Manderla- Winkler  equations. 
In  order  to  use  the  previous  simple  interpretation  of  the  measurement,  it  is 
necessary,  therefore,  to  apply  the  indicator  to  a  portion  of  a  member  which  is 
initially  straight  and  has  a  constant  I.  It  would  be  possible  to  interpret  the 
indicator  readings  in  cases  where  I  varied  within  the  portion,  but  the  computa- 
tions would  be  very  cumbersome. 

14.  The  Photoelastic  Method.  Of  course,  the  photoelastic  method  is  used 
principally  to  study  localized  effects  of  stress  distribution,  but  it  may  some- 
times be  used  to  advantage  in  the  analysis  of  composite  structures.  In  the 
latter  case,  it  is  desirable  that  the  model  be  composed  of  members  which  have 
portions  where  the  normal  stresses  on  transverse  cross  sections  are  distributed 
linearly,  or  essentially  so.  The  stress  analysis  of  such  models  can  be  carried 
out  simply  from  the  photograph  of  the  isochromatics.  Once  we  have  found 
the  edge  stresses  at  a  given  cross  section  from  the  isochromatics,  it  is  then 
easy  to  compute  the  bending  moment  and  axial  stress  at  that  cross  section. 
If  the  bending  moments  have  been  determined  in  this  manner  at  two  cross 
sections  in  a  member,  it  is  easy  to  compute  the  shear  on  these  cross  sections 
simply  by  statics.  Once  the  moment,  shear,  and  axial  stress  have  been  deter- 
mined at  one  cross  section  of  each  member,  similar  quantities  may  be  computed 
easily  at  any  other  cross  section  of  the  model. 

C.  Other  Uses  of  Structural  Models 

15.  Determination  of  Buckling  Loads.  Structural  models  may  also  be 
used  advantageously  to  determine  critical  or  buckling  loads  of  columns,  beams, 
and  other  structural  elements.  Such  information  may  be  obtained  most 
readily  by  running  tests  under  loads  which  are  somewhat  less  than  the  buckling 
load  and  then  interpreting  the  test  data  by  Southwell's  method  or  some 
adaptation  thereof.  In  such  tests,  the  load  is  applied  in  a  series  of  increments, 
and  certain  deflections  are  measured  after  each  increment  of  loading.  If  this 
information  is  plotted  in  a  certain  manner,  the  plotted  points  lie  on  a  straight 
line  the  slope  of  which  may  be  interpreted  to  give  the  critical  buckling  load. 
The  chief  advantage  of  this  procedure  is  that  the  necessary  data  may  be 
obtained  from  measurements  taken  at  loads  which  are  smaller  than  the 
buckling  load,  and  as  a  result  the  model  is  not  destroyed  in  conducting  the  test. 
The  model  may  be  retested,  therefore,  after  any  desired  modifications  in  its 
design  have  been  made. 

In  Southwell's  original  paper,11  the  theoretical  proof  of  his  method  was 
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given  only  for  the  case  of  a  simple  strut.  He  demonstrated  that,  if  the  ratio 
of  lateral  deflection  to  the  corresponding  axial  load  was  plotted  as  an  ordinate 
against  the  deflection  itself  as  an  abscissa,  the  plotted  points  would  lie  along 
a  straight  line  the  inverse  slope  of  which  was  equal  to  the  critical  load  of  the 
strut. 

Subsequently  Lundquist12  suggested  a  modification  of  Southwell's  proce- 
dure. Donnell13  and  other  investigators  have  suggested  and  applied  varia- 
tions of  Southwell's  method  for  more  complex  types  of  buckling.  These 
studies  indicate  that  this  procedure  or  some  variation  of  it  may  be  applied  to 
all  cases  in  which  buckling  does  not  introduce  appreciable  second-order  stresses. 

16.  Determination  of  Frequencies  and  Shapes  of  Normal  Modes  of  Vibra- 
tion. The  frequencies  and  shapes  of  the  normal  modes  of  vibration  are  of 
interest  in  the  analysis  of  structures  which  are  subjected  to  dynamic-loading 
conditions.  Such  information  may  be  obtained  experimentally  by  using  an 
adaptation  of  the  so-called  "sonic  method"  which  is  used  quite  commonly 
to  determine  the  modulus  of  elasticity  of  concrete.  The  testing  equipment 
includes  an  oscillator-amplifier  unit,  a  vibrator,  a  pickup,  and  an  oscilloscope. 

The  model  is  vibrated  by  the  pulsating  force  supplied  by  the  vibrator,  the 
frequency  of  which  is  controlled  by  the  oscillator.  The  frequency  of  the 
vibrator  is  varied  until  a  resonant  condition  is  produced  in  the  model.  Reso- 
nance is  indicated  by  a  peak  response  in  the  voltage  output  of  the  pickup 
which  is  mounted  adjacent  to  the  vibrating  model.  The  voltage  of  the  pickup 
is  amplified  and  measured  by  a  cathode-ray  oscilloscope.  After  a  resonant 
condition  has  been  produced  in  the  model,  the  frequency  is  held  constant,  and 
the  pickup  is  moved  to  various  points  on  the  model,  thereby  obtaining  readings 
which  are  proportional  to  the  amplitude  of  the  displacement  at  these  points. 
In  this  way,  it  is  possible  to  measure  the  frequency  and  shape  of  one  of  the 
normal  modes  of  vibration  of  the  model.  By  starting  with  the  lowest  fre- 
quency of  the  oscillator  and  traversing  its  entire  range  of  frequencies,  it  is 
possible  to  determine  the  various  resonant  frequencies  and  thereby  identify 
the  various  modes  of  vibration  which  lie  within  the  range  of  the  equipment. 

This  experimental  technique  is  based  on  the  following  considerations. 
When  an  impulsive  load  of  the  following  type  acts  on  a  structure  with  an 
intensity  of 

p(t,  x)  =  f(t)q(x)  (19) 

the  resulting  displacement  at  any  time  t,  z(t,  x),  may  be  expressed  in  terms  of 
the  shapes  and  frequencies  of  the  normal  modes  of  vibration  of  the  structure, 
un(x)  and  co»,  respectively,  by  the  following  equation: 

n=  » 

z{t,x)  =-     >     ^-Fn{t)un(x)  (20) 


I 


n  =  l 


The  shapes  un(x)  have  been  normalized  so  that  the  shape  functions  have  the 
following  properties : 
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t  \     i  \  c  J      ■   \0iin  9*  m 
un{x)um(x)  -  ax  =  \     .  (21) 

g  { 1  if  n  =  m 

the  integration  being  carried  out  over  the  entire  structure.  In  this  equation, 
c  represents  the  weight  per  unit  length  along  the  members  of  the  structure. 
In  equation  20, 

qn  —    /  q{x)un{x)  dx  (22) 

and  Fn(t)  =  wn   f*  f(t')  sin  an(t  -  t')  dt'  (23) 

where  f{t)  as  used  in  equations  19  and  23  represents  the  total  impulsive  load 
applied  to  the  entire  structure  at  any  time  t.  Thus,  from  equation  20  it  is 
evident  that  the  total  displacement  is  the  sum  of  an  infinite  number  of  terms 
— one  term  for  each  of  the  n  normal  modes  of  vibration  of  the  structure. 

The  quantity  qn  is  a  factor  which  determines  the  degree  to  which  any  par- 
ticular mode  n  participates  in  the  total  displacement  of  a  structure  under 
static  load.  Hence,  qn  could  be  called  the  participation  factor  for  the  nth 
mode.  This  factor  depends  both  on  the  shape  of  the  particular  mode  and 
the  distribution  of  the  applied  load.  As  a  result,  an  impulsive  load  may  be 
distributed  in  such  a  manner  that  the  participation  factor  is  equal  to  zero  for 
certain  modes,  and,  therefore,  such  modes  are  not  excited  by  this  load  and 
do  not  participate  in  the  motion  of  the  structure. 

The  quantity  Fn(t)  is  commonly  referred  to  as  the  equivalent  static  load 
for  the  nth  mode.  This  factor  gives  the  value  by  which  the  static  participa- 
tion of  the  nth  mode  should  be  multiplied  in  order  to  obtain  its  dynamic  con- 
tribution under  an  impulsive  loading  at  any  time  t.  From  equation  23,  it  is 
evident  that  F„(t)  depends  both  on  the  frequency  co„  of  the  nth  mode  and  the 
manner  in  which  the  applied  impulsive  load  varies  with  time.  This  variation 
of  the  impulsive  loading  with  time  is  defined  by  the  function  f(t)  which  gives 
the  total  applied  load  acting  on  the  entire  structure  at  any  time  t. 

Suppose  a  structure  were  acted  on  by  an  impulsive  load  of  the  type  in 
equation  19,  which  also  varied  harmonically  with  time  or 

p(t,  x)  =  (/!  sin  pt)q(x)  (24) 

since  f(t)  =  /i  sin  (3t  (24a) 

Suppose  further  that  this  load  was  a  concentrated  load  acting  at  some  known 
point  on  the  structure.  The  participation  factor  q„  could  then  be  computed 
without  difficulty  if  the  shapes  of  the  normal  modes  were  known.  It  would 
be  found  that  any  modes  which  had  a  node  point  at  the  point  of  application 
of  the  load  would  not  participate  in  the  resulting  motion.  Likewise,  the 
equivalent  static  load  for  the  nth  mode  could  be  found  by  substituting  in 
equation  23  from  equation  24a  and  integrating;  or 

Fn(t)  =  w„   r  fit')  sin  un(t  -  t')  dt' 

=  w„   /    /i  sin  fit'  sin  con(t  —  t')  dt' 
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which,  after  integration  and  substitution  of  the  limits,  reduces  to 

Fn(t)  =  — t&Z |/3  sin  a  J  -  con  sin  fit)     if  j3  ^  a»  (25) 

1       (/32  -  co„2) 

For  the  case  where  /3  =  g>„,  the  right-hand  side  of  equation  25  assumes  the 
indeterminate  form  of  0/0  and  the  limiting  value  of  Fn{t)  may  be  found  in 
the  usual  manner  to  be 

^(0-fWn-J-^«-^     if  0—.,  (26) 

If  a  structure  is  acted  on  by  an  impulsive  loading  which  varies  harmonically 
with  time  with  a  frequency  /?,  which  does  not  coincide  with  any  of  the  fre- 
quencies of  the  n  normal  modes  coH,  the  resulting  displacement  at  any  time  t 
may  be  computed  from  equation  20,  using  the  equivalent  static  load  for 
any  particular  mode  as  computed  from  equation  25.  In  such  cases  where 
|S  ^  «»,  Fn(t)  will  always  be  a  finite  number  at  any  time  t.  If,  however,  the 
frequency  of  the  load  (3  does  coincide  with  co,M,  the  frequency  of  one  of  the 
normal  modes  n\,  the  value  of  Fni{t)  is  given  by  equation  26  and  is  seen  to 
increase  steadily  with  time.  The  contribution  of  this  mode  rii  in  equation 
20  becomes  steadily  more  predominant  in  comparison  with  the  terms  for  all 
the  other  modes.  As  a  result,  after  a  short  time  the  displacement  of  the 
structure  becomes  very  large  and  vibrates  essentially  with  the  shape  and 
frequency  of  the  nx  mode. 

This  discussion  suggests  an  experimental  approach  for  determining  the 
shapes  and  frequencies  of  the  normal  modes  of  vibration  of  a  structure.  If  a 
structure  were  vibrated  by  an  oscillator  which  applied  a  concentrated  load 
which  varied  harmonically  with  time  with  a  controlled  frequency  of  /3,  and 
if  the  resultant  displacement  of  the  structure  could  be  measured  by  some 
suitable  pickup,  the  frequency  /?  could  be  varied  until  a  resonant  condition 
was  recorded  by  the  pickup.  Such  resonant  frequencies  correspond  to  the 
frequencies  of  the  normal  modes  of  vibration.  If  the  structure  is  kept  vibrat- 
ing in  one  of  these  resonant  conditions,  the  amplitude  of  the  vibration  could 
be  measured  by  the  pickup  at  enough  points  to  establish  the  shape  of  that 
mode  of  vibration. 

In  all  this  discussion,  it  has  been  assumed  that  the  vibration  is  not  damped 
by  friction — in  which  case  the  displacement  at  a  resonant  frequency  would, 
therefore,  increase  steadily  with  time.  In  the  actual  case,  however,  the 
motion  is  damped  by  internal  friction.  The  first  term  inside  the  braces  in 
both  equations  25  and  26  represents  a  "free  vibration"  which  has  a  frequency 
of  co„;  the  second  term  represents  a  "forced  vibration"  which  has  the  same 
frequency  as  the  applied  load.  The  friction  gradually  damps  out  the  free- 
vibration  portion  of  the  motion  and  prevents  the  forced-vibration  portion 
from  steadily  increasing  without  end  and  limits  it  to  a  steady  finite  value. 
The  general  technique  suggested  in  the  previous  paragraph  is  not  altered, 
however,  by  the  presence  of  friction. 
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Fig.  15-19.     Determining  Characteristics  of  the  Normal  Modes  of  Vibration  of  a 
Flat  Plate  Supported  at  the  Four  Corners 
Note  vibrator  hanging  under  the  plate  in  the  left  foreground 
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A  typical  application  of  this  experimental  method  is  shown  in  Fig.  15-19. 
The  basic  piece  of  equipment  is  an  oscillator-amplifier  unit  which  drives  the 
vibrator  so  as  to  apply  an  impulsive  harmonic  load  to  the  model.  The 
vibrator  is  a  permanent-magnet  speaker,  the  cone  of  which  has  been  removed 
and  the  voice  coil  of  which  is  attached  to  a  plunger.  This  plunger  is  con- 
nected to  the  link  by  which  the  vibrator  is  suspended  from  the  model.  The 
major  portion  of  the  mass  of  the  speaker  is  suspended  from  the  plunger  by 
"soft"  springs  so  that  the  mass  of  the  vibrator  does  not  alter  the  mass  of  the 
model  to  any  appreciable  extent. 

The  most  satisfactory  type  of  pickup  is  that  shown  in  Fig.  15-19.  This 
type  of  pickup  can  be  used  only  with  steel  models,  however.  It  consists  of  a 
magnetized  rod  which  is  encircled  by  a  coil.  This  coil  is  enclosed  by  the 
cylinder  located  near  the  lower  end  of  the  rod.  The  position  of  the  pickup  is 
adjusted  so  that  the  end  of  the  rod  is  almost  touching  the  model.  As  the 
model  vibrates,  the  air  gap  between  the  model  and  the  tip  of  the  rod  varies 
and  thereby  varies  the  magnetic  flux.  This  variation  of  the  flux  develops 
an  electromotive  force  in  the  coil,  which  may  be  amplified  and  measured  with 
a  cathode-ray  oscilloscope.  The  maximum  voltage  produced  at  the  terminals 
of  the  coil  may  be  shown  to  be  directly  proportional  to  the  amplitude  of  the 
vibration  of  the  model. 

D.  Principles  of  Similitude 

17.  General.  The  principles  of  similitude  governing  the  relationships 
between  a  model  and  its  prototype  may  be  determined  by  either  of  two 
approaches.  The  conditions  of  similarity  may  be  expressed  in  mathematical 
form,  using  established  laws  of  structural  mechanics,  and  the  principles  of 
similitude  rigorously  deduced  from  them;  or  the  principles  may  be  deduced 
by  using  the  methods  of  dimensional  analysis.  The  first  method  is  generally 
used  for  structural  models  since  the  mathematical  laws  which  structures  fol- 
low are  usually  well  known.  However,  in  cases  where  the  mathematical  laws 
are  not  known  but  the  factors  affecting  the  phenomena  are  known,  the  prin- 
ciples of  similitude  may  be  determined  by  the  dimensional-analysis  approach. 

An  application  of  the  first  approach  is  discussed  in  the  next  article.  The 
reader  is  referred  to  part  II  of  the  appendix  for  a  discussion  of  the  second 
approach. 

18.  Derivation  Using  Established  Laws  of  Structural  Mechanics.  To 
illustrate  the  derivation  of  the  principle  of  similitude  by  this  approach,  con- 
sider the  problem  of  extrapolating  influence-line  data  from  a  model  to  its 
prototype.  For  this  purpose,  consider  a  beam  which  is  statically  indetermi- 
nate to  the  first  degree,  such  as  shown  in  Fig.  15-20. 

Suppose  we  wished  to  obtain  the  influence  lines  for  the  vertical  reaction  at 
a,  Ra,  and  the  moment  at  b,  Mb.  In  either  case,  we  could  apply  Muller- 
Breslau's  principle  and  thereby  obtain  the  desired  influence  lines  as  indicated 
in  Fig.  15-20.  Of  course,  this  procedure  could  be  applied  either  to  the  proto- 
type or  to  its  model.  If  this  procedure  were  applied  to  the  prototype,  the 
expressions  for  the  ordinates  of  these  two  influence  lines  would  be 
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Ana1 


R„ 


Mb 


Aaap 


(1) 


An,,P 
■ii-hh 


(27) 
(28) 


where  the  index  P  indicates  that  these  quantities  refer  to  the  prototype. 


(a) 


(b) 


(c) 


(d) 


(e) 


Influence  line  for  Mb 
Fig.  15-20.     Principles  of  Similitude 

On  the  other  hand,  if  Muller-Breslau's  procedure  were  applied  to  the  model, 
the  ordinates  for  the  two  influence  lines  for  the  model  would  be 


and 


AnaM 

R«"  =  A^  (1) 

■ft-hh 


(29) 


(30) 


where  the  index  M  refers  to  the  model.  Of  course,  if  the  principles  of  simi- 
larity between  model  and  prototype  were  known,  the  ordinates  of  these 
influence  lines  could  be  measured  experimentally  on  a  small-scale  model,  and 
then  these  results  could  be  extrapolated  to  the  prototype.  In  other  words, 
to  do  this  we  need  to  know  the  relation  between  RaM  and  Rap  and  between 
MhM  and  Mbp. 

From  equations  27  to  30,  it  is  apparent  that  these  relationships  between  the 
reactions  or  moments  on  the  model  and  those  on  the  prototype  depend  on  the 
relationship   between   deflections.     The   relationship   between   deflections   of 
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the  model  and  the  prototype  may  be  investigated  by  considering  the  computa- 
tions of  such  deflections  by  the  method  of  virtual  work.  To  compute  beam 
deflections,  the  law  of  virtual  work  may  be  expressed  as 


I 


dx 

no         i    MpMq—  (3D 


If  a  force  Fp  acted  at  point  a  of  the  primary  structure  of  the  prototype,  as 
shown  in  Fig.  15-206,  the  vertical  deflection  of  point  n  could  be  computed  from 

/dxp 
MpP  MqP  eJTp  (32) 

In  the  same  manner,  equation  31  could  be  applied  to  compute  a  similar  deflec- 
tion on  the  model  due  to  a  force  FM  at  a,  or 

/dxM 
MpmMq"  j^  (33) 

Suppose  that  the  model  had  been  constructed  so  that  the  following  relations 
existed  between  the  model  and  prototype: 

LM  =  kLp,     IM  =  alp,     EM  =  pEp,     F*  =  yFp  (34) 

In  view  of  these  relations,  it  is  then  apparent  that  the  following  additional 
relations  are  true  for  the  statically  determinate  primary  structure  shown  in 
Fig.  15-206: 

MPM  =  kyMPp         MQM  =  kMQp  (35) 

Substituting  in  equation  33  from  equations  34  and  35  and  comparing  with 
equation  32,  we  have 

k3y    f  dxp        k*y 

a/3 
Therefore,  Anap  =  - —  AnaM  (36) 

fry 

These  relationships  are  true  for  any  of  the  vertical  deflections  in  Fig.  15-206. 
Substituting,  therefore,  in  equation  27  from  equation  36  and  comparing  with 
equation  29  give 

Rap  =  RaM  (37) 

and,  therefore,  the  corresponding  influence-line  ordinates  for  Ra  are  exactly 
the  same  for  both  model  and  prototype. 

In  a  similar  manner,  the  vertical  deflection  Anb  and  the  relative  angular 
rotation  Abb  of  the  primary  structure  shown  in  Fig.  15-20rf  may  be  investi- 
gated for  model  and  prototype.  In  this  case,  of  course,  the  deflections  are 
caused  by  couples  Tp  on  the  prototype  and  couples  TM  on  the  model.     Pro- 
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ceeding  as  before  with  the  exception  that  we  will  let 

we  will  find  that 

Anh>'  =  ^-AnbM  (38) 

k'Zy   - 

a/5 
Abbr  =  —  AbbM  (39) 

ky 

Substituting  in  equation  28  from  equations  38  and  39  and  comparing  with 
equation  30  yield 

1 

Mbp  =  7  MbM  (40) 

k 

and,  therefore,  the  influence-line  ordinates  for  Mh  on  the  model  should  be 
multiplied  by  l/'k  to  obtain  the  corresponding  ordinates  on  the  prototype. 

Of  course,  this  discussion  has  been  limited  to  a  beam  which  is  indeterminate 
to  the  first  degree,  but  it  could  now  be  extended  successively  to  include  beams 
or  frames  which  were  indeterminate  to  the  second,  third,  etc.,  or  to  any  degree. 
Such  considerations  would  lead  to  the  following  general  conclusion  for  any 
indeterminate  beam  or  frame,  the  stress  analysis  of  which  can  be  carried  out 
satisfactorily  by  considering  only  the  effect  of  bending  distortion: 

A  model  should  be  dimensioned  so  that  the  axial  length  of  its  members  is 
k  times  those  of  the  prototype;  the  moment  of  inertia  of  its  cross  sections  is 
a  times  those  of  the  prototype;  and  the  modulus  of  elasticity  of  the  model  is 
(3  times  that  of  the  prototype.  If  this  is  done,  then  the  ordinates  of  the  influ- 
ence line  for  any  reactive  force,  shear,  or  axial  stress  on  the  prototype  are 
equal  to  the  corresponding  ordinates  on  the  model;  but  the  ordinates  of  the 
influence  line  for  any  moment  on  the  prototype  are  equal  to  \/k  times  the 
corresponding  ordinates  on  the  model. 

In  this  manner,  the  principles  of  similitude  may  be  developed  for  models 
of  trusses  and  other  types  of  structures,  providing  the  solution  of  the  problem 
can  be  formulated  in  mathematical  form. 

E.  General  Considerations 

19.  Planning  a  Model  Analysis.  It  is  difficult,  if  not  impossible,  to  write  a 
complete  list  of  instructions  which  will  cover  the  planning  of  the  model  analysis 
of  any  and  all  problems  which  might  be  encountered.  There  are,  however, 
certain  factors  which  are  more  or  less  common  to  most  such  problems  and, 
therefore,  should  be  discussed. 

The  first  factor  which  should  be  considered  is  the  purpose  of  the  proposed 
model  study.  If  the  model  is  being  used  to  check  the  design  of  an  actual 
structure,  then  the  principles  of  similitude  must  be  established  for  the  given 
problem  and  observed  as  closely  as  is  possible  and  practical  when  the  model 
is  designed  and  constructed.  Contrasted  to  this  type  of  model  study  is  that 
in  which  the  model  is  being  used  to  develop  or  study  the  mathematical  theory 
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for  a  certain  type  of  problem.  In  such  instances  the  model  may  be  considered 
actually  a  small-sized  structure  for  which  the  mathematical  results  are  com- 
puted and  compared  with  the  experimental  results.  In  other  words,  model 
and  prototype  are  synonymous,  and  similitude  is  not  a  factor.  When  models 
are  used  in  this  manner,  a  number  of  different  models  are  selected  so  that  the 
relative  dimensions  of  the  various  elements  are  varied  sufficiently  to  cover  the 
entire  range  which  might  be  encountered  in  large-sized  structures  of  this  type. 

The  next  step  in  planning  a  model  study  is  to  select  the  most  appropriate 
method  of  model  analysis  for  the  particular  problem  at  hand.  Quite  often 
the  choice  of  the  method  is  limited  by  such  factors  as  availability  of  equipment 
and  suitable  model  material  and  experience  of  the  laboratory  personnel.  If  it 
is  assumed  that  there  are  no  such  limitations,  the  method  of  analysis  may  be 
selected  simply  on  the  basis  of  the  advantages  and  disadvantages  of  the  various 
methods  which  are  applicable  to  the  problem  at  hand. 

Once  the  method  of  analysis  has  been  selected,  the  limiting  dimensions  of 
the  model  may  be  established.  To  illustrate  how  to  do  this,  suppose  that  it 
has  been  decided  to  use  the  Beggs  method  for  the  stress  analysis  of  a  given 
problem.  First  of  all,  the  width  of  the  model  at  any  point  where  the  deform- 
eter  gage  is  to  be  attached  should  not  exceed  %  in.  which  is  the  normal  capacity 
of  the  clamping  device  on  the  gage.  On  the  other  hand,  the  minimum  width 
at  any  point  in  the  model  should  preferably  not  be  less  than  li  in.  This  is 
controlled  by  the  working  tolerances  which  should  be  permitted  in  constructing 
celluloid  models.  Such  models  can  be  finished  quite  easily  to  satisfy  a  toler- 
ance of  +0.002  in.  If  the  width  of  a  member  is  less  than  y±  in.,  the  tolerance 
in  the  width  would  cause  a  variation  in  the  moment  of  inertia  of  more  than 
+  2  per  cent,  which  is  about  the  maximum  that  should  be  permitted.  The 
length  scale  and  the  thickness  of  the  members  should  be  selected  so  that  the 
model  is  neither  too  stiff  nor  too  flexible.  If  the  model  is  too  stiff,  the  springs 
of  the  deformeter  gage  will  not  be  strong  enough  to  distort  the  model.  If  the 
model  is  too  flexible,  some  of  the  compression  members  may  buckle. 

Similar  factors  are  involved  in  establishing  the  limiting  dimensions  of  any 
model.  Careful  consideration  must  be  given  to  the  limitations  imposed  by 
the  proposed  methods  of  measuring  strains  and  deflections,  or  by  the  proposed 
technique  of  loading  or  distorting  the  model.  Of  course,  the  more  experience 
one  has,  the  easier  it  is  to  make  such  decisions. 

When  planning  a  model  study,  people  often  overlook  the  fact  that  some  of 
the  most  informative  model  studies  can  be  conducted  with  relatively  simple 
models.  Elaborate,  complex,  and  expensive  models  may  be  impressive,  but 
they  do  not  necessarily  produce  the  most  valuable  results.  If  it  still  seems 
necessary  and  desirable  to  make  such  a  model,  precede  such  a  study  with 
enough  studies  of  simplified  models  to  be  sure  that  the  proposed  model  and 
method  of  analysis  will  yield  satisfactory  results. 

20.  Interpreting  Model  Results.  The  first  step  in  interpreting  model 
results  comes  when  the  experimental  data  are  actually  being  measured  and 
recorded.  One  should  continually  be  studying  the  data  as  they  are  accumu- 
lated, being  sure  that  the  data  from  duplicate  tests  are  consistent,  checking 
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to  see  that  the  measurements  from  point  to  point  vary  in  a  reasonable  and 
orderly  manner,  taking  precautions  to  see  that  constant  test  conditions  and 
techniques  are  being  maintained,  and  so  on.  In  this  way,  if  questionable  or 
unexpected  data  are  being  obtained,  the  measurements  may  be  checked  and 
verified  before  the  test  setup  is  altered.  It  is  often  helpful  to  make  rough 
plots  of  data  as  they  are  being  obtained  in"  order  to  spot  quickly  any  incon- 
sistent measurements. 

After  the  test  data  have  been  analyzed  and  the  test  results  have  been  com- 
puted, the  information  should  be  plotted  or  tabulated  in  such  a  manner  that 
its  reasonableness  may  be  estimated.  The  best  way  of  judging  the  results, 
of  course,  is  to  apply  any  physical  checks  which  are  available.  For  example, 
in  any  static  problem,  the  test  results  must  satisfy  the  laws  of  static  equilibrium 
—  "2/Fx  =  0,  1/Fy  —  0,  and  2M  =  0.  Of  course,  static  checks  may  be  applied 
to  the  entire  model  or  any  portion  of  it.     Such  checks  are  extremely  useful. 

j, There  is  perhaps  no  better  way  of  judging  the 

reliability  of  model  results  for  a  static  problem. 
It  is  oftentimes  difficult  to  load  a  model 
exactly  as  specified.  For  example,  suppose 
the  model  shown  in  Fig.  15-21  has  been  analyzed 
for  a  vertical  load  using  the  moment  indicator. 
To  do  this  the  distorting  device  would  have 
been  arranged  as  indicated.  Just  how  success- 
ful we  were  in  applying  the  desired  vertical 
77ty?     load   will  be  indicated  by  the  model   results. 

Fig.  15-21.     Error  in  Load-      SuPP0Se  the  Joints  were  in  equilibrium  under 
ing  Model  ^he  experimental  end  moments  in  the  members. 

Suppose,  however,  that  the  shears  in  the  col- 
umns which  were  computed  by  statics  from  these  end  moments  were  not  equal 
and  opposite.  This  would  indicate  that  the  load  which  was  actually  applied 
to  the  model  had  a  horizontal  as  well  as  a  vertical  component.  To  correct 
these  results  for  this  error  in  loading  we  could  analyze  the  model  for  a  hori- 
zontal load  using  the  setup  shown  in  Fig.  15-3.  Then,  using  this  information 
we  could  adjust  the  values  of  the  first  test  so  as  to  remove  the  effect  of  the 
undesired  horizontal  component  of  the  load.  In  this  manner,  therefore,  the 
laws  of  statics  may  often  be  used  to  assist  us  in  correcting  for  the"  effect  of 
errors  in  loading. 

Whenever  the  results  obtained  from  a  model  are  to  be  extrapolated  in 
order  to  predict  the  behavior  of  its  prototype,  the  principles  of  similitude  must 
be  fulfilled  when  the  model  is  designed,  constructed,  and  tested.  The  require- 
ments of  these  principles  can  seldom  be  met  exactly,  and  in  almost  all  practical 
cases  it  will  be  found  that  the  behavior  of  a  model  differs  to  some  extent  from 
that  of  its  prototype.  Scale  effect  is  defined  as  the  degree  to  which  a  prediction 
made  from  a  model  test  will  not  be  fulfilled  in  the  full-scale  structure.  Scale 
effect  may  be  caused  by  unavoidable  inaccuracies  in  test  conditions.  As  the 
scale  of  a  model  is  reduced,  it  becomes  impossible  to  reproduce  all  the  details 
of  the  prototype  in  a  small  model.     The  elimination  of  such  details  may 
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contribute  to  scale  effect.  The  excellence  of  the  workmanship  in  building 
the  model  must  increase  as  the  scale  is  reduced  in  order  to  minimize  the  result- 
ing scale  effect. 

It  is  evident  that  scale  effect  may  arise  from  a  variety  of  sources,  some  of 
which  are  beyond  control.  Scale  effect  should  always  be  suspected,  and,  if 
the  purpose  of  the  test  is  to  provide  an  accurate  indication  of  the  behavior 
in  full  scale,  similar  models  of  different  scales  may  be  built  and  tested  and  the 
laws  of  behavior  determined  empirically  from  the  results  of  the  series  of  model 
tests. 
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A.  Introduction 


It  frequently  occurs  that  the  characteristics  of  two  or  more  apparently  dif- 
ferent physical  phenomena  can  be  expressed  in  identical  mathematical  form. 
When  this  is  so,  the  physical  systems  are  said  to  be  analogous.  Although 
one  may  speculate  on  the  possibilities  of  discovering  a  fundamental  law  of 
nature  which  might  explain  the  existence  of  analogies,1  such  a  law  is  not  a 
prerequisite  for  either  the  discovery  or  the  use  of  the  analogies  themselves. 
It  is  sufficient  to  consider  an  analogy  as  a  chance  coincidence  of  mathematical 
forms. 

Many  uses  have  been  found  for  analogies: 

1.  If  two  systems  are  analogous,  it  is  only  necessary  to  study  one  of  them 
in  order  to  gain  insight  into  both.  An  early  example  in  mechanics  is  a  theorem 
by  Kirchhoff2  according  to  which  the  equations  of  equilibrium  of  a  thin  rod, 
bent  or  twisted  by  couples  at  its  ends,  are  identified  with  the  equations  of 
motion  of  a  rigid  body  turning  about  a  fixed  point. 

2.  Improvements  in  the  technique  of  solving  problems  in  one  field  are 
automatically  improvements  in  analogous  fields.  Modern  methods  of  ana- 
lyzing electric  circuits  are  of  inestimable  value  in  the  theory  of  mechanical 
vibrations.3-5 

3.  Specific  solutions  of  boundary  value  problems  are  often  directly  appli- 
cable to  several  analogous  physical  systems.  Thus,  the  solution  of  a  problem 
of  the  slow  motions  of  a  viscous  fluid  in  two  dimensions  is  at  once  the  solution 
of  a  problem  of  flexure  of  a  plate  and  the  solution  of  a  problem  in  plane 
elasticity.6  A  similar  relation  exists  between  elastic  and  visco-elastic 
bodies." 

4.  Not  to  be  underestimated  is  the  use  of  an  analogy  in  obtaining  a  mental 
grasp  of  the  essential  features  of  a  complicated  system.  It  is  much  easier 
to  visualize  the  shape  of  a  soap  film  than  to  think  about  the  shearing  stress 
in  a  twisted  bar. 

5.  From  a  practical  point  of  view,  the  most  useful  aspect  of  an  analogy 
is  the  possibility  of  its  employment  as  a  calculating  device.  Solutions  of 
equations  representing  a  physical  system  are  often  extraordinarily  difficult  to 
obtain,  and  numerical  methods  of  solution  are  often  very  lengthy.  Direct 
physical  measurements  on  the  system,  or  a  scale  model  of  it,  may  not  be 
feasible.  However,  it  is  frequently  the  case  that  measurements  on  an  analogue 
of  the  system  are  practicable.  Thus,  the  analogous  system  may  serve  as  a 
calculating  machine12  for  solving  the  equations  governing  the  original  system. 
It  is  with  this  aspect  of  analogies  that  the  present  chapter  is  concerned. 

Even  with  the  restriction  of  a  study  of  analogies  to  their  use  as  calculating 
devices,  the  remaining  possibilities  are  so  numerous  that  further  limitations 
are  necessary  if  even  a  moderately  thorough  treatment  is  to  be  given  in  a 
reasonable  amount  of  space.  In  applied  mechanics  alone  there  are  scores  of 
useful  analogies.1'  8  The  numbers  run  high  even  in  special  branches -of  applied 
mechanics,  such  as  elasticity  and  fluid  mechanics.9'  10  Accordingly,  this 
chapter  is  confined  to  analogies,  involving  experimental  procedures,  which 
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have  proved  to  be  useful  or  give  promise  of  being  useful  in  the  quantitative 
determination  of  states  of  stress  in  elastic  bodies.  Some  interesting  analogies 
in  the  field  of  stress  analysis  which  are  thereby  omitted  are  Nadai's  sand 
heap  and  roof  analogies11  and  the  numerous  analogies  between  stress  and  fluid 
flow. 

In  passing  from  the  state  of  stress  in  an  elastic  solid  to  the  measurement  of 
a  quantity  in  an  analogous  system,  five  main  steps  are  to  be  noted  : 

1.  Conversion  of  the  original  physical  system  to  mathematical  form. 

2.  Conversion  of  the  analogous  physical  system  to  mathematical  form. 

3.  Identification  of  the  two  mathematical  expressions. 

4.  Physical  realization  of  the  analogous  system. 

5.  Measurement  of  quantities  in  the  analogous  system. 

In  each  of  these  steps,  factors  may  be  introduced  which  limit  the  range  of 
applicability  or  the  accuracy  of  the  results.  Only  in  the  third  step  is  it  pos- 
sible and,  indeed,  necessary  to  achieve  complete  mathematical  rigor.  The 
establishment  of  an  analogy  is  dangerously  unfinished  and  certainly  not 
wholly  understood  without  a  complete  identification  of  the  corresponding 
equations,  variables,  coefficients,  and  boundary  conditions  in  the  mathematical 
expression  of  the  physical  system  and  its  analogue.  On  the  other  hand,  the 
accuracy  of  the  physical  realization  of  the  "analogue  machine"  and  the 
accuracy  of  the  measurements  need  be  pursued  only  to  the  extent  warranted 
by  the  assumptions  made  in  the  conversion  of  both  physical  systems  to 
mathematical  form. 

I.  TORSION  AND  FLEXURE   OF  CYLINDRICAL  BARS 

The  components  of  shearing  stress  in  a  cylindrical  or  prismatical  bar,  which 
is  bent  by  a  terminal  load  or  twisted  by  terminal  couples,  may  be  expressed 
in  terms  of  a  function  of  the  coordinates  of  points  in  the  bar.  This  function 
is  governed  by  special  equations  derived  from  the  general  equations  of  elas- 
ticity in  accordance  with  the  Saint-Venant  theory.  The  special  equations 
have  exactly  the  same  form  as  those  governing  the  steady  flow  of  electricity  in  a 
plate  and  the  deflections  of  a  constant-tension  membrane  stretched  over  an 
opening  of  the  same  shape  as  the  cross  section  of  the  bar.  Accordingly, 
measurements  made  on  the  membrane  or  the  plate  give  complete  information 
as  to  the  state  of  shearing  stress  in  the  bar. 

In  applying  the  Saint-Venant  theory  of  torsion  and  flexure  to  a  physical  bar. 
the  transverse  dimensions  of  the  bar  are  considered  to  be  small  in  comparison 
with  its  length,  because  the  distribution  of  the  stresses  at  the  ends,  which 
constitute  the  applied  forces  and  couples,  may  not  be  identical  with  those 
contemplated  by  the  theory.  If  the  discrepancy  is  large,  the  theory  will  not 
apply  to  those  portions  of  the  bar  within  distances  from  the  ends  of  approxi- 
mately the  maximum  linear  dimension  of  the  cross  section. 

B.  Essential  Features  of  the  Saint-Venant  Theory 

Consider  a  system  of  rectangular  coordinates  with  the  z  axis  coinciding  with 
the  line  of  centroids  of  the  bar's  cross  section;  the  x  and  y  axes  parallel  to  the 
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principal  axes  of  the  section;  and  the  origin  lying  in  one  of  the  end  faces  (Fig. 
16-1).  At  the  other  end  face  {z  =  c)  a  transverse  load  Px  is  applied  parallel 
to  the  x  axis.  In  general,  the  terminal  load  may  not  act  parallel  to  a  principal 
axis  of  the  section  but  it  can  always  be  resolved  into  two  components,  parallel 
to  the  principal  axes,  each  of  which  may  be  considered  separately. 

1.  Components  of  Stress.     In  accordance  with  the  semi-inverse  method  of 
Saint- Venant,  the  state  of  stress  in  the  bar  is  assumed 
*    to  be 

<r»  =  <xy  =  txv  =  0  (1) 


Px{z  -  c)x 


I 

i 

dtp 
dx 

dcp 
dy  ~ 

-( 

21, \ 

M2  \ 

1  +li) 


(2) 

(3) 

(4) 


where  \i  is  Poisson's  ratio,  Iy  is  the  second  moment  of 
area  of  the  cross  section  about  the  y  axis: 


L 


J  JR  x2  dx  dy 


(5) 


Ftg.    16-1.     Coordi- 
nate System  for  St.- 
Venant  Torsion  and 
Bending 


(the  integral  being  extended  over  the  region  R  of  the 
net  section)  and  <p  is  a  function  of  x  and  y  only.  If  <p 
can  be  determined  so  as  to  satisfy  all  of  the  equations 
and  conditions  of  the  theory  of  elasticity,  the  unique- 
ness theorem*  assures  that  the  stresses  (equations  1  to 
4)  are  the  true  stresses  in  the  bar.  The  requirements 
of  the  theory  of  elasticity  are  that  the  components  of 

stress  satisfy  the  equations  of  equilibrium  and  the  boundary  conditions  and, 

in  the  present  case,  lead  to  single-valued  components  of  displacement. 

It  may  be  verified,   by  direct  substitution,   that  the  system  of  stresses 

(equations  1  to  4)  satisfies  the  equations  of  equilibrium,  in  the  absence  of 

body  forces  (see  Appendix  I,  equations  28). 

2.  Boundary  Conditions.     On  a  cylindrical  surface  of  the  bar,  the  boundary 

conditions  (Appendix  I,  equations  2)  reduce,  by  virtue  of  equations  1  to  4,  to 


where  (see  Fig.  16-2) 

I  =  cos  (x,  v) 


Tzxl    +  Tyzm    =    0 


dy 
ds 


dx 

m  =  cos  (y,  v)  =  —  — 
ds 


(6) 
(7) 


Substituting  equations  3,  4,  and  7  in  equation  6,  we  have  the  following  condi- 
tion to  satisfy  at  each  point  of  each  boundary: 


See  Appendix  I,  article  16. 
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Suppose  that  there  are  n  internal  boundaries  (that  is,  n  cylindrical  holes  in 
the  bar),  in  addition  to  the  external  boundary,  and  that  the  shapes  of  the 
boundaries  as  they  appear  in  a  right 
cross  section  are  the  n  +  1  curves 
d(i  =  0,  1,  2,  •  ■  ■  ,  n).  Then  the  con- 
ditions (equation  8)  may  be  written,  after 
one  integration,  as 


<PCi    = 


2/ Jo  XHdS~  8(1 +M)/, 


a  =  o,  i,  2, 


(9) 


where  (pet  is  the  value  of  <p  at  a  point  on 
the  boundary  d,  and  hi  is  a  constant, 
in  general  different  for  each  boundary. 
It  is  customary  to  identify  i  =  0  with  the 
external  boundary. 


Fig.     16-2.     Normal     and     Tan- 
gential Coordinates  at  a  Point  on 
a  Boundary 


At  the  end  z  =  c  of  the  bar,  the  resultant  force  in  the  x  direction  is 


Tzx  dx  dy 


dip       P*z_2 
dy  "  2Iy 

d_ 

~  dy 


+ 


uPaj" 


(■a 


2(1  +/*)/,. 

d  /    d<p 
+  —  (  x  — 

dx  \    dy 


dx  dy 


d   /      Pxx3  iiPxxy2 

+  ~dx\      "6/7  +  2(1  +/.)/, 


dx  dy 
uPxxy2 


dtp  dip  i       Pxx3 

x  —  dx  +  x  —  dy  +  [  -  -rf-  +       , 
dx  dy  \       61  y        2(1  +  n)Iy 


dy 


the  last  step  being  accomplished  by  the  use  of  Green's  theorem,13  the  subscript 
C  indicating  that  the  line  integral  is  extended  in  the  positive  s  direction  (see 
Fig.  16-2)  over  all  n  +  1  boundaries.     Hence, 


f    tzx  dx  dy  =    I 
R  J  c 


Then,  using  equation  8, 
zx  dx  dy 


dip  /      Pztf  fJiPxxy2    N 

XJsds  +  \       6/,  +  2(1  +  M)7, . 


dy 


f  Pxxz  Px 


x2  dx  dy  =  P2 


(10) 


where  Green's  theorem  and  equation  5  have  been  used.     It  is  seen  that  the 
components  of  stress  (equations  1  to  4),  combined  with  the  boundary  condi- 
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tions  (equation  8),  produce  a  terminal  load  Px  in  the  x  direction  at  the  end 
z  =  c. 

The  couple  about  the  z  axis  is 

M»  —    I     J     {tVzX  —  Tzxy)  dx  dy 

d<p         d<p      Pxx2y  ^Pxy3     \ 

x  —  +  y  —  -  -^r~  +  on  t    .T   )  dx  dy     (11) 
R  \    dx  dy         2I-y         2(1  +  y)IvJ 

Similarly,  it  can  be  shown  that  all  the  remaining  components  of  force  and 
couple  vanish  at  z  =  c.  It  should  be  observed  that  equation  11  implies  the 
possibility  of  a  nonvanishing  Mz  even  if  Px  =  0. 

3.  Single-Valuedness  Conditions.  A  necessary  condition  for  the  com- 
ponents of  displacement  to  be  single-valued  is  that  the  equations  of  compati- 
bility (Appendix  I,  equations  34)  be  satisfied.  Using  equations  1  to  4,  we 
find  the  compatibility  equations  reduce  to 

dVV  dVV 

dx  dy 

and,  hence, 

W  =  B  (12) 

where  B  is  a  constant,  and 

d2        52 

V2  =  —  +  — 
dx2       dy2 

To  establish  sufficient  conditions  for  single-valuedness,  we  must  obtain, 
first,  general  expressions  for  the  displacements.  These  are  found  by  inserting 
equations  1  to  4  in  the  stress-displacement  relations  (Appendix  I,  equations 
following  equations  30)  and  integrating,  with  the  results: 


P 

u  =  —dyz  + 


2EL 


z6 
cz2  -  ~+  n(c  -  z){x2  -  y2) 


(13) 


uPxxy(c  —  z) 
v  =  exz  + ~- (14) 

1  -  * + d%  -  W, [2c°  ~ z'  +  (2 + ")l! " ™!]        (15) 

dw  1  dip       ]xPxxy 

^=-ex-dT*  +  ^I7  (I6) 

where  G  is  the  shear  modulus  and  d  is  the  angle  of  twist,  of  the  bar,  per  unit 
of  length.     In  arriving  at  equations  13  to  16,  the  end  conditions, 

du       dv       dv 
dz       dz       dx 

at  the  origin,  were  used. 
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u  and  v  are  single-valued,  but,  in  order  to  assure  single-valuedness  of  w, 
it  is  necessary  to  have 

/     dw  =  0  (17) 

JCr 

where  Cr  is  any  closed  curve  in  the  region  R  of  the  section. 
Now,  in  any  plane  z  =  const, 

f  f    (dw  dw      \ 

]c,dn-Jc\T*dl:+*/'J)  (18) 

If  CT  surrounds  no  holes,  or  if  the  section  of  the  bar  is  solid,  equation  18 
becomes,  if  equations  15  and  16  and  Green's  theorem  are  used, 

dw  =  -  -    I     /     ( W  +  2G0)  dx  dy 

Cr  &     J         jRr 

where  Rr  is  the  simply  connected  region  enclosed  in  Cr.  In  order  to  satisfy 
equation  17,  the  constant  B  in  equation  12  must  be  equal  to  —2GB.  Hence, 
for  a  solid  bar,  the  differential  equation, 

W  =  -2GB  (19) 

is  a  necessary  and  sufficient  condition  for  single-valuedness  of  displacement. 
For  a  bar  containing  n  holes,  there  are  n  internal  boundary  curves  d(i  = 
1,  2,  3,  •  •  •  ,n).     Substituting  equations  15  and  16  in  equation  18,  applying 
Green's  theorem,  and  using  equations  17  and  19,  we  have 

g  jCi  6 dx  - 1 dy) + L  K  -  2WV  [2cz  - z2 + (2 + ^  -  ^2])  ** 

+    /     (~dz  +  IJl^)  dy  =  0        (i  =  1,  2,  3,  •  ■  •  ,  n)     (20) 

If  equation  20  is  satisfied  on  i  =  1,  2,  3,  ■  ■  ■  ,  n,  it  will  be  satisfied  identi- 
cally on  i  =  0. 

The  first  integral  on  the  left-hand  side  of  equation  20  is 

d<p 

—  ds 
d  ov 

while  the  second  two  integrals  become,  by  Green's  theorem, 

2B  dx  dy  =  26 Ai 

Ai 

where  At  is  the  area  enclosed  in  the  i  th  boundary  curve  d.     Hence,  in  order 
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to  satisfy  equation  17  in  a  multiply  connected  bar,  we  must  have 


dip 

-^ds  =  2G6Ai,         (i  =  1,  2,  3, 


n) 


The  differential  equation, 

W  =  -2G6 

the  boundary  conditions  for  each  point  of  each  boundary, 

P*    [*  »P*yCi3 

and  the  single-valuedness  condition  for  each  internal  boundary 


(21) 


(19) 


d 


dv 


ds  =  2GB A  i        (i  =  1,  2,  3, 


n) 


n)     (20) 


(21) 


determine  the  function  <p  for  a  bar  bent  by  a  terminal  load  Px  and  twisted  to 
an  amount  B  per  unit  of  length. 

In  order  to  maintain  the  twist  B,  the  force  P x  must  be  applied  at  a  distance 
y  from  the  x  axis,  where 


~P~* 


(    d« 


d<p  dip  _  Pxxhj  y.Pxyz 

r       V  dy     '    2Iy    +  2(1  +  n)Iy 


dx  dy     (22) 


If  the  cross  section  of  the  bar  is  simply  connected  (that  is,  contains  no  holes), 
the  single-valuedness  conditions  (equation  21)  are  not  required,  and  the 
constant  hi  in  equation  9  may  be  taken  equal  to  zero  since  any  constant  may 
be  added  to  <p  without  affecting  the  stress. 

4.  Flexureless  Torsion.  If  we  take  Px  =  0,  the  bar  is  twisted  but  not  bent. 
The  conditions  on  <p  become 

VV  =  -2Gd 


iPd  =  ki         {i  =  0,  1,  2, 
dtp 


n) 


dp 


ds  =  2GB  Ai 


(i  =  1,  2,  3, 


n) 


(23) 

(24) 

(25) 


The  torque  producing  the  twist  B  is,  from  equation  11, 

dip  dip 

M         _     ,     ,     . 


syXFx+yd-y    dxdy 


2(P  -  dx  M  ~  d~y  M 


dx  dy 


=  2 


<p  dx  dy  +    /     <p(y  dx  —  x  dy) 
R  J  d 
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where  Green's  theorem  has  been  used  and  the  line  integral  is  taken  in  the 
positive  s  direction  (Fig.  16-3)  along  all  n  +  1  boundaries.  Then,  using 
equation  24,  we  have 


Mz  =  2    /    /     (pdxdy 

R 


-2k0A0  + 


n 

2  ^  k,A, 


(26) 


where  A0  is  the  area  of  the  gross  section. 
It  is  seen  that  the  torque  is  equal  to  twice 


the     volume    enclosed     by     the    surface      Fia     16.3_     Positive     Directions 


<p  =  <p(x,  y)    and    the    portions    of    n  +  1       along   Boundaries   of  a    Multiply 
planes  bounded  by  the  n  +  1  curves  d  at  Connected  Section 

levels  cpd  =  ki. 

The  torsional  rigidity  C  of  the  bar  is  defined  as  the  ratio  of  the  torque  to 
the  angle  of  twist  per  unit  of  length : 


C  = 


Mz 


(27) 


The  resultant  shearing  stress  at  any  point  acts  along  the  tangent  to  the 
contour  p  —  const  through  that  point.     This  may  be  seen  by  calculating  the 


<p  =  const. 


Fig.  16-4.     Components  of  Stress  at  a  Point  on  a  Contour  of  Constant  Shear 


value  of  the  component  of  shearing  stress  along  the  normal  v  (Fig.  16-4)  to 
the  contour: 

dip  dx       dip  dy       d<p 
tvz  cos  (y,  v)  +  t„  cos  (a;,  v)  =  —  —  +  —  —  =  —  =0 

ox  ds        dy  ds        ds 
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The  magnitude  of  the  resultant  shearing  stress  at  any  point  Q  is  (Fig.  16-4) 

dtp  dx       d<p  dy  dtp 

t  =  tvz  cos  (x,  v)  -  tzx  cos  (y,  v)  =  -  —  —  -  —  —  =   -  —       (28) 

ox  dp       dy  dv  dv 

that  is,  it  is  equal  to  the  maximum  slope  of  the  surface  <p  at  Q. 

5.  Torsionless  Flexure.     If  we  set  0  =  0,  the  bar  is  bent  but  not  twisted. 
The  conditions  on  tp  become 


<PCi 


and  the  line  of  application  of  the  force  Px,  to  maintain  torsionless  flexure,  must 
be  distant  from  the  x  axis  by  an  amount  (see  equation  22) : 


W  =  o 

(29) 

P,     fs                       V-PxVc? 

21 -Jo     *™-  6(1  +„)/,  +  *<         il 

=  0,  1,  2,   •   • 

•  ,  n)     (30) 

f    dip 

\     ~  ds  =  0         (i  =  1,  2,  3,  • 

•  •  ,  n) 

(31) 

1 


dtp  dtp       Pxx2y  M-Pa-2/3 

Xdx  +  Vdy~  lzi7  +  2(1  +n)h 


dx  dy  (32) 


The  length  y  is  the  y  coordinate  of  the  flexural  center  with  respect  to  the 
centroid  {x  =  y  =  0)  of  the  section. 

6.  Alternative  Expression  of  Flexureless  Torsion.  The  shearing  stress,  in 
a  bar  which  is  twisted  but  not  bent,  may  be  expressed  in  terms  of  a  function 
\p  which  satisfies  Laplace's  equation  VV  =  0  (instead  of  equation  23)  by  letting 

iP  =  4>  +F  (33) 

where  F  is  a  function  of  x  and  y  for  which 

V*F  =  -2G0  (34) 

Suitable  functions  F  are 

F  =  -  ±Gd(x*  +  y*)  (35) 

F  =  -Gdx*  (36) 

F  =  -G9y*  (37) 

Substituting  equation  33  in  equations  23  and  24,  we  find  the  differential 
equation  and  boundary  conditions  for  \p  to  be 

W  =  0  (38) 

iff0i  =  h-  FCl         (i  =  0,  1,  2,  •  •  •  ,  n)  (39) 

where  \pa  and  FCi  are  the  values  of  \f/  and  F  on  the  boundary  d. 
For  the  single-valuedness  conditions,  we  note  that 


JCidv  Jddv  jc 


dF 

—  ds 
J  d  ov  J  dov  J  Ci  dv 


But 
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dF  f    (dF  dF 

—  ds  =  -         I  —dx  -  —  dy 
d  ov  J  Ci  \ay  dx 


V2F  dx  dy     (by  Green's  theorem) 

Ai 


2G8    /    /     dx  dy     (by  equation  34) 


=  2G6A 

Hence   equation  25  becomes 

f    d$ 


ds  =  0         (i  =  1,  2,  3,  •  ■  •  ,  n)  (40) 


The  components  of  shearing  stress  are 


d\P       dF  df       dF 

dx       dx  dy       dy 


and  the  torsional  rigidity  is 
2 


C 


f     ty  +  F)  dx  dy  -  k0A0  +    )    klAl 

R 


n 

I 


(42) 


C.  Differential  Equation  of  a  Membrane 

Consider  a  homogeneous  membrane  under  a  uniform  tension  T  per  unit  of 
length  and  subjected  to  a  normal  pressure  p  per  unit  of  surface  area.  If  the 
slope  of  the  membrane  relative  to  a  plane  (say,  xh  y\)  is  everywhere  small,* 
the  ordinate  (£" )  of  the  membrane  surface,  measured  in  the  positive  Z\  direction, 
is  governed  by  the  differential  equation:! 

»l+^=-l  (43) 

dxS       dy/!2  T 

If  there  is  no  pressure  exerted  against  the  membrane,  equation  43  reduces 
to 

d2f         dK 

—  +  ^-  =  0  (44) 

da^2       dyi2 

The  similarity  of  equations  43  and  44  to  the  differential  equations  governing 
the  functions  <p  and  \p  is  the  point  of  departure  for  establishing  a  complete 

*  See  article  10. 

f  See  reference  10,  p.  239. 
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analogy  between  the  torsion  and  bending  problems  and  the  shape  of  a  mem- 
brane surface.  In  order  to  accomplish  this,  the  boundaries  of  the  membrane 
must  be  of  such  shape  and  held  in  such  manner  that  the  properties  of  f  will 
be  similar  to  those  required  of  <p  or  \p  by  their  boundary  and  single-valuedness 
conditions. 

D.  Pressure-Membrane  Analogy  for  Flexureless  Torsion 

7.  Conditions  on  £.  The  function  <p  for  flexureless  torsion  (see  article  4)  is 
specified  by 

^  +  ^=-209  (45) 

dx2       dy2 

<p0.  =  ki        (i  =  0,  1,  2,  •  •  •  ,  n)  (46) 

—  ds  =  2GdAi         (i  =  1,  2,  3,  •  •  •  ,  n)  (47) 

Let  the  linear  geometrical  scale  ratio  of  lengths  parallel  to  the  x,  y  plane 
of  the  prototype  to  lengths  parallel  to  the  xh  yi  plane  of  the  model  be  X. 
Then,  setting  x  =  \xh  y  =  \ij\,  and 

2G6\2T  „ 

<P  =  -f  (48) 

V 

in  equation  45,  we  find  that  the  function  f,  thus  defined,  satisfies  equation  43. 
Equation  48  gives  the  relation  between  the  membrane  ordinates  and  the 
function  <p. 

Referring  to  the  boundary  conditions  (equations  46),  we  specify  the  shapes 
of  the  boundaries  C/  of  the  membrane  to  be  geometrically  similar  to  the 
boundaries  d  of  the  section  of  the  bar,  with  scale  ratio  X.  Then,  the  analogue 
of  equations  46  is 

re/  =  W         (t  =  0,  1,  2,   •  •  ■  ,  n)  (49) 

where 

h'  =  -7T—  ^  (50) 

2G6\2T 

This  requirement  can  be  satisfied  for  i  =  0  by  stretching  the  membrane  over 
an  opening,  of  shape  C0',  in  a  flat  plate  whose  elevation  above  the  Xi,  yi  plane 
is  k0' .  For  the  internal  boundaries,  disks  whose  edges  are  the  curves  CV 
(i  =  1,  2,  3,  •  •  •  ,  n)  are  placed,  in  the  proper  positions  over  the  opening, 
with  their  edges  at  elevations  ki  above  the  X\,  y\  plane. 

To  determine  the  elevations  ki,  the  single-valuedness  conditions  (equations 
47)  are  used.  Substituting  equations  48  in  equations  47,  we  have  the  single- 
valuedness  conditions  in  terms  of  £*: 

T   I    ^-dsx  =  pAt',         (i  =  1,  2,  3,  •  •  •  .  n)  (51) 

J  ct  ov: 
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where 


V\   = 


«i  =  ->     A/ 

A 


At 
X2 


(52) 


in  which  At   is  the  area  of  the  tth  disk. 

Now,  for  small  membrane  slopes,  T  —  is  the  component,  in  the  Z\  direction, 

dvi 

of  the  membrane  tension.     Hence,  the  quantity  on  the  left  side  of  equation 

51  is  the  total  force,  in  the  Z\  direction,  exerted  by  the  membrane  on  the  ith 

disk.     The  right  side  of  equation  51  is  the  resultant  of  the  pressure  p  on  the 

ith.  disk.     Thus,  equation  51  states  that  each  disk  must  be  in  equilibrium 


Fig.  16-5.     Section  of  a  Multiply  Connected  Membrane  under  Pressure,  Analogue 

of  St.-Venant  Torsion 


under  these  two  forces  alone.  This  may  be  done  by  balancing  out  the  gravi- 
tational force  on  each  disk,  leaving  it  acted  on  only  by  the  membrane  tension 
and  the  applied  pressure,  and  restricting  its  motion  to  pure  displacement  in 
the  Z\  direction  (see  Fig.  16-5).  If  the  external  boundary  is  kept  at  an  arbi- 
trary level  k0',  the  n  disks  will  then  reach  equilibrium  levels  k/.  The  value 
assigned  to  kj  is  immaterial  since  an  arbitrary  constant  may  be  added  to  <p 
and,  therefore,  to  f  without  affecting  the  stresses.  The  analogy  is  thus 
complete. 

8.  Resultant  Shearing  Stress  and  Torsional  Rigidity.  To  determine  the 
stresses,  we  note  from  equations  28,  48,  and  52  that  the  resultant  shearing 
stress  at  any  point  is  given  by 


2G0XT  d{ 


(53) 


Hence,  the  resultant  shearing  stress  at  any  point  is  obtained  by  measuring 
the  maximum  slope  (df  /dvi)  of  the  membrane  at  that  point  and  multiplying 
by  the  constant  -2G6\T/p. 
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The  torsional  rigidity  of  the  bar  is,  from  equations  27.  26,  48,  50,  and  52, 


4G\4T 
o  — 

v 

AG\AT 


V 


n 

/     /    f  dxx  dyL  -  kJAJ  +  \    k/A/ 

i  =  l 

V  (54) 


where  V  is  the  volume  enclosed  by  the  membrane,  the  n  disks,  and  the  plane 
of  the  hole  in  the  plate.  If  the  bar  is  solid,  V  is  simply  the  volume  bounded 
by  the  membrane  and  the  plane  of  the  plate  over  which  it  is  stretched. 

From  equations  27,  53,  and  54,  the  resultant  shearing  stress  may  be  expressed 

as 

M"    *  (55) 


2X37  dvl 


9.  Alternatives  to  Measuring  p/T.  It  may  be  observed  from  equation  54 
that  knowledge  of  the  ratio  p/T  is  required  for  determining  the  torsional 
rigidity.  This  ratio  is  usually  difficult  to  measure,  but  its  measurement  may 
be  avoided  by  performing  an  auxiliary  membrane  experiment  for  a  simple 
torsion  problem  whose  solution  can  be  obtained  mathematically.  Similarly, 
to  find  the  stress  t,  either  p/T  must  be  known,  or  V  must  be  measured,  accord- 
ing to  equations  53  and  55.  If  C  is  not  required,  both  these  measurements 
may  also  be  avoided  by  the  auxiliary  experiment  for  which  the  mathematical 
solution  is  known. 

The  simplest  of  all  torsion  problems  is  that  for  a  solid  bar  of  circular  cross 
section.     It  may  be  verified  that,  for  this  case, 

Cf) 
<P  =  Y(a*-  r«)  (56) 

where  a  is  the  radius  of  the  section,  r2  =  x2  +  y2,  and  k0  has  been  taken  equal 
to  zero. 

In  the  auxiliary  membrane  experiment,  a  membrane  is  stretched  over  a 
circular  opening  of  radius  a\  and  the  same  tension  T  and  pressure  p  are  used 
as  in  the  main  experiment.  We  now  measure  the  ordinate  [f]ri=o  of  the 
highest  point  of  the  membrane,  reckoned  from  the  plane  of  the  edge  of  the 
membrane.     Then,  from  equation  48, 

2G6\2T 
V 

or,  if  we  use  equation  56  and  remember  that  a  =  \ah 

\  =  £ lrl"-  (57) 
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Alternatively,  if  slopes  rather  than  ordinates  are  measured,  we  measure 
the  maximum  slope  [d^/drx]ri=ai  of  the  membrane  and  note  that,  from  equa- 
tion 48, 


dip 
dr 


Hence,  using  equation  56  gives 


2G6\T 
V 


drijr, 


dr. 


(58) 


Again,  if  volumes  are  measured,  we  note  that 

2Gd\4T    f   f 


ip  dx  dy 


Hence, 


V 

y       8VC 

T  ~  Tax4 


f  dxx  dyx 


(59) 


where  Vc  is  the  volume  enclosed  between  the  membrane  and  the  plane  of  the 
circular  opening  of  radius  ax. 

Depending  on  which  type  of  measurement  is  made,  p/T  is  obtained  from 
equation  57,  58,  or  59  and  is  then  used  in  equations  53  and  54. 

The  foregoing  procedure  is  based  on  the  assumption  that  p/T  is  the  same 
for  the  circular  membrane  as  for  the  experimental  membrane.  It  is  easy  to 
make  p  the  same  for  both,  but  the  duplication  of  T  may  at  times  be  uncertain. 
A  check  on  the  value  of  p/T  obtained  with  the  circular  membrane  may  be 
made  by  observing  that,  from  equation  51, 

V         1      f     3f 

so  that  by  taking  a  sufficient  number  of  readings  of  d£/dv\  around  any  bound- 
ary, the  value  of  p/T  may  be  calculated  without  the  use  of  the  circular  mem- 
brane at  all. 

10.  Effect  of  Excessive  Slopes  of  the  Membrane  Surface.  The  simple  case 
of  a  membrane  stretched  over  a  circular  opening  may  also  be  used  to  investi- 
gate the  limitation  on  slopes  in  order  for  the  approximate  equation  43  to 
hold  within  a  certain  degree  of  accuracy.  According  to  the  approximate 
equation,  the  membrane  has  the  shape  of  a  paraboloid  of  revolution, 


p(ai2  -  rt2) 
471 


(60) 


whereas  the  actual  shape  (if  gravity  is  neglected)  would  be  a  spherical  surface 
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of  radius 


IT 

V 


(61) 


as  may  be  seen  from  considerations  of  symmetry  and  equilibrium  under  the 


tension  T  and  pressure  p  (Fig.  16-6). 


Hence,  the  membrane  does  not  repre- 
sent the  surface  <p  exactly.  The 
maximum  error  in  slope  of  the 
membrane  due  to  this  discrepancy 
occurs  at  the  boundary  rx  =  aY 
where  the  slope  is,  from  Fig.  16-6 
and  equation  61, 


tan  as  = 


/2T 
\pa 


1 


Fig.  16-6.     Equilibrium  of  a  Membrane 
Stretched  to  a  Spherical  Surface 


whereas  the  analogy  contemplates 
that   the   slope   is  —d£/dri    which, 

from  equation  60,   is  found  to  be  pai/2T  on  the  boundary.     Hence,  the 

percentage  error  in  resultant  shear  stress  is 


E  =  100 


poi 
2T 


2T 
pa  i 


1 


pa\ 
2T 


The  full  line  in  Fig.  16-7  represents  this  quantity  plotted  against  as,  where 
as  is  the  angle  which  the  meridional  tangent  at  r\  =  d\  makes  with  the  xh  yx 
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Fig.  16-7.     Error  in  Resultant  Shear  Stress  Due  to  Excessive  Membrane  Slope 


plane.  Note  that  the  percentage  errors  are  negative;  that  is,  the  stress 
obtained  from  the  spherical  membrane  will  be  too  large.  If  the  angle  as  is 
measured,  rather  than  tan  as,  and  if  the  stress  is  taken  to  be  proportional  to 
as  rather  than  to  tan  as,  the  error  will  be  slightly  overcome  since  the  angle  is 
always  less  than  its  tangent.  The  corresponding  errors  are  given  by  the 
dashed  line  in  Fig.  16-7. 
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By  comparing  the  volume  under  the  spherical  surface  with  the  volume 
under  the  paraboloidal  surface,  it  is  found  that  the  error,  due  to  excessive 
slope,  in  determining  torsional  rigidity  is  considerably  less  than  the  error  in 
stress. 

11.  Alternative  Procedure  for  Multiply  Connected  Sections.  The  differ- 
ential equation  and  edge  conditions  governing  the  ordinates  f,  analogous  to 
the  function  <p  for  flexureless  torsion,  were  found  to  be 


V 

vi2r  =  -  j, 

(62) 

fc,  =  hi'        (i  =  0,  1,  2,  •  •  • 

,  n) 

(63) 

f     df            pA/ 

—  dsi  =  -=-=-         (t  =  1,  2,  3, 

,  n) 

(64) 

d2       d2 
Vi2  =  —  +  — 

da?]2       dy\2 

where 


In  order  to  satisfy  the  conditions  of  equations  64  for  a  single  membrane,  a 
delicate  balancing  device  was  found  to  be  necessary  for  each  internal  boundary 
of  a  multiply  connected  section.  This  device  may  be  avoided  by  performing 
a  series  of  n  +  1  membrane  experiments  in  each  of  which  the  boundaries  are 
fixed. 

Let  the  n  +  1  membranes  be  specified  byf»,  j  =  0,  1,  2,  •  •  •  ,  n,  and  let  the 
required  membrane  surface  f  be  expressed  as 
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f  =  £  m£*  (65) 


.7=0 

where  the  n  4-  1  constants  m,-  are  to  be  determined  so  as  to  make  £  satisfy 
equations  62  to  64. 

If  each  of  the  membranes  f*  has  a  tension  T  and  is  subjected  to  a  pressure 
p,  the  equations, 

Vi»f  =  -  |         (J  =  0,  1,  2,  •  •  •  ,  n)  (66) 

will  be  satisfied  automatically.     Substituting  equation  65  in  equation  62  and 
using  equation  66,  we  find  that  we  must  have 


X  m>  =  1  (67) 


3  =  0 


in  order  to  satisfy  the  differential  equation  62. 

To  satisfy  the  boundary  conditions  of  equations  63,  we  set 

JV  =  eif         (i  =  0,  1,  2,  •  •  •  ,  n,    j  =  0,  1,  2,  •  •  •  ,  n)         (68) 
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where  the  en  are  arbitrary  constants.     It  is  convenient  to  take 

Ie,         i  =  j 
o,      iJi  m 

that  is,  in  each  of  the  n  +  1  membrane  experiments,  n  boundaries  are  fixed 
at  zero  elevation  while  one  boundary  is  raised  to  a  level  e.  Thus,  n  +  1 
membrane  surfaces  are  obtained,  each  having  a  different  boundary  elevated 
by  an  amount  e  above  the  remaining  boundaries. 

The  requirements  imposed  by  the  single-valuedness  condition  of  equations 
64  are  found  by  substituting  equation  65  in  equations  64,  with  the  result, 


7, 


3  =  0 

Now, 


m>   /     T~dSi  =  ^        (*'  =  !,  2,  3,  •  •  •  ,n)  (70) 


—  dsi 


is  a  constant,  say  qn,  which  may  be  determined,  for  each  of  the  n  internal 
boundaries  (C7)  of  each  of  the  n  -\-  1  membranes  f »',  by  measuring  d^/dvi  at 
a  number  of  points  around  each  boundary  and  integrating  either  graphically 
or  numerically.     We  then  have  n  equations: 


n 

I 

3=0 


mm,^—         (*- 1,2,3,  •■•  ,n)i  (71) 


in  the  n  +  1  unknowns  m,-.  These,  along  with  equation  67,  completely  deter- 
mine the  nij.  These  rn,-,  combined  with  the  measured  ordinates  f»  of  the 
n  +  1  membranes,  give  the  required  function  f"  when  substituted  in  equation 
65. 

It  will  also  be  noticed  that  substituting  equation  65  in  equations  63  gives 

n 

i-0 

Hence,  using  equations  68  and  69,  we  have 

m,e  =  h'         (i  =  j  =  0,  1,  2,  ■  •  •  ,  n)  (72) 

Thus,  the  n  +  1  elevations,  k/,  of  the  n  +  1  boundaries  of  the  function  f 
are  known,  and  the  true  membrane  surface  f  may  be  produced  physically  if 
desired. 
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E.  Zeko-Pressure  Membrane  Analogy  for  Flexureless  Torsion 
12.  Conditions  on  £•     The  function  \p  for  flexureless  torsion  is  specified  by 


dx2       dy2 

(73) 

fa  =  ki  -  FCi         (i  =  0,  1.  2,  •   • 

■  ,  n) 

(74) 

/    ^  ds  =  0        (i  =  1,  2,  3,  •  • 

JCiOV 

•  ,  n) 

(75) 

We  again  let  X  be  the  geometrical  scale  ratio  of  lengths  parallel  to  the  x,  y 
plane  of  the  prototype  to  lengths  parallel  to  the  xx,  yi  plane  of  the  membrane 
model.     We  set 

,       2G0X2 v  ,     4 

^  =  -^-r  (76) 

F F  (77) 

^G6\2 ,  . 
ki  =  -^-ki>.  (78) 

where  T  is  a  conversion  factor  which  plays  the  same  part  as  p/T  in  section  D, 
except  that  it  is  assigned  beforehand  so  as  to  make  the  slope  of 

Fc/  =  ~^FCi         (i  =  0,  1,  2,  •  •  •  ,  n)  (79) 

2G6X2 

small. 

By  substituting  equations  76  to  78  into  equations  73  to  75,  we  obtain 


dxx2 

d2t 

H =  0 

dVl2 

(80) 

Ci  =  h'  -  Fc/ 

(i  =  0,  1,  2,   •  • 

•  ,  n) 

(81) 

f    ^ds^O 

(i=  1,2,3,  •   • 

•  ,  n) 

(82) 

To  satisfy  equation  80,  a  constant-tension  membrane  is  used  without  lateral 
pressure. 

To  satisfy  equations  81,  the  projections  (Ci')  of  the  membrane  boundaries 
on  the  Xi,  yi  plane  must  be  geometrically  similar  to  the  curves  d,  with  scale 
ratio  X,  and  similarly  placed.  Also,  the  ordinates  to  the  membrane  boundaries 
must  have  the  values  fc/  —  Fc/,  where  the  constants  k/  are  as  yet  unknown. 
For  the  outer  boundary  this  is  accomplished  by  supporting  the  outer  edge  of 
the  membrane  on  a  wall  whose  height  is  everywhere  proportional  to  the 
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quantity  kj  —  Fc0,r.  For  each  inner  boundary,  if  any,  a  plug  is  used,  the 
boundary  of  whose  cross  section  is  the  curve  C/,  with  provision  for  attaching 
the  membrane  so  that  its  boundary  ordinates  on  (7/  have  the  values  k/  —  Fes'.* 
Finally,  equations  82  require  the  zx  component  of  the  resultant  force  of  the 
membrane  on  each  plug  to  vanish.  This  requires  the  weight  of  the  plug  to 
be  balanced  out  and  the  motion  of  the  plug  to  be  restricted  to  pure  translation 
in  the  Z\  direction  (see  Fig.  16-8).     The  levels  k/  (i  =  1,  2,  3,  •  •  •  ,  n)  will  then 


Balancing 
weight 


Fig.  16-8.     Suction  of  a  Multiply  Connected  Zero-Pressure  Membrane,  Analogue 

of  St.-Venant  Bending 

be  reached  automatically,  while  the  level  k0'  may  be  assigned  arbitrarily  since 
a  constant  may  be  added  to  ^  and  F,  and,  therefore,  to  £"  and  F',  without 
affecting  the  stresses.     This  completes  the  analogy. 

13.  Components  of  Shearing  Stress  and  Torsional  Rigidity.     From  equa- 
tions 41  and  76,  the  components  of  shearing  stress  are 


2G6\  df 


dF 

dx 


2GBX  df       dF 
T     dyx       ~d~y 


(S3) 


*  Note  that,  from  equations  35  to  37,  the  function  F  is  always  negative  (for 
positive  6)  so  that  the  ordinates  —Fa''  are  actually  added  to  A\'  (see  Fig.  16-8). 
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Hence,  each  component  of  shearing  stress  is  composed  of  two  parts.  For 
example,  rys  is  made  up  of  a  part  (d^/dxi)  involving  the  measured  slope  of  the 
membrane  in  the  X\  direction  and  a  part  (dF/dx)  computed  from  the  known 
function  F. 

From  equations  42,  77,  and  76,  the  torsional  rigidity  is 


4G\4 

o  — 

T 


4(?X4F 


(f  +  F')  dxx  dyi  -  k0'A0'  +    >    M< 

Ri 


n 


(84) 


1=1 

-  01  (85) 


where  V  is  the  volume  bounded  by  the  membrane,  the  portions  of  the  n  +  1 
planes  bounded  by  the  curves  C/,  at  levels  k/,  and  the  cylindrical  surfaces 
(a-a  and  b-b  in  Fig.  16-8)  connecting  the  boundaries  of  these  planes  with  the 
corresponding  edges  of  the  membrane.  I  is  the  centroidal  second  moment 
of  area  of  the  section  if  F  is  given  by  equation  35.  If  F  is  given  by  equation  36, 
I  is  twice  the  second  moment  of  area  of  the  section  about  the  y  axis.  If  F  is 
given  by  equation  37, 1  is  twice  the  second  moment  of  area  of  the  section  about 
the  x  axis. 

14.  Alternative  Procedure  for  Multiply  Connected  Sections.  As  in  the 
case  of  the  pressure  membrane,  a  zero-pressure  membrane  surface  satisfying 
equations  80  to  82  may  be  found  by  performing  n  +  1  membrane  experiments 
and  writing 


r  -  2  m'v  (S6) 


Each  of  the  membrane  surfaces  f  >  is  obtained  from  a  zero-pressure  membrane 
experiment,  and,  therefore, 

Vi2f '  =  0  (87) 

Hence,  substituting  equation  S6  in  equation  80  and  using  equation  87,  we 
see  that  the  differential  equation  governing  f  will  be  satisfied  automatically. 
For  each  boundary  C/  of  each  membrane  f J',  we  make 

JV  =  eti  -  Fc/  (88) 

where 

'o,       Wi  <89> 

That  is,  the  boundaries  are  constructed  exactly  as  described  in  article  12, 
with  the  modification  that,  for  each  of  the  n  +  1  experiments,  all  the  heights 
hi  except  one  are  made  equal  to  zero.  Thus,  n  +  1  membrane  surfaces  £' 
are  obtained,  each  having  a  different  boundary  elevated  by  an  amount  e. 
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Then, 

n  n  n 

fa  =  2,  ™£c/  =  2,  m^ei'  ~  Fc<,n>  =  mie  ~  F°/  L,  mi 

j=0  j=0  j=0 

so  that  the  boundary  conditions  (equation  81)  become 
n 
nue  -  Fc/  Y  m,  =  h'  -  Fc/         (i  =  0,  1,  2,  ■  •  •  ,  n) 


3=0 


or 


n 

h'  -  vue  =  (l  -  T  m/j  Fc/         (i  =  0,  1,  2,  ■  •  •  ,  n)  (90) 

The  left-hand  side  of  equation  90  is  a  constant,  as  is  the  quantity  in  paren- 
theses on  the  right,  whereas  the  quantity  Fc/  is,  in  general,  a  variable.  Hence, 
in  order  to  satisfy  equation  90,  we  must  have 

n 

\   nii  =  1  (91) 

y-o 

W  =  rme        (i  =  0,  1,  2,  •  •  •  ,  n)  (92) 

The  single-valuedness  conditions  (equation  82)  become,  if  equation  86  is 
used, 

n 

Xmi    I     d-^-dsx  =  0         (i  =  1,  2,  3,  ■  ■  •  ,  n)  (93) 

j=o 

where  the  integrals  are  constants,  determined  as  described  in  article  11. 

The  n  equations  93,  along  with  equation  91  are  solved  for  the  n  -f-  1  con- 
stants vij  which  are  then  inserted  in  equation  86  to  yield  the  true  shape  of 
the  membrane  surface  £ .  The  membrane  may  be  produced  physically  by 
setting  the  levels  of  the  outer  wall  and  plugs  in  accordance  with  equations  92. 

15.  Additional  Function  to  Reduce  Slopes.  If  the  difference  between  the 
maximum  and  minimum  ordinates  of  the  membrane  is  made  as  small  as  pos- 
sible, the  slopes  will  be  reduced,  and  errors  due  to  excessive  slope  will  be 
minimized.  This  may  be  effected  by  adding  to  the  membrane  surface  £  a 
function  —G'  where 

G'  =  a  +  bxi  +  ciji  +  fxiyi,  (94) 

in  which  a,  b,  c,  f  are  constants  chosen  so  as  to  minimize  the  maximum  ordinate 
difference.     Then, 

r  =  r  -  g'  05) 

is  a  new  membrane  having  the  desired  property. 
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The  boundary  conditions  on  £"'  become,  from  equations  95,  81  and  82, 

fo/  =  ki>  -  Fa/  -  Go/         (t  =  0,  1,  2,  •  •  •  ,  n)  (96) 


But 


d?  f    dG' 

—  dSl  +    /    -—d*i  =  0         (t  =  1,  2,  3,  •  •  •  ,  n)  (97) 


dG'  f  f 

—  ds,  =    /    /      V2G'  dxldy1  =  0 

Ci'OVx  J    J  Ai> 


since  V2G'  =  0.     Hence,  equation  97  becomes 

-5-  dsi  =  0         (i  =  1,  2,  3,  •  •  •  ,  n)  (98) 

Hence,  the  only  change  in  constructing  the  membrane  is  the  addition  of  the 
boundary  ordinates  —Go/. 

In  terms  of  the  new  membrane  f ,  the  stresses  (equation  83)  and  torsional 
rigidity  (equation  85)  become 

2G6\  (b?  \       dF 

t---  —  U+»+*'J-s  (99) 

T"  =  ^fe  +  c+H  +  a;  (100) 


T 


(f  +  F'  +  G')  dxi  dyx  -  ko'AJ  +  Y  fc,'4«' 
ft.  /-/ 


(101) 


F.  Membrane  Analogy  for  Torsionless  Flexure 

16.  Similarity  to  Membrane  for  Torsion.  It  may  be  observed  that  the 
conditions  (equations  73  to  75)  on  the  function  \f/  for  flexureless  torsion  are 
almost  identical  with  the  conditions  (equations  29  to  31)  on  the  function  <p 
for  torsionless  flexure.  The  only  difference  is  that  the  function  FCi  is  replaced 
by  Ha  where 

HCi=  -wf         xH  ds  +  -f  _*  '  (102) 

2Iy  Jo  6(1  +  n)lv 

The  boundary  ordinates  of  the  membrane  are  calculated  according  to  the 
rule: 

Ha/  =  ^y3  HCi  (103) 
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where  Ti  is  a  conversion  constant.     Hence, 

1         fSl  T1M2/1C/3 


=  fc/  -  i/c/ 


so  that 


P.A3 


r 


(105) 
(106) 

(107) 


From  this  point  the  construction  of  the  zero-pressure  membrane  for  torsion- 
less  flexure  follows  exactly  the  same  procedure  described  in  article  12  or  14. 


^Px 


(a)  (b) 

Fig.  16-9.     If  the  Bar  is  Loaded  as  Shown  in  b,  the  Membrane  Surface  is  Dis- 
continuous 

17.  Components  of  Shearing  Stress  and  Center  of  Flexure.     From  equa- 
tions 107,  3,  and  4,  the  shearing  stress  components  are 


r„z  =   — 


PxX2  df 
IyTldx1 


IyT.dy,  ~  21, 


(-i£) 


(10S) 


From  equations  107  and  32  the  y  coordinate  of  the  center  of  flexure  is  given 


by 

I  yd 


X5    /     /     /       df  dt  , 

i 

~~  9 


R  \  1  +  M 


f/x  dy     (109) 


18.  Failure   of  the   Flexure   Analogy.     It   should   be   observed   that   the 
boundary  fry  of  equation  105  is  a  continuous  curve  only  if 


k 


,  XiH  dsi  =  0 


(HO) 


where  the  integral  is  carried  completely  around  the  curve  C/.  This  integral 
(by  Green's  theorem)  is  simply  the  moment  of  the  area  A/,  enclosed  within 
C/ ,  about  the  principal  y  axis  of  the  whole  section.  Hence  equation  110  will 
be  true  for  all  boundaries  only  if  the  principal  y  axis  passes  through  the 
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centroid  of  every  area  A».  This  is  always  true  for  a  solid  section  and  is  also 
true  for  a  hollow  section  such  as  is  shown  in  Fig.  16-9  when  loaded  as  shown 
in  a.  If  the  section  is  shaped  as  shown  in  b,  the  integrals  in  equation  110  do 
not  vanish.  When  this  is  the  case,  the  membrane  has  a  discontinuity,  and 
it  is  not  apparent  how  such  a  membrane  surface  can  be  produced  physically. 

G.  Membrane-Analogy  Techniques 

The  membranes  used  in  the  actual  performance  of  torsion-  or  bending- 
analogy  experiments  are  of  three  kinds: 

Soap  film. 

Rubber  membrane. 

Meniscus  of  separation  between  two  immiscible  liquids. 

Soap  films  have  been  used  extensively  in  connection  with  both  pressure 
and  zero-pressure  analogies,  because  their  unit  tension  T  (arising  from  surface 
tension)  is  automatically  uniform  throughout. 

19.  Pressure  Soap  Film,  (a)  Apparatus.  The  first  membrane-analogy 
experiment  was  performed  by  Anthes,  who  used  a  pressure  soap  film  to  solve 
a  variety  of  torsion  problems  in  1906.15  In  the  Anthes  apparatus,  the  soap 
film  is  stretched  over  an  opening  in  the  vertical  side  of  a  rectangular  box. 
The  film  is  distended  by  introducing  a  measured  amount  of  air  displaced  from 
a  glass  tube.  The  quantity  of  air  is  controlled  by  elevating  a  flask  of  water 
joined  to  the  tube  by  a  flexible  connection. 

The  apparatus  developed  by  Griffith  and  Taylor17  in  1917  has  become  widely 
used  for  soap-film  experiments  and  is  described  in  detail  (Fig.  16-10). 

The  circular  test  hole  and  the  experimental  hole  are  cut  from  a  flat  aluminum 
plate  0.05  in.  thick  and  beveled  on  the  under  side  of  the  opening  to  an  angle 
of  45°.  The  aluminum  plate  is  clamped  between  two  parts  of  a  square  cast- 
iron  box,  the  lower  part  of  which  is  a  34  in.-deep  tray  supported  on  leveling 
screws  and  the  upper  part  of  which  is  a  square  frame.  The  inside  of  the  tray 
is  blackened,  and  the  inside  of  the  frame  is  enameled  white. 

The  two  parts  are  clamped  together,  and  the  joint  is  made  tight  by  means 
of  grease  or  thick  oil  that  must  be  wiped  out  carefully  in  order  to  avoid  contact 
with  the  films. 

The  lower  part  is  connected  with  a  flask  of  water  or,  better,  of  soap  solution, 
by  means  of  a  rubber  tube  and  a  three-way  cock;  the  upper  part  communicates 
with  the  outer  air  by  means  of  a  plain  tube  through  the  wall  of  the  frame. 

A  glass  plate,  Y±  in.  thick,  slides  freely  on  the  edges  of  the  upper  frame  and 
has  fixed  to  it  a  depth  micrometer,  the  lower  end  of  which  is  made  to  touch 
the  film.  A  drawing  board,  pivoted  on  a  horizontal  axis,  can  be  swung  down 
so  as  to  touch  a  pencil  point  on  the  upper  end  of  the  micrometer,  thus  recording 
the  position,  in  the  x1}  y\  plane,  of  the  point  being  measured. 

The  largest  linear  dimension  of  the  experimental  hole  is  of  the  order  of  1 
to  3  in.  while  the  radius  of  the  circular  hole  is  chosen  equal  to  twice  the  ratio 
of  the  area  to  the  perimeter  of  the  experimental  hole,  in  order  to  make  the 
average  boundary  slope  of  the  experimental  hole  equal  to  the  slope  at  the 
edge  of  the  circle. 
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When  the  cross  section  to  be  studied  has  a  line  of  symmetry  or  a  line  known 
beforehand  to  be  practically  perpendicular  to  the  contours,  the  model  hole 
can  be  stopped  along  such  a  line  by  a  "septum"  (that  is,  a  vertical  plate), 
and  only  a  portion  of  the  section  need  thus  be  studied. 

Various  soap  solutions  have  been  used,  among  which  the  following  have 
given  good  results : 

Englemann25 — 45  parts  of  water,  5  parts  of  sodium  oleate  (by  weight). 
With  addition  of  a  little  sugar,  the  membrane  dries  without  breaking. 


Tilting  board 
Drawing  paper 

Glass  plate 


Depth  gage 
Ground  surface 

Aluminum  plate 

Cast-iron 
frame 

Outlet 

Leveling 
screw  " 

Airtight  joint 

Cast-iron  tray 


Fig.  16-10.     Sketch  of  the  Griffith  and  Taylor  Soap-Film  Apparatus 

Johnston™ — Triethynolamine  oleate  10%,  glycerin  30%,  water  60%  (by 
weight).     Films  last  3  to  4  days. 

Cushman20 — 2  grams  of  sodium  oleate,  30  cc  of  glycerin,  1  liter  of  water. 
Films  last  up  to  25  hr.     Add  more  oleate  or  glycerin  for  large  holes. 

The  soap  solution  must  be  stored  in  an  airtight  container  and  should  not 
come  in  contact  with  grease  or  acids. 
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In  performing  the  experiment,  the  aluminum  plates  are  thoroughly  cleaned 
and  accurately  leveled.  The  soap  film  is  stretched  over  the  holes  by  means  of 
a  smooth  piece  of  celluloid  or  a  wire,  and  surplus  solution  is  drained  off. 
In  order  to  avoid  accumulation  of  solution  around  the  boundaries,  it  is  well 
to  blow  the  membrane  up,  collect  the  surplus  solution,  and  then  suck  the 
membrane  down  so  that  the  water  will  drain  toward  the  center  of  the  hole 
during  the  actual  experiment. 

The  blowing  of  the  membrane  is  performed  by  allowing  soap  solution  to 
run  from  a  buret  into  a  sealed  flask  so  as  to  displace  air  from  the  flask  through 
a  tube  into  the  lower  half  of  the  cast-iron  box.  The  readings  of  the  buret 
can  be  estimated  to  0.01  cc.  Owing  to  the  change  in  pressure,  the  change  of 
volume  of  air  below  the  film  is  not  equal  to  the  volume  of  displaced  solution. 
A  calibration  curve  for  the  correction  of  this  error  can  be  obtained  by  using 
sections  of  known  torsional  rigidity.     Such  a  curve  is  given  by  Johnston.26 

(b)  Measurement  of  Slope.  The  Anthes  checkerboard.  In  his  original  experi- 
ment, Anthes15  set  a  vertical  black  and  white  checkerboard  in  front  of  the 
vertical  film.  The  center  of  the 
board  had  a  small  hole  at  which  the 
objective  lens  of  a  camera  was 
placed.  Photographs  were  taken 
of  the  undistorted  and  distorted 
reflections  of  the  checkerboard  in 
the  flat  and  inflated  films.  The 
shifts  of  the  corners  of  the  checker- 
board in  the  two  photographs  give, 
by  means  of  a  simple  graphical  con- 
struction, the  values  of  the  slopes 
at  these  points.  The  method  allows 
a  check  of  theoretically  known 
results  within  1  to  3  per  cent  but 
appears  not  to  have  been  used  in  succeeding  tests  by  others. 

Griffith  and  Taylor  autocollimator.17"  In  this  instrument  (Fig.  16-11),  a 
collimated  bundle  of  light  rays  from  a  small  source  is  directed  on  the  surface 
of  the  film.  The  collimation  axis  is  rotated  about  a  horizontal  axis  until  the 
reflected  ray  coincides  with  the  incident  ray.  The  angle  between  the  collima- 
tion axis  and  the  vertical  measures  the  slope  of  the  film.  The  apparatus  is 
carried  on  a  pair  of  right-angle  guides  in  order  to  locate  the  point  at  which 
the  slope  is  measured.  The  accuracy  obtained  is  about  2  to  4  per  cent,  the 
chief  error  arising  from  the  fact  that  the  film  has  a  tendency  to  spread  over 
the  plate  at  the  boundary.  In  order  to  avoid  this  source  of  error,  a  contour 
line  very  near  the  boundary  may  be  taken  as  the  true  boundary  of  the  section. 

Quest  collimator.21  A  more  sensitive  direct  measure  of  the  film  slope  is 
obtained  by  means  of  the  Quest  collimator  (Fig.  16-12).  In  this  apparatus 
the  incident  ray  is  vertical,  and  the  reflected  ray  makes  an  angle  2a  with  the 
vertical.  An  arc  of  a  circle,  made  of  two  steel  angles  and  graduated  in  degrees, 
swings  around  the  collimation  axis  of  the  apparatus  until  the  ray  reflected 
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from  the  film  is  intercepted. 
The  azimuth  of  the  arc  being 
indicated  on  a  horizontal 
graduation,  both  the  maxi- 
mum slope  a  and  its  direction 
are  measured  at  the  same 
time.  The  box  carrying  the 
soap  films  is  mounted  on  a 
milling-machine  base,  while 
the  collimator  is  stationary. 
In  this  way  the  coordinates 
of  the  point  whose  slope  is 
being  measured  can  be  ac- 
curately fixed,  and  the  slope 
can  be  evaluated  point  by 
point. 

It  is  advisable  to  repeat  the 
measurement  of  the  boundary 
slope  of  the  comparison  circle 
frequently  during  the  experi- 
ment to  make  sure  that  the 
pressure  under  the  films  has 
not  changed. 

Automatic  slope  recorder.21 
In  the  automatic  slope  re- 
corder developed  by  Reichen- 
bacher (Fig.  16-13),  a  hori- 
zontal ray  of  light  is  reflected 
vertically  downward  by  a  45° 
mirror,  strikes  the  film,  and  is 
reflected  at  an  angle  of  2a  to 
the  vertical.  A  horizontal 
screen  of  opaque  material, 
with  ten  concentric  annular 
openings  equally  spaced,  is 
held  above  the  film  at  a  dis- 
tance which  is  large  compared 
with  the  elevations  of  the  film. 
The  reflected  ray  can  pass 
through  the  screen  only 
through  one  of  the  annular 
openings,  that  is,  only  if  its 
inclination  to  the  vertical  is  a 
multiple  of  the  inclination  j3 
corresponding  to  the  annulus 
of  smallest  diameter.     Beyond 
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the  screen  a  system  of  lenses  focuses  the  source  on  a  photoelectric  cell  which 
operates  the  shutter  of  a  camera.  Whenever  the  slope  a  is  a  multiple  of  /3,  a 
source  of  light  flashes  into  the  camera  and  a  dash  is  recorded  on  a  photo- 
graphic plate. 

To  record  the  lines  of  constant  slope  a  =  ra/3,  (m  =  1,  2,  •  ■  •  ,  10)  the 
box  containing  the  soap  films  and  the  camera  is  kept  stationary  while  the 
complete  optical  system  moves  across  the  film  first  in  one  direction  and  then 
in  a  direction  at  right  angles  to  it.  At  points  where  a  =  m/3  a  short  dash  is 
impressed  on  the  photographic  plate,  and  the  intersection  of  the  two  dashes 
at  right  angles  locates  the  point.  After  traversing  the  film  with  parallel  lines 
spaced  a  few  millimeters  apart  in  both  directions,  the  locus  of  the  points  of 
slope  a  =  m/3  appears  as  a  dark  band  on  the  photograph,  constituting 
a  contour  line  of  the  stress  surface.  The  error  on  known  sections  is  3 
to  4  per  cent. 

Photogrammetric  method.24  A.  Thiel  has  developed  a  special  photogram- 
metric  camera  by  means  of  which  photographs  of  the  films  can  be  obtained 
directly.  In  order  to  photograph  transparent  soap  films,  lycopodium  powder 
is  spread  on  them,  and  the  photographs  show  the  dots  of  powder  resting  on 
the  films.  The  technique  of  spreading  the  powder  is  complicated  and  lengthy. 
The  film  solution  must,  therefore,  be  very  pure  to  last  the  time  necessary  for 
the  spreading.  The  mapping  of  the  film  surface  from  the  photographs  is 
performed  by  regular  photogrammetric  procedures,  and  the  slopes  can  be 
determined  from  the  map  by  graphical  or  numerical  methods. 

Contours.1711  When  the  contour  lines  of  the  film  surface  are  obtained  as 
indicated  under  "Measurement  of  Volume,"  the  slope  at  any  point  can  be 
evaluated  graphically  or  numerically  by  dividing  the  minimum  distance 
between  two  contour  lines  into  their  difference  in  level.  Inasmuch  as  the 
maximum  slope  is  usually  the  only  measurement  of  practical  importance,  the 
contour-line  method  is  convenient,  as  it  allows  quick  identification  of  the 
point  where  the  maximum  slope  occurs,  since  in  that  region  the  contours  are 
crowded  together  most  closely. 

With  care,  accuracy  of  the  order  of  2  per  cent  can  be  obtained. 

(c)  Measurement  of  Volume.  Contours.  The  Griffith  and  Taylor  vertical 
micrometer170  (spherometer)  can  be  used  to  plot  contour  lines  of  the  film  sur- 
face; the  micrometer  is  set  at  a  given  height,  and  the  locus  of  points  having 
this  height  is  plotted.  The  lower  point  of  the  micrometer  is  wetted  with 
soap  solution,  and  contact  with  the  film  is  indicated  when  the  film  seems  to 
move  up  the  point.  The  error  in  the  elevation  thus  measured  is  within 
+  0.001  in.  With  a  contour  map,  the  volume  of  the  film  can  be  computed 
by  graphical  or  numerical  methods  as  a  sum  of  volumes  of  horizontal  slices. 
The  maximum  error  obtained  by  this  method  was  1.6  per  cent. 

The  "black-spot"  method.  When  a  soap  film  (convex  upward)  stands  for 
a  long  time,  the  solution  gradually  flows  downward,  under  gravity,  until  the 
film  thickness  at  the  highest  elevation  becomes  less  than  the  wave  length  of 
the  incident  light.  Since  no  light  is  reflected  from  a  film  of  such  thinness,  a 
black  spot  appears  at  the  highest  elevation  and  gradually  spreads  over  the 
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film  as  the  downward  flow  of  solution  continues.  During  this  process,  the 
boundary  of  the  nonreflecting  region  is  always  a  contour  of  the  film  surface. 

Photographs  of  the  black  spot  taken  when  its  boundary  reaches  equally 
spaced  elevations  build  up  a  record  of  the  contours  by  means  of  which  the 
volume  may  be  computed  as  before. 

The  accuracy  obtainable  is  not  so  good  as  that  obtained  by  other  methods. 

Integration.  When  the  slopes  at  the  corners  of  a  square  grid  have  been 
measured,  numerical  or  graphical  integration  allows  the  plotting  of  equally 
spaced  sections  of  the  membrane.  Another  numerical  integration  gives  the 
volume  of  the  film.  The  accuracy  obtainable  by  this  method  depends  on  the 
accuracy  of  the  slope  measurements  but  is  comparable  with  the  accuracy 
obtained  by  other  methods. 

Direct  measurement.  The  simplest  way  of  measuring  the  volume  of  the 
film  consists  in  measuring  the  amount  of  air  used  in  blowing  the  bubble. 

This  can  be  done  either  by  lifting  the  soap  solution  flask  as  described  pre- 
viously or  by  moving  a  piston  of  known  diameter  into  a  tight  cylinder  con- 
taining the  soap  solution  and  connected  with  the  box  by  means  of  a  tube. 

Since  in  most  cases  the  box  contains  both  the  experimental  and  the  circular 
check  holes,  various  methods  have  been  devised  for  the  measurement  of  the 
volume  under  each  hole. 

Griffith  and  Taylor 17a  blew  the  circular  film  first  and  measured  its  volume 
by  means  of  the  boundary  slope,  knowing  that  the  film  surface  is  a  sphere. 
By  carefully  flattening  the  spherical  bubble  by  means  of  a  plate  pushed  on 
it,  they  then  transferred  the  known  volume  of  air  to  the  experimental  hole. 

Johnston26  measured  (by  the  flask  method)  the  amount  of  air  used  in  blow- 
ing both  films,  measured  the  volume  of  the  spherical  film  by  determining  the 
elevation  of  the  top  of  the  film,  and  obtained  the  volume  of  the  experimental 
film  by  subtraction. 

Reichenbacher27  first  blew  the  circular  film  to  given  volumes  by  pushing  a 
calibrated  rod  into  a  tight  cylinder  containing  the  soap  solution.  To  record 
the  volumes,  a  linear  scale  was  held  above  a  horizontal  glass  plate  protecting 
the  film,  and  the  images  of  the  scale  reflected  by  the  glass  plate  and  the  blown 
film  were  compared.  The  apparent  length  of  the  image  reflected  by  the  film 
decreases  when  the  film  is  blown  down  (sucked),  and  the  experimental  volumes 
chosen  were  those  that  made  the  ratio  of  the  two  reflected  images  of  the  scale 
equal  to  %,  }i,  }i,  }i.  Then,  both  the  circular  and  the  experimental  mem- 
branes were  blown  together  to  the  same  values  of  the  afore-mentioned  ratio 
in  order  to  guarantee  that  the  circular  film  had  the  same  volume  as  before, 
and  the  total  volume  was  measured  again  by  means  of  the  calibrated  rod. 
A  subtraction  gave  the  volume  of  the  experimental  film.  The  ratios  of  the 
volumes  of  the  experimental  film  to  the  volumes  of  the  circular  film  were 
taken,  and  their  average  had  an  error  of  only  l1^  per  cent  on  known  sections. 

(d)  Sources  of  Error.  Various  causes  of  error  are  inherent  in  the  pressure- 
film  method: 

1.  Approximate  instead  of  rigorous  equation  of  the  film  surface.  This 
cause  can  be  minimized  by  keeping  the  maximum  slope  a  small  (see  article  10). 
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2.  Weight  of  film.  This  error  can  be  reduced  either  by  holding  the  film 
vertical  or  by  performing  two  experiments,  one  blowing  the  film  up,  the  other 
sucking  the  film  down,  and  averaging  results.  This  source  of  error  limits  the 
holes  to  a  maximum  dimension  of  approximately  3  in. 

3.  Vibrations  of  the  film.  To  avoid  film  vibrations,  the  films  must  be 
covered  with  a  glass  plate,  and  the  air  in  the  room  must  be  stationary. 
It  is  sometimes  necessary  to  support  the  box  on  a  vibration-absorbing 
cushion. 

4.  Change  of  volume  due  to  temperature.  The  temperature  in  the  room 
should  not  vary  more  than  a  few  degrees  during  the  experiment. 

5.  Change  of  pressure.  This  is  mainly  due  to  change  in  temperature  and 
may  be  particularly  critical  when  various  films  are  tested  in  the  course  of  a 
study  of  multiply  connected  sections. 

6.  False  slope  at  the  boundaries.  The  film  must  be  well  drained  as  explained 
previously. 

7.  Boundaries  not  perfectly  flat.  The  edges  of  the  holes  in  the 
plate  should  be  machined  flat  within  0.001  in.  and  should  be  leveled 
carefully. 

8.  Systematic  errors.  These  are  the  errors  inherent  in  the  measuring 
devices  (collimator,  micrometer,  photogrammetric  camera,  and  so  on)  and  in 
the  numerical  and  graphical  methods. 

Owing  to  all  these  sources  of  error,  the  total  error  to  be  expected  from  a 
pressure-film  test  is  of  the  order  of  5  per  cent. 

20.  Zero-Pressure  Soap  Film,  (a)  Apparatus.  The  apparatus  used  in 
zero-pressure  soap-film  tests  for  torsion  or  bending  is  identical  with  the 
apparatus  described  under  "Pressure  Soap  Film"  (article  19a)  except  for  the 
omission  of  the  tube  connecting  the  lower  half  of  the  box  with  the  soap-solu- 
tion flask  or  cylinder.  The  lower  half  of  the  box  has  a  hole  which  allows  the 
pressure  below  and  above  the  film  to  be  the  same. 

For  a  simply  connected  section,  the  film,  instead  of  being  stretched  on  a 
horizontal  hole,  is  now  stretched  on  a  wall  of  variable  height  built  on  a  given 
boundary  shape  in  the  horizontal  plane. 

The  boundary  ordinates,  or  "wall  heights,"  can  be  obtained  by  either  cut- 
ting and  filing  a  wall  made  out  of  thin  brass  sheet,20  or  cutting,  out  of  a  sheet 
of  celluloid  or  brass,  a  hole  of  suitable  shape  and  supporting  this  sheet  at  the 
correct  height  on  the  boundary  by  means  of  nuts  and  washers  on  vertical 
studs. 17c 

The  second  method  is  in  general  more  complicated  since  the  shape  of  the 
hole  to  be  cut  out  must  be  such  that,  when  bent,  its  projection  on  a  horizontal 
plane  be  a  given  shape. 

(b)  Special  Device.  When  the  film  is  used  in  a  torsion  test,  a  very  simple 
procedure  for  building  the  boundary  wall30  is  suggested  by  the  use  of  the 
function  F  =  —G8x2  (see  equation  36).  The  boundary  ordinates  lie  on  the 
surface  of  a  parabolic  cylinder  Z\  =  kxi2  (where  A;  is  a  constant),  and  the 
shape  of  the  actual  hole  to  be  cut  from  a  flat  plate  can  be  obtained  by  com- 
puting the  ordinates: 
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J     Jl  +  (j1)  dxi  =    /      Vl  +  4^2x!2  ckd 

=  -  Vl  +  4&2.r12  +  77  loge  (2tei  +  Vl  +  4FX!2) 

where  Xi  is  the  value  of  the  x  coordinate  of  the  projection  of  the  boundary 
on  the  horizontal  plane,  and  x  is  the  corresponding  x  coordinate  on  the  devel- 
oped surface.  Thus,  the  shape  of  the  hole  to  be  cut  out  of  a  flat  sheet  is 
known.  After  the  hole  is  cut  out,  the  sheet  is  curved  on  the  cylinder  z\  =  kxi2, 
which  can  be  built  once  and  for  all,  and  the  edge  of  the  curved  plate  gives  the 
boundary  ordinates. 

(c)  Sources  of  Error  and  Advantages.  Although  most  of  the  sources  of  error 
mentioned  under  "Pressure  Soap  Films"  (article  I9d)  still  exist  with  no-pres- 
sure films,  the  following  advantages  often  outweigh  the  lengthy  construction 
of  the  boundary  wall. 

1.  By  using  the  auxiliary  function  G'  (see  article  15)  the  slopes  of  the  mem- 
brane can  be  greatly  reduced,  with  a  corresponding  reduction  in  errors  due  to 
excessive  slope. 

2.  The  apparatus  is  simplified  as  airtight  joints  are  not  required. 

3.  The  laborious  adjustment  and  maintenance  of  constant  pressure  is 
avoided.  This  is  especially  important  with  multiply  connected  sections, 
where  the  film  may  break  during  pressure  manipulation. 

The  methods  for  measuring  slopes  are  identical  with  the  methods  for  pres- 
sure membranes. 

21.  Rubber  Membranes.  A  rubber  membrane,  uniformly  stretched,  can 
supplant  the  soap  film  both  in  the  pressure  and  zero-pressure  experiments. 

In  order  to  obtain  a  constant  tension  T  throughout  the  membrane,  a  rubber 
sheet  is  ruled  with  equally  spaced  lines  in  two  perpendicular  directions  and 
is  then  stretched  over  a  frame  until  the  ruled  network  is,  say,  doubled  in 
size. 

The  rubber  pressure  membrane  can  be  blown  by  air,  while  the  zero-pressure 
membrane  is  held  down  on  the  boundary  wall  by  means  of  a  mating  template.23 

The  advantages  of  rubber  membranes  are  the  following: 

1.  The  large  allowable  tension  diminishes  the  sag  due  to  weight. 

2.  The  membrane  lasts  indefinitely. 

3.  The  larger  allowable  dimensions  of  the  membranes  permit  greater 
accuracy  in  the  measurement  of  the  ordinates  and  in  the  building  of  the 
boundary  heights. 

An  ingenious  use  of  the  rubber  membrane  was  devised  by  Kopf  and  Weber.22 
The  membrane  is  stretched  over  holes  in  an  aluminum  plate  which  is  the  top 
of  a  jar  containing  a  mixture  of  paraffin  of  specific  weight  equal  to  unity. 
When  the  jar  is  heated,  the  paraffin  melts,  and  a  small  amount  of  water  poured 
over  the  membrane  distends  the  membrane  into  the  paraffin.  The  jar  is 
then  cooled,  and  the  shape  of  the  deflected  membrane  is  frozen  in  the  paraffin 
block.     To  measure  the  slope  and  volume,  the  impression  is  blackened,  and 
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the  block  is  sliced  on  a  lathe,  a  photograph  being  taken  of  the  resulting 
section  at  every  cut.  The  edges  of  the  blackened  portions  are  the 
contours. 

The  main  advantage  of  the  method  consists  in  the  simplicity  of  the  opera- 
tions and  the  leisure  with  which  the  contours  can  be  obtained  from  the  frozen 
mold  of  the  membrane's  shape. 

The  accuracy  obtained  is  of  the  order  of  2  per  cent. 

22.  Meniscus  Surface,  (a)  Apparatus.  Piccard  and  Baes18  in  1926  were 
the  first  to  use  the  separation  surface  of  two  immiscible  liquids  as  a  membrane 
for  torsion-analogy  experiments.  Owing  to  capillarity,  there  is  an  equivalent 
constant  tension  on  the  surface,  and  the  meniscus  can  be  used  both  for  pres- 
sure and   zero-pressure  experiments. 

The  apparatus  of  Piccard  and  Baes 
(Fig.  16-14)  is  used  for  pressure-mem- 
brane experiments  and  consists  of  a 
zinc  jar  filled  with  an  electrolyte  of 
density  1.08  and  covered  by  a  plate 
cut  to  the  shape  of  the  experimental 
hole.  The  zinc  jar  fits  snugly  into 
a  glass  jar,  the  upper  part  of  which 
is  filled  with  chlorotoluene,  a  liquid 
of  density  1.08,  that  does  not  mix  or 
react  with  the  electrolyte.  If  small 
amounts  of  electrolyte  are  added  or 
subtracted  by  means  of  a  buret,  the 
meniscus  surface  can  be  distended  to 
the  desired  height.  The  glass  jar  is 
contained  in  a  square  glass  jar  filled 
with  water  to  allow  lateral  observa- 
tion of  the  meniscus. 

The  apparatus  developed  by  Suna- 
tani,  Matuyama,  and  Hatamura29 
can  be  used  for  both  pressure  and 
zero-pressure  experiments.  In  the 
first  case  (Fig.  16-15)  a  closed  wall  A  of  constant  height,  erected  on  a  boundary 
similar  to  the  shape  of  the  experimental  cross  section,  rests  on  the  bottom  of 
a  large  glass  jar  and  communicates,  by  means  of  a  small  tube  B,  with  a  vertical 
tube  C  external  to  the  glass  jar.  The  closed  wall  is  filled  to  its  upper  edge  with 
an  electrolyte.  The  glass  jar  is  then  filled  with  a  mixture  of  nitrobenzene  and 
toluene  of  the  same  density  as  the  electrolyte.  By  adding  small  amounts  of 
electrolyte  through  the  vertical  tube,  the  meniscus  is  distended  to  the  desired 
height.        , 

When  zero-pressure  experiments  must  be  performed,  (Fig.  16-16),  the 
heights  of  the  closed  wall  are  made  equal  to  the  ordinates  of  the  corresponding 
boundary  function  fc.  The  volume  inside  of  the  wall  communicates  with  a 
small  vessel  B,  also  resting  on  the  bottom  of  the  glass  jar.     The  electrolyte 


Zinc  jar- 
Round  glass  jar- 
Square  glass  jar  - 

Fig.  16-14.     Piccard  and  Baes  Menis- 
cus Apparatus  and  Depth  Gage 
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is  poured  carefully  into  B  until  A  is  just  filled.     The  jar  is  then  filled  with  the 
nitrobenzene-toluene  mixture. 

(b)  Measurement  of  Slope.  Contours.  In  the  Piccard  and  Baes18  apparatus, 
the  elevation  of  the  meniscus  is  measured  by  means  of  a  vertical  micrometer 
carried  by  a  milling  machine  base,  on  the  principle  of  the  Griffith  and  Taylor 


Photographic  plate 


Nitrobenzene  and 
toluene  mixture 


Glass  bottom 


Ray  of  light 
Fig.  16-15.     Sunatani,  Matuyama,  and  Hatamura  Pressure  Meniscus  Apparatus 

spherometer.     The  liquids  chosen  are  such  that  the  upper  (chlorotoluene)  is 

a  nonconductor,  while  the  electrolyte  is  a  conductor.     The  needle  of  the 

micrometer  is  connected  with  an  electric  circuit  including  a  buzzer  which  is 

actuated  when  the  needle  touches  the  electrolyte.     Contours  are  easily  mapped 

in  this  fashion  and  check  the  theoretical  contours  of  known  sections. 

By  means   of   the   contour 

Nitrobenzene  and 
'toluene  mixture 


Wall  of  variable 
height 


Fig.  18-16.     Sunatani,  Matuyama,  and  Hata- 
mura Zero-Pressure  Meniscus  Apparatus 


map,  the  slope  can  be  com- 
puted at  any  point  in  the 
usual  manner. 

Lines  of  constant  slope. 
Piccard  and  Baes18  devised 
an  optical  apparatus  which 
records  lines  of  constant  slope 
in  the  following  manner.  A 
camera    is    held    above    the 


meniscus  with  its  axis  perpendicular  to  the  plane  of  the  membrane's 
boundary.  A  collimator,  inclined  at  a  given  angle  la  with  the  vertical, 
emits  parallel  rays  that  strike  the  meniscus  and  are  reflected  at  various  angles. 
Those  rays  striking  the  meniscus  at  points  having  slope  a  are  reflected  ver- 
tically and  enter  the  aperture  of  the  camera.  The  collimator  is  rotated  around 
the  axis  of  the  camera,  and  the  reflected  ray  entering  the  camera  describes  a 
line  of  constant  slope  a  on  the  photographic  plate. 
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By  changing  the  slope  2a  of  the  collimator  and  repeating  a  complete  rota- 
tion for  every  inclination,  the  map  of  the  constant  slope  line  is  completely 
photographed. 

It  is  important  to  notice  that  the  path  followed  by  the  incident  and  reflected 
rays  must  be  free  of  refraction.  This  is  achieved  by  immersing  the  collimator 
in  the  upper  liquid.  In  order  to  avoid  the  use  of  large  quantities  of  chloro- 
toluene,  the  upper  liquid  is  plain  water  and  the  lower  a  mixture  of  chloro- 
toluene  and  toluene  of  density  Photographic 

equal  to  1.     A  long  exposure  |~*       s       *"j  L"-  P|ate 

time  is  necessary  to  avoid  dis-  ~  '  ~~  ~~~~~ 

tortion  of  the  pictures  clue  to 
motion   of   the   upper  liquid. 

Refraction.  In  the  Suna- 
tani,  Matayama,  Hatamura29 
apparatus,  a  source  of  light 
carried  on  a  stand,  movable 
in  two  directions  at  right 
angles,  is  placed  directly  below 
the  glass  jar,  and  a  ray  of 
light,  after  entering  the  jar 
vertically  and  passing  through 
the  electrolyte,  is  refracted  at 
the  meniscus  surface  and 
again  at  the  free  surface  of 
the  upper  liquid,  striking  a 
photographic  plate  placed 
above  the  apparatus  (Fig. 
16-15).  The  horizontal  shift 
of  the  image  of  the  light  source  due  to  the  two  refractions  is  proportional  to 
the  slope  of  the  meniscus  and  takes  place  in  a  direction  perpendicular  to  the 
contours  of  the  meniscus  as  is  here  shown. 

Calling  /X12  the  index  of  refraction  in  passing  from  the  electrolyte  to  the 
upper  mixture,  /x23  the  index  of  refraction  in  passing  from  the  mixture  to  air, 
hi  the  vertical  distance  between  the  meniscus  and  the  free  surface  of  the  mix- 
ture, h3  the  distance  between  the  photographic  plate  and  the  free  level  of  the 
mixture,  we  have,  with  the  symbols  of  Fig.  16-17  and  assuming  the  angles  of 
incidence  and  refraction  to  be  small: 


Glass  bottom 


Fig.   16-17.     Optical  Path  through  Sunatani, 
Matuyama,  and  Hatamura  Apparatus 


6  1 

-  =  M12  =  — 
a  (in 


0  -a  1 

(S  /X32 


(3    =   Hzi{d    —  a)    =   A1320    —   M32«    =   Hn(l    —   fJL2l)d 

Then,  the  shift  S  is  given  by 

S  =  h2(d  -  a)  +  hsp  =  h(l  -  pn)6  +  htQ.  -  M21)M320 

=    (1    -  fl2l)(ha   +  M32^3)0 
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When  the  elevations  of  the  meniscus  over  its  boundary  are  small  in  comparison 
with  the  distance  between  the  boundary  and  the  free  level  of  the  mixture, 
ho  is  practically  constant.     Letting 

K  =  (l  -  MM)(fo  +  aM 

we  obtain 

S  =  K6 

The  two  liquids  chosen  have  very  different  refractive  indices  in  order  to 
magnify  the  shift.  Also,  the  shifts  can  be  enlarged  to  any  desired  size  by 
varying  the  distance  of  the  camera  from  the  meniscus. 

When  pressure  experiments  are  performed,  light  is  first  flashed  at  the 
corners  of  a  square  grid  with  a  flat  meniscus,  so  that  the  rays  remain  vertical 
for  lack  of  refraction  and  have  zero  shifts.  The  meniscus  is  then  formed,  and 
light  is  flashed  again  at  the  same  points.  The  photographic  plate  thus  con- 
tains a  direct  record  of  the  shifts  at  every  corner  of  the  grid.  On  a  circular 
membrane  used  for  comparison,  the  error  in  the  shifts  was  found  to  be  only 
0.2  per  cent. 

When  zero-pressure  experiments  are  performed,  light  is  first  flashed  with- 
out liquids  in  the  jar  and  then  with  liquids,  obtaining  as  before  a  direct  point 
by  point  photograph  of  the  shifts,  that  is,  of  the  meniscus  slopes. 

A  technique  was  also  developed  for  obtaining  data  for  all  points  simul- 
taneously by  photographing  a  grid  of  lines  ruled  on  a  glass  plate  placed  in 
the  jar  under  the  ordinate  wall. 

(c)  Measurement  of  Volume.  The  volume  can  be  measured  directly  by 
draining  the  liquid  from  inside  the  wall  into  a  burette  until  the  meniscus  is 
horizontal  (this  can  be  checked  by  means  of  the  optical  system  since,  with  a 
horizontal  meniscus,  there  is  no  shift  due  to  slope). 

id)  Advantages  of  the  Meniscus  Method.  1.  The  meniscus  surface  has  no 
weight  and,  therefore,  leads  to  an  increased  accuracy  by  avoiding  the  error 
due  to  membrane  sag  and  by  allowing  the  use  of  larger  models. 

2.  The  meniscus  surface  lasts  indefinitely  and  maintains  its  shape  unaltered, 
without  large  changes  in  volume  due  to  temperature  variations  or  vibrations 
due  to  air  instability. 

3.  The  shifts,  measuring  the  slopes,  can  be  magnified  optically  to  any 
required  degree,  without  increasing  the  actual  slopes  of  the  meniscus. 

The  meniscus  method  seems,  therefore,  to  present  very  definite  advantages 
in  comparison  with  the  soap-film  method. 

H.  Electric  Potential  in  a  Thin  Plate  of  Constant  Thickness 

The  distribution  of  steady-state  potential  V  in  a  thin  plate  of  constant 
thickness  is  governed  by  the  differential  equation: 

dW   ,   d2V 

^  +  v  =  0  (111) 

where  the  coordinate  plane  x,  y  is  coincident  with  the  plane  of  the  plate.32 
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The  similarity  of  equation  111  to  equation  38  is  the  basis  for  the  analogy 
between  the  torsion  problem  expressed  in  terms  of  the  function  \p  (article  6) 
and  the  static  potential  problem  in  the  plate,  while  the  similarity  of  equation 
111  to  equation  29  is  the  basis  for  the  analogy  between  the  bending  problem 
expressed  in  terms  of  the  function  <p  (article  5)  and  the  static  potential  problem 
in  the  plate. 

To  complete  the  analogies,  the  boundaries  of  the  plate  must  be  of  such 
shape  and  held  at  such  voltages  that  the  properties  of  V  on  the  boundaries 
will  be  similar  to  those  required  of  <p  or  \(/  by  their  boundary  and  single- 
valuedness  conditions. 

Hence,  what  has  been  said  of  the  membrane  functions  f  can  be  repeated 
word  for  word  for  the  V  function,  and  the  reader  is  referred  to  sections  E  and 
F  of  this  chapter  for  a  detailed  discussion  of  the  theory  of  these  analogies. 

I.  The  Technique   of  Measurement   of  Two-Dimensional  Potential 

Fields 

The  necessity  for  measurement  of  a  two-dimensional  static  potential  dis- 
tribution arises  in  many  branches  of  physics,  and  the  literature  on  the  subject 
is  extensive.     Although  in  the  past  many  experimenters  have  used  metal 


Fig.   16-18.     Electric  Circuit  of  Philips  Electrolytic  Tank  for  the  Solution    of 

Laplace's  Equation 

plates,  whose  boundaries  were  kept  at  given  potentials,  it  is  now  customary 
to  use  an  electrolytic  tank  of  constant  depth. 

A  typical  modern  electrolytic  tank33  has  dimensions  of  the  order  of  several 
square  feet  and  is  filled  with  tap  water  (whose  electric  conductivity  is  ample). 
The  bottom  of  the  tank,  and  such  portions  of  its  boundaries  as  require  it, 
are  insulated  with  a  coat  of  paraffin,  whereas  the  boundary  electrodes  are 
made  of  copper,  sand-blasted  (whenever  needed)  to  keep  them  clean  in  order 
to  reduce  contact  resistance. 

As  shown  in  Fig.  16-18,  the  supply  voltage  is  provided  by  a  400-cps  oscil- 
lator 0  feeding  into  a  power  amplifier  PA.  Alternating  current  is  used  in 
order  to  avoid  decomposition  of  the  electrolyte.     The  voltage  at  a  point  in 
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the  tank  relative  to  the  lowest  electrode  voltage  is  measured  by  a  needle  probe 
N  connected  to  the  sliding  contact  of  a  potentiometer  P.  The  probe  and  the 
sliding  contact  are  two  opposite  junctions  of  a  Wheatstone  bridge  whose 
unbalance  is  amplified.  In  this  way  a  fairly  precise  measure  of  the  probe 
voltage  is  obtained.  The  potentiometer  used  can  be  read  to  four  significant 
figures.  An  output  meter  M  on  the  amplifier  A  indicates  a  balance  in  the 
bridge  circuit. 

In  practice,  it  is  not  possible  to  find  a  point  of  zero  output,  owing  to  a  phase 
shift  between  the  probe  voltage  and  the  potentiometer  voltage.  This  phase 
shift  reduces  the  accuracy  with  which  the  point  of  minimum  output  can  be 
located.  To  avoid  this  difficulty  and  to  improve  the  accuracy  of  the  meter, 
a  phase  indicator  I  is  added,  whose  pointer  indicates  zero  when  the  phase 
difference  between  the  supply  voltage  and  the  voltage  to  be  measured  passes 
through  90°  and,  thus,  when  the  part  of  the  probe  potential  which  is  in  phase 
equals  the  potential  of  the  potentiometer. 

The  phase  indicator  being  very  sensitive,  the  amplifier's  output  meter  is 
first  roughly  adjusted,  and  the  phase  indicator  is  set  to  zero  by  a  vernier 
adjustment  of  the  potentiometer. 

The  probe  electrode  is  supported  on  a  frame,  movable  in  two  directions  at 
right  angles,  by  means  of  a  mount  which  permits  the  rotation  of  the  probe 
about  a  vertical  axis  and  also  permits  a  lateral  displacement  of  0.5  mm  to 
either  side  of  its  central  position.  By  rotating  the  mount,  the  orientation  of 
the  needle  can  be  found  for  which  the  small  lateral  displacement  will  produce 
no  change  in  voltage.  This  position  locates  the  direction  of  the  equipotential 
line  through  the  point,  while  a  rotation  of  90°  gives  the  orientation  of  the 
flow  lines  and  allows  the  measurement  of  the  maximum  potential  gradient. 
The  recording  of  the  point  and  the  drawing  of  equipotential  lines  are  performed 
by  means  of  a  pantograph  which  can  be  made  to  mark  a  sheet  of  paper. 
Motion  of  the  frame  carrying  the  probe  in  one  direction  can  be  obtained  by 
means  of  an  electric  motor.  By  moving  the  probe  by  hand  in  the  other  direc- 
tion, while  keeping  the  meter  reading  at  zero,  equipotential  lines  can  be  drawn 
directly.  An  accuracy  of  1  per  cent  in  the  measurement  of  the  field  can  be 
obtained. 

A  detailed  description  of  a  simpler  setup  used  in  connection  with  a  Manganin 
plate  is  given  in  reference  34. 

II.  ELECTRICAL    ANALOGIES    FOR    THE    TORSION    OF   BARS    OF   VARYING 

CIRCULAR  SECTION 

The  components  of  shearing  stress  in  a  solid  or  hollow  bar  of  varying  circular 
section,  twisted  by  terminal  couples,  may  be  expressed  in  terms  of  a  function 
of  the  coordinates  of  points  in  the  bar.  This  function  satisfies  the  same  dif- 
ferential equation  as  that  which  governs  the  static  electric  potential  in  a  thin 
homogeneous  plate  of  varying  thickness.  Measurements  of  electric  potential 
in  the  plate  give  complete  information  on  the  state  of  stress  in  the  bar. 

Refer  the  bar  to  a  system  of  cylindrical  coordinates  with  the  z  axis  coincident 
with  the  axis  of  the  bar  and  r,  6  measured  in  the  radial  and  tangential  direc- 
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tions,  respectively  (Fig.   16-19).     Two  equal  and  opposite  couples  Mz  are 
applied  to  the  end  faces  of  the  bar  about  the  z  axis. 

In  accordance  with  the  semi-inverse  method  of  Saint- Venant,  the  state  of 
stress  in  the  bar  is  assumed  to  be 


ov  =  <J0 


Trz 


0 


TrB 


(112) 

F1(r,  z)  (113) 

r9t  =  F2(r,  z)  (114) 

If  the  functions  Fi  and  F2  can  be  determined  so  that  the  components  of  stress 
(equations  112  to  114)  satisfy  the  equations  of  equilibrium,  the  boundary 
conditions  and  the  conditions  of  compatibility,  these  stresses  will  be  the  true 

stresses  in  the  bar.  In  this  case  the 
sufficiency  conditions  for  single-valued- 
ness  of  displacements  are  identically 
satisfied  if  we  exclude  complete  annular 
cavities.  With  equations  112  to  114, 
all  but  one  of  the  equilibrium  equations 
in  cylindrical  coordinates  (reference  10, 
p  277)  are  found  to  be  satisfied.  The 
remaining  equation  reduces  to 


f  (rHTe)  +  |.  (rVfc)  =  0 
dr  dz 


(115) 


^r 


Fig.  16-19.     Hollow  Bar  of  Vaiying      Fig.  16-20.     Coordinates  at  a  Point  on  the 
Circular  Section  Boundary  of  a  Meridional  Section 

By  means  of  equations  112  to  114,  the  boundary  conditions  on  the  lateral  sur- 
faces of  the  bar  (reference  10,  p  278)  reduce  to 


Trd  +  T0zm   =  0 


where  (Fig.  16-20) 


7  dr       dz 

I  =  cos  (r,  v)  =  —  =  —  =  cos  (z,  s) 
dv       ds 


m  =  cos  (z,  v)  = 


dz  dr  . 

—  = =  —  cos  (r,  s) 

dv  ds 


(116) 
(117) 
(118) 
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while  the  compatibility  conditions  in  terms  of  stresses  (Appendix  I,  equations 
35)  are  also  found  to  be  all  satisfied  but  one,  which  reduces  to 


1  7 K  7>     " 


J.  Michell's  Solution41 
23.  Components  of  Stress.     By  taking 


Tr6 

1    dip 

r2  dz 

T0z 

_  1   dip 
r2  dr 

(120) 
(121) 


where  <p  is  a  function  of  r  and  z  only,  the  equilibrium  condition  (equation  115) 
is  satisfied  identically. 

24.  Boundary  Conditions.     Substituting  equations  120  and  121  in  equation 
116,  the  boundary  condition  reduces  to 

dip 

—  =  0  on  each  boundary  (122) 

ds 

If  the  external  and  internal  radii  of  the  cross  section  of  the  bar  at  a  depth  z 
are  called  a(z)  and  b{z),  equation  122  is  equivalent  to 

ip{a,  z)  =  ki  (123) 

<p(b,  z)  =  k2  (124) 

where  hi  and  k2  are  constants.  It  can  be  verified  that  the  resultant  forces 
and  couples  on  any  cross  section  of  the  bar  are  identically  zero  except  for  a 
couple  about  the  z  axis,  which  is  given  by 

Mz  =    /     2Trr2Tg2  dr  =  2tt    /     —  dr 
Jb  Jb    dr 

=  2ir[<p(d,  z)  -  ip(b,  z)\  =  2ir(k1  -  k2)  (125) 

25.  Compatibility  Condition.     If  we  make  use  of  equations  120  and  121,  the 
compatibility  condition  (equation  119)  becomes 

L(L*)  +  L(lf>)±0  (126a) 

dr  \rs  dr  I       dz  \r3  dz  J 


d2ip       3  dtp       d2ip 

— ^  +  -^  =  0  (126b) 

dr2        r  dr        dz2 
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The  differential  equation  126  and  the  boundary  conditions  for  each  point  of 
the  boundary   (equation    122)    determine    the 
function  <p  for  the  bar. 

The  resultant  shearing  stress  r  at  any  point 
on  a  meridional  section  of  the  bar  acts  along  the 
contour  <p  =  const  through  that  point.  This 
may  be  seen  by  calculating  the  value  of  the 
shearing  stress  along  the  normal  v  to  the  con- 
tour (Fig.  16-21): 

Tv  =  Tr$  COS   (f,   V)   +  T6z  cos  (z,  v) 


1   (dip  dz       dip  dr 
r2  \dz  ds       dr  ds 


r2  ds 


0 


(127) 


Fig.  16-21.     Components  of 

Stress    at    a     Point    on    a 

Shear-Stress  Line 


The    magnitude    of    the    resultant    shearing    stress    is 
t  =  ts  =  Tr6  cos  (r,  s)  +  Tez  cos  {z,  s) 


1 

r2 

/dip  dz 
\dz  dv 

dip  dr 
dr  dv 

1 

dip 

r2 

dv 

(128) 


The  lines  <p  =  const  are  called  shear-stress  lines. 

K.  Alternative  Solution  of  Michell's  Problem42 

26.  Components  of  Stress.     The  stresses  in  the  twisted  bar  can  also  be 
expressed  in  terms  of  another  function  \f/,  of  r  and  z,  by  assuming 


Gr 


rez  =  Gr 


dr 
dz 


(129) 


(130) 


27.  Equilibrium    and    Compatibility    Conditions.     When    we    substitute 
equations  129  and  130  in  equation  115,  the  latter  reduces  to 


dr 


dr 


d  (     d\P 
+  —  [r3  - 
^  dz  V     d 


=  0 


(131a) 


dV       3  dip       dV 

— -  +  -  —  +  — -  =  0 
dr2        r  dr        dz2 


(131b) 
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while  by  the  same  substitution  it  may  be  seen  that  the  compatibility  condition 
(equation  119)  is  satisfied  identically. 

28.  Boundary  Conditions.     If  we  make  use  of  equations  129,  130,  117,  and 
118,  equation  116  becomes 


/dip  dr       dip  dz\ 
\dr  dv       dz  dv) 


dip 

Gr~  =  0  (132) 

dv 

on  each  boundary.  It  can  be  verified  that  the  resultant  forces  and  couples 
on  any  cross  section  of  the  bar  are  identically  zero  except  for  a  couple  about 
the  z  axis,  which  is  given  by 

f  fa      d^P 

Mz  =    /     2wrhBzdr  =  2ttG   /     r^  dr  (133)* 

Jb  Jb        dz 

The  differential  equation  131  and  the  boundary  condition  (equation  132)  deter- 
mine the  function  \p  within  a  multiplying  constant,  which  can  be  evaluated 
by  means  of  equation  133. 

The  resultant  shearing  stress  at  any  point  in  a  meridional  section  of  the  bar 
acts  at  right  angles  to  the  contour  \p  =  const  through  that  point.  This  may 
be  seen  by  calculating  the  shearing  stress  ts>,  along  the  direction  s'  of  this 
contour  (Fig.  16-22): 

*  That  Mz  is  independent  of  z  may  be  verified  by  differentiating  Mz  with  respect 

to  z: 


1      dMz  fa     3  ay  zd\l/dr-\r  =  a 

2ttG    dz  Jb         dz2  dz  dz\r  =  b 


Jb         dr2  Jb  Or  dz  dz]r  = 

d\[/~\r  =  a  d\J/d)'~\r  =  a 

—  _  r3  —  _|_  rz  - — -  integrating  by  parts 

dr  ]r  =  b  dz   dz  \r=b 

(dip  dr         d\p\  "jr  =  o 
dz  dz         dr  J  ]r  =  b 

o  ds  /d\p  dr        dip  dz\  l>=a 
\dz  ds        dr  ds)  \r  =  b 


(by  131b) 


as  /d-d/  dz        d-d/  dr\  ~]r  =  a 
=   -r3  —  (  it  T  +  T-  T  )  \  by  117,  118 

dz  \dz  dv       dr  dv)  Jr  =  6 


ds  /d-d/  dz    i    d\f/  dr' 
dz  \di 

ds  dd/~\r  =  a 

^  \  =  0     (by  132) 


—     _r3 

dz  dv  jr  =  b 
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7V    =  TrB  COS   (r,  S')   +  T8z  COS   (z,  s') 

/oV  <ir        di/-  dz  \ 
\6Y  ds'       dz  (is'/ 

The  magnitude  of  the  resultant  shear  stress  r  is  equal  to 
r  =  T„'  =  Tr0  cos  (r,  *>')  4-  rgz  cos  (z,  v') 
/d\p  dr        d\l>  dz  \ 

=  (%^  +  ^)    (by  117' 118) 


Gr 


3/ 


(134) 


(135) 


where  v'  is  the  direction  of  the  normal  to  the  contour  \f/  =  const. 


Fig.  16-22.     Components  of  Stress  at  a  Point  on  an  Equiangular  Line 

29.  Physical  Meaning  of  \p.  The  function  \{/  has  a  simple  physical  meaning. 
Comparison  of  the  stress-strain-displacement  relations  in  polar  coordinates 
(reference  10,  p  278). 


TrB    =    GjrB    =    G 


dv        v 
dr 


Gr 


dr  \r 


(136) 


dv  d  (v 

Gye,  =(?-  =Gr- 

dz  dz  \r 


(137) 


where  v  is  the  tangential  displacement  of  a  point  distant  r  from  the  axis  of 
the  bar,  with  equations  129  and  130  shows  that 


(138) 


But  v/r  is  the  angular  rotation  about  the  z  axis  of  the  ring  of  radius  r  in  the 
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cross  section  of  the  bar.  Hence,  the  function  \p  represents  the  angular  rotation 
of  such  rings.  The  contours  \p  =  const,  connecting  all  the  points  of  a  meridio- 
nal section  having  the  same  angular  displacement,  are  called  equiangular  lines. 
Since  \p,  in  general,  varies  with  r,  the  angles  of  twist  of  the  rings  lying  in  the 
same  cross  section  are  not  equal,  and  the  radii  of  the  cross  section  become 
curved  when  the  bar  is  twisted. 

Comparison  of  equations  127  and  134  shows  that  s'  =  v,  and,  hence, 
v'  =  s,  that  is,  the  contour  lines  \p  =  const  intersect  the  contour  lines  <p  = 
const  at  right  angles,  and  the  equiangular  and  shear-stress  lines  form  an 
orthogonal  system  in  a  meridional  section  of  the  bar.  Equation  135  for  the 
resultant  shearing  stress  thus  becomes 

r  =Gr^-  (139) 

ds 

where  s  is  the  arc  of  the  curve  <p  =  const. 

L.  Differential  Equation  of  the  Static  Potential  in  a  Thin  Plate 

The  potential  V  associated  with  the  steady-state  current  flow  in  a  con- 
tinuous medium  satisfies  the  differential  equation: 

*.(!*?)  +  L(l»J\  +  L(lrf).0  (14o) 

dx  \R  dx  )       dy  \R  dy  )       dz  \R  dz  ) 

where  x,  y,  z  are  spatial  coordinates,  and  the  specific  resistance  R  is  the  resist- 
ance of  a  cube  of  unit  edge  of  the  medium  to  a  current  entering  one  face 
of  the  cube  and  leaving  by  the  opposite  face.40 

If  the  continuous  medium  is  a  plate  whose  thickness  h  (not  necessarily 
constant)  is  small  in  comparison  with  its  lateral  dimensions,  and  if  z  is  chosen 
parallel  to  the  thickness  of  the  plate,  V  is  practically  independent  of  z.  Since, 
moreover,  the  resistance  per  unit  area  of  the  plate  is  R/h,  equation  140  reduces 
to 

i(^V-(*-V°  (141) 

dx  \R  dx  )       dy  \R  dy  J 

The  lines  in  the  x,  y  plane  along  which  V  is  constant  are  called  eguipotential 
lines. 

Under  the  potential  distribution,  V(x,  y),  a  steady  current  flows  at  each 
point  in  the  plate  in  a  direction  perpendicular  to  the  equipotential  line  through 
that  point.  The  lines  along  which  the  current  flows  are  called  flow  lines. 
The  equipotential  and  flow  lines  form  an  orthogonal  system  in  the  x,  y  plane. 
Hence,  a  boundary  of  the  plate  held  at  a  constant  potential,  V  =  const,  is 
crossed  by  the  flow  lines  at  right  angles.  Since  no  current  can  flow  in  or  out 
of  an  insulated  boundary,  such  a  boundary  is  a  flow  line  and  is  crossed  at  right 
angles  by  the  equipotential  lines.     Hence: 

V  =  const  (142) 
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along  an  equipotential  boundary,  and 


dV 

—  =  0  (143) 

oV 


along  an  insulated  boundary. 


M.  Jacobsen's  Analogy43 

If  the  specific  resistance  R  of  the  plate  material  is  constant,  and  the  thick- 
ness h  of  the  plate  is  made  proportional  to  xs,  equation  141  reduces  to 

d   (     dV\    ,     d   (     dV\       n 

The  similarity  of  equations  144  and  131a  is  the  basis  for  the  analogy  between 
the  torsion  problem  expressed  in  terms  of  the  equiangular  function  \f/  and  the 
steady-flow  problem  in  the  plate.  To  complete  the  analogy,  the  boundaries 
of  the  plate  must  have  such  shape  and  be  held  in  such  conditions  that  the 
properties  of  V  will  be  similar  to  those  required  of  \p  by  the  boundary  conditions. 

Let  the  linear-geometrical  scale  rates  of  lengths  in  the  meridional  section 
of  the  twisted  bar  to  the  corresponding  lengths  in  the  plate  be  X  and  let  the 
x,  y  plane  coincide  with  the  r,  z  plane. 

The  end  boundaries  of  the  plate  (assumed  to  coincide  with  the  two  equiangular 
lines  bounding  the  ends  of  the  meridional  section  of  the  bar*)  are  held  at  a  con- 
stant-potential difference,  while  the  lateral  boundaries  are  insulated.  The 
potential  V  in  the  plate  will  satisfy  equation  144  and  the  boundary  condition 
(equation  143)  along  the  lateral  boundaries  of  the  plate.  Hence,  by  equation 
132,  the  value  of  the  function  \p  at  a  point  r,  z  in  the  meridional  section  of 
the  bar  is  proportional  to  the  voltage  V  at  the  point  x  =  r/X,  y  =  z/\  of  the 
plate : 

\f/(r,  z)  =  TV(x,  y)  (145) 

The  constant  of  proportionality  T  may  be  determined  by  means  of  equation 
133: 

fa     M  fA      dV 

M2  =  2ttG    /     r3  ™  dr  =  TX32tG    /      x3  —  dx 

Jb        dz  JB        dy 

where  A  =  a/X,  B  =  b/\,  from  which 

1               Mz 
T  =  — 7i-iii (146) 

\      x3  —  dx 
Jb        dy 

*  If  the  end  sections  are  not  shaped  like  the  true  equiangular  lines,  the  results 
will  be  in  error  by  an  amount  and  to  an  extent  which  will  depend  on  both  the  end 
shape  and  the  shape  of  the  meridional  section  (see  article  31). 


746  ANALOGIES 

From  equations  139  and  145,  the  resultant  shear  stress  at  a  point  is 

dV 
r=  TGx—  (147) 

dsi 

where  Si  is  the  direction  of  the  flow  line  at  the  point. 

The  ratio  of  the  shear  stresses  at  two  points  Pi,  P2  in  the  bar  is  given  by 


(148) 


N.  Thum  and  Bautz's  Analogy44 

If  the  specific  resistance  R  of  the  plate  material  is  constant  and  the  thick- 
ness h  is  made  inversely  proportional  to  Xs  equation  141  reduces  to 


dV 

x  — 

TPi 

ds\  _ 

/Ji 

Tp, 

dV 
x  — 

p- 

i^dr\ 

r<  By) 


sfew+*l: ■■■■>■■>   " 


The  similarity  of  equations  126a  and  149  is  the  basis  for  a  complete  analogy 
in  terms  of  the  stress  function  <p. 

Let  the  lateral  boundaries  of  the  plate  be  held  at  constant  (but  different) 
potentials,  and  let  the  end  boundaries  (assumed  to  coincide  with  two  equi- 
angular lines  of  the  bar's  meridional  section)*  be  insulated.  The  potential  V 
in  the  plate  satisfies  equation  149  and  the  boundary  conditions 

V(A,  y)  =  V1  (150)  V(B,  y)  =  V2  (151) 

where,  as  in  section  M,  A  =  n/X,  B  =  b/\.  Comparison  with  equations  123 
and  124  shows  that  the  value  of  the  function  <p  at  a  point  (r,  z)  in  the  meridional 
section  of  the  bar  is  proportional  to  the  potential  V  at  the  point  x  =  r/\, 
y  =  z/\  of  the  plate.     Hence: 

<p{r,  z)  =  rV{x,  y)  (152) 

The  constant  T'  may  be  determined  by  means  of  equation  125: 

M,  =  2-w^'a,  z)  -  <p(b,  z)}  =  2ttT'(F1  -  V,) 


from  which 


r  -  mv>  -  yj  (153) 


From  equations  128  and  152  the  resultant  shear  stress  at  a  point  is 

T'  1  dV 


X3  x2  dvi 


(154) 


*  See  end  of  article  31. 
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where  v\  is  the  direction  perpendicular  to  the  equipotential  line  at  that  point. 
The  ratio  of  the  shear-stress  resultant  at  two  points  Ph  P2  in  the  bar  is  given 
by 


Xp,2 

~dV~ 

i\ 

xPl2 

dV 
dvi 

P2 

TP2 


O.  Electrical-Analogy  Techniques 
Analogy.     The    first    electrical-analogy 


(155) 


fV'Vi 


30.  Jacobsen's    Analogy.     The    first    electrical-analogy    experiments    on 
torsion  of  axially  symmetrical  shafts  were  performed  in  1925  by  Jacobsen4 
who    used    his    analogy    in    determining    the 
stress-concentration  factor  for  circular  shafts 
of  two  diameters  connected  by  a  circular  fillet 
(Fig.  16-23). 

Jacobsen's  model  was  made  of  a  steel  plate 
with  one  surface  flat  and  the  other  curved  to 
the  cylindrical  shape  h  =  ex3.  Since  it  is 
impractical  to  make  the  side  x  =  0  of  the 
model  of  zero  thickness,  the  steel  plate  was 
cut  at  a  distance  from  the  x  axis  equal  to  one- 
eighth  of  the  largest  width  of  the  model. 
The  plate  thus  represents  the  meridional 
section  of  a  hollow  shaft.  To  the  two  ends  of 
the  model,  straight  and  perpendicular  to  the 
sides,  were  soldered  copper  electrodes.  These 
were  kept  at  a  constant  potential  difference 
along  the  external  side  of  the  model 


16-23.     Plan    View 
Jacobsen's  Model 


of 


The  potential  gradient  dV/dsi 
was  measured  by  means  of  a  sensitive 
galvanometer,  whose  terminals  were  connected  to  two  needles  kept  2  mm 
apart  by  embedding  them  in  a  block  of  hard  rubber. 

The  ratio  of  the  radius  of  the  bar  times  the  gradient,  at  the  point  (Pm)  of 
maximum  gradient,  to  the  value  of  the  same  product  at  a  point  (P„)  distant 
from  the  fillet,  is  the  stress-concentration  factor  as  given  by  equation  148 
(see  Fig.  16-23). 

Since  the  readings  of  the  galvanometer  are  influenced  by  stray  currents  and 
thermoelectric  effects,  ten  readings  were  taken  for  each  point  on  each  side  of 
the  model,  and  calibration  readings  were  taken  after  each  plate  reading.  A 
maximum  discrepancy  of  9  per  cent  was  found  between  readings  taken  on 
two  faces  of  the  model  at  the  same  point.  By  taking  the  average  of  these  two 
readings,  the  error  in  the  stress-concentration  factor,  due  to  the  thickness  of 
the  model,  was  estimated  at  5  per  cent.  Additional  errors  due  to  faulty 
contact,  current  variation,  and  observation  were  estimated  at  1.8  per  cent. 

The  following  causes  of  error  were  not  estimated: 

1.  The  shaft  under  consideration  is  solid,  while  the  model  represents  a 
hollow  shaft. 
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2.  The  galvanometer  readings  give  the  average  gradient  over  a  distance  of 
2  mm  and  do  not  measure  the  peak  value  of  the  gradient  at  the  fillet. 

3.  The  ends  of  the  model  are  straight  equipotential  lines  rather  than  curves 
following  the  equiangular  lines  of  the  prototype. 

The  ends  of  the  model  would  be  straight  if  the  cylindrical  portions  of  the 
model  were  infinitely  long.  This  cause  of  error  is  important  and  is  considered 
in  article  31. 

Jacobsen's  results  check  reasonably  with  the  graphical  results  of  Willers47 
but  differ  from  both  the  experimental  results  of  Weigand  and  the  theoretical 
work  of  Sonntag. 


Outer 
boundary^   Y///;/////////////M/A 


150  volts 
500  volts 


Amplifier 
Pantograph 

Fig.  16-24.     Thum  and  Bautz  Electrolytic  Tank 

31.  Thum  and  Bautz's  Analogy.  In  their  experiments  on  stress  concentra- 
tion in  shafts  of  varying  diameter,  Thum  and  Bautz44  used  an  electrolytic 
tank  made  of  wood  with  a  paraffin-coated  bottom  (Fig.  16-24).  The  sides 
of  the  tank  were  formed  by  two  electrodes  with  insulated  ends.  One  of  the 
electrodes,  representing  the  axis  of  the  shaft,  was  straight,  and  the  other 
curved  according  to  the  meridional  section  to  be  examined.  A  fixed  potential 
difference  from  an  a-c  source  was  maintained  between  the  electrodes.  The 
bottom  of  the  tank  was  curved  according  to  the  law  h  =  c/x3  up  to  a  distance 
X  from  the  side  representing  the  axis  of  the  shaft  and  was  flat  from  x  =  0  to 
x  —  X.  Since  it  is  impossible  to  build  a  tank  of  infinite  depth,  this  approxi- 
mation had  to  be  made.  Thum  and  Bautz  assert  that  the  influence  of  the 
approximation  on  the  stress  determination  is  negligible,  provided  X  be  of 
the  order  of  one  third  of  the  maximum  width  A  of  the  plate.  The  tank  is 
filled  with  tap  water. 
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The  equipotential  lines  were  plotted  by  exploring  the  field  with  a  point 
electrode  connected  to  one  of  the  terminals  of  an  earphone.  The  other  terminal 
of  the  earphone  was  connected  to  a  voltage  divider  and  bridge  as  shown  in 
Fig.  16-24. 

The  absence  of  noise  in  the  earphone  indi- 
cated that  the  potential  of  the  field  was  equal 
to  the  previously  set  unbalance  of  the  bridge. 
The  position  of  the  exploring  electrode  was 
located  on  a  piece  of  paper  by  means  of  a 
pantograph.  Thus,  by  moving  the  electrode  so 
as  to  keep  the  earphone  noise  at  a  minimum,  a 
contour  of  constant  potential  was  traced. 

In  order  to  determine  the  stress-concentra- 
tion factor  along  the  outer  boundary  of  the 
shaft,  the  normal  gradient  dV/dui  must  be 
measured  at  the  point  of  maximum  stress  and 
at  a  point  removed  from  it,  according  to  equa- 
tion 155. 

To  this  end  the  normal  distances  Dm  and  Dn  between  two  equipotential 
lines  at  their  point  of  closest  approach  Pm  and  at  a  point  Pn,  where  they  are 
practically  parallel  to  the  sides  of  the  model,  are  measured,  as  well  as  the 

radii  xm  and  x„  (see  Fig.  16-25).  The  stress- 
concentration  factor  k  is  obtained  by  plotting 
the  curve: 

xn2Dn 


Fig.  16-25.  Measurements 
Required  for  Thum  and 
Bautz  Extrapolation  Pro- 
cedure for  Determining 
Stress-Concentration  Factor 


*-x 


xm2Dn 


(156) 


Fig.  16-26.  Measurements 
Required  for  Saul  Extrapola- 
tion Procedure  for  Determin- 
ing Stress-Concentration  Fac- 
tor 

boundary  is  an  equipotential 


versus  xm  and  extrapolating  to  the  boundary. 
This  method  of  computing  k  is  affected  by 
a  rather  large  extrapolation  error,  which  can 
be  reduced  by  using  the  following  procedure, 
due  to  K.  M.  Saul.46  If  e  and  E  are  called 
the  distances  from  the  lateral  boundary, 
measured  along  the  normal  to  the  equipoten- 
tial lines,  of  the  same  equipotential  line  in  the 
stress-concentration  region  and  away  from  it 
(Fig.  16-26),  and  it  is  remembered  that  the 
line,  the  stress-concentration  factor  becomes 


k 


—  lim 


(!) 


(157) 


where  x  and  X  are  the  radial  distances  of  the  equipotential  line  from  the  axis. 

In  Fig.  16-27  the  distances  E  are  plotted  versus  the  corresponding  distances 

e  for  various  equipotential  lines.     The  limit  appearing  in  equation  157  is  the 

slope  of  the  tangent  to  the  curve  E  at  the  origin.     This  slope  (tan  0O)  can  be 
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evaluated  rather  accurately  and  gives  the  stress-concentration  factor, 


k  =  —  tan 
X2 


(158) 


which  is  more  accurate  than  the  factor  obtained  by  extrapolating  equation  156. 

G.  Solet46  showed  that  there  is 
an  error  of  about  5  per  cent  in 
locating  the  tangent  to  the  E 
curve  at  the  origin  by  Saul's 
extrapolation,  mainly  because 
the  E  curve  is  defined  at  the 
right  of  the  origin  only,  and  be- 
cause meniscus  effects  change  the 
depth  of  the  tank  in  the  neigh- 
borhood of  the  lateral  boundary, 
where  the  depth  is  smallest. 

The  extrapolation  can  be  im- 
proved as  follows: 

Consider  (Fig.  16-27)  a  point 
A  on  the  E  curve,  a  short  dis- 
tance ds  from  the  origin  along  the 
curve.  Calling  0  the  angle  be- 
tween the  tangent  to  E  at  A  and  the  e  axis,  and  p  the  radius  of  curvature  of 
the  arc  ds  we  have 


Fig.   16-27.     Graphical  Construction  Used 
in  Saul  and  Solet  Extrapolation  Procedures 


dd  = 
and 

d0 

-  0,  =  ^s 

p 

tan  #o  —  tan  6Y 

« 

d  tan  0 
=  (1  +  tan2  00  dd 

from  which 

tan  d0  =  tan  0i  +  (1  +  tan2  00 


^-x0- 

p 

.x' 

X 

^R-? 

^ — x0\^>^ 

^~<p  =  const. 

<V/3 

<y    \ 

^y' 

ds 

P  Fig.  16-28.      Measurements  Required 

(159)  in  Solet  Extrapolation  Procedure 


With  the  symbols  of  Fig.  16-28,  it  can  be  proved  that 

1       / 1       3  cos  g\  3 

-  =  (  —  H )  sin  0O  cos2  0O  -  — 

p       \E  x0     /  A, 


snr  0O  cos  0O 


(160) 


In  order  to  determine  k,  a  point  A  is  chosen  on  the  E  curve,  and  the  tangent 
to  the  curve  at  A  is  drawn,  determining  tan  0X.  This  can  be  done  very  accur- 
ately because  the  curve  E  is  defined  at  both  the  right  and  left  of  A.  Then 
tan  0O  is  roughly  evaluated  from  the  same  graph  and  1/p  is  computed  by 
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equation  160.  By  measuring  ds  on  the  curve  E,  an  improved  value  of  tan  0O 
is  then  obtained  by  means  of  equation  159.  The  error  in  the  determination  of 
tan  do  is  thus  reduced  to  2  to  3  per  cent. 

The  advantages  of  the  Thum  and  Bautz  method  over  Jacobsen's  are  the 
following : 

1 .  The  Thum  and  Bautz  method  does  not  require  a  measure  of  the  potential 
but  only  the  drawing  of  equipotential  lines. 

2.  The  point  of  maximum  stress  can  be  easily  located  in  the  fillet  region. 

3.  When  Saul's  extrapolation  is  used,  an  error  in  the  thickness  of  the  tank 
gives  errors  of  the  second  order  in  k. 

4.  It  is  easier  to  change  the  shape  of  the  model. 

One  of  the  main  causes  of  error  in  both  methods  is  due  to  the  assumption, 
made  in  the  theory  but  not  satisfied  in  the  experiments,  that  the  shaft  termi- 
nates with  equiangular  surfaces.  In  the  experiments,  the  ends  of  the  model 
are  flat,  corresponding  to  equiangular  surfaces  for  a  cylindrical  shaft. 

In  order  to  investigate  this  source  of  error,  Solet46  determined  the  stress- 
concentration  factors  for  a  shaft  with  a  semicircular  notch  (radius  R)  varying 
the  ratio  of  the  length  L  to  the  width  W  of  the  tank : 


L/R 

6 

8 

12 

L/W 
k 

H 

1.75 

1 
1.64 

1.5 
1.58 

1.50 

(The  last  result  was  obtained  by  measuring  the  distance  between  two  equi- 
potential lines  in  the  model  of  a  circular  cylindrical  shaft.)  It  is  seen  from 
the  foregoing  results  that  the  influence  of  the  ratio  L/W  on  k  is  considerable 
and  that  large  ratios  must  be  used  in  the  experiment  to  obtain  correct  values 
of  the  theoretical  stress-concentration  factor. 

Solet  compared  his  stress-concentration  factors  and  those  of  Thum  and 
Bautz  with  those  obtained  by  direct  experimental  strain  measurements.  The 
results  of  Solet,  derived  by  means  of  a  long  tank  were  2  to  3  per  cent  off; 
those  of  Thum  and  Bautz  were  off  by  more  than  15  per  cent. 

III.  TWO-DIMENSIONAL  STRESS  AND  STRAIN 

Several  types  of  two-dimensional  stress  distributions,  which  are  difficult  to 
investigate  by  direct  strain  measurement  or  model  analysis,  have  analogues 
that  can  be  handled  easily  experimentally.  Most  of  these  analogies  become 
evident  when  the  general  formulation  of  the  two-dimensional  stress  problem 
is  studied,  in  terms  of  the  Airy  stress  function.48  This  function  takes  its 
simplest  form  for  the  case  of  plane  strain. 

P.  Plane  Strain 

32.  Strain-Displacement-Stress-Temperature  Relations.  The  state  of 
plane  strain  may  be  defined  by  setting  the  component  w,  of  the  displacement, 
equal  to  zero  and  restricting  the  components  u  and  v  of  the  displacement  to 
be  functions  of  the  coordinates  x  and  y  only  (see  Appendix  I,  article  8). 
When  this  is  done,  the  relations  connecting  components  of  strain,  displace- 
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ment,  and  stress  and  temperature,  in  a  homogeneous,  isotropic  elastic  body, 
become 

e*  =  IT  =  I  t(l  -  M>*  -  Md  +  M>J  +  (1  +  m)«0  (161) 

e"  -  r  =  I K1  -  ">»  -  ^(1  +  riffJ  +  (x  +  ")«*        (162) 

dv  du       2(1  +M) 

da;  dy             E 
also 

t„,  =  tzx  =  yyz  =  7„  =  e,  =  0                                                        (164) 

a,  =  m(«t.  +  <r„)  -  Ead  (165) 

where  the  symbols  a  and  0  are,  respectively,  the  coefficient  of  linear  thermal 
expansion  and  the  temperature  in  excess  of  a  uniform  initial  temperature. 
These  are  the  relations  existing  in  what  H.  M.  Westergaard50  has  called  a 
constrained  slice,  that  is,  a  slice  of  a  cylindrical  body  bounded  by  parallel  planes 
(normal  to  the  axis  of  the  cylinder)  which  are  not  free  to  warp.  The  loading 
on  the  slice  is  everywhere  parallel  to  the  bounding  planes  and  does  not  vary 
through  the  thickness  (or  varies  only  symmetrically  with  respect  to  the  middle 
plane  and  to  a  moderate  degree). 

33.  Airy's  Function  and  the  Equations  of  Equilibrium.  When  the  compo- 
nents of  stress  are  expressed  in  terms  of  Airy's  stress  function  <p  and  a  body 
force  potential  V  by 

°*  -  Tl  +  V  (166) 

dy 

dV 

a"  =  Tl  +  V  <167) 

ox2 

dhp 

txv  =  -  -r~  (168) 

ox  dy 

the  equations  of  equilibrium  are  satisfied  identically  (see  Appendix  I, 
equations  20). 

34.  Conditions  on  ip  at  a  Point  on  the  Boundary.  If  equation  164  is  taken 
into  account,  the  boundary  conditions  at  a  point  on  a  cylindrical  surface  of 
the  slice  become 

X  =  a  J  +  Txym         Y  =  Txyl  +  <jym  (169) 

where 

dy  dx  , , 

I  =  f        m  =  -  —  (170) 

ds  ds 
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(see  Fig.  16-2).     Hence, 


w     J 


X  =  r^.rV)^  +  ^^  =  ?-(d-*)--Vl  (171) 

'  ds       dxdy  ds        ds  \dy. 


Y=-(d^+v)^-^^=-°-(dA    I    Vm  (17,, 

\dx2  J  ds       dx  dy  ds  ds  \«9a;/ 

Integrating  along  a  boundary,  we  have 

d<p 


Y  ds  +    /     Vm  ds  +  at  (173) 

$x  Jo  Jo 

—  =    /    Ids-    \     Vlds+p,  (174) 

<fy       Jo  Jo 

where  a{  and  &  are  constants.  If  the  slice  is  multiply  connected,  «;  and  /?,• 
will,  in  general,  be  different  for  each  boundary  Ct  (i  =  0,  1,  2,  •  •  •  ,  n).  If 
the  boundary  and  body-force  loadings  (X,  Y,  V)  are  known,  the  functions 
of  s, 

Ai  =  -  fj  Y  ds  +  jQS  Vm  ds         (i  =  0,  1,  2,  •  •  •  ,  n)         (175) 
5;  =  fQS  X  ds  -  fj  VI  ds  (i  =  0,  1,  2,  •  •  •  ,  n)         (176) 

are  also  known  for  each  point  of  each  boundary. 

Multiplying  equation  173  by  dx/ds  and  equation  174  by  dy/ds,  and  adding 
and  integrating  along  the  boundary,  we  have 

<pCi  =  f0°  (Bd  -  Am)  ds  +  aa  +  j8#  +7.        (t  =  0,  1,  2,  ■  •  •  ,  n)     (177) 

Also,  multiplying  equation  173  by  dx/dv  and  equation  174  by  dy/dv,  and 
adding  and  noting  (see  Fig.  16-2)  that 

c£r       dy  dy  dx 

dv        ds  dv  ds 


we  have 

=  vU  +  5iTO  +  ad  +  frm         (t  =  0,  1,  2,  •  •  •  ,  n)       (179) 


~d~v 


Ci 


Thus,  the  boundary  stress  conditions  require  that  the  function  <p  and  its 
normal  derivative  dcp/dv  be  specified  at  each  point  of  each  boundary  in  accord- 
ance with  equations  177  and  179. 

If  the  slice  is  simply  connected,  the  values  of  the  constants  a0,  /30,  y0  on  the 
single  boundary  C0  may  be  chosen  arbitrarily  since  the  addition  of  a  function, 

(fo  =  —a0x  —  poy  —  y0 
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makes  them  disappear  and  does  not  affect  the  stresses.  In  an  (n  +  ^-con- 
nected slice,  three  additional  conditions  on  cp  are  required  for  each  of  n  bound- 
aries C%  (i  =  1,  2,  3,  •  •  •  ,  n)  in  order  to  determine  the  3n  constants  ait  $i}  y* 
(i  =  I,  2,  3,  •  •  •  ,  n).  These  constants  are  known  as  Michell's  boundary 
constants.48 

35.  Differential  Equation  Governing  <p.  Any  function  <p(x,  y)  will  yield 
components  of  stress  which  satisfy  the  equations  of  equilibrium  if  the  com- 
ponents are  calculated  by  equation  166  to  168.  More  than  one  set  of  com- 
ponents of  stress,  corresponding  to  different  functions  <p,  can  be  found  that 
will  satisfy  the  equilibrium  equations  and  a  stated  set  of  boundary  conditions 
because  the  three  components  of  stress  ax,  <tv,  rxy  need  satisfy  only  two  equilib- 
rium equations.  Thus,  the  equations  of  statics  are  not  sufficient  to  determine 
a  unique  state  of  stress;  that  is,  the  problem  is  "statically  indeterminate." 
To  find  the  additional  conditions  to  be  satisfied  by  <p  we  study  the  components 
of  displacement. 


Consider  the  line  integrals, 

for   ^  L 


dv 


where  Cr  is  any  closed  curve  in  the  slice.     From  the  first  integral,  we  have 

f    (du  du 

Cr  J  Cr  \dx  dy 

=    /     (e.  dx  +  J7„  dy)  -     I     aitdy  (180) 

J  Cr  JCr 

where,  by  equations  161  to  163, 

1  (dv       du\        dv        1  1  du 


Now, 


"'  ~  2  \dx       dy)       dx       2  yiv  "  2  lxu       dy 


u>zdy  =  yr    I     do)z  —    I     y  dwz  (181) 

Cr  J  Cr  J  Cr 

where  yT  is  the  y  coordinate  of  the  starting  point  of  integration  on  CT.     But 


Cr 


f     (dwz  dec?      \ 

dw>=  }c\Txdx  +  ^)dy) 


Jcr\2    dx 


-d^W  f  &-¥*?)*•>  — 


dy  /  J  Cr  \dx       2    dy 


and,  similarly, 


■""■■■•  ']0,vK^-%r+hv&-->  :    ;    ]KV] 


1  dyxy\ 

2  dy] 
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Hence  equation  180  becomes 
/     du  = 


Cr 


Cr 


\2    dx         dy) 


dyxy       de2 


dx 


+ 


Cr 


1  (dey 

2  \dx 


1  dy*A 

2  dj// 


<fy     (184) 


Applying  Green's  theorem  to  the  right-hand  side  of  equation  184,  we  have 
du  =    I     I     (y  -  iir)  1  —  +  —  -  tt^  )  dx  dtf  -     >      /     du     (185) 


Cr 


I  fdhy  d2€x  <Py*y\ 

Rr  r    \dx2        dy2        dxdy. 


II, 


where  Rr  is  the  portion  of  the  solid  enclosed  in  CT,  and  the  summation  is  taken 
over  all  internal  boundaries  d  that  may  be  enclosed  in  CT  (the  integrations 
must  be  performed  in  the  positive  direction  of  s).  Notice  that  the  compo- 
nents of  strain,  together  with  their  first  and  second  derivatives,  are  assumed 
to  be  continuous. 

If  the  region  enclosed  in  Cr  is  simply  connected,  the  line  integrals  on  the 
right-hand  side  of  equation  185  are  not  present.  In  that  case  we  see  that  the 
condition 


dx2 


+ 


d2ex       d2^ 


dy2       dx  dy 


(186) 


is  a  necessary  and  sufficient  condition  for  single-valuedness  of  the  component 
of  displacement  u.  The  same  conclusion  is  reached  in  considering  the  com- 
ponent v.  Thus,  the  compatibility  condition  (equation  186)  (see  Appendix  I, 
equation  22)  is  not  only  a  necessary  condition  for  single-valued  displace- 
ments but,  in  a  simply  connected  region,  or  in  a  simply  connected  subregion 
of  a  multiply  connected  region,  also  a  sufficient  condition. 

Adopting  the  requirement  of  single-valued  displacements  in  simply  con- 
nected regions  and  replacing  the  components  of  strain  in  equation  186  by 
their  expressions  in  terms  of  <p,  through  the  use  of  equations  161  to  163  and 
166  to  168,  we  find 

l-2/i  E 

vv  =  --- — -v2v  - 


where 


V4  =  V2V2  = 


1  -ju 

' '  d2 

vdx2 


1  -M 


aV26 


(187) 


+ 


dy' 


_1      ll 
dx2       dy2. 


Equation  187  and  the  boundary  conditions, 

<pc0  =         (B„l  —  A„m)  ds 


dtp 


A„l  +  B„m 
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where  A0  and  B0  are  given  by  equations  175  and  176,  constitute  a  complete 
statement  of  the  boundary-value  problem  of  plane  strain  in  a  simply  con- 
nected slice. 

36.  Displacements  in  a  Multiply  Connected  Slice.  Examination  of  equa- 
tion 185  shows  that  equation  186  or  equation  187  is  only  a  necessary  but  not 
a  sufficient  condition  for  single- valuedn ess  of  u  in  a  multiply  connected  region. 
The  contributions  of  the  line  integrals  around  all  the  internal  boundaries 
must  be  accounted  for.     If  u  is  to  be  single  valued,  each  of 


/< 


du         (i  =  1,  2,  3,  •  •  •  ,  n) 

must  vanish  separately,  since  CT  can  be  taken  so  as  to  include  any  number  of 
the  internal  boundaries  in  any  combination.  However,  it  is  not  necessary 
physically  that  u  be  single  valued  in  a  multiply  connected  slice  if  we  admit 
the  type  of  displacement  known  as  a  dislocation  (see  Fig.  16-29a).  Calling  a; 
the  amplitude  of  the  dislocation  in  u  for  the  ith  boundary,  we  have 


a,i  =    /     du         (i  =  1,  2,  3,  •  •  ■  ,  n) 


du 
—  dx  +  —  dy 
Ci  \dx  dy 


I. 


/du 
t\3x 

(ex  dx  +  YYxy  dy)  -    /     o>2  dy  (188) 

d  J  d 


but 


cdz  dy  =  yi    I     duz  —    I     y  duz  (189) 

Ci  J  d  J  d 

where  y*  is  the  y  coordinate  of  the  starting  point  of  integration  on  the  ith 
boundary. 

In  equation  189  we  have  the  term, 


/. 


dco, 

d 

which  represents  a  rotational  dislocation  of  the  type  shown  in  Fig.  16-29c. 
Admitting  this  type  of  discontinuity,  of  magnitude  Ci,  in  a  multiply  connected 
slice,  we  write 


duz     (i  =  1,  2,  3,   •  •  ■  ,  n) 


/dey       1  dyxy\ 

>t  \dx   ~~  2    dy  J 


«vrs?-£j*  +  V--    ■  ■■'""      (,w" 
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Noting  that 

y  dwz  = 

d 


we  can  write  equation  188  as 


do;*  d(iL>z      \ 

fldyxy        de\ 


CLi   +  tjid    = 


+ 


d 


**  +  V  1 7 


1  d7JW        de. 


2    5x 


ay 


E   + 


dx 


d 


dx 


1  dyxv\ 


1  /ae,        137,,, 

2  7a',y  +  /y  y»  ~  2  ~a7 


dy         (i  =  1,  2,  3, 


n)     (191) 


Similarly,  considering  the  displacement  component  V,  we  find 
1 


bi  —  Xid 


d 


27iy       X\2    dx 


+ 


Ct 


1  dyIU       de^ 
~  dy 
dey       1  dyxy 


dx 


dx        2    dy 


dy         (t  =  1,  2,  3, 


,n)     (192) 


where  a;*  is  the  x  coordinate  of  the  starting  point  of  integration  on  the  ith 
boundary  and  6»  is  the  amplitude  of  a  translational  dislocation  of  the  type 
shown  in  Fig.  16-296. 


^-x 


Fig.  16-29.     The  Three  Fundamental  Two-Dimensional  Dislocations  Illustrated 
for  the  Case  of  a  Circular  Ring 

Equations  190,  191  and  192  constitute  3n  conditions  on  the  components  of 
strain  and,  hence,  the  same  number  of  conditions  on  <p.  These  are  just  the 
number  required  to  determine  the  3n  boundary  constants  cti,  (3i,  y%,  (i  = 
1,  2,  3,  •  •  •  ,  n).  To  express  these  conditions  in  terms  of  <p,  we  have  only 
to  replace  the  strains  by  their  expressions  in  terms  of  <p. 

37.  Rotation  Condition.  Replacing  the  components  of  strain  in  equation 
190  by  their  expressions  in  terms  of  cp,  through  equations  161  to  163  and  166 
to  168,  we  have 
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-  (VV)  dy  -  —  (VV)  dx 
ox  dy 


+ 


(l  -2M)(i  -Km) 
E 


(ev        dv    \ 

\a^dy-a^dX) 


f    [3d  dd 


Hence, 
3(W) 


ds 


Ea 


1  -  2m 


dV 

t-  ds 


Ea 


66 


ds 


d      dv  1  —  m2         1  —  M    J  ft  °v  1  —  /j.  J  a  dv 

(i  =  1,  2,  3,  •  •  •  ,  n)     (193) 

This  is  the  first  of  Michell's  three  conditions  on  <p  for  each  internal  boundary 
of  the  slice. 

38.  Displacement  Conditions.     Referring  to  equation  191  we  note  that, 
integrating  by  parts, 

/a  v dx  +  i 7xv  dV =  [X€x]o° +  ^  [y7xy]o° "  /ft  v  ^ dx  +  5 y  ^f dy) 

(    de*  1     37XJ/ 


—  * 

r     \     dx  2 


1    dyxy     \ 

2y-^dy) 


cAX^dy  +  lyd:dJdx) 

the  terms  outside  the  integrals  vanishing  because  of  the  assumption  of  con- 
tinuous strains. 

Equation  191  then  becomes 


at  +  yiCi  =  - 


/.( 


dy 


dx 


dex  de\  f       /de„       dyXy\ 


f       dex 
-         x-'dy     (194) 
J  ft     dy 

When  the  strain  components  in  equation  194  are  replaced  by  their  expres- 
sions in  terms  of  <p,  we  find 


E(a,i  +  yid 


1  +  M 
+  (1  -  2M) 


=  (1  -  /*)  /    y 


—  (vv)  dy  -  j-  (vv)  <& 

dx  dy 


r      fdV 

ftyW 


37    \  /"     /d0 

dy  —  —dx)  +  Ea   /     ?/ 1  —  <2f/ 


d0     \ 


d(vv)  dv         d# 

x      1  -  M   ~V^  +  (1  -  2m)  —  +  ^a  - 
d      !  ox  ax  dx 


dx 


dV  oV 

-  /cAxd^dx  +  2/dx^d2/ 


\         f  (      dV  3V       \ 

')  +  JcXXd-x^ydy  +  yd^d-ydX) 


(195) 
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f    (x^ 
J*  \    dx* 


T-zdz  +  y 


dx  dy' 


*)  + /«(*«*» 


d3<p        > 


=  2 


d2<p  3V 

dx2  dx  dy 


d2ip  d2<p 

d  \dx2  dx  dy 


a_/Vv 

-,.  ds  \dxj 


the  term  outside  the  integral  vanishing  because  the  stresses  are  continuous. 
But,  from  equation  172 

d^ 

ds 


(i) 


=  Vm  -  Y 


Hence  equation  195  may  be  written: 


V)  _  x  d(W)^  dg       E(cu  +  yon) 


r  /  8ffl0_xd©0j 


1   -  M2 


1  -2M 


ay       ay\  .       #« 

1  —  fi   J  a  \     dv  ds  I  I  —  /J.  J  a\    dv 


86 


dd\ 
x  —  ]  ds 
ds, 


1 


1   -  M  Jd 


(Y  -  Vm)  ds         (i  =  1,  2,  3,  ■  ■  •  ,  n)     (196) 


This  is  Michell's  second  condition  on  <p  for  each  internal  boundary  of  the 
slice. 

Similarly,  from  equation  192  we  find 


JCi\        ds  dv     J 


ds  = 


Ejbj  -  Xid) 
1  -  (j.2 


i  -  2ju  /*  /  ay,    aA  ,       Ed    f  (  m  ,    dd\  , 

/     12/ r  *  —  )  as /     h/ \-  x  —  )  ds 

1-fJ.   JCi\    ds  dv  J  1  -  n  JCi\    ds  dv) 


1  —  H  Jd 


(X  -  70  ds        (i  =  1,  2,  3, 


,  n)     (197) 


which  is  the  last  of  Michell's  three  conditions. 

39.  Recapitulation.     The  boundary- value  problem  of  plane  strain,  expressed 
in  terms  of  Airy's  stress  function  <p,  is 


W 


1  -  lu.  E 

MV27  - aV20 


fCi 


1  —  )U  1   —  /i 

(Bd  —  Aim)  ds  +  <XiX  +  /3i?y  +  y* 

(i  =  0,  1,  2, 


(198) 


,  n)     (199) 
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=  Ad  +  Bon  +  ad  +  frm         (i  =  0,  1,  2,  •  •  •  ,  n)  (200) 


dip 


d 


f   d(VV)  ,  Ea         1  -  2/x    /    dV  ,  Ea      f   dd  , 

f     as  = /     —  as /     —  as 

Ci      dv  1  -  m2         1  -  V    J d  dv  I  —  n  Jcidv 

(t  =  1,  2,  3,  •  •  •  ,  n)     (201) 


/.( 


^  3(W)  _  ^  3(W)\  ^  =  gfo  +  ygO 
<9f  ds     J  1  —  /j.2 

1  -  2m    /"    /    dV  dV\   ,  Ea       f    (    86  dd\ 

y x  —  J  as /     [y x  —  las 


1  —  ijl    J  Ci  \     dv  ds  J  1  —  n  J  Ci  \    dv  5s 

''     (Y  -  Vm)  ds        (i  =  .1,  2,  3,  •  •  •  ,  n)     (202) 


Ci 


1  —  v  J  d 

d(V2<p)    ,      9(VV)\  ,  #(&«  -  «*c<) 

// r  x )  as  =  — 


ds  dv     J  1  —  /x2 

1  -  M   JCi  \    5s  3"/   .         I   -  M  7c-  \    ds  dvj 

"     (X  -  VI)  ds        (i  -  1,  2,  3,  •.  •  ■  ,  n)     (203) 


1  -  V  J  a 

Q.  Analogy  between  Free  and  Constrained  Slices 

It  is  possible  to  construct  a  free-slice  analogue  of  a  constrained  slice.50  The 
free  slice  has  the  same  cylindrical  boundaries  as  the  constrained  slice,  but  the 
thickness  of  the  free  slice  should  be  small,  in  general,  in  comparison  with  its 
other  dimensions.  In  addition,  the  two  parallel  bounding  planes  of  the  free 
slice  must  be  unstressed  and  free  to  warp,  and  the  loading  of  the  slice  must  be 
distributed  symmetrically  across  its  thickness  so  that  the  middle  plane  of  the 
slice  remains  plane.  Under  these  conditions  a  state  of  stress  is  obtained  in 
which,  to  a  close  approximation, 

az  =  tvz  =  t„  =  0  (204) 

where  the  x,  y  plane  is  the  middle  plane  of  the  free  slice. 

In  general  the  thinner  the  slice  the  better  is  equation  204  realized;  but  the 
necessity  for  thinness  is  not  great,  as  good  results  are  obtained  even  when  the 
thickness  exceeds  neighboring  dimensions  at  right  angles. 

The  advantage  of  using  a  free  rather  than  a  constrained  slice  is  that  the 
former  usually  can  be  loaded  and  examined  more  easily. 

40.  Strain-Displacement-Stress-Temperature  Relations  in  a  Free  Slice. 
If  equation  204  is  taken  account  of,  the  strain-displacement-stress-tempera- 
ture relations  for  a  free  slice  become 

6x  =  dJH  =  i  (ax  -  n<xy)  +  ad  (205) 

dx       E 
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-  /iff,)  +  ad  (206) 

(at  +  <tv)  +  ad  (207) 

2(1  +-n) 


dv 
dy 

i 

—  i 

E 

{&V 

dw 

M 

dz 

E 

dv 

~  die 

du 

dv 

= 

E 


T*y  (208) 


41.  Airy's  Stress  Function  for  the  Free  Slice.  We  again  express  the  com- 
ponents of  stress  in  terms  of  an  Airy  Stress  function  <p  and  a  body-force 
potential  V: 

°*  =  d^2  +  V  (209) 

dy2 

°v  =  S  +  V  (210) 

T*v  =   -  ~~  (211) 

dx  dy 

With  these  expressions  and  equation  204,  the  equations  of  equilibrium  are 
satisfied  identically  (see  Appendix  I,  equations  28). 

42.  Conditions  on  (p.  In  general,52  all  six  of  the  compatibility  conditions 
(Appendix  I,  equations  34)  restrict  the  function  cp  under  the  conditions  speci- 
fied by  equation  204,  but,  when  the  thickness  of  the  free  slice  is  small,  the 
z  dependence  of  <p  is  negligible,  and  only  the  condition 

^  +  ^-^=0  (212) 

dy2        dx2        dx  dy 

need  be  used.     Hence,  if  the  relations  of  articles  40  and  41  are  used  in 
equation  212,  the  differential  equation  governing  cp  is  found  to  be 

W  =  -(1  -  H)V2V  -  EaVW  (213) 

Equation  213  for  the  free  slice  replaces  equation  187  for  the  constrained 
slice  as  the  necessary  and  sufficient  condition  for  single- valuedness  of  displace- 
ments in  simply  connected  regions  and  as  a  necessary  condition  in  multiply 
connected  regions. 

In  a  multiply  connected  slice  the  two  conditions  on  <p  for  each  point  of 
each  boundary  are  found  in  exactly  the  same  manner  as  in  article  34  (for  the 
constrained  slice)  and  have  the  same  form: 


<pc<  =  /J  (Bd 


dip 
dv  |( 


Aim)  ds  +  a.iX  +  fii-y  +  ji 

(i  = 

=  0,  1,  2,  •  • 

■  ,  n)     (214) 

i  +  ad  +  fan         (i  =  0,  1,  2, 

•  •  ■  ,  n) 

(215) 
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Ai  =  ~  Jq    Y  ds  +  j*  Vm  ds         (i  =  0,  1,  2,  •  •  •  ,  n)  (216) 

Bt  =    L   X  ds  -  ]0*  VI  ds         (i  =  0,  1,  2,  ■  •  •  ,  n)  (217) 

-X"  =  a  J  +  rxvm         Y  =  Txyl  +  arym  (218) 
Similarly,  the  three  conditions  on  <$  for  each  internal  boundary  are 


d(W) 


d 


& 


J\  T  7  l  r\f\ 

ds  =  Ed  —  (1  —  n)    I     — ds  —  Ea         —  ds 
dv  J  a  dv  I  ddv 


J  d 

a  =  i,  2, 3, 


,  n)     (219) 


3(VV)  3(VV) 

y  —  —  x 


dv 
-  (1  -  m) 


as 


ds  =  .E(a»  +  ?/;C;) 


57  37 

y  —  —  * 

c,  \    dp  6s 


)rfs  —  Ea    /     [  w  —  —  x  —  I  ds 
Jct\dv  ds) 


(1  +  n)    I     (Y  -  Vm)ds         (i  =  1,2,  3, 


,n)     (220) 


3(VV)    ,      3(VV) 
2/ — —     f  » 


as 

-  (1  -  m) 


d^ 


ds  =  —E(bi  —  Xid) 


C(y^+x9A"^/ft(vs+xf9* 


-  (1  +  M)    /      (Z  -  7/)  rfs         (i  =  1,  2,  3, 


n)     (221) 


43.  The  Analogy.  If  we  compare  equations  213  to  221  with  the  correspond- 
ing equations  in  section  P,  it  may  be  seen  that,  if  in  all  the  formulas  pertaining 
to  the  constrained  slice,  we  replace  E,  m,  and  a  by  E,  p.,  and  a,  where 


E  = 


E{\  +  2/i) 

(1+M)2 

M 

1  +M 

«(!+/*) 

1  +2M 


(222) 
(223) 
(224) 


the  resulting  formulas  are  identical  with  the  corresponding  ones  for  the  free 
slice. 

It  should  be  noted  that  the  relations  (equations  222  to  224)  need  be  satisfied 
only  in  certain  cases  where  the  state  of  stress  depends  on  one  or  more  of  the 
physical  properties  of  the  material.     These  special  cases  are  as  follows. 
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From  the  differential  equation  213  and  equations  209  to  211,  it  may  be 
seen  that  the  components  of  stress  ax,  <rv,  rxy  will  depend  on  Poisson's  ratio 
when  either  the  body-force  potential  or  the  temperature  distribution  is  not 
harmonic  (that  is,  V2V  ^  0  or  V20  ^  0).  An  example  of  a  harmonic  body- 
force  potential  is  that  of  the  uniform  gravitational  attraction  of  the  earth, 
whereas  a  nonharmonic  body-force  potential  is  illustrated  by  that  of  the 
centrifugal  force  in  a  rotating  body.  A  steady-state  temperature  distribu- 
tion is  harmonic  while  a  nonsteady-state  distribution  is  not  harmonic. 

It  should  also  be  noted  that,  even  if  V  and  6  are  harmonic,  there  may  be 
dependence  on  Poisson's  ratio  under  the  circumstances  listed  in  the  following. 

From  equations  219,  220,  and  221  it  may  be  seen  that,  in  a  multiply  con- 
nected slice,  the  stress  will  depend  on  Poisson's  ratio  if  any  one  of  the  following 
line  integrals  does  not  vanish  (unless,  of  course,  they  vanish  in  the  combina- 
tions that  appear  in  those  equations) : 

X  ds  Yds 

Ct  J  d 

<>V  ds  I       I7-7.V  I      Vmds 


/  (y^ —  x^~)ds      /  (y^r  +  xT~)ds 

Jay    ov  ds  J  J  a  \    os  dv  j 

The  first  two  of  these  are  the  x  and  y  components  of  the  resultant  force  on  the 
internal  boundary  d.  Hence,  in  a  multiply  connected  slice  stressed  only  by 
boundary  loading,  the  stress  will  be  independent  of  the  elastic  constants  if 
the  resultant  force  on  each  internal  boundary  vanishes. 

The  third  integral  represents  the  flux  of  the  body  force  across  the  boundary 
Ci,  while  the  fourth  and  fifth  integrals  are  the  x  and  y  components  of  the 
resultant  body  force  on  C».  The  last  two  integrals  are  nonvanishing  only 
if  the  body-force  potential  has  singularities  inside  d  of  the  order  of  a  doublet 
or  less. 

Again  from  equations  219  to  221,  the  stress  will  depend  on  both  Poisson's 
ratio  and  Young's  modulus  if  any  one  of  the  following  quantities  does  not 
vanish  (unless  they  vanish  in  the  combinations  that  appear  in  those  equations) : 


al         hi         d 

—  ds  /      (  y  —  -  X  —  )  ds  /      (  y  —  +  x  —  )  ds 

ddv  Ja\    dv  ds/  JCi\    ds  dv , 


Hence,  if  there  is  a  dislocation  (a»,  hi,  or  c»)  the  stress  depends  on  both  elastic 
constants.  Also,  the  first  integral  represents  the  total  flow  of  heat  across 
d  while  the  second  and  third  integrals  are  nonvanishing  only  if  the  tempera- 
ture distribution  has  a  singularity  inside  d  of  the  order  of  a  doublet  or  less. 
Finally,  if  d  is  harmonic,  and  the  body  is  simply  connected,  the  coefficient 
of  expansion  does  not  affect  the  components  of  stress  ax,  ay,  rxy.     In  fact,  these 
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components  have  zero  values,  and  the  only  component  of  stress  that  appears 
is  in  a  constrained  slice  where,  from  equation  165, 

a*  =  -Ea6 

Most  of  the  foregoing  conclusions  regarding  dependence  of  stress  on  elastic 
and  thermal  constants  were  pointed  out  by  M.  A.  Biot  in  the  papers  listed 
under  his  name  in  the  bibliography.63- 54' 55 

R.  Analogy  between  Body  Forces  and  Boundary  Loads 
and  Dislocations 

44.  Formulation  of  the  Analogy.  M.  A.  Biot  has  shown53' 54  how  a  two- 
dimensional  state  of  stress  resulting  from  body-force  loading  (for  example, 
the  earth's  gravitational  pull  on  a  structure)  can  be  reproduced  by  applying 
boundary  loads  and  in  some  cases,  dislocations.  If  the  body-force  potential 
is  harmonic  (V2V  =  0)  the  analogy  may  be  derived  from  equations  198  to 
203  and  166  to  168,  in  the  following  manner. 

When  the  stresses  are  the  result  of  only  boundary  loadings  and  a  harmonic 
body-force  potential,  the  equations  governing  the  plane-strain  function  <p 
become 

W  =  0  (225) 


tpC(  =    /      (Bd  —  Aim)  ds  +  <XiX  +  fay  +  yt 
Jo 


dip 
dv 


d 


d 


(i  =  0,  1,2,  •  •  •  ,  re) 

(226) 

=  Ad  +  Bm  +  ad  +  jSt-m         (i  =  0,  1,  2,   ■  ■  •  ,  re) 

(227) 

Ai  =  -    /     (Y  -  Vm)  ds        Bt  =    1     (X  -  VI)  ds 

(228) 

Jd       dv                        1   -  n    J  a  dv 

(229) 

\        dv                  ds     J                    1  —  /J,    J  a\     dv             ds  J 

1      (V         Vm~\  r/s           (7  —  1     2    3     •    •    ■       iA 

(230) 

1-mJa 

/■  3(W)+:ccKW)V            1-2*    t   (yW+JV\ 
\        ds                   dv     J                   1  —  n    J  d\     ds            dv  J 

(Y        VI)  d«          (i        1.  2'S     •   •   •      m) 

(231) 

/         UV              t   bj   lib               \i            1,    L,   O,                    ,    11) 

1  -  M  J  d 

dSp  4-17 

%2 

(232) 
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dV 
<Tv  =  W  +  V  (233) 

(234) 


dx  dy 


Let  us  now  consider  a  state  of  stress  in  a  geometrically  similar  model, 
expressed  in  terms  of  an  Airy  function  (p',  resulting  from  only  boundary  load- 
ings and  dislocations.  Then,  identifying  quantities  pertaining  to  the  model 
by  prime  (')  or  subscript  G)  we  have 

ViV  =  0  (235) 

fsi 

(i  =  0,  1,  2,  •  •  •  ,  n)     (236) 
d<pr 


dvi 


=  Ai'l  +  Bi'm  +  ai'l  +  fr'm        (i  -  0,  1,  2,  •  ■  ■  ,  n)  (237) 


AS  =  -    /      Y'  dsi        Bi'  =    I     X'  dsx  (238) 


<.'  \         dvi 


<W,V)  rfsi  _  JW-       (,-_i,  2,  8,  •••,«)  (239) 


CV        3vi  1   —  Mi2 


—  X\  ■ dsi  = 


dS]     /  1  —  /u 

1 


1   -  Mi  jCi' 


F'  dSl         (i  =  1,  2,  3,  •  •  ■  ,  n)     (240) 


/.(■ 


a(ViV)    ,       d(W)\  ,  -Ei(bi'  -  Xi'a') 

Vi  — : h  ^1  — : 1  «Si  = 


dsi  di^     /  1  —  /xi2 

1 


1   -  Mi  J  C: 


X'ds!         (i  =  1,  2,  3,  •  •  •  ,  n)     (241) 


*-.'  =  r^         (242)        or„'  =  -£         (243)        r,m'  =  -  -^-     (244) 

Let  the  ratio  of  lengths  in  the  x,  y  plane  of  the  prototype  to  corresponding 
lengths  in  the  xu  yi  plane  of  the  model  be  X.  Then,  comparing  equations  225 
to  234  with  equations  235  to  244,  Biot  observed  that  the  stress  function  <p' 
can  be  made  directly  proportional  to  <p  if  the  boundaries  of  the  model  are  made 
geometrically  similar  to  those  of  the  prototype  (with  scale  ratio  X)  and  if  the 
following  relations  are  satisfied: 
(a).  In  a  simply  connected  slice: 

X  -  VI  =  IX'         Y  -  Vm  =  TY'  (245) 

where  T  is  a  scale  factor  for  stress. 
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(b)  In  a  multiply  connected  slice,  equation  245  is  satisfied  on  all  boundaries, 
and,  in  addition,  if  there  is  a  resultant  force  on  an  internal  boundary, 

M  =  Mi  (246) 

Also,  dislocations  a/,  W,  c»'  will  be  required,  of  magnitudes 

(1  +M)(1  -2/0 


T\E, 


f   (   dV         dV\ 
joX  *-'*)*        (24?) 


(i  +M)(i  -2M)  /"  ay 
Ci  = ^ /   ~r  ds  (249) 

if  the  integrals  in  equations  247  to  249  do  not  vanish.     If  these  conditions  are 
satisfied  and  if  we  set 

<P'  =  ^  (250) 

equations  235  to  244  become  identical  with  equations  225  to  234. 

Finally,  subtracting  equations  242  to  244  from  equations  232  to  234,  respec- 
tively, and  using  equation  250,  we  find  the  following  simple  relations  between 
the  stress  in  the  prototype  and  the  stress  in  the  model: 

<7X  =  To-*/  +  V  (251) 

<jy  =  T<Tyi'  +  V  (252) 

rxy  =  Tr„m'  (253) 

Equations  245,  which  give  the  boundary  loading  to  be  applied  to  the  model, 
have  a  simple  physical  meaning.  The  equations  state  that  the  stresses  applied 
to  the  boundaries  of  the  model  shall  be  everywhere  proportional  to  the  sum  of  the 
corresponding  boundary  stresses  on  the  prototype  and  a  normal  pressure  of 
magnitude  V. 

45.  Constrained  and  Free  Slices.  The  conversion  formulas  246  to  249  are 
for  the  case  where  both  the  prototype  and  the  model  are  constrained  slices. 
If  both  prototype  and  model  are  free  slices,  then  according  to  equations  222 
to  224,  ju  should  be  replaced  by  p,  Mi  by  M~i  and  E±  by  E\  where 

a  =  j^  (254) 

*i  =  rr^  (255) 

*  -  ^F  <266> 

(1  +  Mi)2 
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If  the  prototype  is  a  constrained  slice  and  the  model  is  a  free  slice  (the 
most  likely  case),  then,  in  equations  246  to  249,  mi  and  Ex  should  be  replaced 
by  /Ii  and  E\  where  mi  and  Ex  are  again  given  by  equations  255  and  256. 

46.  Arbitrary  Poisson's  Ratios  in  Model  and  Prototype.  It  should  be 
observed  that  Biot's  analogy  requires  a  definite  relation  to  exist  between  the 
Poisson's  ratios  of  the  materials  of  model  and  prototype.  When  both  the 
model  and  the  prototype  are  constrained  slices,  or  when  both  are  free  slices, 
the  Poisson's  ratios  must  be  the  same  (see  equation  246).  If  the  prototype 
is  a  constrained  slice  and  the  model  is  a  free  slice,  the  required  relation  is 

M  =  rj-  (257) 

1  +  Mi 

It  is  usually  difficult  to  guess  the  magnitude  of  the  errors  that  may  be  intro- 
duced if  the  required  relation  is  not  satisfied.  However,  Biot's  analogy  may 
be  altered  so  that  no  restriction  is  placed  on  the  values  of  Poisson's  ratios. 
To  do  this  it  is  only  necessary  to  compare,  again,  equations  225  to  234  with 
235  to  244  and  observe  that  we  can  once  more  make 

'  =  JL 
TX2 

if  we  set 

X  -  VI  =  TX'        Y  -Vm=  TF  (258) 

(i-^)(i -2m)  f  evds 

T^(I-m)         JCidv  K       } 

,    ,        (1  -Mr)(l  -2M)     f    (    dV  dV\ 

a/  =  —ViCi    — ■    /        w x  —  1  as 

TA^I-m)       Jct\    dv  dsj 


(M  -  Mi)(l  +Mi)     J 

T\E1(1  -  m)     J  a 


(Y  -  Vm)ds     (260) 


Mi2)Q   -  2m)     f    /    d_V  d_V\ 


W  =  Xi'a'  +  (1       f'wv^ =^    I     (  y  —  +  x  —  )  ds 

TUBrO.  -  m)      Jo, 

(m~Mi)(1  +Mi)     f     ,-y         vn    ,        ,OA1, 

+     Mfl-ri     JJ"71^     <6) 

The  following  properties  of  these  conversion  formulas  may  be  observed: 

1.  The  defect  in  satisfying  Biot's  relations  between  Poisson's  ratios  is 
countered  by  introducing  additional  dislocations. 

2.  If  the  Poisson's  ratio  relations  are  satisfied,  the  additional  dislocations 
disappear,  and  the  formulas  259  to  261  reduce  to  formulas  247  to  249. 

3.  The  additional  integrals  in  equations  260  and  261  are  proportional  to 
the  components  of  the  resultant  forces  on  the  internal  boundaries  of  the  model. 
If  these  components  vanish,  the  additional  dislocations  are  not  required.  If 
these  components  do  not  vanish,  their  magnitudes  can  be  calculated  (from 
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and 


the  known  values  of  X  and  Y)  and  an  estimate  can  be  made  of  the  errors  intro- 
duced by  ignoring  the  additional  dislocations.     Alternatively,  the  dislocations 
can  be  produced  physically  in  the  model  and  the  resulting  stresses  measured. 
4.  Equations  259  to  261  are  written  for  the  case  in  which  both  the  prototype 
model  are  constrained  slices.     If  this  is  not  the  case,  the  procedure 

described  "in  article  45  should  be  followed. 
47.  Application  to  Gravity  Stresses. 
Biot  has  shown  an  ingenious  application 
in  which  the  distributed  gravity  loading  of 
a  body's  own  weight  is  replaced  by  fluid 
pressure  on  its  boundaries.  As  an  example, 
consider  the  gravity  dam  shown  in  Fig. 
16-30.  Owing  to  the  gravity's  dam's  own 
weight,  the  body-force  components  in  the 
dam  are  X  =  0,  Y  =  —pg,  where  p  is  the 
density  of  the  material,  and  g  is  the  gravi- 
tational acceleration  (both  assumed  con- 
stant). The  body-force  potential  is  then  V  =  pgy,  a  function  for  which  the 
integrals  in  equations  247  to  249  vanish.  Hence,  no  dislocations  are  required 
in  the  model  if  the  body  is  simply  connected  or  if  the  Poisson's  ratio  relation 
is  satisfied  in  the  case  of  multiply  connected  bodies.  Then,  all  that  is  neces- 
sary is  to  apply,  to  the  model,  boundary  stresses: 


Fig. 16-30. 


Section  of  a  Gravity 
Dam 


X'  =  (X  -  pgyl)/r 
Y'  =  (Y-Pgym)/T 


On  the  unloaded  faces  of  the  prototype,  X  and  Y  are  zero 
loading  on  the  corresponding 
faces  of  the  model  is  a  hydrostatic 
pressure  of  magnitude  pgy,  that 
is,  increasing  linearly  with  y. 
This  may  be  achieved  by  invert- 
ing the  model  (constructed  to 
scale  X)  and  immersing  it  in  a 
fluid  as  shown  in  Fig.  16-31.  If 
the  ratio  of  the  density  of  the 
model  to  the  density  of  the  fluid 
is  small  enough  so  that  stresses 
due  to  the  former  are  negligible, 
the  required  loading  is  obtained. 
If    the    density    of    the    fluid    is    called    ph    the    constant    T    is 


(262) 
(263) 
Therefore,  the 


Fig.    16-31.     Model    of    a    Gravity    Dam 
Inverted  and  Immersed  in  a  Dense  Fluid 


T  =  ^ 
Pi 


(264) 


Hence,  if  ax/,  cry/,  tXiVi'  are  the  observed  components  of  stress  in  the  model, 
the  components  of  stress  in  the  prototype  are 


<yx 

=  —  aXl 
Pi 

'  +  pgtyi 

(Ty 

pXrr 

=  —  <rVl 
Pi 

+  PtfXs/i 

rxy 

_  ^        / 

Pi 
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(265) 

(266) 

(267) 

The  average  traction  across  the  base  of  the  model,  as  a  result  of  the  total 
upward  push  of  the  fluid,  is  equal  to  pi/pX  times  the  average  traction  on  the 
base  of  the  prototype,  but  the  distributions  may  be  different  if  the  modes  of 
support  are  not  analogous. 

It  should  be  observed  that,  if  there  is  a  hole  in  the  model,  it  must  be  filled 
with  fluid  which  is  connected  with  the  outside  fluid  so  that  hydrostatic  equi- 
librium is  maintained  between  the  two.  This  is  necessary  in  order  to  satisfy 
equations  262  and  263  on  all  boundaries. 

48.  Poisson's  Ratio  Correction  for  Gravity  Stresses.  If  there  are  holes 
in  the  slice,  and  the  Poisson's  ratio  relation  is  not  satisfied,  we  must  investi- 
gate the  values  of  the  integrals, 

/    Tds        /    ( y  T  ~  x  T~  )  ds        /    (  y  T  +  x  T  )  ds 

Jadv  JCi\     dv  ds/  Jc,\    ds  dv ) 

(X  -  VI)  ds         /    (Y  -  Vm)ds 

d  J  a 

in  equations  258  to  261.  If  the  faces  of  the  hole  in  the  prototype  are  not 
loaded,  X  and  Y  are  zero.  Since  V  =  pgy,  all  the  integrals  vanish  except  the 
last  which  becomes 


-P9  L  ym  ds  =  pgAi 


where  At  is  the  area  enclosed  by  the  ith  hole  in  the  prototype.  Hence,  the 
integral  is  equal  to  the  weight  (per  unit  thickness)  of  the  material  of  the  proto- 
type that  is  absent  from  the  hole.  According  to  equation  260,  the  model 
requires  a  discontinuity  in  the  displacement  u,  of  magnitude 

(Mi  -  M)(l  +Mi)        a 
a/  =  oqAi 

T\EX(1  -  n) 
If  equation  264  is  used,  this  becomes 

(Mi  -  /x)(l  +Mi)         a  , 
ai   =  WT, n —  P^Ai 

where  A/  =  Aifk2,  that  is,  the  area  enclosed  in  the  hole  in  the  model.  The 
quantity  pigA/  is  simply  the  weight  per  unit  of  thickness  of  the  fluid  enclosed 
in  the  hole  in  the  model. 
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The  required  dislocation  may  be  produced  in  the  model  by  cutting  a  slit 
from  the  outer  boundary  into  the  hole  and  displacing  the  cut  surfaces  parallel 
to  the  Xi  axis  by  an  amount  a/  as  shown  in  Fig.  16-32. 

The  stress  in  the  model  resultirg  from  the  dislocation  is  to  be  added  to  that 
caused  by  the  fluid  pressure.     If  the  magnitude  of  a/  and  the  shape  of  the 

slice'  are  known,  it  is  often  possible  to 
estimate  the  magnitude  and  extent  of 
the  dislocation  stress  without  actually 
performing  the  experiment. 

49.  Nonharmonic  Body -Force  Po- 
tential. An  important  case  of  body- 
force  distribution  is  that  of  the  cen- 
trifugal force  in  a  rotating  body.  In 
this  case, 

V2F  =   -2pco2 


Fig.      16-32.     Dislocation     Producing 

State  of  Stress  in  Gravity-Dam  Model 

for  Poisson's  Ratio  Correction 


where  a>  is  the  angular  speed,  and, 
hence, 

2(1  -  2/x)pw2 


W 


1  -n 


Thus,  the  Airy  function  for  centrifugal  stress  is  not  biharmonic.  Such  a  state 
of  stress  cannot  be  replaced  by  a  state  of  stress  arising  from  boundary  loads 
and  dislocations  alone  since  the  latter  two  aie  represented  by  a  biharmonic 
Airy  function.  The  present  analogy  then  breaks  down.  However,  it  can 
be  revived  by  a  device  similar  to  that  used  in  converting  from  a  pressure  mem- 
brane to  a  zero-pressure  membrane  in  the  torsion  analogy  (see  article  6). 


S.  Analogy  between  Thermal  and  Dislocation  Stresses 

50.  Formulation  of  the  Analogy.  Another  analogy  discovered  by  M.  A. 
Biot53'  54  is  that  which  exists  between  the  stresses  produced  by  a  two-dimen- 
sional steady-state  temperature  distribution  and  the  stresses  produced  by 
dislocations.  By  means  of  this  analogy  steady-state  "thermal"  stresses  may 
be  induced  in  a  model  by  means  of  a  simple  mechanical  device. 

To  find  the  conditions  governing  the  Airy  function  for  steady-state  thermal 
stresses  in  a  constrained  slice,  we  use  equations  19S  to  203  with 


x  =  ?  =  v  =  v20  =  m 

and,  hence,  Ai  =  Bi  =  0.     Then, 


d  =  0 


<pCl  =  aax  +  fay  +  ji         (i  =  0,  1,  2, 


d<p 
6V 


=  ad  +  j8«m         (i  =  0,  1,  2, 


(268) 

(269) 

,  n)         (270) 

(271) 


Act 
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Ct 


d(vy) 

dv 


ds 


Ea 


1  —  M  JCi  dv 


ds         (i  =  1,  2,  3, 


(9(VV)          d(VV)\  ,               ^ 
?/ ~~  x \as  = 

d  \        dv  ds     /  1  —  /x  J  a  \    dv  ds  / 

(i  =  1,  2,  3 


dd       de\  , 

2/ a;  —  1  ds 


JCi\        ds  dv     J  l-fMjci\ds  dv/ 


(i  =  1,  2,  3, 


,n)    (272) 


,n)     (273) 


,n)     (274) 


We  now  consider  a  model  geometrically  similar  and  constructed  to  scale  ratio 
X.  The  Airy  function  <p'  in  the  model  for  dislocation  stresses  only  is  governed 
by 


/.( 


ViV  =  o 

(275) 

<pc/  =  a/x,  +  Pi'yi  +  7/          (i  =  0,  1,  2,   • 

,  n) 

(276) 

=  «i7  +  /3/m         (t  =  0,  1,  2,  ■  •  ■  ,  n) 

(277) 

f    d(ViV')  J           ^/           ,.       1    o  0 

/          n        ds'  =  i ;        (t  =  1,  2,  3,  •  •  •  ,  n) 

JCi'           OJ'l                               1     -   Ml2 

(278) 

a(ViV)      r  3(ViV)\  f/„    _  tfifa'  +  y*'*') 
di^                   dsi     /                    1  —  xxi2 

(i  -  1,  2,  3,  •  • 

,  n) 

(279) 

a(ViV)  ,     a(ViV)\  ,       -^i(&/  -  »fV) 

Vi      .          +  a?i      .         )  rfsi  = 

osi                   o/^i     /                     1  —  /xr 

a  =  i,  2,  3,  •  • 

,  n) 

(280) 

d' 


Comparing  equations  275  to  280  with  equations  268  to  274,  we  see  that,  if  we 
set 

(1  -  iir)Ea    f    36 


on    =  —ViCi    — 


TEt(l  -/x)  Jc.dv   S 

(1  -  y.x"~)Ea     . 


TX#i(l  -m)  Jci\  8 


36         36\  , 
y  —  —  x  —  J  as 
dv  ds/ 

TX£X(1  -tx)  JciX   ds  dv) 


(281) 
(282) 
(283) 


TX2 


(284) 


equations  269  to  274  become  identical  with  equations  275  to  280.     In  these 
formulas,  T  is  again  an  arbitrary  scale  factor  for  stress. 
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The  relations  between  the  components  of  stress  in  the  prototype  (produced 
by  temperatures  6)  and  the  components  of  stress  in  the  model  (produced  by 
the  dislocations  o»',  W,  Ci)  are  simply 

ffm  =  Taxi'  (285) 

(Ty  =  TaVl' '  (286) 

txv  =  Tr,m'  (287) 

If  the  prototype  is  a  constrained  slice, 

cr*  =  m(<Tx  +  o-„)  -  #o:0  (288) 

whereas,  if  the  prototype  is  a  free  slice,  <rz  =  0. 

51.  Free  and  Constrained  Slices.  Equations  281  and  283  hold  when  both 
prototype  and  model  are  constrained  slices.  In  other  cases  the  rules  set  down 
in  article  43  should  be  followed.  For  example,  if  both  prototype  and  model 
are  free  slices,  replace  E  by  E,  n  by  fi,  a  by  a,  E\  by  E\  and  /xi  by  pi,  where 

*  -  m  +  ^  (289) 

(1+M)2 

m  =  r-T—  (290) 

(291) 

ft       ''""  "r   ~/<!  (292) 

(1+Mi)2 

Mi  =  T^~  (293) 

1  +  Mi 

If  the  prototype  is  a  constrained  slice  and  the  model  is  a  free  slice,  then  in 
equations  281  to  283  replace  Ex  by  E\  and  fii  by  fix,  where  E\  and  JL\  are  given 
by  equations  292  and  293.  In  this  case  the  constant  multiplying  the  integral 
in  equation  281  becomes 

^—  (294) 

T#x(l-/i) 

and  the  constants  multiplying  the  integrals  in  equations  282  and  283  become 

Ea 


a  +m)2 

M 
1  +M 

«(i  +  m) 

1  +  2n 

Ei(l  +  2mO 

(1  +Mi)2 

Mi 

TX^t(l  -  M) 


(295) 


52.  General  Properties  of  Two-Dimensional  Thermal  Stress.     Biot  has 
established  some  general  theorems  which  are  very  useful  in  studying  steady- 
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state  thermal  stresses  in  two  dimensions.  These  theorems  appear  on  inspec- 
tion of  equations  269  to  274. 

Theorem  I.  If  a  solid  cylinder  is  heated  either  uniformly  or  not,  but  in  such 
a  way  that  a  steady-state  temperature  distribution  exists,  the  same  in  every  cross 
section,  the  only  stress  produced  is  a  tension  (or  compression)  az,  acting  normally 
to  the  cross  section  and  equal  to  —Ead. 

To  verify  this  theorem,  we  observe  that,  since  the  section  is  solid,  equations 
272  to  274  do  not  apply,  and,  from  equations  269  to  271,  Airy's  function  is 
linear  in  x  and  y.  Hence,  ax  =  <ry  =  txv  =  0,  and,  from  equation  288, 
cr2  =  -Ead. 

Theorem  II.  Theorem  I  holds  for  a  hollow  cylinder  provided:  (1)  The  total 
amount  of  heat  flowing  in  or  out  of  each  hole  is  zero: 

—  ds  =  0  (296) 

and  (2)  The  following  line  integrals  around  each  hole  are  zero: 


d 


d 


OP  OS 


y-  +  x-)ds  =  0  (298) 

OS  OP, 


Since  theorem  II  deals  with  a  hollow  section,  equations  272  to  274  apply  in 
addition  to  equations  269  to  271.  The  integral  (equation  296)  is  propor- 
tional to  the  total  heat  flux  across  d.  If  this  integral  vanishes,  no  stress  arises 
from  the  requirement  that  equation  272  be  satisfied,  as  may  be  confirmed  by 
noting,  from  equation  281,  that  the  analogy  requires  no  rotational  dislocation. 

The  integrals  (equations  297  and  298)  are  nonvanishing  if  the  temperature 
distribution  contains  singularities  of  the  order  of  a  doublet  or  less  inside  an 
internal  boundary  d.  If  these  integrals  vanish  along  with  equation  296, 
no  stress  is  implied  by  equations  273  and  274,  as  may  be  verified  by  noting 
that,  in  the  analogy,  the  translational  dislocations  (equations  282  and  283) 
vanish.  Hence,  if  all  three  integrals  vanish  for  each  internal  boundary,  the 
components  of  stress  ax,  ay,  txv  will  all  be  zero. 

If  any  one  of  the  integrals  does  not  vanish,  there  will  be  stress  corresponding 
to  the  appropriate  dislocation.  For  example  if  equations  297  and  298  are 
zero,  but  there  is  a  source  or  sink  within  a  boundary,  there  will  be  stress  cor- 
responding to  a  rotational  dislocation. 

On  the  other  hand,  if  equation  296  vanishes  but  either  equation  297  or 
equation  298  does  not,  there  will  be  stress  corresponding  to  a  translational 
dislocation.  However,  if  the  hole,  around  which  there  is  a  nonvanishing 
integral,  is  filled  with  a  fluid  of  the  same  thermal  conductivity  as  that  of  the 
material  of  the  cylinder,  this  stress  will  disappear  because  the  temperature 
distribution  can  no  longer  contain  singularities. 
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53.  Application.  Following  a  suggestion  made  by  Biot,55  E.  E.  Weibel56 
has  used  this  analogy  in  conjunction  with  the  photoelastic  method  to  deter- 
mine thermal  stresses  in  circular  and  rectangular  tubes  under  various  condi- 
tions of  temperature.  Free-slice  models  of  Bakelite  were  used,  and  the  dis- 
locations were  applied  by  means  of  a  mechanical  device  similar  to  a  Beggs 
deformeter  but  more  rugged  on  account  of  the  large  forces  involved. 

A  drawing  of  Weibel's  deformeter  is  shown  in  Fig.  16-33.  The  dislocations 
c'  and  b'  are  produced  by  inserting  pins  in  the  90°  V  grooves.     The  grooves 
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Fig.  16-33.     Weibel's  Deformeter  for  Producing  Dislocations 

are  sloped  to  accommodate  standard  taper  pins,  thus  permitting  continuous 
variation  of  c'  and  b' .  Loading  of  the  model  is  facilitated  by  the  vertical 
adjusting  screws  S  which  may  also  be  used  to  fix  c'  and  b'  and  thus  permit  the 
addition  of  a  dislocation  a'.  The  latter  is  introduced  by  the  horizontal  adjust- 
ing screw  H,  and  its  magnitude  is  recorded  by  the  removable  dial  gage  G. 
The  magnitudes  of  b'  and  c'  are  measured  with  micrometer  calipers  across  the 
deformeter  at  the  sections  where  the  taper  pins  are  inserted,  as  indicated 
by  the  arrows. 

In  the  case  of  a  cylinder  with  uniform  temperature  on  its  circular  external 
and  internal  boundaries,  for  which  the  mathematical  solution  is  known, 
Weibel's  experimental  values  had  a  maximum  deviation  of  3.7  per  cent  from 
the  theoretical  and  an  average  deviation  of  2.7  per  cent. 
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T.  The  Slab  Analogy 

54.  Formulation  of  the  Analogy.  The  slab  analogy  is  based  on  the  similarity 
between  the  equations  governing  Airy's  function  and  those  governing  the 
deflections  of  a  thin  plate  (slab).  In  the  approximate  theory  of  the  bending 
of  thin  slabs,2  the  displacement  (f)  normal  to  the  middle  plane  of  the  slab, 
is  governed  by  the  differential  equation, 

£>Vi4r  =  Z  (299) 

where  Z  is  the  transverse  loading  on  the  surface  of  the  slab  (force  per  unit  of 
area),  and  D  is  the  flexural  rigidity  of  the  slab: 

D  Eh3 


12(1  -  Ml)2 


in  which  h  is  the  slab  thickness,  and  ju-i  is  Poisson's  ratio  for  the  material  of  the 
slab.     In  equation  299, 

where  X\  and  y\  are  rectangular  coordinates  in  the  middle  plane  of  the  slab. 
In  the  neighborhood  of  a  point  of  the  surface  of  the  slab,  the  shape  of  the 
surface  is  given,  to  a  sufficient  approximation,  by 

£   =  —  Xx2  4-  —   IJi2   -  K,m 

where  the  constants  kVii  kxv  kXiVi  are  the  components  of  the  curvature  at  the 
point  under  consideration.     Hence, 

d2f 

(300) 

(301) 

(302) 
dXidij! 

We  note  that,  if  we  set 

(303) 

(304) 

(305) 

(306) 

T7 

(1  -  jlO-'KI  -  2m)V27  +  EaVW]  =  -  —  (307) 


Kl/1 

dy 

L2 

K*i 

dx\2 

KXlVl 
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TkVi 
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TkXi 
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in  equations  187  and  166  to  168,  these  equations  become  identical  with  equa- 
tions 299  to  302.  In  equations  303  and  304,  T  is  a  scale  factor  between  curva- 
ture of  the  slab  surface  and  stress  in  the  slice,  and  X  is  the  geometrical  scale 
ratio,  that  is,  the  ratio  of  a  length  in  the  x,  y  plane  of  the  slice  to  the  corre- 
sponding length  in  the  x1;  y\  plane  of  the  slab. 

From  equations  306,  199,  and  200,  the  boundary  conditions,  for  each  point 
on  a  boundary  of  the  slab,  become 

Tfcv  =  /0S1  (Bi'l  -  Ai'm)  dSl  +  a>i%  +  Bl'y\  +  y/ 

(t  =  0,  1,  2,  •  •  •  ,  n)     (308) 


T 
dvi 


=  Ai'l  +  Bi'm  +  ou'l  +  B/m         (i  =  0..  1,  2,  •  •  •  ,  n)      (309) 
c 


where 


Ai'  =  -  f0Sl  (Y  -  Vm)dSl 
Bi'  =  /J'  (X  -  VI)  dSl 


For  a  simply  connected  slice,  these  equations  complete  the  analogy.  The 
slab  outline  is  made  geometrically  similar  to  the  outline  of  the  slice  (to  scale  ratio 
X),  and  the  edges  are  deflected  and  inclined  Jn  accordance  with  equations  308 
and  309.  The  constants  a0' ,  BJ,  y0'  may  be  taken  equal  to  zero  for  the  simply 
connected  case,  because  they  constitute  only  a  rigid-body  translation  and 
rotation  of  the  whole  slab  and,  hence,  do  not  contribute  to  the  curvatures. 

If  the  temperature  is  steady  state  and  the  body-force  potential  is  harmonic, 
Z  =  0,  that  is,  no  loading  is  required  on  the  surface  of  the  slab.  If  either 
V2V  or  V20  is  not  zero,  transverse  loading  is  required  in  accordance  with  equa- 
tion 307.  For  example,  a  centrifugal  body  force  in  the  slice  is  represented 
by  a  uniform  pressure  on  the  slab  (see  article  49).  Alternatively,  surface 
pressures  on  the  slab  may  be  converted  to  additional  boundary  elevations 
and  slopes  by  a  procedure  similar  to  that  used  in  converting  from  a  pressure 
membrane  to  a  zero-pressure  membrane  in  the  membrane  analogy  for  torsion 
(see  article  6). 

Note  that,  if  the  slice  is  a  free  slice,  fx  and  a  in  equation  307  must  be  replaced 
by  p.  and  a  as  given  in  equations  223  and  224. 

55.  Multiply  Connected  Slices.  If  the  slice  contains  a  hole  or  holes,  the 
three  additional  conditions  (equations  201  to  203)  must  be  satisfied  on  each 
internal  boundary,  and  these  will  determine  the  unknown  constants  a/,  Bi', 
y/  (i  =  1,  2,  3,  •  •  •  ,  n).  As  may  be  seen  from  equations  308  and  309, 
Michell's  constants  specify  a  rigid-body  translation  and  rotation  of  each 
boundary  of  the  slab.  Such  rigid-body  movements  may  be  effected  by 
applying,  on  a  plug  inserted  in  each  hole,  a  resultant  force  normal  to  the  middle 
plane  of  the  slab  and  a  couple  about  an  axis  properly  oriented  in  the  plane 
of  the  slab  (see  Fig.  16-34).     To  determine  the  magnitudes  of  the  force  and 


THE  SLAB  ANALOGY 


777 


the  X\  and  %j\  components  of  the  couple,  we  require  the  expressions  for  these 
quantities  in  terms  of  the  deflection  of  the  slab. 

At  a  point  on  a  boundary  of  the  slab,  the  shearing  force  N  normal  to  the 
middle  plane,  the  flexural  couple  G  and  the  torsional  couple  H  (all  per  unit  of 
arc  length  sh  of  the  boundary,  see  Fig.  16-35)  are2 


N 


av] 


G  =  -D 


21  +    (21 


Ol>]    \OS\ 


L2L\ 

Pi  dvi/ 


(310) 
(311) 
(312) 


where  p/  is  the  radius  of  curvature  of  the  boundary  of  the  unflexed  slab  at 
the  point  considered  and  ,ui  is  Poisson's  ratio  for  the  material  of  the  slab. 


Slab 


Fig.    16-34.     Plug    Inserted    in    Hole    of      Fig.    16-35.     Shearing   Force,  Flex- 
Equivalent  Slab  to  Force  Correct  Varia-       ural  Couple,  and  Torsional   Couple 
tion  of  Boundary  Ordinates  and  Slopes  at  the  Edge  of  a  Plate 

The  resultant  force  normal  to  the  slab  and  the  xx  and  yx  components  of  the 
resultant  couple  on  a  complete  boundary  C/  are2  (see  Fig.  16-34) 

X J  ds\ 

d'  \  dsi/ 
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Substituting  equations  310  to  312  in  equations  313  to  315,  we  have,  for 
each  boundary 


FCi>  =  -D 


MCi>*i  =  -D 


d' 


&' 


£  cwn  +  a  +  ,j  1 ±  (f 

OVi  OS\  OVi  \os 
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a^i  OSi  ai'i  \oSi 
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<32r    ,        /d2f  1    df 

ovi1  \as\-       pi   oj»i 


I/,  .<■  I)    !       j^i 


>r  ,     /a2f      i  of 

air  \asr       pi  ovi 


—  X] 


5^i  ds\  dvi  \3si 


(316) 


tfei     (317) 


<kj     (318) 


These  are  the  required  expressions  for  the  force  and  the  components  of  the 
couple  in  terms  of  the  slab  deflections.  We  have  now  to  transform  equations 
316  to  31S  into  expressions  in  terms  of  the  boundary  conditions  on  the  slice. 
56.  Resultant  Force  on  a  Boundary  of  the  Slab.  Replacing  f  by  <p/T\2  and 
v\,  Si,  Vi2  by  v/\,  s/\,  A2V2,  respectively,  in  equation  316,  we  have 


"  Oi'  —   —  — 


d 


Now, 


3(W)    ,    n   v       .dd/dcp 

r  (1  —  Mi) I  — 

ov  ds  av  \ds 


ds 


[  ±JL(?f) 

J  Ci  ds  du  \ds  / 


(319) 


because  we  are  considering  only  continuous  stresses  in  the  slice.     Hence, 
FCi>  =  -  -   /    -  (VV)  ds 
Therefore,  from  equation  201, 
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Fas  - 


Ea 
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•zix 


1    —   jl'1  1    —   p 


/     37  ,  £a 

f     —  ds  H , 

C»  d^  1  —  /j.  J  Ci  dv 


—  ds 


(i  =  1,  2,  3, 


•  ,  n)     (320) 


Thus,  we  have  the  resultant  force  on  an  internal  boundary  of  the  slab  expressed 
in  terms  of  quantities  that  are  known  for  the  slice.  It  may  be  seen  that  a 
nonzero  force  is  required  if  there  is  a  rotational  dislocation  or  if  there  is  a 
nonvanishing  flux  of  body  force  or  of  heat  across  the  boundary. 

57.  x  Component  of  Couple  on  a  Boundary  of  the  Slab.     Substituting 
<p/TA2  for  f  and  x/\,  yfh,  vfk,  s/\,  p'/\  and  X2V2  for  xh  iji,  v\,  sh  p/,  and  Vi2 
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in  equation  317,  we  have 
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ds     (321) 


We  now  introduce  the  boundary  conditions  on  the  slice  by  eliminating 


V  —  (VV)  ds 
d     dv 


between  equations  321  and  202.     The  result  is 


D 


*  — h  (1  -  Mi)  y  . 

d   l         os  os  o 


+ 
+ 


dx 


d^2  \3s2       p'  dp 


i  -2M  /'  /  ar       dv\ 
~i /     I v  T  "  x  T  '  ds 

1  —  M    J  d  \     ov  os 


ds 


E(at  +  y^) 


M' 


Ea 


y  —  —  x  —  )  ds 

1  —  (X  J  c, ;  \    9 j*  5s 


+ 


1 


1  -  V  Ja 


(F  -  Fm)<fe     (322) 


Now,  integrating  by  parts  gives 


c< 


d(W)  ,  n        ,    <?  a  (d<p 

os  as  dp  \ds 


ds 


=  [xVVlo0  +  (1  -  Mi 


1  f  ?£ 

dp  \5s 


dx  dy  d   I  d<p 

ds  ds  dv  \ds 


ds 


The  terms  outside  the  integrals  vanish  because  the  stresses  in  the  slice  are 
continuous.  Therefore  the  first  integral  on  the  right-hand  side  of  equation 
322  becomes 


d 


a-Mi)^-m+^ 

ds  dv  \ds  I        ds 


dp2  \ds2       p' '  dv ) _ 


On  a  boundary  of  the  slice, 


dV       Up       dV 

W  = 1 1 

dv2        p'  dv        ds2 


ds    (323) 


(324) 


so  that  equation  323  becomes 
(1  -Mi) 


d 


dy   d  (d<p\        dx  (d2<p       1   d<p 
_  ds  dv  \dsj        ds  \ds2       p   dv 


ds 


(325) 
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However,  along  a  boundary, 


d_ 
dv 


(I) 


1 =  a„  —  V 

ds2        p'  dv 


and 


dy 

T»., 

ds 


dx 
ds 


<TV  =   Y 


(326) 
(327) 

(328) 


where  av  and  t„s  are  the  normal  and  shearing  components  of  stress  on  the 
boundary  of  the  slice.     Hence  equation  325  becomes 


-(1  -Ml)  fCi(Y  -  Vm) 


ds 


Substituting  back  in  equation  322,  we  have,  finally, 
T\MCi'*i  Biflt  +  Via)    ,1—2/1 


I) 


Ejcn  +  tiid)       1 
(1  -  m2) 


1   -M 


Ea 


I    (  y x  —  1  ds 

JCi\    dv  ds  / 


+  -rr-  /    ( y  —  ■' 

1  —  p.  J  a  V    dv  ds 


(t  =  1,  2,  3, 


—  7m)  ds 

•  ,  n)     (329) 


Thus,  we  have  the  x  component  of  the*  moment,  to  be  applied  to  the  ith 
plug,  in  terms  of  the  known  boundary  stresses,  body  forces,  temperatures,  and 
dislocations  of  the  slice. 

58.  y  Component  of  Couple  on  a  Boundary  of  the  Slab.  Substituting 
<p/TX2  for  f  and  x/\,  y/\,  v/\,  s/X,  p'/X,  and  X2V2  for  xu  yi,  vh  sh  pi  ,  and  Vi2 
in  equation  318,  we  have 


I) 


MCi>v^  =  -  —    /      {— - 


TX 


d 


dy 


ds 


Eliminating 


dV  (d-ip        I   d<p 

dv-  \ds2        p'  dv  J  _ 

cKVV)    ,    ,,  .dd/dcp 

— h  (1  —  hi) I  — 

dv  ds  dv  \ds 


x  —  (VV)  ds 
d     dv 


ds     (330) 


between  equations  330  and  203,  we  have 


T\M<y»i 

D 


Ct 


2/  — (1  -  Mi)  x  —  —  (  — 

OS  OS  OJ 


)v\dsj 


ds 


av  .     /<5v  .  i  <5^ 

h  Mi  I 1 

dv2  \ds2        p'  dv 


ds 


E(bj  -  Xid) 
1  -  u2 


1  -  2M    f    (    dV    ,       d7\   .  Ea       f    (    dd    ,       d0\ 

/     12/ ha;  —  J  as  —  ■ /     [y \-  x  —  ) 

1-M  ycA    d«  oV/  l-pjci\ds  dv) 


1  -  M  Jd 


(X  -  VI)  ds     (331) 
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Now, 


d 


d(VV)       n  ,    d   d     dip 

V (1  —  Mi)z  —  r~  \  ~r~ 

ds  ds  dv  \ds 


ds 


=  [j/Wlo0  -  (1  -  Mi) 


h\ds) 


d 


dij     ,  .„  .  dx  d 

as  as  d 


I   /djp\ 
v\ds) 


ds     (332) 


The  terms  outside  the  integrals  in  equation  332  vanish  because  the  stresses 
are  continuous.  Therefore,  the  first  integral  on  the  right-hand  side  of  equa- 
tion 331  becomes 


dv1  yis1        p   dv 


/   P 

\ a  yds 
Then,  if  we  use  equations  324,  326,  and  327  and  note  that 


dx  d  (dip 

—  (1  —  Mi) I  — 

ds  dv  \ds 


dx  dy 

tvs  - — V  <rv  — 

ds  ds 


X 


equation  333  may  be  written  in  the  form 

(1  -  mi)  f0t  (X  -  VI)  ds 
Substituting  back  in  equation  331,  we  have 


ds     (333) 


(334) 


(335) 


TAMc^i 


E(bi  -  xtd)       1  -  2p 


D 


1  -  m2 


f  i^  +  J-I) 

JCi\     ds  dv  J 


Ea    f  fee      dd\  , 
/    [y  —  +  £  —  )  as  +  ( l  -  mi 

1  —  M  7c,  \    "S  df , 


1 


(X  -  VI)  ds 


1   _  M/  J  C- 
(i  =  1,  2,  3,  •  •  •  ,  n)     (336) 


59.  Recapitulation.     The  components  of  stress  in  a  constrained  slice  are 
given  in  terms  of  the  curvatures  of  a  slab  by 


<TX-V  =    TKyi 

cry  -  V  =  TkXi 

Txy    =     iK^is 


(337) 
(338) 
(339) 


if  the  following  conditions  are  satisfied  on  the  slab: 

1.  There  is  a  transverse  force  per  unit  of  area  Z,  in  the  positive  z  direction, 
on  the  surface  of  the  slab,  where 


Z  =  - 


\2D 


T(l  -  m) 


[(1  -  2m)V2F  +  EaVH 


(340) 
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2.  At  each  point  of  each  boundary  of  the  slab,  the  transverse  displacement 
of  the  edge  and  the  slope  normal  to  the  edge  are  made  to  be 

Tf<v  -  /J'  (B/l  -  AM)  dSl  +  vu'xx  +  ft'yj  +  7/  (341) 

Ai'l  +  Bi'm  +  a//  +  jSi'm  (342) 


d^i  J  ft' 

where 


A/  =    P1  (7  -  Fm)  dsi  (343) 

5/  =    fSl  (X  -  F7)  dst  (344) 

3.  On  each  internal  boundary  of  the  slab  a  resultant  force  Fes  and  couples 
Md'Xl  and  MCi,v^  are  applied,  of  magnitudes, 

TFCi>  Ea      ,   l-2n    f   dV  .  Ea       C   d6  ,  .       x 

IT  =  ~  1 i  +  1 7T  ds  +  i T  ds       (345) 

L>  1  —  111        1  —  fi    J  a  ov  1  —  /J.  J  dov 

y\MCi'*>  E(('i  +  Via)    ,   I  -2fi   f    /   dV         dY\  . 

+  -: /    1 2/  -^ *  t~  Hs 


D  1   —  /z2  1  —  iz    _/C;  \     dv  ds 


+  r^  /"  6' t-*t) *  -  (1  - ".-  r1-")  /"  (*- 7») *  (346) 

l-nJci\ov         ds/  \  \-ii/ J Ci 

y\MCi>v>  E(bi  -  Xid)       1  -  2fi   f   (   dV  ,      3  A  , 

'        2/  ~ |-  z  —  I  as 


D  1  —  ii2  \  —  n    J  Q  \     ds  dv 

~~  [  (yf  +  *f)l°  +  (!-»•- T^-)  (   (X-  VI)  &    (347) 

1-mJcA    5s  3  j//  \  l-M/yCi 

If  the  slice  is  a  free  slice  instead  of  a  constrained  slice  E,  ii  and  a  are  to  be 
replaced  by  E,  Jl,  and  a.  where  the  latter  are  given  by  equations  222  to  224. 
(Note  that  /zi  is  Poisson's  ratio  for  the  material  of  the  slab  and  remains  the 
same  whether  the  slice  is  free  or  constrained.) 

60.  Transformation  of  Curvatures.  At  a  point  P  of  the  slab  surface,  the 
quantity 

**,  =  7-4  •  (348) 

is  the  curvature  of  the  intersection,  with  the  surface,  of  the  plane  containing 
the  normal  to  the  surface  at  P  and  parallel  to  the  X\  axis.  For  brevity  kXi  will 
be  called  the  curvature  in  the  Xi  direction.     The  curvature 

d2t 
kXi>  =  ^-  (349) 

da;/2 

in  a  direction  X\  making  an  angle  6  with  the  X\  axis  may  be  found  by  a  trans- 
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(350)    *' 
(351) 


formation  of  coordinates.     Referring  to  Fig.  16-36,  let  X\,  y,  be  a  set  of  rec- 
tangular axes  making  an  angle  6  with  the 
xi,  ?/i  axes.     Then, 

Xi  =  Xi  cos  6  —  yi  sin  6 

yi  —  Xi  sin  6  +  yi  cos  6 

Now, 

da;/       dxi  da;/       dyi  dxi 

=  °0S  *  dx    +  Sin  *  6v|      ^52^       FlG-  16"36-     Rotation  of  Coordi- 
nates 


and,  therefore, 
dx 


t  =  ("cos  0  A  +  sin  d  *-)  (cos  0%-  +  smd^\ 
i'2       V  dx,  dyij\         dx,  dyj 

d2C  d2f  d2f 

=  cos2  0  — -  +  sin2  6  — ^  +  2  sin  0  cos  6 — 

dx,2  diji2  dxidyi 


From  equations  353,  349,  and  300  to  302,  we  have 

kXi>  =  nZi  cos2  6  +  Km  sin2  d  —  2kXiVi  sin  6  cos  0 


(353) 


(354) 


It  may  be  seen,  from  equation  354,  that  curvatures  transform  just  like 

stresses  and  strains  (see  Ap- 
pendix I,  equation  17).  It 
should  be  noted,  however, 
that  the  curvature  in  a  speci- 
fied direction  in  the  slab  cor- 
responds to  the  component  of 
stress  at  right  angles  to  that 
direction  in  the  slice  (see 
equations  337  to  339). 

From  equation  354  we  find 
that  the  principal  curvatures 
are 


Fig.  16-37.     Curvature  Rosette 


K\,  K2   =    -12— ~    ±   -    V(.KXl   -  O2  +  4/<im2 


(355) 


and  their  directions  are  given  by 


tan  20  = 


2k, 


(356) 


As  in  the  case  of  surface  stresses,  three  independent  measurements  are 
required  to  specify  the  curvature  at  a  point  on  the  surface  of  the  slab.     These 
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may  be  three  curvature  measurements  Ka,  Kb,  kc  in  three  directions  a,b,c  making 
angles  6a,  db,  6C  with  the  X\  axis  (see  Fig.  16-37).     Then, 

Ka  =  KXl  cos2  da  +  KVl  sin2  da  —  2kXiVi  sin  Ba  cos  da  (357) 

Kb  =  kx1  cos2  db  +  kVi  sin2  db  —  2kZiVi  sin  6b  cos  8b  (358) 

Kc  =  kxi  cos2  0C  +  KVl  sin2  0C  —  2jc»ltf,  sin  6C  cos  0C  (359) 

Once  the  three  measurements  Ka,  Kb,  kc  have  been  made  at  known  angles  9a, 
6b,  6e,  these  equations  may  be  solved  for  kXi,  kVi,  kXiVv  The  components  of 
stress  in  the  slice  are  then  given  by 


ax-V=  TkVi 

<Ty     -     V     =      TKX1 

T  xy    =      '-KXly1 

and  the  principal  stresses  (<n.  a->)  are  given  by 


0-1,0-2   =    T 


Kxi      I      Kln 

2 


±  -  V(ksi  -  Kyiy  +  4««XS1 


+  F 


(360) 
(361) 
(362) 

(363) 


The  directions  of  the  principal  stresses  are  given  by  equation  356,  but  it 

should  be  remembered  that  the 
direction  of  the  algebraically 
larger  principal  stress  is  that 
of  the  algebraically  lesser  prin- 
cipal curvature. 

61.  Applications.  The  slab 
analogy  was  first  applied,  by 
K.  Wieghardt57  in  1908,  to  the 
determination  of  stresses  in  a 
U  frame  acted  on  by  spreading 
forces  near  the  free  ends  of  its 
legs.  The  slab  was  made  of  a 
brass  sheet  and  was  clamped 
in  a  frame  whose  boundary 
ordinates  and  slopes  were  made 
to  conform  with  equations  341 
and  342.  One  surface  of  the 
brass  sheet  was  polished,  and 
slopes  of  the  surface  were  de- 
termined optically,  point  by 
point,  by  measuring  angles  of 
incidence  and  reflection  with  a 


Fig.  16-38.     Bureau  of  Reclamation  Fixture 

for  Forcing  Correct  Deflection  and  Slope  at 

Edge  of  Slab 


telescope.     Curvatures  were  determined  from  the  slopes  by  graphical  and 
numerical  differentiation. 

In  spite  of  its  broad  applicability,  the  analogy  does  not  appear  to  have  been 
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used  again  until  it  was  revived 
by   H.    M.  Westergaard  and 
V.  P.  Jensen  in  1931. 50     Their 
applications  were  to  the  de- 
termination of  stresses  in   a 
disk   and   in   a    slice    of   the 
Boulder  Canyon  Dam.     The 
work  was  continued  by  the 
United  States  Bureau  of  Re- 
clamation.58    The     Boulder 
Canyon  slab  model  was  made 
of    rubber    %    in.    thick   and 
about  30  in.  in  its  longest  sur- 
face dimension.     The  slab  was 
supported  in  a  vertical  plane. 
Edge    deflections   and   slopes 
were  produced  by  individual 
clamps    (Fig.    16-38)    spaced 
every   3    or    4    in.    along    the 
boundary.     Curvature  was  de- 
termined    by     measuring    the 
relative  displacement  of  scratch 
marks  on  the  ends  of  a  pair  of 
pins    driven    into    the    rubber 
(Fig.  16-39). 

H.  Cranz59  in  1939  made  im- 
provements in  technique  in  an 
application  to  the  measurement 
of  the  stress  concentration  in  a 
long  notched  plate  under  ten- 
sion (Fig.  16-40).  He  observed 
that,  according  to  equations 
and  342  (taking  a,  =  /3,  =  y, 
since  the  plate  is  simply  connected), 
a  free  boundary  such  as  abode  (Fig. 
16-40)  has  a  constant  slope  in  the  y 
direction  while  the  displacement 
varies  linearly  with  y.  Along  a 
uniformly  loaded  boundary,  such  as 
a-a  or  e-e,  the  displacement  follows 
a  parabolic  law  while  the  slope, 
normal  to  the  edge,  is  zero.  These 
edge  conditions  may  be  reproduced 
by  applying  pure  bending  to  a 
rectangular  slab  by  means  of  flat 
clamps  shaped  to  the  contour  abode 


Scratch 
marks 


Rubber  slab 


Fig.  16-39.     Bureau  of  Reclamation  Gage  for 
Measuring  Slab  Curvature 


V 


A. 


' b     d 

Fig.  16-40.     Problem  of  Notched  Slice  under 

Tension  to  Which  Cranz  Applied  the  Slab 

Analogy 


341 

=  0 


Fig.     16-41.     Clamping     and     Loading 

Technique    Used   by    Cranz   to    Obtain 

Required  Deflections  and  Slopes  of  Slab 

Boundaries 
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(see  Fig.  16-41).  The  slab  material  was  a  polished  Plexiglas  sheet  1  or  1.5 
mm  thick.  Curvatures  were  measured  by  a  direct  optical  method  described 
in  the  next  section. 

62.  Optical  Measurement  of  Curvature.  Cranz  measured  curvatures  with 
an  optical  instrument  described  by  Einsporn.60  With  reference  to  Fig.  16-42, 
a  light  source  S  is  collimated  by  a  lens  L\.  The  rays  are  reflected  from  the 
slab  P,  and  an  image  of  the  source  is  brought  to  focus  by  a  lens  L2  distant  a 
from  the  slab.     If  the  slab  were  plane,  the  image  would  be  at  a  distance  from 


Fig.  16-42.     Optics  of  Einsporn's  Spherometer 

L2  equal  to  its  focal  length  /  since  the  source  appears  at  infinity.  If  the  slab 
is  convex,  the  apparent  source  comes  in  from  infinity  to  a  distance  x  from 
the  slab,  and  the  lens  L2  brings  the  image  to  focus  at  /  +  I,  where 


1 


+ 


1 


/+  I       a  +  x 


(364) 


+  f-a 


(365) 


The  length  /  is  measured  with  a  traveling  Ramsden  ocular. 

The  distance  x  is  determined  by  the  curvature  of  the  slab.     From  the 
geometry  of  Fig.  16-43  we  find,  from  the  law  of  sines, 


R) 


sin  2e 


(366) 
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where  a  is  the  angle  of  incidence,  and 

m  =  2R  sin  - 
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(367) 


in  which  R  is  the  radius  of  curvature  of  the  slab  in  the  plane  of  the  incident 


Fig.  16-43.     Geometry  of  Einsporn's  Spherometer 
and  reflected  rays.     Hence, 


R  cos  I  a  + 


36 


2  cos  -  cos  e 
2 


(368) 


Now,  e  can  be  made  small  in  absolute  value  and  also  small  in  comparison 
with  a.     Then, 


R  /2  ,  , 

—  cos  a  = \-  J  —  a 

2  I       J 


Hence,  the  radius  of  curvature  is  given  by 


R  = 


2/2 


/  cos  a 


+ 


2(/  -  a) 


(369) 


(370) 


An  ingenious  optical  instrument  for  measuring  slab  curvatures  has  been 
developed  by  Professor  Martinelli  of  the  University  of  Rome.  This  instru- 
ment measures  the  principal  curvatures  and  their  orientations  directly.  It 
avoids  the  need  for  measuring  the  angle  of  incidence  and  eliminates  errors  due 
to  astigmatism  that  occur  in  the  Einsporn  instrument.  A  diagram  of  the 
Martinelli  instrument  is  shown  in  Fig.  16-44.     In  this  figure  A  is  the  curved 
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Fig.  16-44.     Martinelli's  Spherometer 
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reflecting  surface  of  the  slab,  and  B  is  a  lens  kept  at  a  fixed  distance  a  from  A. 
A  slit  F  is  illuminated  by  a  light  source  L,  and  rays  from  F  are  reflected 
through  lens  B  by  a  half-silvered  plane  reflector  S.  After  passage  through 
lens  B,  the  rays  are  reflected  from  the  surface  A  and  pass  back  through  lens 
B  and  mirror  S,  forming  a  real  image  at  the  plane  R  where  cross -wires  are 
located.  The  image  and  cross-wires  are  viewed  through  a  Ramsden  ocular. 
The  light  source,  slit,  mirror,  and  cross-wires  are  fixed  to  a  sliding  tube  C 
whose  position  is  read  on  a  scale  M.  Calling  x  the  variable  distance  between 
the  lens  and  the  cross-wires  and  /  the  focal  length  of  lens  B,  we  have 

i  -  -J-  -  \  (371) 

x       r  —  a       f 

where  r  is  the  radius  that  is  to  be  measured.  In  the  instrument,  a  is  made 
equal  to/.     Hence,  the  curvature  (k  =  1/r)  is  given  by 

«  =  fjjr  (372) 

Measuring  the  displacement  of  tube  C  from  an  origin  at  x  =  f  and  setting 
x'  =  f  —  x,  we  have 

«  =  ~-  (373) 

The  procedure  for  measuring  curvatures  is  as  follows.  With  the  objective 
end  of  the  instrument  in  contact  with  the  plate  (or  at  a  fixed  distance  from  it) 
the  device  is  tilted  and  rotated  until  a  faint  image  of  the  slit  appears  at  the 
center  of  the  cross-wires.  The  sliding  tube  is  then  moved  to  the  position 
nearest  the  lens  at  which  the  slit  is  in  focus.  The  direction  perpendicular  to 
the  image  of  the  slit  is  the  direction  of  maximum  curvature,  and  the  magni- 
tude of  this  curvature  is  computed  by  equation  373  from  the  observed  value 
of  x'  and  the  known  value  of  /.  The  sliding  tube  is  then  moved  back  (away 
from  lens  B),  and  the  slit  image  will  be  observed  to  rotate.  When  the  slit 
image  is  at  right  angles  to  its  previous  direction,  the  new  value  of  x'  gives  the 
minimum  curvature  (from  equation  373). 

IV.  ELECTRIC-NETWORK  ANALOGUE   OF  THE  ELASTIC  FIELD 
U.  Kron's  Analogy 

G.  Kron61  has  devised  a  scheme  of  electric  networks  representing  the  most 
general  elastic  field.  This  includes  two-  or  three-dimensional  transient,  sinu- 
soidally  oscillating  or  static  fields  arising  from  boundary  loadings,  body  forces, 
or  boundary  displacements. 

In  the  analogy,  stresses  are  represented  by  currents  in  the  electric  circuit 
and  strains  by  voltage  drops.  The  stress  equations  of  equilibrium  correspond 
to  Kirchhoff's  current  law  which  states  that  the  sum  of  the  currents  /,  enter- 
ing each  junction  of  the  circuit,  is  zero.     The  compatibility  conditions  corre- 
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spond  to  Kirchhoff's  voltage  law  which  states  that  the  sum  of  the  voltage 
drops  E,  around  each  mesh,  is  zero.  Hooke's  law  corresponds  to  Ohm's  law 
/  =  YE,  so  that  the  elastic  constants  are  represented  by  lumped  admittances 
Y. 

Of  the  many  possible  circuits  indicated  by  Kron,  a  case  of  static  plane 
strain  is  chosen  for  detailed  description  here. 


ax  Ay  Az 


U 


T\.< 

Ax  Az 

\b  1 

I 

c\ 

!  Ay 

u 

yO.       \ 

'      . 

d\ 

Tyx  Ax  Az 

ax  Ay  Az 


*■  H 


Fig.   16-45.     Components  of  Force  on  a 
u  block  in   a   Homogeneous   Stress   Field 


Fig.  16-46.     Currents  Entering 
and  Leaving  a  u  Block 


63.  Specification  of  Stress.  Consider  the  elastic  body,  of  constant  thick- 
ness Az,  to  be  made  up  of  small  rectangular  blocks  with  edges,  of  lengths 
Ax  and  Ay,  parallel  to  the  axes  of  an  x,  y  rectangular  coordinate  system.  On 
each  block  let  us  consider,  first,  only  the  stress  components  acting  parallel 
to  the  x  axis.  Such  a  block  will  be  called  a  u  block.  The  integrals  of  these 
stresses  over  the  areas  on  which  they  act  are  indicated  in  Fig.  16-45.     The  force 

ax  Ay  Az,  on  the  rear  face  ab  perpendicular 
to  the  x  axis,  is  represented  by  a  current  ix 
entering  the  block  in  the  positive  x  direc- 
tion (Fig.  16-46).  The  force  axAyAz  on 
the  front  face  cd  is  represented  by  a  cur- 
rent t2  leaving  the  block  in  the  positive  x 
direction.  The  forces  ryx  Ax  Az  are  repre- 
sented by  currents  is  and  i4  entering  and 
leaving  the  block  in  the  positive  y  direction. 
We  write 


Ax        Ax  t 


-n:mi:n7h- 


Fig.  16-47.     Division  of  a  Two- 

Dimensional  Body  into  u  and  v 

blocks 


mil  -  —<jxAyAz  (374) 

mis  =  —  Tyx  Ax  Az  (375) 


where  m  is  a  factor  to  convert  force  units  to  current  units.     The  dimensions 
of  m  are,  say,  pounds  per  ampere.     In  a  homogeneous  state  of  stress,  i\  = 

iz,  is  =  ii- 

In  order  to  represent  the  components  of  stress  that  act  parallel  to  the  y 
axis,  the  whole  body  is  divided  all  over  again  into  another  system  of  blocks 
of  dimensions  Ax  and  Ay,  but  shifted  by  amounts  Ax/2  and  Ay/2  in  the  x 
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and  y  directions,  respectively.     These  blocks  are  called  v  blocks.     In  Fig. 

16-47  the  system  of  u  blocks  is  bounded  by  dashed  lines,  and  the  v  blocks  are 

bounded  by  dot-dashed  lines. 

On  each  v  block  we  consider  only  the  components  of  stress  acting  in  the  y 

direction  (Fig.  16-48).  The  stress 
integrals  ay  Ax  Az  are  represented  by 
currents  i5  and  t6  entering  and  leaving 
the  v  block  in  the  positive  y  direction, 
and  the  stress  integrals  tiv  Ay  Az  are 


rxyAy  Az 


rr 


,,ayAx  Az 


1 


rxyAy  Az 


Ax- 
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ay  Ax  Az 
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1 
_l 

Fig.  16-48.     Components  of  Force. on 

a   v   Block   in   a   Homogeneous   Stress 

Field 


Fig.  16-49.     Currents  En- 
tering   and    Leaving    a    v 
Block 


represented  by  currents  i7  and  i8  entering  and  leaving  the  v  block  in  the 
positive  x  direction,  as  shown  in  Fig.  16-49.     We  write 


mi7 


-cry  Ax  Az 
-TxuAyAz 


(376) 
(377) 


In    a    homogeneous    state    of    stress    if,  =  i6,  i-i 

The  current  intersection  points  u  and  v  (Figs. 
16-46  and  16-49)  are  junction  points  of  two  net- 
works (thus  far  not  connected)  as  shown  in  Fig. 
16-50.  The  circuit  does  not  represent,  at  any 
one  junction,  all  the  components  of  stress 
acting  on  an  element  of  the  elastic  body.  It 
represents  only  the  components  of  stress  either 
in  the  x  direction  on  one  block  or  in  the  y  direc- 
tion on  another  block.  However,  these  blocks 
are  so  interspersed  that  the  total  stresses  on  any 
block  are  represented  to  half-block  accuracy. 

64.  Equilibrium  of  Moments.  By  consider- 
ing the  equilibrium  of  moments  acting  on  an 
element  of  the  elastic  solid,  we  obtain  the  condition  of  equality  of  cross-shears : 


=  I 

s. 
u 

u 

,v 

,w 

v 

l" 

" 

tv 

*1< 

di 

h> 

;/8 

L> 

t  H 

h , 

5, 

Fig.  16-50.     Independent  u 
and  v  Networks 


TXy   =  TVX  (378) 

Now,  TyX  appears  as  a  current  i3  in  the  u  network,  and  rxv  appears  as  a  current 
it  in  the  v  network.     In  order  to  satisfy  the  condition  expressed  by  equation 


792 


ANALOGIES 


378  the  two  networks  must  be  connected.  Figure  16-51  shows  a  connection 
between  a  y-direction  line  of  the  u  network  and  an  x-direction  line  of  the  v 
network.  The  boxes  inserted  in  the  main  and  connecting  lines  represent 
admittances  g\,  g2,  C\,  c2,  /,  and  b  which  have  to  be  adjusted  so  that 


lL  -  111 
Ax      Ay 

is     _   H_ 
Ax       Ay 


(379) 
(380) 


as  required  by  equations  374  to  377  and  378  for  a  homogeneous  state  of  stress. 
(Note  that  the  connection  between  the  u  and  v  networks  could  also  be  made 


Fig.  16-51.     Interconnection  of  u  and  v  Networks  Where  a  ^/-Direction  Line  of 
the  u  Network  Crosses  an  x-Direction  Line  of  the  v  Network 

by  introducing  mutual  inductance  between  b  and  /  while  omitting  the  loop 
Ci,  0i,  c2,  g-2.) 

From  Fig.  16-51  and  Kirchhoff's  current  law, 

it  =  is/i  +  »*  +  ic.  (381) 

i7  =  iB2  +  if  +  iC2  (382) 

Hence,  equation  379  requires 

1 


14 


17 


hi        ion    ,     ib         if     .    .    /  1 

1 h  lc,  I  — 

Ax       Ay       Ax       Ay       Ax       Ay  '  \Ax       A?y 


0 


or 


A//  {  in  -  —  if  +  ic2 


)-^(i.,-fj>  +  i.) 


=  0 


(383) 
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Since  equation  383  must  be  true  for  all  values  of  Ax  and  Ay,  we  must  have 

At 
*V,  -  =F  if  +  ics  =  0  (384) 

Ay 

■      tM  -  P-  U  +  i.,  =  0  (385) 

Ax 

Now,  by  Kirchhoff's  voltage  law,  (if  we  refer  to  Fig.  16-51), 

EBi  +  E,  -  Eri  =  0 
£>  +  Eg%  -  EC2  =  0 

and,  hence,  by  Ohm's  law, 

in  +  v  +  tjj  =  Q  (386) 

0i        /       c2 

-  4-^-^  =  0  (387) 

In  view  of  equations  386  and  387,  equations  384  and  385  will  be  satisfied  if 

.Ax 
Ay 

hAy 
Ax- 


that  is,  if 


.  „  _  _,£  =  _j£  =  _C!  (388) 

Ay  Ax 


Similarly,  equation  380  requires  that 

Ax  Aw 

gi  =  gi=  -fi-=  -b~=  -ci  (389) 

Ay  Ax 

Hence,  the  requirement  of  equality  of  cross-shears  is  satisfied  in  the  electric 
circuit  if  the  u  and  v  networks  are  connected  in  the  manner  shown  in  Fig. 
16-51,  provided  the  admittances  satisfy  the  relations 

Ax  Aw 

0i  =  <72  =  -/—  =  -b-f-  =  -c,=  -c2  (390) 

Ay  Ax 

65.  Equilibrium  of  Forces.     Figure  16-52  represents  the  forces  acting  on  a 
u  block,  and  Fig.  16-53  represents  the  corresponding  currents  at  a  u  junction, 


794  ANALOGIES 

for  a  nonhomogeneous  state  of  stress.     We  write 
mil  =  — Cj.  Ay  Az 


mi*  =  —  I  ax  H Ax  )  Ay  Az 

\  dx- 

miz  =  —tvx  Ax  Az 


mi  4 


ryx  A —  Au  )  Ax  Az 

dy        ! 


Now,  by  Kirchhoff  's  current  law, 

ii  +  is  —  ii  —  ii  —  0 
Hence,  from  equations  391  to  394  and  395,  we  obtain 


(391) 
(392) 
(393) 
(394) 

(395) 


da;       dTiy 
dx         dy 


0 


which  is  the  required  equation  of  equilibrium  for  components  of  stress  in  the 
x  direction.     Similarly,  for  a  v  block  and  a  v  junction,  the  currents  in  the  net- 
work satisfy  the  stress  equation  of 
(ryx  +  ~AyJAxAz 


r 


ax  Ay  Az 

-«= 


-Ajc- 


H 


Aj 


L 


\(ax  +  ^AX)AyAz 


equilibrium  in  the  y  direction. 

Hence  the  currents  in  the  u 
and  v  networks  satisfy  all  the  con- 
ditions of  equilibrium  if  they  are 

1*4 


.J 


TVv  Ax  Az 


Fig.   16-52.     Components  of  Force   on  a       Fig.  16  53.     Currents  Entering  and 
u    Block    in    a    Nonhomogeneous    Stress       Leaving  a  Junction  of  the  u  network 
Field 

interconnected  as  shown  in  Fig.  16-51  and  if  the  admittances  satisfy  equation 
390. 

66.  Specification  of  Displacement.  The  absolute  potential  eu  (or  ev),  above 
ground,  of  a  u  (or  v)  junction,  is  taken  to  represent  the  component  of  displace- 
ment in  the  x  (or  y)  direction  of  the  corresponding  point  in  the  elastic  body. 
Hence, 


neu  =  u 
nev  =  v 
where  n  is  a  conversion  factor  in  units,  say,  of  inches  per  volt. 


(396) 
(397) 
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67.  Specification  of  Strain.     Consider  Fig.  16-54,  which  represents  a  por- 
tion of  a  network.     Each  u  junction  is  identified  by  a  symbol  (e„)r, ,  (r  = 
1,  2,  3  •  •  ■  ,  s  =  1,  2,  3  •  •  •  ) 
representing  the  potential  of  the 
junction.     Similarly  (e„)r,«  is  the 
potential  of  a  v  junction. 

The  potential  difference  be- 
tween two  adjacent  u  junctions 
along  the  x  direction  is  (e*)r+i. « 
—  (eu)r,  s.     We  now  write 

(e.)r+i..  -  (e«)r..  =  —  Az 

0X 


(39S) 

Then,    from   equations  398  and 
396, 

\du 


tf 


M» 1 

K*»4 

(ev)12 

\(ev)22 

CO, 

(•X 

A 

A 

fej22 

Y 

V 

A 

(••K 

M 

(ejn\ 

fej21 

(eOr+i..-  (e.)r. 


n  dx 


Ax 


(399) 


Fig.  16-54.     Potentials  of  the  Junctions  of 
the  u  and  v  Networks 


Now,  the  unit  elongation  of  the  elastic  solid  in  the  x  direction  is  given  by 

du 


dx 


(400) 


Hence,  from  equations  400  and  399, 


e.  =  --[(e,)r+i..  -  (e.)r.J 
Ax 


(401) 


Similarly,  considering  the  potential  difference  between  a  pair  of  adjacent 
y  junctions  along  the  y  direction,  we  find 


dv        n 
ty  =  —  =  —  L(e,)r..+i  -  (e*)r. 
6V       Ay 


(402) 


To  find  the  analogue  of  the  shearing  component  of  strain, 


dv       du 
dx       dy 


(403) 


in  the  network,  we  consider  the  potential  difference  between  two  adjacent 
u  junctions  along  the  y  direction  and  the  potential  difference  between  two 
adjacent  v  junctions  along  the  x  direction: 
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(ev)r,  i+1  -  («.),, .  =  —  Ay  =  -*  —  (404) 

dy  n  dy 

,    .  ,    .  de,.  Ax  dv  , 

(e.)r+i. .  -  (Or. .  =  —  Ax  =  —  —  (405) 

ox  n  ox 

Therefore,  from  equations  403  to  405, 

JIU  =  n  JJ-[(e„)r,s+i  -  («.)-.]  +^[(e,)r+i..  -  (Or..])         (406) 

68.  Compatibility  Conditions.     The  u  and  «  networks  must  be  so  constituted 
that  the  compatibility  condition, 

2fs  +  ^-p^-o  (407) 

dx2        dy2        dx  6?/ 

is  satisfied.  Since  equation  407  is  simply  a  necessary  condition  for  the  single- 
valuedness  of  the  displacements  u  and  v,  it  will  be  satisfied  automatically  in 
the  circuit  because  the  potential  above  ground  of  any  junction  can  have  only 
one  value.  However,  it  is  instructive  to  verify  this  by  using  Kirchhoff's 
voltage  law.     Referring  to  Fig.  16-54  and  equation  402,  we  have 

71 

—  [(«.)u  -  (On]  =  e,  (408) 

Ay 

£[(*)«-  («.)«]  =ey+p-Ax  (409) 

Ay  ox 

n  r,    ,  ,    ,    ,       /       ,    de„  .    \    ,     5  /       .    dev  .    \ 

— !Ax  ) 


^    [(«.)«  -  (Osd  =  U  +  ~  As  1  +  -  »  6,  +  ^  Axj  Ax       (410) 
Adding  equations  408  and  410  and  subtracting  twice  equation  409,  we  have 

f-  t[(0»»  -  (OaJ  -  2[(e,)««  -  (Oid  +  [(On  -  (On]}  =  ~AxAy    (411) 
Ax  ax2 

Again,  from  Fig.  16-54  and  equation  401, 

-£-[(«„)«  -  (On]  =«-  (412) 

Ax 

-£-[(e„)»-  (OiJ  =e,+pAy  (413) 

Ax  dy 


n 
Ax 


[(e«)»a  -  (On]  =  U  +  ^Ayj  +  ^-  U  +  ~=  Ayj  Ay       (414) 
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Adding  equations  412  and  414  and  subtracting  twice  equation  413,  we  have 

■£  |[(e.)M  -  (e»)n]  -  2[(eu)22  -  (eu)12]  +  [(e„)21  -  (e.)ii]}  =  f^Ax  Ay     (415) 
Ay  at/2 

Finally,  from  Fig.  16-54  and  equation  406, 

n  77 

f-  [(e»)i2  -  (e„)n]  +  —  [(«.)«  -  («.)iJ  =  7»*  (416) 

Ay  Ax 

-£■  [(*)«  -  told  +  £  [(«.)»  -  (*)id  -  7.»  +  ^  Ay  (417) 

Ay  Ax  dy 

£  [(e«)22  -  (e«)21]  +  £  [(*),,  -  (*)«]  =  7*.  +  ^  Ax  (418) 

Ay  Ax  ox 

—  [(e«)M    ~    (««)«!    +   —  [(«•)»«    -    (Oil]    =    7*a    +   — — 

Ay  Ax  ox 


fr-+H 


+  |~b       '1    '  .'."A,   |  A//     .  li'.n 


Adding  equations  416  and  419  and  subtracting  equations  417  and  418  from 
the  sum,  we  obtain 

~  |[(e.)«  -  (OiJ  -  2[(e„)„  -  («.)*«!  +  [(«-)«  -  (ft.)iJI 

Ay 

+  ~  l[(«,)u  -  («.)«J  -  2[(«.)m  -  (On]  +  [(«.)«  -  («.)iJJ 
Ax 

=  ^-"AxAy     (420) 
ox  dy 

Now,  add  equations  411  and  415  and  subtract  equation  420  to  obtain 

£  ([(*,)«  -  (e*)!d  +  [(e„)13  -  (e„)12]  +  [(«.)„  -  (eu)22]  +  [(e„)22  -  (eu)n]\ 

Ay 

77 

+  —  |[(e.)«  -  (cu)n]  +  [(e„)n  -  (eOiJ  +  [(«•)«  -  (««)iJ  +  [(*.)«  ~  («.)«]  I 

Ay 

+  —  {[(e.).i  -  (*)«]  +  [(«.)si  -  (*)»d  +  [(«.)«  -  («•)«]  +  [(*)«  -  (e,)32]! 
Ax 

77 

+  —  {[(e„)n  -  («,)«]  +  [(«,)«  -  fa)d  +  [(«,)„  -  (e„)12]  +  [(«,)„  -  (e.)u]J 
Ax 

.(^+^_^VA!/     (42,) 
\dy2        ox2        ox  oy/ 

Each  quantity  in  braces  in  equation  421  represents  the  four  voltage  drops 
around  a  four-element  closed  loop  in  the  network,  as  shown  by  the  arrows  in 
Fig.    16-54.     Hence,   by  Kirchhoff's   voltage   law,   each   quantity  in  braces 
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vanishes  and  the  left-hand  side  of  equation  421  is  equal  to  zero.  Comparing 
equation  421  with  equation  407,  we  see  that  the  circuit  satisfies  the  compati- 
bility condition. 

69.  Stress-Strain  Relations.  The  circuit  and  its  constants  must  be  chosen 
so  as  to  satisfy  Hooke's  law.  For  a  state  of  plane  strain,  the  stress-strain 
relations  may  be  written  as 


<rx  =  (X  +  2G)ex  +  \ey 
<r„  =  (X  +  2G)ey  +  Ae, 
rxv  =  Gyxv 


where 


X  = 


\iE 


2nG 


(l+/x)(l-2M)       1-2/x 


(422) 
(423) 
(424) 

(425) 


We  have  now  to  convert  the  stress-strain  relations  to  their  circuit  equiva- 
lents. 

70.  Relation  between  Shear  Stress  and  Shear  Strain.  If  equations  406 
and  375  are  used,  and  it  is  remembered  that  ryx  —  rxy,  equation  424  becomes 

t^t  =  ~nG  It-  [(e-)r' s+1  -  (e")r' s]  +  T-  K*W- •  -  («•)'■  j)    ^426) 

AxAz  [Ay  Ax  J 

Referring  to  Fig.  16-51,  we  write 

Eb  =  [(eu)r,s+1  -  (e«)r,J 
E,  =  -[(e,)r+i..-  (e,)r.J 

is  =  iBl  +  i,  +  ic,  =  giEgi  +  bEb  +  c2EC2 
If  these  substitutions  are  made  in  equation  426,  the  latter  becomes 

m 


Ax  Az 


\giEgi  +  fc£b  +  c2#C2]  =  nG 


-^fe    ■   Ef 
Ay      Ax 


(427) 


We  can  eliminate  EH  from  equation  427  by  noting,  from  Fig.  16-51,  that 
KirchhofT's  voltage  law  requires 


Ec2  —  E/  +  Egi 


Then  equation  427  becomes 


E, 


mb 


1 


Ay       nG  Ax  Az 


+  Ej 


1 


Ax       nG  Ax  Az 


mE„ 


nG  Ax  Az 


(gi  +  co)  =  0 


Equation  428  and,  hence,  also  equation  424  will  be  satisfied  if 

n  Ax  Az 

b  =  G 

m  Ay 


(428) 


(429) 
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c2  =  —  G  (430) 

m 

n  Az 

9i= G  (431) 

m 

It  may  be  observed  that  equations  429  to  431  are  compatible  with  the  condi- 
tion of  equality  of  cross-shears  as  expressed  by  equation  390.  Equations 
390  and  429  to  431  determine  the  values  of  all  the  admittances  in  the  link 
between  the  u  and  v  networks  illustrated  in  Fig.  16-51.     We  have 

b  =  U-^G  (432) 

■m  Ay 

n  Av  Az 

f  =  n*y*zG  (433) 

m  Ax 

nAz„ 

Ci  =  c,  =  G  (434) 

m 

nAz„  ,in„s 

9i  =  92  = G  (435) 

m 

71.  Relations  between  Normal  Components  of  Stress  and  Unit  Elongations. 

We  transform  the  stress-strain  relations  (equations  422  and  423)  to  equations 
relating  currents  and  voltages  by  using  equations  374,  376,  401,  and  402  with 
the  result: 

mil  n(k  +  2(7)  r,  .      .  .  n  n\ .,    .      ,  ,     ,.„„> 

-— ^  =  -  -^-T "  [(««)•+!.  •  -  (««)r.  J  -  t-  (e.)r.  .+i  -  («.)r.  J  (436) 

Ay  A2       Ax  Ay 

mt't      n(X  +  2(7)  n\ 

T— 7-  = " [(e.)r..+l  -  («.)r.  J  ~  —  (ejr  +  l.  .  ~  (fl«)r.  J    (437) 

Ax  Az  Ay  Ax 

These  equations  express  relations  between  voltage  drops  along  an  x-direction 
line  of  the  u  network  and  a  y-direction  line  of  the  v  network.  In  order  to 
satisfy  equations  436  and  437,  it  is  necessary  to  have  a  suitable  connection 
between  the  two  networks  at  those  points  where  an  x-direction  line  of  the  u 
network  crosses  a  y-direction  line  of  the  v  network.  Such  a  connection  is 
shown  in  Fig.  16-55.     Referring  to  this  figure,  we  may  write 

(Or+l..-    (eu)r,s    =    -Ea 

(e,),..+1  -  (8,)r.«  =  -Ee 

ii  =  ii  =  ia  +  i^  +  n,  =  aEa  +  d\Edx  +  h2Eh2 
is  =  in  =  ie  +  id,  —  ih2  =  eEe  +  d2Ed2  —  h2Eh2 
it  =  ie  +  1^  —  ihi  =  eEe  +  d\Edx  —  hiEhl 
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Fig.  16-55.     Interconnection  of  the  u  and  v  Networks  Where  an  ^-Direction  Line 
of  the  u  Network  Crosses  a  ?y-Direction  Line  of  the  v  Network 


If  these  relations  are  substituted  into  equations  436  and  437,  the  latter  become 

(438) 


m     r   w    j_  ri  w    ripi       ^(X  +  2G)Ea       n\Ee 

- — —  [aEa  +  diEdl  +  hoEh2\  = 1 — 

Ay  Az  Ax  Ay 


m     .  _    ,    ,  _         ,  _  .       n(X  +  2G)Ee   ,   nXEa 
[eE,  +  rf2^d2  -  ^2-EaJ  =  ; h 


Ax  Az 
m 


Ay 


Ax 


[eEe  +  di^i!  -  /hJEftJ  =  : h 


Ax  Az  Ay 

Now,  by  Kirchhoff's  voltage  law, 

Ee  -  Edl  +  Ehl  =  0 
£a  -  £d2  -  #*,  =  0 

Ea  —  Edi  ~~  Ejn  =  0 


Ax 


(439) 
(440) 

(441) 
(442) 
(443) 


Eliminating  Ee  between  equations  438  and  441,  Ea  between  equations  439 
and  442,  and  Ea  between  equations  440  and  443,  we  find 


ma         w(X  +  2G) 


Ay  Az 


Ax 


Ea  + 


mdi        n  A 


Ay  Az       Ay 


Edl  + 


mil*         n\ 


Ay  Az       Ay 


Eh 


■  0 
(444) 
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me 

n(X  +  2G) ' 

Ay 

Ee  + 

md-i 

Ax  Az 

nk 
Ax 

Ed2  - 

mhi  ,  nk 
Ax  Az      Ax 

AxAz 

me 

w(X  +  2G)~ 
Ay 

Ee  + 

md\ 

_AxAz 

nk 
Ax_ 

Edl  — 

mhi  |  nk 
Ax  Az      Ax 

Ax  Az 

Eh2 

=  0 

(445) 

Ehi 

=  0 

(446) 

If  equations  444  to  446  are  satisfied,  so  will  the  stress-strain  relations  (equa- 
tions 422  and  423).  The  former  will  be  satisfied,  for  all  values  of  voltage 
drops  E,  if  all  the  bracketed  quantities  vanish,  that  is,  if 


n  Ay  Az 
a  = : —  (X  +  2Cr) 


m  Ax 
nAxAz 


m  Ay 


(X  +  2G) 


h  =  dz  = 


nAzk 


hi  =  ht  =  - 


m 
n  Azk 


(447) 
(448) 
(449) 

(450) 


in 


72.  Positive  and  Negative  Admittances.  It  may  be  seen,  from  equations 
449,  450,  434,  and  435  that  both  positive  and  negative  admittances  are 
required.  In  order  to  avoid  the 
necessity  for  negative  resistances 
an  a-c  circuit  is  used  rather  than 


l,    M 


L 


lc 


a  d-c  circuit.  In  an  a-c  circuit, 
positive  and  negative  resistances 
are  supplied  by  inductances  and 
capacitances.  As  a  simple  ex- 
ample, consider  the  two  circuits 
shown  in  Figs.  16-56a  and  b  in 
which  L  is  a  pure  inductance  and  C  is  a  pure  capacitance  while  the  impressed 
voltage  is  in  each  case  a  steady  oscillation  of  frequency  w.  The  equations 
governing  the  currents,  are  respectively, 


E0 cos  ut 

E0  cos  ut 

(a) 

(b) 

Fig.  16-56. 

Simple  L  and  C  Loops 

L  —  =  Eo  cos  cot 
dt 

—    f   ie  dt  =  E0  cos  cot 


Hence,  the  steady-state  currents  are 

%l  =  I  —  I  sin  cot 
ie  =  —  EoCoo  sin  cot 


(451) 
(452) 

(453) 

(454) 
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Thus,  the  inductance  corresponds  to  a  positive  admittance  while  the  capaci- 
tance corresponds  to  a  negative  admittance,  and  we  can  satisfy  the  require- 
ment C\  =  —0i  (see  equations  434  and  435)  by  getting  l/LC  =  co2. 

Since  all  real  coils  and  capacitors  have  resistive  losses,  the  circuits  of  Fig. 
16-56  are  better  represented  by  Fig.  16-57a  and  b.  The  currents  are  then 
determined  by 

L  —^  +  RlIl  =  E„  cos  oot  (455) 


dt 


ic  dt  +  Rdc  =  E0  cos  cot 


for  which  the  steady-state  solutions  are 
E 

lL    = 


r> 

sin  {wt  +  a)         a  —  tan-1  — 
VRl2  +  co2LV  wL 


E0Co 


Vl  +  RSCW 


sin  (oot  -  /3)         jS  =  tan-1  #cCco 


(456) 

(457) 
(458) 


On  account  of  the  phase  differences  a  and  /3,  we  cannot  satisfy  a  relation  such 
as  Ci  =  —0i  exactly,  nor  can  we  maintain  a  90°  phase  difference  between 

voltage  and   current   as   required 


L  RL 


R, 


lL 


I W^ II 1 


E0  cos  wt 
(a) 


E0cos  cct 
(b) 


Fig.  16-57.     Simple  LR  and  CR  Loops 


by  equations  451  to  454.  This  is 
the  major  difficulty  in  constructing 
a  real  analogous  circuit. 

73.  A-C  Network.  If  we  as- 
sume negligible  resistive  losses, 
the  complete  analogous  circuit  is 
formed  by  adding,  to  the  network 
of  Fig.  16-50,  the  cross  connections 
shown  in  Figs.  16-51  and  16-55 
with  coils  for  admittances  a,  b,  C\,  c2,  &\,  d%,  e,  /and  capacitors  for  g1}  g2,  hi, 
hi,  all  having  values  as  prescribed  by  equations  432  to  435  and  447  to  450. 
The  resulting  circuit  is  shown  in  Fig.  16-58. 

It  may  be  seen  that  diagonal  coils  always  occur  in  parallel  pairs  and  the 
same  applies  to  the  capacitors.  The  members  of  each  pair  may  be  combined 
to  form  the  simplified  circuit  shown  in  Fig.  16-59.  In  the  simplified  circuit, 
the  stresses  cannot  be  measured  directly  as  currents,  but  the  strains  can  still 
be  measured  as  voltage  drops,  and  the  stresses  may  be  calculated  from  the 
strains. 

74.  Boundary  Conditions.  Boundary  shapes  and  boundary  loadings  are 
realized  by  cutting  appropriate  network  lines  and  supplying  appropriate 
currents.  Consider,  for  example,  a  free  boundary  parallel  to  the  x  axis  (that 
is,  y  =  constant).  On  such  a  boundary  we  require  ay  =  0  and  rxy  =  0. 
The  normal  component  of  stress  ay  is  a  current  flowing  into  a  v  junction  along  a 
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vertical  line  of  the  v  network.  Hence,  all  the  vertical  lines  of  the  v  network 
should  be  cut  at  junctions  y  =  const  and  left  free.  Vertical  lines  of  the  u 
network  carry  currents  Txy  into  u  junctions.  Hence,  all  vertical  lines  of  the  u 
network  should  be  cut  at  y  =  const  and  left  free.     In  Fig.  16-60,  the  dashed 


Boundary 
loadi 


Boundary 

'loadings 


Direct  force 


Fig.  16-58. 


Kron's  A-C  Network  Analogue  of  a  Two-Dimensional  Static  Elastic 
Field 


wavy  line  marked  y  =  const  shows  where  the  network  should  be  cut  to  form 
a  free  boundary  y  =  const. 

If  the  boundary  y  =  const  is  to  have  prescribed  normal  and  shearing  stresses 
on  it,  instead  of  being  free,  normal  components  (<xu)  are  introduced  as  currents 
supplied  to  the  cut  lines  of  the  v  network,  and  shearing  components  (jxy) 
are  introduced  as  currents  supplied  to  the  cut  lines  of  the  u  network.  Such 
boundary  stresses  are  shown  in  Fig.  16-58. 

To  form  a  free  boundary  x  =  const,  horizontal  lines  of  the  u  network  are 
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cut  at  a  junction  and  left  free  in  order  to  annul  ax,  and  horizontal  lines  of  the 
v  network  are  cut  at  a  junction  and  left  free  to  annul  rxy.  The  dashed  wavy- 
line  marked  x  =  const,  in  Fig.  16-60,  crosses  the  lines  to  be  cut  for  such  a 
boundary.  If  boundary  stresses  are  prescribed,  crx  is  applied  as  a  current 
entering  the  u  network,  and  rxy  is  applied  as  a  current  entering  the  v  network, 
as  shown  in  Fig.  16-58. 

If  the  mesh  of  the  network  is  fine  enough,  curved  boundaries  may  be  formed 
by  cutting  across  the  mesh  at  junction  points  as  indicated  by  the  dotted  line 


Boundary 

loadings'' 

Shear 

,  Ax  Az 


Direct  force 
o\,  Ax  Az 


-^W^ 


-nsw 


-nm^ 


Fig.  16-59. 


Direct  force 
<rx  Ay  Az 


Kron's  Simplified  Network  Analogue  of  a  Two-Dimensional  Static 
Elastic  Field 


in  Fig.  16-60.  Kron  suggests  the  possibility  of  having  a  permanent  network 
and  forming  boundaries  for  each  special  problem  simply  by  opening  and 
closing  switches. 

75.  Applications.  Several  experiments  are  reported  by  G.  K.  Carter62  in 
which  he  used  a  standard  a-c  network  analyzer  to  reproduce  simple  states  of 
stress.  A  bar  in  simple  tension,  a  bar  in  pure  bending,  and  a  thick-walled 
cylindrical  tube  under  internal  and  external  pressure  were  analyzed.  The 
difficulty  with  resistive  losses,  mentioned  in  article  72,  was  encountered. 
Ideally,  all  the  voltages  in  the  circuit  should  be  exactly  90°  out  of  phase  with 
the  currents,  but,  owing  to  losses  in  the  circuit  elements,  the  ideal  phase  rela- 
tion is  not  realized.     Carter  was  able  to  overcome  the  discrepancies  by  supply- 
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ing  additional  currents  in  phase  with  the  voltage.  For  example,  the  results  of 
the  experiment  with  simple  tension  (ou)  are  shown  in  Fig.  16-61.  The  v  junc- 
tions at  the  lower  end  of  the  network  were  grounded  (zero  displacement)  while 
voltages  were  applied  to  the  v  junctions  at  the  upper  end.  At  the  latter, 
currents  entered  the  network,  90°  out  of  phase  with  the  voltage  (as  indicated 
by  the  symbol  jl)  and  with  magnitudes  as  shown  in  the  figure.  Voltages 
were  measured  at  all  the  u  and  v  junctions  of  the  network  and  compared  with 
the  theoretical  displacements.  In  the  latter,  Young's  modulus  was  taken  as 
30  X  106  psi  and  Poisson's  ratio  as  0.38.     In  order  to  bring  the  experimental 


y  -  const. 


Fig.  16-60.     Formation  of  Boundaries  in  Kron's  Network 

results  close  to  the  theory,  an  additional  current,  in  phase  with  the  voltage, 
had  to  be  applied  at  the  center  u  junction  in  the  lowest  row,  as  indicated  in 
the  figure.  By  adjusting  this  current  to  a  optimum  value  (20.6),  the  displace- 
ments shown  in  the  figure  were  recorded.  These  are  to  be  compared  with  the 
theoretical  values  shown  in  parentheses. 

Carter  states  that  no  simple  and  easily  applied  rule  was  found  for  determin- 
ing the  optimum  position  and  magnitude  of  the  loss-replacing  currents. 

76.  D-C  Network  Analogue  of  a  Shear -Lag  Problem.  R.  E.  Newton63  has 
devised  an  electric  network  for  determining  the  stress  distribution  in  a  plane 
sheet  reinforced  by  a  set  of  parallel  stringers.  The  combination  has  an  axis 
of  geometric  and  elastic  symmetry  parallel  to  the  stringers  and  is  loaded  in 
its  plane  by  forces  parallel  to  and  distributed  symmetrically  with  respect  to 
the  axis  of  geometric  and  elastic  symmetry.     The  assumption  is  made  that 
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the  displacement  perpendicular  to  the  axis  of  symmetry  is  zero.     This  prob- 
lem is  known  in  aeronautical  engineering  as  a  shear-lag  problem. 

As  in  Kron's  analogy,  stress  is  represented  by  current,  displacement  by 
potential,  strain  by  voltage  drop,  and  elastic  constants  by  admittances.     The 


wu  =  120 
(120) 

=  -17.4 
(-18.7) 


=  -18.5 
(-18.7) 


=  -21.0 
(-18.7) 


=  -22.4 
(-18.7) 


V 


=  -22.0 
(-18.7) 


+  20.6 


^x 

Fig.    16-61.     Comparison    of    Theoretical    Displacements    (in    Parentheses)    for 
Simple  Tension  with  Potentials  Measured  by  Carter  in  Kron's  Equivalent  Net- 
work after  Applying  Loss-Replacing  Current 

equations  of  equilibrium  are  represented  by  Kirchoff's  current  law,  Hooke's 
law  by  Ohm's  law,  and  the  conditions  of  compatibility  by  Kirchhoff 's  voltage 
law. 

Since  only  one  component  of  displacement  (say  v)  is  nonzero,  only  one 
network  is  required.     Thus,  in  Fig.  16-58,  the  u  network  is  removed  and  all 
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admittances  disappear  except  e  and/.  The  necessity  for  positive  and  negative 
admittances  does  not  arise  since  there  are  no  interconnections  between  net- 
works. Hence,  a  d-c  network  may  be  used,  and  e  and/  may  be  conductances. 
Since  e  is  proportional  to  the  cross-sectional  area  of  a  stringer,  and  /  is  pro- 
portional to  the  thickness  of  the  sheet,  Newton  is  able  to  accommodate  varia- 
tions of  these  dimensions  from  point  to  point  by  appropriate  choice  of  resistors. 

V.  ELECTRIC-NETWORK  ANALOGUES  OF  FRAMED   STRUCTURES 

V.  Bush64  has  devised  electric  networks  which  are  equivalent  to  pin-con- 
nected and  rigid-joint  structural  frames.  A  special  circuit  is  available  for 
the  solution  of  each  of  the  following  problems: 

1.  Equilibrium  of  pin-connected  statically  determinate  structures. 

2.  Equilibrium  of  pin-connected  structures  with  redundant  members. 

3.  Equilibrium  of  rectangular  frameworks. 

4.  Motion  of  pin-connected  structures,  with  or  without  redundant  members. 
There  are  many  circuit  arrangements  which  can  be  made  to  represent  a 

single  structure.  The  choice  of  circuit  depends  in  part  on  the  relative  impor- 
tance assigned  to  the  simplicity  of  the  circuit  and  on  the  ease  of  constructing 
the  circuit  by  inspection  of  the  structure.  For  this  reason  circuits  vary  from 
fixed  arrangements  for  solving  a  system  of  simultaneous,  linear,  algebraic 
equations  to  sets  of  subcircuits  representing  individual  structural  members. 
In  the  former  case  each  structural  problem  must  first  be  transformed  to  mathe- 
matical form.  In  the  latter  case  the  circuit  is  built  up  by  connecting  the 
"structural  members"  to  form  the  "framework,"  and  this  convenience  is 
likely  to  be  gained  at  the  expense  of  simplicity  of  the  circuit. 

V.  Equilibrium  of  Pin-Connected  Statically  Determinate 
Structures 

The  analysis  of  structures,  in  which  the  forces  in  the  members  are  deter- 
mined by  considerations  of  static  equilibrium  alone,  is  so  simple  that  it  is  not 
necessary  to  resort  to  an  analogue  calculating  machine.  However,  the  study 
of  one  example  will  simplify  the  subsequent  study  of  indeterminate  structures. 

At  each  pinned  joint  of  a  plane  framework  the  sum  of  the  horizontal  com- 
ponents of  force  must  vanish,  and  the  sum  of  the  vertical  components  of 
force  must  vanish.  In  Bush's  analogy,  current  corresponds  to  force.  Thus 
the  equilibrium  conditions  at  a  joint  are  represented  by  Kirchhoff's  current 
law.  Two  networks  are  required:  one  for  horizontal  forces  and  one  for  vertical 
forces.  Horizontal  members  appear  only  in  one  network  and  vertical  mem- 
bers only  in  the  other.  Since  a  diagonal  member  has  both  horizontal  and 
vertical  components,  it  appears  in  both  networks. 

To  construct  the  electrical  analogue  of  the  Pratt  truss  shown  in  Fig.  16-62, 
first  lay  out  two  sets  of  12  terminals,  representing  the  12  panel  points.  One 
set  of  12  terminals  is  for  horizontal  forces,  and  the  other  set  is  for  vertical 
forces.  In  the  horizontal  network  connect  each  pair  of  terminals  which  cor- 
respond to  panel  points  that  are  connected  by  a  horizontal  member  in  the 
structure.     Similarly,  in  the  vertical  network,  connect  each  pair  of  terminals 
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which  correspond  to  panel  points  that  are  connected  by  a  vertical  member. 
In  both  networks  connect  each  pair  of  terminals  which  correspond  to  the  ends 
of  a  diagonal  member,  but  interpose  a  transformer  with  its  primary  coil  in 
the  horizontal  network  and  its  secondary  coil  in  the  vertical  network.  The 
transformer  ratio  (ratio  of  secondary  to  primary  current)  is  made  equal  to 
the  tangent  of  the  angle  (a)  of  inclination  "of  the  diagonal  member  with  the 
horizontal.  This  completes  the  circuit.  Forces  are  applied  by  inserting 
alternating  currents  at  the  load  and  support  points.     In  the  Pratt  truss  of 
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Fig.    16-62. 


A    Pin-Connected    Statically    Determinate    Structure    and    Bush's 
Equivalent  Circuit 


Fig.  16-62,  these  are  at  terminals  1,  4,  and  7  of  the  vertical  network,  since  the 
forces  are  vertical  and  are  applied  at  panel  points  1,  4,  and  7.  The  currents 
should  be  proportional  to  the  external  forces  and  should  all  be  in  phase.  If 
the  ratio  of  external  force  to  current  inserted  is  T,  the  force  in  a  horizontal 
or  vertical  member  is  equal  to  T  times  the  current  measured  between  the 
appropriate  terminals.  The  force  in  a  diagonal  member  is  obtained  by 
measuring  the  current  between  the  corresponding  terminals  in  the  vertical,  or 
horizontal  network  and  multiplying  by  T  cosec  a  or  T  sec  a,  respectively. 

In  this  type  of  problem  the  only  circuit  elements  that  appear  are  current 
transformers.  The  only  voltage  drops  are  those  due  to  leakage  reactance  and 
internal  resistance.     These  should  be  small. 
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"Ideal"  transformers  appear  in  all  of  Bush's  equivalent  circuits.  They  may 
be  constructed  to  the  required  degree  of  accuracy  by  using  nickel-iron-alloy 
cores  and  closely  coupled  windings.  The  flux  density  should  be  low  and  the 
primary  turns  sufficient  so  that  the  exciting  current  is  negligible  in  comparison 
with  the  work  current.  Frequency  should  be  high  enough  to  make  the  size 
of  the  transformer  small  but  not  so  high  that  currents  flowing  through  dis- 
tributed capacities  will  be  appreciable  in  comparison  with  the  work  current. 

W.  Equilibrium  of  Pin-Connected  Frames  with  Redundant 

Members 

If  a  pin-connected  structure  has  redundant  members,  the  forces  in  the 
members  are  influenced  by  their  changes  in  length.  In  a  single  member  the 
relation  between  axial  force  P  and  change  of  length  A  is 


AE 


(459) 


where  I,  A,  and  E  are,  respectively,  the  length,  cross-sectional  area,  and 
modulus  of  elasticity  of  the  member. 

To  form  the  analogy,  force,  as  before,  is  taken  proportional  to  current: 


P  =  Til 


(460) 


where  Ti  is  a  scale  factor,  and  change  of  length  of  a  member  is  taken  propor- 
tional to  voltage  drop  (V)  between  terminals: 

A  =  T2V  (461) 

The  analogue  of  equation  459  is  Ohm's  law: 

V  -  IR  (462) 

Thus,  electrical  resistance  R  corresponds  to  compliance  (l/AE) : 

T     / 
R  =  — l  —  (463) 

T2AE 

The  circuit  is  constructed  exactly  as  in  the  statically  determinate  case 
except  that,  wherever  two  terminals  were  connected  before,  the  appropriate 
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Fig.  16-63.     A  Pin-Connected  Statically  Indeterminate  Structure 

resistance  (given  by  equation  463)  is  inserted  between  them.  Thus,  for  the 
Pratt  truss  with  two  redundant  panels  shown  in  Fig.  16-63,  the  redundant 
panels  are  represented  by  the  circuit  shown  in  Fig.  16-64.     Note  that  each 
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of  the  two  connections  representing  a  single  diagonal  member  has  inserted 
in  it  the  resistance  given  by  equation  463. 

Equations  459  to  463  represent  the  analogy  for  a  single  member.     The 
extension  to  a  framework  follows  from  energy  considerations. 


Fig.  16-64.     Bush's  Circuit  Equivalent  of  the  Two  Indeterminate  Panels  of  the 
Truss  Shown  in  Fig.  16-63 

The  potential  energy  stored  in  a  member  is  P2l/2AE.  If  subscripts  h,  v, 
d  refer  to  horizontal,  vertical,  and  diagonal  members,  respectively,  the  total 
energy  of  deformation  of  the  structure  is 


ZPk2h  V       PSlr  V 

2AhEk       Li  2ArEv       L, 


P/L 

2AdE0 


The  forces  in  the  members  will  assume  such  values  as  to  make  the  total  energy 
of  deformation  a  minimum.     Hence, 
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y  pa    y  pa+v 

Li  2AhEh     Li  2ArEv     Li 


pdnd 

2AdEc 


0 


(464) 


In  the  electric  circuit  the  power  dissipated  in  an  element  is  PR.     The  total 
power  dissipation  in  the  horizontal  network  will  be  a  minimum: 


8  {^htRk  +  ^hMd}  =  0 


(465) 


h  d 

where  hd  is  the  current  in  the  dtb.  diagonal  element  of  the  horizontal  network. 
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Similarly,  the  total  power  dissipated  in  the  vertical  network  will  be  a  minimum : 
8  j  Y  IM*  +  Y  IrMd\  =  0  (466) 

v  d 

where  Ivd  is  the  current  in  the  dth  diagonal  element  of  the  vertical  circuit. 
Now, 

TJj  =  Ph 

Til,  =  P„ 

rs(ih/-  +  /,.rf2)  =  p/ 

Tag,  =  J*_ 
Ti        AA#* 

T2i?„         L  .     T-^Pd         Id 

and 


T,         Ar#r  Tj         AdEd 

Hence,  substituting  in  equations  465  and  466,  adding  the  two  equations,  and 
canceling  the  scale  factors,  we  arrive  at  equations  464.  The  analogy  is  thus 
complete. 

In  constructing  the  circuit  for  the  truss  shown  in  Fig.  16-63,  Bush  used 
resistances  ranging  from  %  to  3}i  ohms  and  commercial  instrument  trans- 
formers rated  at  5  amperes  and  80  watts.  Since  the  diagonals  were  at  45° 
to  the  horizontal,  nominal  1 : 1  transformers  were  used.  The  error  in  ratio 
was  less  than  0.1  per  cent  at  3.2  ohms  load  from  0.5  to  5.0  amperes.  With 
13  ohms  load  the  error  was  less  than  2  per  cent  at  0.5  amperes  and  decreased 
with  increase  of  current.  However,  the  transformers  were  found  to  have 
excessive  leakage  reactance,  so  that,  with  pure  resistance  representing  com- 
pliance, the  necessary  condition  was  not  satisfied  that  the  impedance  angles 
be  the  same  in  all  branches  of  the  circuit.  To  make  the  impedance  angles 
the  same,  each  branch  was  made  up  of  a  resistance  and  an  inductance.  The 
latter  were  so  chosen  that,  together  with  the  leakage  inductance,  the  resulting 
impedance  angles  were  all  equal.  Bush  calls  attention  to  the  method  devel- 
oped by  Mallock65  for  automatically  compensating  for  imperfect  transformer 
action. 

Compared  with  a  mathematical  solution  of  the  truss  in  Fig.  16-63,  Bush's 
results  were  in  error  by  0  to  3.5  per  cent,  the  larger  percentage  errors  occurring 
only  in  the  low-stressed  members. 

X.  Equilibrium  of  Rectangular  Frameworks 

To  analyze  simple  and  multiple  rigid-frame  bents,  Bush  has  devised  an 
electric-circuit  equivalent  of  the  slope-deflection  equations.  These  equations 
may  be  derived  by  considering  the  equilibrium  and  deformation  of  a  single 
structural  member. 

In  Fig.  16-65  the  member  AB,  of  length  L,  is  acted  on  by  moments  Ma  and 
Mb  at  ends  A  and  B,  respectively.     Both  moments  are  taken  positive  clock- 
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wise.     To  be  in  equilibrium  under  moments  and  transverse  forces  applied 
only  at  its  ends,  a  shear  force  S  is  required  such  that 


MA  +  Mb  +  SL  =  0 


(467) 


Positive  S  tends  to  rotate  the  member  clockwise.  The  curvature  of  the 
member  at  any  section  is  assumed  to  be  proportional  to  the  bending  moment 
at  that  section,  the  factor  of  proportionality  being  the  flexural  rigidity  EI. 


Fig.  16-65.     Plane  Deformation  of  a  Slender  Uniform  Bar  Acted  on  by  Flexural 
Couples  and  Transverse  Forces  at  Its  Ends 

Using  the  approximate  expression   for  curvature,   we  may  then   write  the 
Bernoulli-Euler  equation : 


dx2 


M 


(468) 


Taking  the  origin  of  coordinates  at  A,  we  have 

M  =  MA  +  Sx 
Integrating  equation  468  once  and  using  the  boundary  conditions, 


we  find 


dy 
dx  _ 

=   -6a 

x  =  0 

dy_ 
dx 

=     -0B 

x  =L 

MAL    ,    SL' 

6  A  - 

-  0S 

EI         2EI 

(469) 


where  8a  and  6B  are  the  rotations  of  the  tangents  to  the  elastic  curve  at  J. 
and  B,  respectively,  both  positive  clockwise. 

Integrating  again  and  using  the  boundary  conditions, 


Vl. 


y]x-L  =  Ai 
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we  find 

Aa  —  AB  is  the  relative  transverse  displacement  of  the  two  ends  of  the  mem- 
ber, considered  positive  for  clockwise  rotation  of  the  line  joining  the  ends  of 
the  member.  Equations  467,  469,  and  470  are  the  slope-deflection  equations. 
In  Bush's  analogy,  force,  moment,  rotation,  and  displacement  are  all  repre- 
sented by  currents.  Calling  Ti;  T2,  T3,  T4  the  scale  factors  between  current 
and  shear,  moment,  rotation  and  displacement,  respectively,  we  write 

£  =  TJS  (471) 

MA  =  TJMi  (472) 

Mb  =  T2IMb  (473) 

6a  =  Talfc  (474) 

6B  =  T3I9b  (475) 

Aa  =  T4/Aa  (476) 

AB  =  T4/as  (477) 

where  the  7's  are  currents  representing  the  quantities  indicated  by  the  sub- 
scripts. 

Substituting  equations  471  to  477  in  equations  467,  469,  and  470  we  have 
the  electrical  equivalents  of  the  slope-deflection  equations: 

Ima  +  Imb  +  ( ^  )  L  =  0  (478) 


/  t„a,  \  > 

h.  - 


--I"-{^i)I"  +  (^i)1'  <479) 

\T4/  \2TiEIJ  \STiElJ 


/a.  -  l 


Bush's  equivalent  circuit  is  shown  in  Fig.  16-66,  in  which  the  four  upper 
terminals  represent  the  end  A,  and  the  four  lower  terminals  represent  the  end 
B  of  the  member.  Positive  shear  is  represented  by  current  Is  entering  at  A 
and  leaving  at  B.  Positive  moment  is  represented  by  current  IMa  entering 
at  A  and  IMb  entering  at  B.  Positive  rotation  is  represented  by  current  IeA 
entering  at  A  and  IeB  leaving  at  B.  Positive  transverse  displacement  is  repre- 
sented by  current  Iaa  entering  at  A  and  7ab  leaving  at  B,  so  that  Iaa  —  Iab 
represents  positive  relative  transverse  displacement  (that  is,  clockwise  rota- 
tion of  the  member). 

Six  current  transformers  are  used,  with  ratios  Tu  •  •  •  ,  T6  given  by  the 
six  quantities  in  parentheses  in  equations  478  to  480.     Thus : 
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TiL 

r.-™ 

To 

t4 

T^2 
2TZEI 

T.-    T'i2 
2T4EI 

TiL 

T.  ..    T'L> 

TzEI 


3T4EI 


With  these  transformer  ratios,  it  may  be  verified  readily,  by  applying  Kirch- 
hoff's  current  law,  that  the  circuit  satisfies  the  equivalent  slope-deflection 
equations  478  to  480. 


0000 

0000 


Fig.  16-66.     Bush's  Circuit  Equivalent  of  the  Slope-Deflection  Equations 


The  nine  terminals  in  Fig.  16-66  are  used  for  connecting  the  member  to 
adjacent  members,  G  being  a  common  terminal.  Thus  if  terminals  G  and  6b 
are  connected  to  terminals  G'  and  6a  of  an  adjacent  member,  the  current  IeB 
is  forced  to  be  equal  to  I$'A  and,  thus,  the  rotation  6B  is  made  equal  to  the 
rotation  6A' ,  as  required  by  continuity. 
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In  drawing  circuit  diagrams  for  frameworks  it  is  convenient  to  use  a  symbol, 
shown  in  the  lower  part  of  Fig.  16-66,  to  represent  a  member.  The  nine  term- 
inals in  the  symbol  represent  the  nine  terminals  in  the  corresponding  positions 
in  the  preceding  circuit. 

Consider,  first,  four  members  meeting  at  a  rigid  joint,  as  shown  in  the  upper 
part  of  Fig.  16-67.  The  equivalent  circuit  is  shown  in  the  lower  part  of  the 
same  figure.  The  sum  of  all  the  moments  acting  on  the  joint  is  made  equal 
to  zero  by  joining  the  four  corresponding  terminals  at  M.     The  rotations  of 


•  •  •  • 

t  t  t  ♦ 


•  •  •  • 


Fig.   16-67. 


Connections   Required  in   Bush's   Equivalent   Circuit   When   Four 
Members  Meet  at  a  Rigid  Joint 


all  members  meeting  at  the  joint  are  made  equal  by  using  a  1 :1  transformer 
connection  at  6,  The  connection  at  6  is  indicated  by  a  circle,  the  actual  con- 
necting circuit  being  shown  at  the  right.  The  transverse  displacements  of 
adjoining  vertical  members  are  made  equal  by  series  connection,  and  the  same 
is  done  for  adjoining  horizontal  members,  but  the  two  connections  are  not 
joined,  since  the  displacements  are  at  right  angles  and  not  necessarily  equal. 
The  shear  connections  depend  on  the  distribution  of  applied  loads  in  a  com- 
plete structure. 

A  problem  of  wind  loads  on  a  nine-panel  bent  is  shown  in  Fig.  16-68.  In 
the  circuit  the  sum  of  the  moments  at  each  joint  is  made  equal  to  zero  by 
interconnection  as  described  previously.     Rotations  of  adjoining  members  are 
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made  equal  by  series  connection  in  the  case  of  two  members  and  by  transformer 
connection  in  the  case  of  three  or  four.  Where  two  vertical  members  meet, 
the  transverse  displacements  are  made  equal  by  series  connection.  The 
transverse  displacements  of  all  the  horizontal  members  must  be  zero;  so  the 
corresponding  circuits  of  members  1-9  are  left  open.  At  each  floor  level  the 
lateral  displacements  of  all  vertical  members  are  made  equal  by  transformer 
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Fig.  16-68.     Nine-Panel  Bent  under  Wind  Load  and  Bush's  Equivalent  Circuit 

connections.  The  displacements  and  rotations  of  the  lower  ends  of  the  first- 
story  columns  are  assumed  to  be  zero,  and  so  the  corresponding  terminals  are 
left  unconnected.  The  applied  loads  are  represented  by  adjustable  sources 
of  alternating  current,  F\,  F2,  F3,  held  strictly  in  phase.  The  currents  which 
appear  at  Ri,  R<,  R3,  R±  are  proportional  to  the  foundation  reactions. 

The  sum  of  the  shears  in  members  12,  15,  18,  and  21  is  made  equal  to  the 
load  F\  by  connecting  the  five  terminals  together.     Similarly,  for  reaction  Ri 
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and  the  shears  in  1,  4,  7.  The  sum  of  the  shears  in  11,  14,  17,  20  minus  the 
sum  of  the  shears  in  12,  15,  18,  21  is  made  equal  to  F*  by  connecting  all  the 
terminals  representing  these  forces.  The  load  Fs  and  the  reactions  R2  and 
Rs  are  treated  similarly.  Attention  must  be  paid  to  algebraic  signs  in  making 
connections.  In  solving  this  problem  Bush  made  use  of  symmetry  conditions 
with  resulting  simplification  of  the  circuit. 

The  cores  of  the  transformers  were  made  of  continuous  annular  laminations 
2}{q  in.  outside  diameter,  1%  in.  inside  diameter,  and  0.005  in.  thick  of  Hyper- 
nick,  annealed  and  lacquered.     The  basic  winding  was  222  turns  of  no.  19 


A-c  supply 


Voltmeter 


dx=  +  2 


d2=  +  2 


d3=-4 


JHDX 


Set  to  solve  equations 
x  -  4y  -  3z  +  2u  =  0 
4x  +  3y  +  3z  +  2u  =  0 
2x  +  3y  +  z  -  Au  =  0 

y  is  being  read 

Fig.  16-69.     Principle  of  Mallock's  Electric  Computer  for  Solving  Simultaneous 
Linear  Algebraic  Equations,  Illustrated  for  Three  Equations 


B.  &  S.,  enameled  and  cotton-covered,  doubled,  for  both  primary  and  second- 
ary windings.  The  coil  was  wound  by  hand,  carrying  the  four  strands  through 
together,  both  to  insure  a  one-to-one  ratio  and  to  produce  a  minimum  of 
leakage  reactance.  At  500  cps  the  error  in  transformer  ratio  averaged  about 
0.5  per  cent  maximum  for  a  load  equivalent  to  five  times  the  resistance  of  a 
single  transformer,  over  the  design  range  of  currents. 

In  measuring  currents  in  the  circuit,  a  low-resistance  shunt  and  a 
vacuum-tube  amplifier  were  used.  Great  care  had  to  be  taken  to  ensure 
low-resistance  connections  as  the  resistance  everywhere  in  the  circuit  had  to 
be  low. 

The  final  results  for  shear,  moment,  displacement,  and  rotation  had  errors 
ranging  from  0  to  30  per  cent,  but  the  larger  percentage  errors  were  always 
associated  with  the  smaller  magnitudes. 
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Y.  Analogue  Machines  for  Solving  Simultaneous  Linear  Algebraic 

Equations 

The  determination  of  stresses  in  a  statically  indeterminate  structure  under 
static  loading  is  equivalent  to  the  solution  of  a  system  of  simultaneous  linear 
algebraic  equations.  Such  equations  appear  in  many  branches  of  engineering 
and  physics,  and  several  machines  are  available  for  their  solution.  A  few 
of  the  more  recent  machines  are  described  here. 

77.  Mallock's  Machine.65  The  fundamental  principle  of  operation  of  this 
machine  is  illustrated  in  Fig.  16-69  for  the  case  of  three  equations.  X,  Y, 
Z,  U  are  four  small  a-c  transformers  and  a,i,  b\,  C\,  ■  ■  •  are  coils  having, 
respectively,  ah  bi,  ch  •  •  ■  turns.  The  transformer  design  is  such  that  the 
stray  flux  is  very  small,  and,  hence,  in  any  transformer  the  flux  through  each 
turn  is  essentially  the  same.  Voltage  drops  in  the  coils,  due  to  resistance, 
are  counteracted  by  a  compensator  (not  shown)  consisting  of  an  amplifier 
and  another  transformer  for  each  of  the  main  transformers. 

Each  of  the  three  sets  of  coils,  ax,  bu  ch  d\\  a2,  b2,  c2,  d2;  a3,  b3,  c3,  dz,  is  con- 
nected in  series  and  short-circuited,  as  shown  in  the  diagram.  The  direction 
in  which  a  coil  is  connected  corresponds  to  the  sign  of  the  symbol  representing 
the  number  of  turns. 

If  an  alternating  voltage  is  applied  to  an  independent  coil  Ex,  on  the  trans- 
former X,  a  current  will  flow  in  the  coil  and  will  induce  a  flux  in  the  core  of 
X;  this  flux  will  induce  electromotive  forces  and,  consequently,  currents  in 
the  circuits  a,\,  bi,  ch  du  •  •  •  ,  and  these  currents  will  induce  fluxes  in  the  other 
cores.     After  a  short  time  a  steady  state  will  be  attained. 

With  no  stray  flux  and  resistance  losses  perfectly  compensated,  the  electro- 
motive force  induced  in  any  coil  of  a  given  transformer  is  proportional  to  the 
number  of  turns  in  the  coil,  and  the  potential  difference  of  the  coil  is  equal  to 
the  induced  electromotive  force.  If  x,  y,  z,  u  are  the  electromotive  forces 
induced  in  single  turns  of  the  four  transformers,  the  potential  difference  of  a 
coil  d\  will  be  aiX,  and  the  potential  difference  of  the  four  coils  in  series  will 
be  a\X  +  biy  +  C\Z  +  dxu.  Since  the  circuit  is  short-circuited,  this  sum  must 
be  zero,  so  that  we  have 

d\X  +  biy  +  C\Z  +  d\U  =  0 
and,  similarly, 

a2x  +  b2y  +  c2z  +  d%u  =  0 

asx  +  b3y  +  c3z  +  d3u  =  0 

If  we  now  measure  the  electromotive  forces  induced  in  an  additional  coil  Sx 
on  X  and  corresponding  coils  Sy,  Sz,  Su  on  Y,  Z,  U,  each  of  these  coils  having 
the  same  number  of  turns,  we  can  find  the  ratios  x/u,  y/u,  z/u,  and  these 
will  be  the  roots  x,  y,  z  of  the  equations : 

d\X  +  biy  +  C\Z  +  dx  =  0 
a2x  +  b2y  +  c2z  +  d2  —  0 
a3x  +  buj  +  csz  +  d3  =  0 
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A  machine,  based  on  this  principle,  for  solving  ten  equations  was  manu- 
factured by  the  Cambridge  Instrument  Co.,  Ltd. 

78.  The  Consolidated  Computer.66  The  fundamental  operations  that  occur 
in  the  solution  of  systems  of  linear  algebraic  equations  are  the  multiplication 
of  pairs  of  numbers  and  the  addition  or  subtraction  of  the  resulting  products. 
These  operations  may  be  carried  out  by  simple  resistor  networks.  In  Fig. 
16-70  is  shown  a  circuit  for  producing  a  product  proportional  to  ax,  where  a 
and  x  are  introduced  by  the  two  potentiometers:  x,  for  example  being  the 
fraction  of  the  total  resistance  of  the  x  potentiometer.  In  Fig.  16-71  is 
shown  a  circuit  for  obtaining  an  open-circuit  voltage  proportional  to  the  sum 


Fig.    16-70.     Circuit  for  Producing  a     Fig.  16-71.     Circuit  for  Summing  (Aver- 
Voltage    Proportional   to   the   Product  aging)  Voltages 


ax 


of  a  number  of  voltages.     In  Fig.  16-72  combinations  of  these  circuits  are 
connected  to  form  the  equivalent  of 

axx  +  b\y  +  C\Z  =  d\ 

when  the  null  indicator  N  reads  zero.     In  the  case  of  three  equations  there 
would  be  three  such  circuits. 

The  procedure  for  operating  the  network  is  based  on  the  Gauss-Seidel 
method  of  iteration.  For  a  three-equation  network  the  values  of  all  the 
coefficients  are  first  set  into  the  12  a\,  bh  ch  d\  potentiometers.  Tentative 
values  y0  and  z0  are  set  into  the  first  equation,  and  x  is  adjusted  to  a  value 
Xi  which  gives  a  null  reading  on  the  indicator.  The  indicator  is  then  switched 
to  the  second  equation,  z0  and  xx  are  inserted,  and  y  is  adjusted  to  y\  for  null. 
When  the  indicator  is  switched  to  the  third  equation,  X\  and  y\  are  inserted, 
and  z  is  adjusted  to  Z\  for  null.  We  now  have  a  first  approximation  for  Xi, 
yh  Zi.  The  process  is  then  repeated,  by  switching  to  the  first  equation,  insert- 
ing yx  and  zh  and  adjusting  the  x  potentiometer  to  the  value  x%  that  gives  a 
null  reading,  then  proceeding  to  the  second  and  third  equations,  and  ending 
with  a  second  approximation  x2,  y2,  Zi.  The  cycle  is  repeated  as  many  times 
as  is  necessary  to  satisfy  all  three  equations.  If  the  main  diagonal  coefficients 
are  large  in  comparison  with  the  sum  of  the  absolute  values  of  the  side  terms 
along  the  same  row  or  column,  the  convergence  will  be  rapid.  Not  every 
system  yields  a  convergent  sequence.  It  is  possible,  but  impractical,  to  bring 
the  system  to  a  suitable  form  by  normalization  of  the  equations. 
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A  machine  of  this  type  for  12  equations  is  manufactured  by  the  Consoli- 
dated Engineering  Corporation. 

79.  Murray's  Machine.12  A  resistance  network  based  on  another  principle, 
in  which  the  iterative  process  always  converges,  has  been  devised  by  F.  J. 
Murray.     The  basic  circuit  is  illustrated  for  two  equations  in  Fig.  16-73. 


Fig.  16-72.     Consolidated  Circuit  for  a\X  +  b\y  +  C\Z  =  d\ 


The  " variable-boxes,"  x  and  y,  produce  alternating  voltages  and,  by  a  sum- 
ming network,  voltages  proportional  to 

€i  =  (iiX  +  biy  —  d\t 

e-2  =  a2x  +  biy  —  cl>t 

are  produced  (t  is  a  scale  variable.)  ei  and  e2  are  amplified  and  fed  to  the 
plates  of  a  diode,  and,  by  square  law  rectification,  a  direct  current  propor- 
tional to 

At  =  er  +  e22 

is  obtained  and  read  on  a  microammeter.  The  variables  x,  y  are  adjusted  in 
rotation  to  minimize  jS. 

The  resistances  Ra  are  the  output  grid  resistors  of  the  amplifiers.     Each  is 
joined  to  the  plate  of  the  final  amplifying  stage  by  a  blocking  condenser. 
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Each  variable-box  has  the  circuit  shown  in  Fig.  16-74.  Power  is  obtained 
from  a  stepdown  transformer  across  the  line.  The  double-pole  switch  deter- 
mines the  sign,  and  the  potentiometer  P2  determines  the  magnitude  of  the 
variable. 


A-c 

power 
supply 


Fig. 


16-73.     Scheme  of  Murray's  Electric  Computer  for  Solving  Simultaneous 
Linear  Algebraic  Equations,  Illustrated  for  Two  Equations 


Each  coefficient  box  contains  the  circuit  shown  in  Fig.  16-75.  The  switch 
is  set  according  to  the  sign  of  the  coefficient,  and  the  potentiometer  determines 
the  magnitude.  The  grounds  in  the  coefficient  boxes  locate  the  variable 
circuits  relative  to  ground  and  permit  addition  by  averaging  the  voltages 
aiX,  biy  and  dxt  through  the  resistances  R2,  which  are  identical  for  all  the 
coefficient  boxes. 


A-c  power- 


/%\  '    fk  f% 


Output 


Fig.  16-74.     Circuit  in  Murray's  Variable  Box 

A  12-equation  machine  of  this  type  has  been  built  in  the  Watson  Scientific 
Computing  Laboratory  at  Columbia  University. 

80.  Mechanical  Linear-Equation  Solvers.  Since  multiplication  and  addi- 
tion can  be  accomplished  with  gear  trains  and  differentials,  purely  mechanical 
devices  can  be  constructed  to  solve  simultaneous  linear  algebraic  equations. 


822 


ANALOGIES 


Backlash  makes  most  of  these  impractical,  but  this  defect  has  been  avoided 
in  one  machine  devised  by  Wilbur.67  In  this  device,  each  variable  is  repre- 
sented by  the  sine  of  the  angle  of  rotation  of  a  shaft,  and  each  equation  is 


Variable 


1  Output 


Fig.  16-75.     Circuit  in  Murray's  Coefficient  Box 

represented  by  a  continuous  steel  tape  which  passes  over  the  shafts  and  over 
pulleys  in  such  a  manner  as  to  form  an  endless-chain  adder. 

Z.  Vibrations  of  Structures 

Bush  has  proposed  the  solution  of  problems  of  vibration  of  pin-connected 
structures  by  electric-network  analogies.  The  mass  of  the  structure  is  con- 
sidered to  be  concentrated  at  the  panel  points,  and  the  compliances  are  those 
of  the  individual  members.  The  validity  of  the  assumption  of  concentrated 
masses  is  debatable,  but,  if  it  is  granted,  the  problem  is  reduced  to  the  con- 
struction of  one  of  the  many  analogies  between  lumped  mechanical  and  electric 


cJpP(t)<k 

TV  : 


E(t) 


Fig.  16-76.     Analogous  Lumped  Mechanical  and  Lumped  Electric  Systems 

systems.3-5  The  most  common  of  these  is  obtained  by  noting  the  similarity 
between  the  second-order  linear  ordinary  differential  equations  governing  the 
one-degree-of  freedom  mechanical  and  electric  systems  shown  in  Fig.  16-76. 
The  displacement  in  the  mechanical  system  is  governed  by 

&H  +     dx       hx  ._ 

dP  dt 

and  the  charge  in  the  electrical  system  by 

^      R<k      g^ 

dt1  dt       C 

One  equation  may  be  transformed  to  the  other  by  making  inductance  L 
proportional  to  mass  m,  resistance  R  proportional  to  viscosity  coefficient  c, 
capacity  C  inversely  proportional  to  spring  rate  fc,  displacement  x  proportional 
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to   charge   q,   velocity   (v  =  dx/dt)  proportional  to  current   (i  =  dq/dt)  and 
force  P  proportional  to  voltage  E. 

A  permanent  installation  capable  of  solving  systems  of  second-order  linear 
ordinary  differential  equations  has  been  built  at  the  Westinghouse  Electric 
Company  in  East  Pittsburgh,  Pa. 
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I.   FUNDAMENTALS   AND   TWO-DIMENSIONAL   APPLICATIONS 

By  T.  J.  Dolan  and  W.  M.  Murray 
A.  Introduction 

The  discovery  of  the  photoelastic  effect  is  credited  to  Sir  David  Brewster, 
who  in  1816  published  an  account  of  his  finding  that  clear  stressed  glass  when 
examined  in  polarized  light  exhibited  colored  patterns.  The  possibility  of 
valuable  engineering  applications,  however,  was  not  immediately  recognized, 
and  few  practical  problems  were  investigated  with  photoelasticity  prior  to 
1900.  The  underlying  theory,  however,  was  well  developed  by  investigators 
such  as  Neumann,  Maxwell,  Wertheim,  and  other  noted  physicists  who  formu- 
lated the  concept  that  the  optical  retardation  producing  the  color  effects  is 
proportional  to  the  difference  of  the  principal  stresses  existing  in  the  glass. 

Of  all  those  who  have  applied  this  optical  method  of  stress  analysis,  Pro- 
fessor E.  G.  Coker,  of  the  University  of  London  has  been  outstanding  both 
for  his  many  practical  investigations  and  for  the  development  of  many  tech- 
niques which  made  engineering  applications  possible.  His  introduction  of 
celluloid  for  models  and  the  use  of  monochromatic  light  have  led  to  the 
modern  laboratory  methods  which  make  photoelasticity  a  powerful  engineer- 
ing tool. 

In  recent  years  the  development  of  new  synthetic  resins  (plastics),  which 
possess  desirable  photoelastic  characteristics,  has  helped  the  engineer  to 
expand  the  application  of  the  method  to  an  ever  wider  variety  of  problems. 
The  invention  of  "Polaroid,"  which  provides  a  relatively  inexpensive  means 
of  producing  large  beams  of  polarized  light,  has  so  reduced  the  cost  of  the 
necessary  equipment  that  even  small  firms  and  design  offices  can  take  advan- 
tage of  this  tool  as  an  aid  in  design. 

1.  Field  of  Application.  The  photoelastic  method  of  stress  analysis 
represents  one  type  of  model  testing  in  which  the  models  are  fashioned  from 
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flat  sheets  of  some  appropriate 
transparent  elastic  material.  Pri- 
marily the  experimental  techniques 
of  photoelasticity  are  best  suited  to 
the  determination  of  the  boundary 
stresses  in  two-dimensional  (plane 
stress)  problems;  with  the  aid  of 
certain  supplementary  experimental 
or  analytical  techniques  the  stresses 
at  interior  points  may  be  evaluated. 
However,  the  two-dimensional  meth- 
ods of  stress  analysis  can  be  applied 
to  certain  three-dimensional  prob- 
lems to  give  a  useful  picture  of 
some  of  the  stress  distribution.86'  96 
Furthermore,  recently  developed 
methods  have  been  devised  (see 
part  II)  for  the  direct  application  of 
photoelasticity  to  three-dimensional 
models. 

The  transparent  photoelastic 
model  is  made  of  elastic  material 
(usually  about  }£  m-  thick)  and 
must  have  the  contours  of  the  model 
geometrically  similar  to  those  of  the 
prototype  in  which  the  stress  dis- 
tribution is  desired.  The  model  is 
then  examined  in  a  field  of  polarized 
light  with  loads  applied  in  a  manner 
similar  to  those  existing  on  the  pro- 
totype. Under  these  conditions  a 
series  of  brilliant  bands  having  dif- 
ferent color  tints  will  be  observed  in 
white  light  (or  alternate  bright  and 
dark  bands  called  interference 
"fringes,"  in  monochromatic  light, 
as  shown  in  Fig.  17-1).  These 
optical  effects  may  be  readily  inter- 
preted to  give  a  graphic  representa- 
tion of  the  stress  distribution  either 
qualitatively  or  quantitatively. 
Direct  visual  observation  is  sufficient 
to  locate  regions  of  high  and  low 
stress.  By  a  relatively  simple  pro- 
cess of  counting  colored  bands  or 
fringes  and  multiplying  by  a  calibra- 
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tion  factor,  the  corresponding 
stress  intensities  may  be  ac- 
curately evaluated  (for  ex- 
ample, see  Fig.  17-2). 

For  a  great  many  problems 
involving  contours  of  irregular 
form  which  cannot  be  solved 
analytically,  photoelasticity  is 
of  untold  value  in  determining 
stresses  and  in  the  evaluation 
of  stress-concentration  factors 
for  certain  standard  types  of 
abrupt  changes  in  section.  In 
this  manner  the  method  forms 
a  connecting  link  between  the 
mathematical  theory  of  elas- 
ticity (which  can  be  applied 
only  to  certain  regular  shapes) 
and  the  elastic  stresses  prevail- 
ing in  irregular  shapes  which 
may  be  required  for  design. 
As  a  tool  to  aid  in  machine  de- 
sign, photoelasticity  can  be 
utilized  to  considerable  advan- 
tage for  locating  regions  of  low 
stress  from  which  material  may 
be  removed  for  the  purpose  of 
reducing  weight. 

As  in  other  experimental 
methods  of  stress  analysis,  the 
question  may  be  raised:  "Are 
the  stresses  developed  in  a 
small  transparent  model  the 
same  as  those  in  a  metal  mem- 
ber under  a  similar  loading,  or 
do  the  differences  in  elastic  con- 
stants and  size  influence  the 
results?"  For  the  great  ma- 
jority of  cases,  the  problems  of 
similarity  between  stresses  in 
model  and  prototype  are  not 
difficult.  In  general,  the 
stresses  due  to  external  forces 
in  an  elastic  system  in  two  di- 
mensions are  functions  of  the 
geometry  of  the   contour  and 
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of  the  intensity  of  the  load.  Thus,  the  stress  pattern  in  the  model  per  inch 
of  thickness  should  be  identical  with  that  in  the  prototype  if  the  loads  are  in 
proportion  to  the  scale  or  size  ratio.  For  a  limited  number  of  cases  in  which 
the  body  investigated  has  a  hole  or  a  boundary  on  which  the  externally 
applied  loads  are  not  in  equilibrium,  a  minor  correction  is  necessary  to  take 
account  of  the  differences  in  elastic  properties  of  the  model  and  prototype. 

As  with  all  other  experimental  methods,  great  care  must  be  taken  to  insure 
the  model  being  accurately  similar  to  the  prototype  both  in  physical  dimen- 
sions and  in  locations  and  types  of  loading  applied.  Unknown  frictional 
forces  in  the  loading  mechanism  or  at  the  points  of  load  application  to  the 
model  may  materially  influence  the  stresses.  It  should  be  emphasized  that, 
if  the  stresses  exceed  the  elastic  strength  in  either  the  model  or  the  prototype, 
the  magnitudes  and  distribution  in  the  region  of  peak  stress  will  be  materially 
altered  and  cannot  be  accurately  determined  by  the  presently  available  tech- 
niques used  in  photoelasticity. 

Among  the  chief  advantages  of  the  photoelastic  method  of  stress  analysis 
are  that  it  provides  a  means  of: 

1.  Obtaining  an  over-all  visual  picture  of  the  shearing-stress  distribution 
throughout  the  body. 

2.  Measurement  of  stress  at  a  point  with  consequent  possibility  of  finding 
actual  peak  values  even  in  regions  of  high  stress  gradient. 

3.  Determination  of  stresses  in  two-dimensional  problems  that  cannot  be 
solved  analytically. 

4.  Accurate  stress  determination  in  irregular  members  comparable  to 
results  obtained  with  precise  strain-gage  techniques. 

5.  Readily  obtaining  qualitative  results  for  location  of  minimum-  and 
maximum-stress  locations  or  for  the  determination  of  changes  in  stress  distri- 
bution caused  by  minor  alterations  in  shape  of  the  model  to  aid  in  the  process 
of  developing  a  satisfactory  design. 

The  shortcomings  of  this  experimental  technique  and  some  of  the  disad- 
vantages appear  to  be  as  follows: 

1.  It  is  an  indirect  method  requiring  the  use  of  accurate  scale  models  and 
subsequent  interpretation  of  data  for  the  prototype. 

2.  The  experimental  procedure  is  readily  applied  only  to  two-dimensional 
conditions,  since  the  three-dimensional  methods  require  rather  involved  and 
carefully  developed  techniques. 

3.  The  separation  of  the  individual  principal  stresses  at  interior  points  in 
the  model  becomes  rather  troublesome  if  great  accuracy  is  required. 

4.  For  proper  application  a  carefully  developed  experimental  procedure 
must  be  followed  including  the  necessity  of  preparing  models  that  are 
stress-free. 

5.  The  applications  of  the  method  are  limited  to  the  determination  of 
elastic  stresses  due  to  externally  applied  forces.  The  method  will  not  yield 
information  relative  to  the  influences  of  surface  conditions  on  the  prototype 
(such  as  microscopic  corrosion  pits  and  machining  scratches),  nor  can  it  be 
used  to  determine  the  residual  stresses  or  the  elastic  redistribution  of  stress 
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that  occurs  after  the  prototype  has  undergone  some  plastic  deformation,  heat 
treatment,  or  welding  operation. 

In  presenting  the  photoelastic  method  of  stress  analysis,  the  diversity  of 
the  subject  matter  has  made  it  difficult  to  arrange  in  a  logical  sequence.  The 
method  is  based  on  a  rather  careful  and  fixed  routine  of  (1)  preparation  of 
model,  (2)  examination,  and  (3)  interpretation  in  terms  of  the  analysis  of  the 
behavior  of  a  beam  of  light  in  accordance  with  the  electromagnetic-wave 
theory.  A  somewhat  reverse  sequence  of  arrangement  of  these  steps  is  found 
in  the  interdependent  sections  of  part  I  of  this  chapter,  in  which  the  discus- 
sions and  applications  will  be  limited  to  two-dimensional  stress  systems. 

In  section  B  the  elementary  concepts  of  light  are  presented  and  the  equa- 
tions developed  that  are  necessary  for  an  understanding  of  section  C  which 
discusses  the  photoelastic  effect  and  the  functions  of  the  elements  in  a  polari- 
scope.  These  relationships  lead  directly  to  the  fundamental  photoelastic 
equations  in  section  D  and  the  interpretation  of  the  photoelastic-stress  pattern 
from  color  bands  or  interference  fringes.  Supplementary  methods  of  finding 
fractional  orders  of  interference  are  discussed  in  section  E.  For  the  interpreta- 
tion of  the  photoelastic  effect  in  terms  of  numerical  values  of  stress,  a  fringe 
constant  may  be  evaluated  by  the  methods  suggested  in  section  F.  In  sec- 
tions G  and  H  are  presented  methods  for  the  determination  of  the  individual 
principal  stresses  at  interior  points  since  the  information  obtained  from  the 
photoelastic-stress  pattern  gives  only  the  difference  of  the  two  principal 
stresses.  Comments  on  photoelastic  materials  and  laboratory  equipment 
together  with  suggestions  for  preparation  and  photographing  of  models  are 
presented  in  sections  I,  J,  and  K.  Several  supplementary  optical  methods 
that  have  been  employed  by  various  investigators  are  listed  in  section  L, 
and  a  brief  review  of  the  wide  variety  of  problems  that  have  been  analyzed 
by  photoelasticity  is  compiled  in  section  M.  For  a  complete  understanding  of 
the  theory  and  experimental  techniques,  the  reader  is  referred  to  the  refer- 
ences listed  at  the  end  of  this  chapter,  especially  the  excellent  books  by  Coker 
and  Filon1  and  Frocht.3 

B.  Elementary  Concepts  of  Light 

According  to  the  electromagnetic-wave  theory,  light  is  considered  an  elec- 
tromagnetic disturbance  consisting  of  transverse  waves  which  are  propagated 
along  straight  lines  called  rays.  Actually,  there  are  two  companion  effects, 
one  magnetic  and  the  other  electric,  which  exist  simultaneously  in  planes  at 
right  angles  such  that  the  line  of  intersection  of  the  planes  is  parallel  to  the 
direction  of  the  light  ray.  Since  both  the  electric  and  magnetic  effects  cor- 
respond to  transverse  waves,  either  may  be  represented  by  a  vector  at  a  given 
place  and  time,1  though  the  electric  vector  is  considered  at  the  light  vector.19'  20 

2.  Polarization.  The  term  "polarization"  is  used  to  imply  that  some  kind 
of  control  over  the  light  vector  exists  or  that  the  vector  obeys  some  definite 
law,  as  indicated  in  Fig.  17-3.     For  example: 

(a)  Plane  Polarization.  Light  is  said  to  be  plane-polarized  when  the  light 
vector  is  confined  to  a  single  plane.     The  plane  containing  the  light  vector 
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(a)  Ordinary  Light 
(no  control  over  light  vector) 


Plane  of 
^vibration 


X  =  wave  length 


a  =  amplitude 
Direction  of  propagation  • 


(b)  Plane  Polarization 


Direction  of 
propagation 


(c)  Right-and  Left-Hand  Circular  Polarization 


Direction  of 
propagation 


(d)  Right-and  Left-Hand  Elliptical  Polarization 
Fig.  17-3.     Representation  of  Different  Types  of  Polarization 
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is  known  as  the  plane  of  vibration,  and  the  plane  at  right  angles  is  the  plane 
of  polarization.*  Ordinary  or  common  light  may  be  considered  as  being 
made  up  of  an  infinite  number  of  plane-polarized  components  whose  planes 
of  polarization  have  every  conceivable  orientation. 

(b)  Circular  Polarization.  For  circularly  polarized  light  the  light  vector 
rotates  around  the  line  of  propagation,  and  its  magnitude  remains  constant. 
If,  at  some  given  instant,  the  light  vector  is  plotted  at  various  positions  along 
the  line  of  propagation,  the  tips  of  the  vectors  thus  drawn  will  lie  along  a 
circular  helix.  Or,  if  at  a  given  location  (that  is,  on  a  given  plane  perpendicu- 
lar to  the  light  ray),  the  successive  positions  of  the  light  vector  are  plotted, 
the  tips  of  the  various  vectors  will  lie  on  a  circle.  Circularly  polarized  light 
may  be  resolved  into  components  in  any  two  directions  at  right  angles,  and 
the  components  will  always  have  the  same  amplitudes. 

(c)  Elliptical  Polarization.  This  is  essentially  similar  to  circular  polariza- 
tion with  the  exception  that  the  magnitude  of  the  light  vector  changes  peri- 
odically during  the  rotation.  The  tips  of  the  vectors  plotted  along  the  line 
of  propagation,  at  a  given  instant,  will  describe  an  elliptical  helix,  and  at  any 
given  location  the  successive  positions  of  the  tip  of  the  vector  will  trace  an 
ellipse.  Elliptical  polarization  may  be  considered  a  general  condition  of  which 
plane  and  circular  polarization  are  special  cases.  If,  when  one  looks  along  the 
line  of  propagation  towards  the  light  source,  the  vector  rotates  clockwise,  the 
polarization  is  said  to  be  right  handed.  If  the  vector  rotates  anticlockwise, 
the  polarization  is  left  handed. 

3.  Color  and  Wave  Length.  Daylight  (or  white  light)  is  made  up  of  a 
number  of  constituent  vibrations  possessing  different  frequencies  which  can 
be  distinguished  from  one  another  through  the  sense  of  color.  In  the  case 
of  visible  light  the  entire  range  of  colors  which  can  be  seen  in  the  spectrum 
runs  from  a  frequency  of  approximately  390  X  1012  cps  (deep  red)  to  approxi- 
mately 770  X  1012  cps  (deep  violet). 

Reference  can  be  made  to  each  color  by  its  frequency  of  vibration,  but  it 
is  usual  to  employ  the  corresponding  wave  length  in  a  vacuum  since  all  elec- 
tromagnetic disturbances  have  the  same  velocity  in  evacuated  space.  Accord- 
ingly, the  following  relation  exists: 

X  ■  /  =  c  =  approximately  3  X  1010  cm/sec  (about  186,000  miles  per  second) 

where  c  =  the  velocity  of  light  in  vacuum 

X  =  the  wave  length 

/  =  the  frequency 
Therefore, 

x .- '-  =  i*2£  a) 

/       / 

which  means  that  the  wave  lengths  of  visible  light  run  from  about  3.9  X  10-5 
cm  to  about  7.7  X  10~5  cm.     Expressed  in  angstroms  (angstrom  unit  10~8  cm), 
this  gives  a  range  of  from  3900  for  extreme  violet  to  7700  for  extreme  red, 
*  Reference  20,  p  317. 
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from  which  it  is  seen  that  all  visible  light  has  its  wave  length  in  four-digit 
numbers  in  angstroms. 

Monochromatic  or  homogeneous  light  consists  of  one  wave  length  only. 
In  practice  this  is  probably  never  completely  realized,  but  good  approxima- 
tions can  be  made.  The  monochromatic  light  may  be  plane-,  circularly,  or 
elliptically  polarized.  White  or  polychromatic  light  consists  of  a  mixture  of 
light  of  several  different  wave  lengths.  The  intensity  of  the  light  is  propor- 
tional to  the  square  of  the  amplitude  of  vibration. 
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Dr  some  position , 

Z 

z  + 


=  a  cos  ^  (z  -  vt  +  e) 
Fig.  17-4.     Mathematical  Representation  of  Light  Wave 

When  light  passes  from  one  medium  into  another  of  different  density,  there 
is  a  change  in  velocity.  The  ratio  of  these  velocities  is  called  the  index  of 
refraction.     Therefore, 

velocity  in  1st  medium 


Index  of  refraction  = 


velocity  in  2d  medium 


(2) 


Since  light  is  considered  as  composed  of  waves,  its  individual  components 
may  be  represented  mathematically  in  the  form, 


o  =  a  cos  ■ —  (z  —  vt  +  e) 
X 


(3) 


as  illustrated  diagrammatically  in  Fig.  17-4.     A  complicated  condition  can 
be  expressed  by  the  combination  of  an  infinite  number  of  elements  such  that 


s  = 


1  =     00 

I- 


2ir 
cos  —  (z  —  Vit  4-  ei) 
Xi 


(4) 


where  S  =  magnitude  of  the  displacement  given  by  the  vector 

z  =  distance  along  the  light  ray  from  some  reference  point 
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v  =  velocity  of  propagation 
a  =  amplitude  of  vibration 
t  =  time 
e  =  a  constant 
In  the  case  of  monochromatic  light  under  the  special  circumstance  in  which 
z  and  e  both  happen  to  be  zero,  equation  3  reduces  to  the  simplified  form, 

S  =  a  cos  —  t  =  a  cos  (2irf)t 
X 

=  a  cos  pt  (5) 

which  shows  that  the  magnitude  of  the  displacement  indicated  by  the  light 
vector  varies  harmonically  with  time,  and  the  light  has  a  color  dependent  on 
the  frequency,  as  indicated  by  the  proportionality  factor  p. 

C.  The  Photoelastic  Effect 

4.  Wave  Plates.  Plates  made  of  certain  crystalline  materials,  such  as 
mica,  have  the  property  of  resolving  the  light  (which  falls  on  them  at  normal 
incidence)  into  two  components  and  transmitting  it  on  planes  at  right  angles. 
This  phenomenon  is  referred  to  as  "double  refraction"  or  "birefringence." 
Furthermore,  the  optical  properties  on  the  two  planes  of  transmission  will, 
in  general,  be  different,  so  that  the  two  components  will  be  transmitted  with 
different  velocities.  Therefore,  when  they  emerge  from  the  plate  there  is  a 
difference  in  phase  between  the  two  waves  that  is  proportional  to  the  thickness 
of  the  plate  traversed  by  the  light.  Plates  which  possess  this  characteristic 
are  called  wave  or  retardation  plates  and  may  be  further  designated  in  accord- 
ance with  the  amount  of  relative  retardation  which  they  produce  between  the 
two  component  vibrations. 

For  example,  if,  for  a  given  wave  length  of  light  there  is  a  relative  displace- 
ment of  a  quarter  of  a  wave  length,  as  shown  in  Fig.  17-5,  then  the  plate  is 
defined  as  a  "quarter-wave  plate"  (X/4  plate),  or,  for  a  half-wave  length 
relative  retardation,  it  would  be  described  as  a  half-wave  plate  (X/2  plate), 
and  so  on.  It  should  be  noted  that  a  wave  plate  can  have  a  specified  relative 
retardation  for  only  one  given  wave  length;  for  all  other  wave  lengths  the 
retardation  will  be  a  slightly  different  fraction  of  the  length. 

By  producing  a  phase  shift  of  X/4  (for  a  given  wave  length)  a  quarter- 
wave  plate  will  convert  plane-polarized  light  into  circularly  polarized  light  if 
the  original  plane  of  vibration  is  inclined  at  45°  to  the  planes  of  transmission  of 
the  wave  plate.     Figure  17-5  illustrates  these  relationships  graphically. 

Plane-polarized  monochromatic  light  entering  the  crystal  with  the  plane  of 
vibration  at  45°  to  the  planes  of  transmission  (Fig.  17-56)  is  resolved  into 
equal  components  as  shown  in  Fig.  17-5c,  which  travel  through  the  thickness 
h  with  different  velocities.  If  the  plate  is  of  a  suitable  thickness,  the  emerging 
waves  will  have  a  phase-difference  (relative  retardation)  of  }£k  and  equal 
amplitudes  in  planes  at  right  angles  as  indicated  in  Fig.  17-5a.  These  waves 
may  be  represented  by  vectors  as  in  Fig.  11 -bd  and  can  be  combined  to  form 
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a  resultant  vector, 

Resultant  = 


a      .        \ '       I    a 

— -=.  sin  pt  )    +  I  — —  cos 

V2  /         \V2 


Y 

s  pt  j 


V2 


(6) 


and 


tan  8 


V2 


sin  pt 


=  tan  pt 


(7) 


— -  cos  pi 
V2 


Thus,  6  is  proportional  to  the  time  t,  which  indicates  that  the  light  vector 
remains  constant  in  amplitude  and  rotates  uniformly  with  time.  This  cor- 
responds to  the  definition  of  circular  polarization,  and,  hence,  the  transmitted 
light  is  circularly  polarized. 

The  effect  of  a  half- wave  plate  is  similar  to  that  of  a  quarter- wave  plate, 
except  the  relative  retardation  is  one-half  wave  length.     If  plane-polarized 

y 

Transmission 
axes 


Path  of   jl 
incident 
light 


(b)  \. ^  ^- -"  (c) 

Fig.  17-5.     What  Happens  in  a  Quarter- Wave  Plate 
Difference  in  optical  properties  on  the  two  planes  of  transmission  causes   one 
component  to  travel  faster  than  the  other,  setting  up  a  phase  difference.      The 
relative  retardation  is  proportional  to  the  thickness  h  and  will  be  exactly  A/4  only 
for  one  given  thickness  and  hght  of  a  given  wave  length  X 

(a)  Light  Traversing  a  Quarter- Wave  Plate 

(b)  Plane-Polarized  Monochromatic  Light 

(c)  Components  within  the  Crystal 

(d)  Transmitted  Light 
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light  is  transmitted  through  a  half-wave  plate,  the  only  influence  is  to  rotate 
the  plane  of  vibration,  whose  orientation  will  be  revolved  through  twice  the 
angle  between  the  original  plane  of  vibration  and  one  of  the  axes  of  the  wave 
plate. 

5.  Fundamental  Optical  Laws  of  Photoelasticity.  Almost  all  transparent 
materials  such  as  glass,  Celluloid,  Bakelite,  and  many  other  synthetic  resins 
temporarily  have  to  some  extent  the  same  optical  effect  on  a  beam  of  light 
as  a  crystal  when  these  materials  are  subjected  to  stress.  The  double- 
refracting  effect,  although  temporary,  is  similar  to  that  which  takes  place  in 
a  wave  plate,  except  the  retardation  depends  on  the  nature  and  intensity  of 
the  stress:  on  release  of  load  the  double  refraction  disappears.  For  normal 
incidence  on  flat  plates  subjected  to  plane  stress  within  the  elastic  limit,  the 
transmission  of  light  obeys  the  following  two  laws  which  form  the  basis  of 
photoelastic  stress  determination: 

1.  The  light  is  polarized  in  the  directions  of  the  principal-stress  axes  and  is 
transmitted  only  on  the  planes  of  principal  stress. 

2.  The  velocity  of  transmission  in  each  principal  plane  is  dependent  on 
the  intensities  of  the  principal  stresses  in  these  two  planes  and  obeys  the  fol- 
lowing equations  which  have  been  simplified  from  the  general  case  (see  part 
II)  to  terms  of  plane  stress. 

Sx  =  Nr-  N0  =  Avl  +  Bo,  (8) 

52  =  N2  -  No  =  Ba1  +  Aa,  (9) 

where  5i  =  change  of  refractive  index  on  no.  1  principal  plane 
<52  =  change  of  refractive  index  on  no.  2  principal  plane 
Ao  =  refractive  index  of  unstressed  material 
Ni  =  refractive  index  on  no.  1  principal  plane 
A2  =  refractive  index  on  no.  2  principal  plane 
o"i  and  <Xi  =  the  principal  stresses 
A  and  B  =  the  photoelastic  constants  of  the  material 

By  subtracting  equation  9  from  equation  8,  one  finds  that  the  difference 
between  the  refractive  indices  on  the  two  principal  planes  is  given  by  the 
equation : 

Si  -  §2  =  ATi  -  Ni  =  (A  -  B)bn  -  <r») 

=  C(<n  -  tr2)  (10) 

where  C  =  the  differential-stress  optical  constant 

From  the  definition  in  equation  2  this  relation  may  be  expressed  in  terms  of 
the  velocity  of  transmission  of  the  light,  as 

ViV2 

where  vx  and  v2  =  the  velocities  of  transmission  on  the  principal  planes  of 

stress 
and  v  =  the  velocity  of  transmission  in  the  surrounding  medium 
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Thus,  the  difference  in  velocities  of  transmission  Vi  —  v2  (and  the  resulting 

phase  difference)   is  seen  to  be  directly  related  to  the  difference  of  the  two 

principal  stresses  ai  —  a •>. 

6.  Stresses  in  a  Plane.     Since  the  photoelastic  effects  are  related  only  to 

principal  stresses,  a  brief  review  is  desirable  of  the  relationship  between  stresses 

on  the  various  planes  that  may  be 
passed  through  any  given  point  in  a  body. 
This  discussion  (and  all  the  analyses  in 
part  I  of  this  chapter)  is  limited  to  two- 
dimensional  stress  systems  such  as  are 
closely  approximated  by  a  thin  flat 
model  loaded  in  the  plane  of  the  model. 
At  a  given  point  in  a  member,  the 
stresses  existing  on  two  rectangular  coor- 
dinate planes,  x  and  y,  may  be  repre- 
sented, in  general,  by  normal  and  shear- 
ing components,  as  shown  in  Fig.  17-6. 
On  any  other  plane  at  this  point  a  normal 
stress  a  and  a  shearing  stress  r  of  differ- 
ent intensity  exist.     From  equilibrium 


Fig.  17-6.     Stresses  at  a  Point  in  a 
Two-Dimensional  System 


considerations  the  relationships  between  these  stresses  are  as  follows:* 

o"  =  -%{<jx  +  <ry)  +  2(0-*  —  ffy)  cos  26  +  rxy  sin  26  (12) 

T  =  \{(Ty  -  ax)  sin  26  +  t.„  cos  26  (13) 


In  this  latter  relation  r  becomes  zero,  and  only  a  normal  stress  a  exists  on 
the  plane  when 


tan  26 


2t, 


Gx 


(14) 


Differentiating  equation  12  with  respect  to  6  and  setting  the  result  equal 
to  zero  constitutes  one  way  of  determining  the  values  of  6  for  which  cr  becomes 
a  maximum  (or  a  minimum)  algebraic  value.  The  results  turns  out  to  be 
identical  with  equation  14.  Thus,  the  algebraic  maximum  (and  minimum) 
normal  stresses  at  the  point  under  consideration  exist  on  planes  for  which  the 
shearing  stresses  vanish,  and  these  normal  stresses  are  then  called  principal 
stresses.  Since  there  are  two  possible  values  (less  than  360°)  for  the  angle  26 
obtained  from  equation  14,  which  differ  by  180°,  it  follows  that  there  are 
two  principal  stresses  lying  on  principal  planes  at  90°  to  each  other.  One  of 
these  is  the  maximum  principal  stress  <ji  (+  stresses  are  regarded  as  tensile 
stresses),  and  the  other  is  the  minimum  principal  stress  cr2  (if  a  2  is  negative, 
it  is  the  largest  compressive  stress  existing  at  the  point).  The  values  of  the 
principal  stresses  are  obtained  by  substituting  equation  14,  in  equations  12 


*  See  reference  23,  article  9,  or  reference  3.  chapter  1. 
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and  13;  they  become 

tri  =  £(<r,  +  <Jy)  +  *[(er.  -  *«)2  +  4r.,»]*  (15) 

(72  =  t(«t,  +  er»)  -  *[(<r*  -  <ry)2  +  4rK#  (16) 

The  maximum  shearing  stresses  at  any  point  may  be  shown3'  23  to  occur  on 
planes  bisecting  the  planes  of  principal  stress  and  to  have  a  magnitude 

rm  =  £[(<r,  -  <JVY  +  4r„2]^  =  \{cj,  -  cr2)  (17) 

At  any  free  (unloaded)  boundary  of  a  member  there  are  no  shearing  stresses 
acting  tangent  to  the  edge.  Hence,  the  normal  stresses  acting  in  directions 
tangent  to  and  perpendicular  to  the  boundary  are  principal  stresses.  Further- 
more, since  the  principal  stress  perpendicular  to  the  boundary  is  zero,  it  fol- 
lows that  the  difference  between  the  principal  stresses  is  numerically  equal  to 
the  principal  stress  acting  tangent  to  the  edge. 

7.  The  Plane  Polariscope  and  the  Photoelastic  Effect.  The  device  or 
optical  system  most  frequently  employed  to  produce  the  necessary  polarized 
beams  of  light  and  to  interpret  the  photoelastic  effect  in  terms  of  stress  is 
called  a  polariscope.  It  may  take  a  variety  of  different  forms,  depending  on 
the  desired  use;  however,  in  general,  it  consists  of  a  light  source,  a  polarizing 
device  called  the  polarizer,  the  photoelastic  model,  and  a  second  polarizing 
device  known  as  the  analyzer.  In  addition,  there  may  be  a  system  of  lenses, 
a  viewing  screen,  and  other  adjuncts  for  convenient  visual  observation  or 
photographic  recording. 

The  relation  between  the  optical  effects  and  the  stresses  prevailing  in  the 
model  may  be  illustrated  by  analyzing  the  passage  of  light  through  a  plane 
polariscope.  Although  this  is  the  simplest  case,  the  corresponding  analyses 
for  other  more  complicated  arrangements  of  the  polariscope  can  be  made  in 
a  similar  manner. 

Figure  17-7  shows  diagrammatically  how  light  directed  from  the  source  is 
plane-polarized  by  the  polarizer  (usually  a  Nicol  prism  or  Polaroid  disk), 
then  resolved  by  the  model  into  two  components  in  the  directions  of  the 
principal  stress  axes,  and  transmitted  on  the  principal  planes.  If  the  principal 
stress  intensities  are  not  equal,  then  the  optical  properties  on  the  two  prin- 
cipal planes  will  be  different,  and  the  velocity  of  transmission  on  one  principal 
plane  will  be  greater  than  on  the  other  (as  indicated  by  equations  8  to  11). 
This  results  in  a  phase  difference  between  the  two  component  vibrations  as 
they  emerge  from  the  model. 

This  phase  difference  is  proportional  to  the  difference  between  the  prin- 
cipal stresses  and  is  measured  by  introducing  the  analyzer  which  brings  part 
of  each  component  vibration  into  interference  in  a  single  plane.  Since  white 
light  consists  of  many  wave  lengths,  each  of  which  will  be  influenced  in  a 
similar  manner,  the  analysis  will  be  made  on  the  basis  of  monochromatic 
light  using  the  very  simplest  form  of  mathematical  representation. 

Let  us  assume  a  source  of  monochromatic  light  at  Q  (Fig.  17-7a)  and 
investigate  the  effect  produced  as  the  light  passes,  at  normal  incidence,  through 
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a  point  in  the  photoelastic  model.  When  the  polarizer  P  has  been  traversed, 
the  vibration  has  been  confined  to  a  single  plane  in  the  direction  of  and  with 
amplitude  proportional  to  OA,  Fig.  17-76.  In  symbols  this  is  represented  by 
the  simple  equation: 

S  =  a  cos  pt  (18) 

When  the  light  arrives  at  the  model,  in  general,  its  plane  of  vibration  will 
not  coincide  with  either  principal  plane  of  stress.     Therefore,  since  the  stressed 
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Fig.  17-7.     What  Happens  in  the  Plane  Polariscope 


model  only  transmits  light  on  the  principal  planes,  the  original  vibration  is 
immediately  resolved  into  two  components  as  it  enters  the  model.  These 
will  be 

a  cos  a  cos  pt  (parallel  to  the  no.  1  principal  plane)  (19) 


and 


a  sin  a  cos  pt  (parallel  to  the  no.  2  principal  plane) 


(20) 


where  a  =  the  angle  between  the  original  plane  of  vibration  and  the  no.  1 
principal  plane  (see  Fig.  17-7c). 

Now,  if  t\  and  U  represent  the  time  required  for  transmission  on  the  no.  1 
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and  no.  2  principal  planes,  respectively,  then  the  two  component  vibrations 
leaving  the  model  will  be  represented  by  the  equations: 

a  cos  a  cos  p(t  —  fa)  (parallel  to  the  no.  1  principal  plane)  (21) 

and  a  sin  a  cos  p(t  —  fa)  (parallel  to  the  no.  2  principal  plane)  (22) 

These  will  be  observed  to  have  a  phase  difference,  p(fa  —  fa),  which  can  be 
shown  to  be  proportional  to  the  difference  between  the  principal  stresses  a\ 
and  0-2. 

If  h  represents  the  thickness  of  the  photoelastic  model  along  the  path  of 
the  light,  then, 

h  .  h  ,„„, 

fa  =  -     and     fa  =  -  (23) 


V\ 


whence  fa  —  fa  =  h 


1         1 

V-2    —    lh 


(24) 


and,  by  substituting  for  the  velocities  the  value  from  equation  11,  we  have 

fa  -fa=  —  (o-i  -  er«)  (25) 

v 

Therefore,  the  phase  difference,  p(fa  —  fa),  of  the  waves  emerging  from  the 
model  is  seen  to  be  directly  proportional  to  the  difference  between  the 
principal  stresses  (p"i  —  0"2) ;  the  phase  difference  is  also  proportional  to  the 
model  thickness  h  (and  to  the  optical  constant  C/v  for  the  material  and  sur- 
rounding medium).  Hence,  any  method  that  can  be  employed  to  determine  this 
phase  difference  can  be  used  as  a  measure  of  the  difference  between  the  principal 
stresses. 

By  introducing  the  analyzer  in  the  system  (Fig.  17-7)  in  the  proper  orienta- 
tion, the  phase  difference  of  the  two  waves  can  be  made  evident  by  the  inter- 
ference effects  of  their  components  in  the  plane  of  the  analyzer;  the  amplitude 
of  the  resultant  vibration  is  a  function  of  p(fa  —  fa).  If  the  analyzer's  plane 
of  transmission  is  at  right  angles  to  that  of  the  polarizer,  the  components  of 
the  two  vibrations  emerging  from  the  model  that  will  be  transmitted  by  the 
analyzer  may  be  represented  by 

a  cos  a  sin  a  cos  pit  —  fa)  (26) 

and  a  sin  a  cos  a  cos  pit  —  tj  (27) 

both  of  which  have  the  same  amplitude.  Since  the  two  vibrations  lie  in  the 
same  plane,  they  may  be  added  algebraically  (or  subtracted  arithmetically 
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since  the  vectors  are  opposed  in  direction)  to  give  the  expression  for  the  result- 
ant vibration: 

a  cos  a  sin  a[cos  p(t  —  ti)  —  cos  pit  —  t2)],     or 

Resultant :  a  sin  2a  sin  p  ( -2  J  sin  p  (  t 2  )  (28) 


Thus,  the  amplitude  of  the  resultant  vibration  leaving  the  analyzer  is  a  func- 
tion of  both  the  angle  a  and  the  phase  difference  p(tx  —  t-2),  and,  hence,  it  is 
influenced  by  the  directions  of  the  principal  stresses  and  by  the  difference 
between  the  principal  stresses  at  the  given  point  in  the  model. 

The  intensity  of  the  light  transmitted  through  any  given  point  in  the  model 
is  proportional  to  the  square  of  the  amplitude  of  vibration,  and  a  dark  spot 
will  be  observed  on  the  model's  image  for  every  point  at  which 

a  sin  2a  sin  p  I  l  -    2  )  =  0  (29) 


Such  dark  points  are,  in  general,  linked  together  to  form  loci  representing  one 
of  two  conditions,  namely:  (1)  loci  of  constant  stress  direction  called  "iso- 
clinics"  (when  a  =  0°,  or  90°),  or  (2)  loci  of  constant  difference  (<ti  —  <r2) 
between  the  principal  stresses  and  referred  to  as  "isochromatics"  (for  those 

cases  in  which  p  ( ■  J  =  0°,  180°,  etc.)-     The  interpretation  of  equations 

28  and  29  is  considered  in  more  detail  in  section  D. 

Since  it  becomes  desirable  for  many  applications  to  use  several  different 
arrangements  of  optical  equipment  for  the  polariscope  that  are  slightly  more 
complex  than  the  plane  polariscope  of  Fig.  17-7,  several  of  the  commonly 
used  types  of  equipment  are  briefly  described  in  the  next  section. 

8.  Polariscope  Arrangements.  A  variety  of  arrangements  of  optical 
equipment  that  have  been  employed  for  photoelastic  analyses  are  illustrated 
diagrammatically  in  Fig.  17-8,  and  a  brief  summary  of  the  principal  features 
of  some  of  these  is  listed  in  Table  17-1. 

Thus  far  we  have  considered  only  photoelastic  effects  at  a  given  point  in 
a  model.  However,  for  engineering  applications  it  is  desirable  to  have  a 
large-diameter  parallel  beam  of  polarized  light  in  which  the  greater  portion 
of  the  model  can  be  observed,  and,  hence,  supplementary  lenses  are  inserted 
in  the  systems  of  Fig.  17-8.  Photographs  of  typical  circular  polariscopes  are 
shown  in  Figs.  17-9,  17-10,  and  17-43.  Some  of  the  uses  for  which  these 
principal  arrangements  of  Table  17-1  are  employed  are  as  follows: 

(a)  The  Plane  Polariscope.  This  is  the  simplest  form  of  instrument,  and 
it  can  be  used  to  determine  the  following  quantities  in  the  photoelastic  model : 

1.  The  directions  of  the  principal  stresses  at  all  points  (isoclinics). 

2.  The  difference  between  the  principal  stresses  at  all  points  (isochromatics). 

3.  The  individual  values  of  the  principal  stresses  along  free  boundaries 
where  the  directions  are  either  normal  or  tangent  to  the  edge.     (On  the  free 
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Arrangements  of  the  Essential  Parts  of  a  Photoelastic  Polariscope 
(R.D.  Mindlin5) 
(a)   Plane  polariscope 
(6)  Plane  polariscope  with  compensator 

(c)  Plane  polariscope  with  spectroscopic  analyzer 

(d)  Circular  polariscope 

(e)  Norrenberg  doubler- 
(/)  Reflection  polariscope 


L  =  light  source 
P  =  polarizer 
A  =  analyzer 
M  =  model 
T  =  screen 
C  =  compensator 


S  =  prism 

Q  =  quarter-wave  plate 

G  =  glass  plate 

R  =  reflector 

H  =  half-wave  plate 

D  =  spherical  reflector 


boundary  the  principal  stress  normal  to  the  boundary  has  zero  for  its  value, 
and  consequently  the  difference  between  the  principal  stresses  represents  the 
actual  numerical  value  along  the  boundary.) 

The  polarizer  and  analyzer  may  be  cartooned  as  a  pair  of  slots  set  at  right 
angles  to  each  other,  each  of  which  pass  only  those  components  of  the  light 
wave  which  are  parallel  to  the  slot.     Thus,  with  no  specimen  in  the  polariscope, 
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Fig.    17-9.     Circular    Polariscope    Employing    Large-Diameter    Polarizers 

Becker110) 
(a)  Light  source 


(H. 


(b) 
(c) 


Polarizer  and  quarter-wave  plate 
Model 


(d)  Loading  frame 

(e)  Tension  compensator 

(/)  Quarter-wave  plate  and  analyzer 

and  the  transmission  planes  of  the  polarizer  and  analyzer  at  90°,  the  light  is 
completely  extinguished.  When  a  stressed  model  is  placed  in  the  field,  how- 
ever, the  plane-polarized  light  passing  through  the  first  "slot"  is  broken  up 
into  two  rays,  the  planes  of  which  coincide  with  the  directions  of  principal 
stresses  in  the  model,  as  illustrated  in  Fig.  17-7.  The  rays  in  these  new  planes 
may  have  components  parallel  to  the  "slot"  in  the  analyzer,  and  thus  some 
light  is  transmitted  through  the  analyzer  and  produces  the  interference  fringes 
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Type  of 
Polari- 
scope 

Plane 


TABLE  17-1 

Summary  of  Polariscope  Arrangements 

With  Monochromatic 
Light,  Black  Isochro- 

Arrangement  Field    Isoclinics  matics  Represent 


Polarizer    and    analyzer   Dark 

crossed  at  90° 
Polarizer  and  analyzer  paral-  Light 

lei 
Circular      Equivalent  of  crossed  polari-  Dark 

zer  and  analyzer  with  A/4 

plates  in  opposition 
Equivalent  of  crossed  polari-  Light 

zer  and  analyzer  with  A/4 

plates   augumenting   each 

other 
Equivalent  of  parallel  polari-  Dark 

zer  and  analyzer  with  A/4 

plates    augumenting    each 

other 
Equivalent  of  parallel  polari-  Light 

zer  and  analyzer  with  A/4 

plates  in  opposition 
Doubling    Single  polarizing  unit 


Black       Integral  orders  of  in- 
terference 

Light        Half  orders  of  inter- 
ference 
Not  shown    Integral  orders  of  in- 
terference 

Not  shown    Half  orders  of  inter- 
ference 


Not  shown    Integral  orders  of  in- 
terference 


Not  shown    Half  orders  of  inter- 
ference 


Single    polarizing    unit 

and  single  A/4  plate 
Independent  plane  polarizer 

and  plane  analyzer 

Independent  circular  polari- 
zer and  circular  analyzer 


Light         Light        Integral  and  half  or- 
ders* of  interference 
Dark    Not  shown    Integral  and  half  or- 
ders* of  interference 
All  effects  obtainable  with  either 
arrangement  of  the  ordinary  plane 
polariscope  * 
All    effects    obtainable    with    any 
arrangement  of  the  circular  po- 
lariscope.* 
*  In  calculating  the  stress  values  use  twice  actual  thickness  of  model. 

(or  isochromatic  color  effects  in  white  light)  on  the  screen.  At  some  points  in 
the  model  one  of  the  planes  of  principal  stress  will  coincide  with  the  plane  of 
polarization  of  the  incident  light  passed  through  the  first  "slot."  At  these 
points  the  light  is  not  rotated  or  split  up  in  passing  through  the  model  and 
will  be  completely  extinguished  by  the  analyzer,  leaving  black  spots  on  the 
image  of  the  model.  In  general,  the  stress  directions  in  a  loaded  member 
vary  continuously  so  that  these  dark  points  will  form  one  or  more  continuous 
lines  on  the  image.  These  lines  are  known  as  "isoclinics"  or  loci  of  all  points 
having  their  principal  stresses  acting  on  planes  of  equal  inclination  (parallel 
to  the  planes  of  polarization). 

Unfortunately,  the  isoclinic  lines  representing  stress  direction  and  the  iso- 
chromatic lines  representing  stress  magnitude  are  superimposed  on  each  other. 
If  monochromatic  light  is  used,  the  resulting  combination  of  black  lines  repre- 
senting two  different  conditions  may  be  confusing.  However,  when  white 
light  is  used,  the  isoclinic  lines  will  be  represented  by  black  whereas  the  iso- 
chromatic lines  will  be  colored.     The  plane  polariscope  is  used  chiefly  to 


848 


PHOTOELASTICITY 


locate  isoclinics  for  determining  directions  of  principal  stresses.  Photo- 
graphs of  typical  isoclinic  lines  produced  by  this  instrument  are  illustrated  in 
Figs.  17-13  and  17-15.  (In  these  figures  the  isochromatics  are  not  evident, 
because  relatively  light  loads  were  employed  on  a  model  of  low  sensitivity 
to  the  photoelastic  effect.) 

(b)  The  Circular  Polariscope.  The  addition  of  quarter-wave  plates  to  the 
plane  polariscope  converts  the  instrument  into  what  is  known  as  the  circular 
polariscope  (Table  17-1).     With  this  equipment  one  may  determine: 

1.  The  difference  between  the  principal  stresses  at  all  points. 

2.  The  individual  values  of  the  principal  stresses  along  free  boundaries 


Fig.  17-10.     Polariscope  Utilizing  Small-Diameter  Polarizers  and  Lens  System 
(At  Columbia  University,  R.  D.  Mindlin5) 

The  photoelastic  stress  pattern  produced  by  this  instrument  is  independent 
of  the  directional  effect  of  the  stresses  and,  as  a  consequence,  does  not  include 
the  isoclinic  lines.  The  image,  therefore,  consisting  only  of  isochromatic 
lines,  represents  stress  magnitudes  alone.  Typical  isochromatics  (interfer- 
ence-fringe patterns)  are  shown  in  Figs.  17-11  and  17-12. 

The  circular  polariscope  is  in  general  use  for  finding  the  magnitudes  of  the 
stresses  in  the  model.  It  has  the  characteristic  that,  when  used  with  the 
wave  length  of  light  for  which  the  quarter-wave  plates  were  designed,  the 
angular  orientation  of  the  circular  analyzer  (combination  of  quarter-wave 
plane  and  analyzing  unit)  is  independent  of  the  orientation  of  the  circular 
polarizer  (combination  of  quarter- wave  plate  and  polarizer) .  For  other  wave 
lengths  (including  white  light)  the  polarization  will  be  slightly  elliptical,  and 
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it  will  not  be  possible  to  produce  a  completely  dark  field.  In  this  case,  rota- 
tion of  the  circular  analyzer  relative  to  the  circular  polarizer  will  produce  a 
slight  variation  in  the  illumination  of  the  field,  but  for  some  position  a  mini- 
mum can  be  reached.     Fortunately,  from  the  engineering  point  of  view,  the 


Fig.  17-11.     Isochromatic-Fringe  Photograph  of  a  Short  Cantilever  Beam  Using 
a  Circular  Polariscope  with  Light  Field 


Fig.  17-12.     Isochromatic-Fringe  Photograph  of  a  Beam  with  Multiple  Holes 
Using  a  Circular  Polariscope  with  Dark  Field 

requirement  for  the  circular  polarization  is  not  rigid,  and  even  the  elliptical 
polarization  produced  with  white  light  is  not  objectionable  since  the  isoclinic 
lines  will  still  be  eliminated  without  excessive  alteration  of  isochromatic  fringes 
(particularly  those  of  higher  order  in  regions  of  high  stress). 
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In  selecting  the  quarter-wave  plates  for  a  given  application  it  is  much  more 
important  that  the  two  wave  plates  match  each  other  than  that  they  corre- 
spond precisely  to  one  quarter  of  the  wave  length  of  the  light  being  used. 
If  the  quarter-wave  plates  do  not  match,  the  polariscope  becomes  optically 
unbalanced  and  the  stress  pattern  of  uncertain  meaning.21 

(c)  The  Doubling  Polariscope.  For  examination  of  very  thin  models  a 
doubling  polariscope  (Table  17-1  and  Fig.  17-8)  has  the  advantage  that  it 
produces  twice  as  many  interference  fringes  (isochromatics)  as  the  conven- 
tional type.  This  result  is  accomplished  by  passing  the  light  twice  through 
the  model  and,  thereby,  doubling  the  effective  thickness.  The  observations 
which  can  be  made  with  this  instrument  will  be  similar  to  those  which  can 
be  made  with  the  ordinary  plane  and  circular  polariscopes.22  The  doubling 
polariscope  is  somewhat  more  difficult  to  use;  the  reflecting  surface  behind 
the  model  must  be  accurately  positioned  perpendicular  to  the  beam  of  light, 
or  diffusion  will  produce  blurring  of  fringes.  Some  diffusion  may  also  be 
caused  by  double  reflections  from  the  two  faces  of  the  glass  plate  G,  in  Figs. 
17-8e  and  17-8/. 

(d)  Light  Field  versus  Dark  Field.  The  three  kinds  of  polariscope  just 
described  all  may  have  variations  in  the  arrangement  of  the  parts.  In  Table 
17-1  a  number  of  the  arrangements  are  indicated  with  the  corresponding  char- 
acteristics which  one  may  expect.*  If  the  optic  axes  of  the  two  quarter- wave 
plates  are  crossed  (in  the  usual  simple  circular  polariscope  with  polarizer  and 
analyzer  crossed),  the  emerging  background  or  field  is  extinguished.  Con- 
versely, if  the  quarter-wave  plates  are  arranged  to  augment  each  other,  they 
produce  a  total  of  a  half-wave  retardation  resulting  in  a  bright  field  of  trans- 
mitted light. 

Although  the  dark-field  arrangement  was  often  used  by  early  investigators, 
the  light-field  arrangement  has  the  advantage  that  the  edge  of  the  model  can 
often  be  more  readily  seen.  In  many  cases,  fine  isochromatic  lines  near  a 
boundary  may  be  obscured  if  the  model  is  not  perfectly  aligned.  With  the 
dark  field  the  shadow  of  the  edge  of  the  model  cannot  be  observed,  and,  if 
closely  spaced  isochromatics  are  obscured  in  this  shadow,  the  condition  may 
go  undetected,  whereas  with  the  light  field  the  sharpness  of  the  boundary 
or  edge  can  be  readily  observed  and  corrected.  The  dark-field  arrangement 
has  the  characteristic  that  with  monochromatic  light  the  zero  and  integral 
orders  of  interference  will  be  represented  by  isochromatic  lines  in  black, 
whereas  with  a  light  field  the  isochromatics  are  light  (the  integral  isochromatics 
are  always  the  same  color  as  the  field  or  background  around  the  model). 

D.  Interpretation  of  the  Photoelastic-Stress  Pattern 

9.  Isoclinic  Lines.  By  reconsidering  the  resultant  amplitude  of  vibration 
of  the  intensity  of  light  transmitted  through  a  model  and  plane  polariscope 
as  represented  by  equations  28  and  29,  it  may  be  observed  that  these  become 


&>) 


zero  when  a  =  0;  sin  2a  =  0;  or  sin  p  (  — - — -  )  =  0.     If  a  were  zero,  then  no 
*  Reference  3,  pp  382-5. 
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light  would  be  transmitted  from  the  polarizer  to  the  model;  hence,  for  prac- 
tical applications  we  need  only  examine  the  other  two  conditions. 

For  a  first  condition  let  us  assume  that  sin  p  I J  is  not  zero.     Then 


M 


if  sin  2a  =  0,  a  must  be  0°  or  90°.  This  means  that,  if  the  planes  of  trans- 
mission of  the  polarizer  and  analyzer  are  parallel  to  the  directions  of  the  prin- 
cipal planes  of  stress,  on  the  image  of  the  model  there  will  be  dark  spots  cor- 
responding to  all  points  at  which  the  principal-stress  directions  coincide  with 
the  planes  of  transmission  of  the  polarizer  and  analyzer.  Such  points  are 
linked  up  and  form  a  locus  of  all  points  having  the  same  directions  for  the 
principal  stresses,  that  is  (with  a  dark-field  arrangement),  an  isoclinic  line 


(a)  0°  Isoclinic  (b)  45°  Isoclinic 

Fig.   17-13.     Isoclinics  in  a  Diametrically  Compressed  Ring  Material:  Methyl 
Methacrylate  Resin  (Lucite)  without  Plasticizer  (M.  Hetenyi) 

will  be  represented  by  a  black  rather  broad  line  on  the  image  of  the  model, 
as  shown  by  Fig.  17-13. 

In  Fig.  17-14  are  shown  diagrammatically  several  isoclinic  lines  correspond- 
ing to  inclinations  (rotation  of  the  polarized  field  by  angles  )<j>h  <f>2,  etc.,  from 
some  fixed  reference  line  or  axis.  It  may  be  observed  that  at  all  points  on 
line  (j>i  the  planes  of  principal  stress  have  the  constant  orientation  <f>i,  and  on 
02  the  orientation  is  <f>2,  etc.,  as  is  indicated  by  the  small  crosses  drawn  at 
several  points  on  each  isoclinic.  The  directions  of  the  principal  stresses 
change  from  point  to  point  as  shown  by  the  stress  trajectories  in  this  figure. 
A  straight  free  boundary  of  a  model  may  also  be  regarded  as  an  isoclinic  since 
it  represents  a  line  along  which  the  principal  stresses  are  constant  in  direction. 

By  adjusting  the  orientation  of  the  polarizer  and  analyzer  (but  always 
keeping  them,  respectively,  at  right  angles),  the  isoclinic  line  corresponding 
to  any  desired  stress  inclination  may  be  determined.  It  is  customary  prac- 
tice to  put  a  sheet  of  tracing  paper  on  the  viewing  screen  of  the  polariscope 
and  to  trace  on  this  the  isoclinic  lines  for  each  selected  inclination.     The 
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Stress 
trajectory 


Boundary 
of  model 


Isoclinic 
lines 


Reference  line 
Fig.  17-14.     Relation  between  Isoclinics  and  Stress  Trajectories 


Fig.  17-15.     Isoclinics  around  a  Small  Hole  in  a  Plate  in  Tension  (R.  D.  Mindlin5) 
(a)   Photograph  of  165°  isoclinic 
(6)  Sketch  of  a  set  of  isoclinics  in  one  quarter  of  the  plate 
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increment  of  inclination  between  the  stress  directions  represented  by  any  two 
isoclinics  lines  can  be  selected  at  will,  and  the  pattern  will  repeat  itself  every 
time  the  polarizer  and  analyzer  have  been  rotated  through  90°.  A  typical 
set  of  isoclinic  lines  differing  by  5°  in  the  orientations  of  the  stresses  they 
represent  are  shown  in  Fig.  17-156;  these  represent  a  complete  survey  for 
the  model  of  a  tension  plate  with  a  hole  for  which  a  photograph  of  one  of  the 
isoclinics  is  shown  in  Fig.  17-15«. 

Actually,  except  in  the  regions  of  rapidly  changing  stress  direction,  the 
isoclinic  lines  are  represented  by  dark  zones  for  which  it  is  necessary  to  deter- 
mine the  mean.  The  existence  of  small  residual  stresses  in  the  model  may 
change  the  orientation  of  the  net  stress  sufficiently  to  shift  an  isoclinic  appre- 
ciably on  a  model.  For  these  reasons  the  determination  of  the  principal-stress 
orientations  is  more  susceptible  to  error  than  the  other  values  determined  by 
photoelastic  analysis. 

White  light  is  generally  used  when  tracing  the  isoclinic  lines  so  that  the 
black  bands  may  be  readily  distinguishable  from  the  colored  isochromatics 
which  remain  stationary  as  the  polarizer  and  analyzer  are  rotated.  For 
convenience  of  observation,  it  is  much  better  to  use  the  dark-field  arrangement 
of  the  polariscope  (which  produces  black  isoclinics)  in  preference  to  the  light 
field  which  makes  them  bright.  In  the  laboratory  the  isoclinics  can  be  seen 
more  clearly  if  one  looks  at  the  screen  from  a  position  slightly  to  one  side  of 
the  center  line  of  the  polariscope. 

Some  of  the  properties  of  isoclinic  lines  are: 

1.  The  isoclinic  lines  do  not  intersect  one  another  (except  at  an  isotropic 
point). 

2.  The  isoclinic  lines  only  intersect  a  free  boundary  where  it  has  the  inclina- 
tion indicated  for  the  isoclinic  (except  at  a  point  of  zero  stress  where  all  iso- 
clinics may  run  into  the  boundary). 

3.  A  straight  free  boundary  is  also  an  isoclinic  line. 

4.  All  isoclinic  lines  intersect  at  an  isotropic  point.  (At  an  isotropic  point 
the  two  principal  stresses  are  equal  and  are  inclined  in  every  conceivable  direc- 
tion representing  a  condition  similar  to  a  two-dimensional  hydrostatic 
pressure.) 

5.  An  axis  which  is  symmetrical  with  respect  to  both  the  loads  and  geometry 
of  the  model  coincides  with  one  isoclinic. 

10.  Stress  Trajectories  and  Determination  of  Stress  Directions.  Unfortu- 
nately, it  is  necessary  to  reinterpret  the  isoclinic  lines  in  order  to  obtain  a 
direct  representation  of  the  stress  directions.  They  furnish  data  from  which 
the  network  of  stress  directions  may  be  obtained  by  a  graphical  construction. 
The  "isostatics"  (commonly  called  stress  trajectories)  are  lines  parallel  or 
normal  to  the  two  principal-stress  directions  at  all  points  through  which  they 
pass,  and  as  such  they  give  a  graphic  representation  of  the  directions  of  the 
principal  stresses  (see  for  instance  Fig.  17-16  and  Fig.  17-19). 

The  stress  trajectories  may  be  sketched  in  (as  shown  by  line  EF  in  Fig. 
17-14)  to  intersect  each  isoclinic  in  a  direction  tangent  to  that  indicated  by 
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the  value  of  4>  (tangent  to  the  crosses  drawn  to  indicate  the  respective  orienta- 
tions of  the  principal  stresses). 

A  somewhat  more  systematic  method  of  tracing  the  isostatics  is  also  illus- 
trated in  Fig.  17-14  by  the  line  ABCD  which  was  constructed  as  follows: 
Take  any  point  A,  at  which  one  wishes  to  start  the  construction  of  a  stress 
trajectory,  on  the  first  isoclinic,  and  draw  a  straight  line  with  a  slope  equal  to 
the  average  between  isoclinics  1  and  2,  to  point  B  on  the  second  isoclinic. 
From  B  draw  another  straight  line  to  C  on  the  third  isoclinic  such  that  the 
slope  of  BC  is  the  average  between  the  second  and  third  isoclinics.  This  pro- 
cess is  repeated  until  a  series  of  short  straight  lines  have  been  drawn.     Then 

fair  in  a  smooth  curve  such  that  the 


previously  drawn  straight  lines 
chords  between  isoclinics.  If  the 
clinic  lines  are  relatively  close 
gether,  the  curve  thus  drawn 
represent    a    stress    trajectory. 


are 
iso- 
to- 
will 
This 
traj  ectory  must  intersect  all  the  isoclinic 
lines  which  it  cuts  at  the  proper  inclina- 
tion to  the  reference  axis  (that  is,  at 
the  angle  designated  by  each  isoclinic). 
Furthermore,     all    stress    trajectories 
form  an  orthogonal  network  (intersect 
only  at  right  angles  to  each  other  and 
at  90°  to  a  free  boundary). 
A  set  of  isostatics  constructed  from  the  isoclinics  of  Fig.  17-15  are  shown 
in  Fig.  17-16  for  the  tension  plate  with  a  hole,  and  sample  isoclinics  and  stress 
trajectories  for  knee  frames  are  shown  in  Fig.  17-19. 

11.  Isochromatic  Lines.  Let  us  again  consider  equations  28  and  29  for  the 
resultant  transmitted  light  but  this  time  assume  that  both  a  and  sin  2a  are 
other  than  zero.  Under  these  conditions,  at  a  point  in  the  photoelastic  model, 
no  light  will  be  transmitted  through  a  plane  polariscope  when 


Fig 

the 


17-16.     Stress  Trajectories  from 
Isoclinics  of  Fig.    17-15   (R.   D. 
Mindlin5) 


sin  p 


k  -  U 


(30) 


in  which  case  a  dark  spot  will  be  shown  on  the  image.     This  condition  will 
prevail  for  all  points  at  which 


C^) 


=  0     or  nir,  where  n  =  any  integer 


(31) 


Conversely,  a  maximum  intensity  of  transmitted  light  will  take  place  at  all 
points  for  which 


(k   -  t\  T  x 


(32) 
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In  general,  all  points  of  a  model  having  a  constant  retardation  p(ti  —  to) 
form  a  continuous  band  or  line.  Thus,  a  dark  line  or  locus  appears  on  the 
image  of  the  model  for  each  value  of  n  in  equation  31,  and,  similarly,  a  bright 
band  or  locus  appears  for  each  value  of  n  in  equation  32.  When  examined  in 
white  light  the  various  fractional  orders  of  retardation  are  each  made  evident 
by  a  brilliant  band  of  a  particular  color  or  hue,  and,  hence,  they  have  been 
designated  by  the  name  ilisochromatics."  The  alternate  bright  and  dark 
lines  formed  in  monochromatic  light  are  also  isochromatics  (though  sometimes 
called  interference  "fringes")  and  are  distinguished  from  one  another  accord- 


Fig.  17-17.     Typical  Isochromatic-Fringe  Photograph  of  Circular  Discontinuity 
in  a  Field  of  Pure  Shear  (Photo  made  in  collaboration  with  A.  J.  Durelli) 

ing  to  the  value  of  n;  consequently,  they  are  often  referred  to  as  the  isochro- 
matic  of  zero,  first,  second  order  of  interference,  and  so  on. 

By  comparing  equations  25  and  31  (or  32)  it  may  be  observed  that,  since 


^ 


-  U 


is  proportional  to  (<ri  —  cr2) 


(33) 


the  order  of  interference  is,  therefore,  directly  proportional  to  the  difference 
between  the  principal  stresses;  consequently,  the  isochromatic  line  may  be 
defined  as  the  locus  of  all  points  having  a  constant  value  for  the  difference  between 
the  two  principal  stresses.     From  equation  25  this  may  be  written  in  the  form : 


in  -  <r2)  =  -£-  (h  -  U)  =  {  X  n 

Ch  h 


(34) 
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in  which/  =  a  "fringe  constant"  for  the  material,  (  ; 

\in.  X  order 

h  =  thickness  of  the  photoelastic  model,  inches 
n  =  order  of  interference 
For  materials  which  possess  a  linear  relation  between  stress-magnitude  and 
optical-retardation  effects,  the  change  in  the  difference  between  the  principal 
stresses  when  progressing  from  any  given  isochromatic  line  to  its  neighbor  is 


Load 


Load 

Fig.  17-18.     Isochromatics  for  Several  Shapes  of  Knee  Frame109 

a  constant.  One  may,  therefore,  regard  the  isochromatic  diagram  as  a  con- 
tour map  of  the  photoelastic  model  in  which  the  isochromatic  lines  represent 
contour  lines  of  constant  difference  between  the  principal  stresses.  Since 
the  maximum  shearing  stress  that  occurs  at  any  point  in  a  two-dimensional 
body  is  equal  to  half  the  difference  in  the  principal  stresses  at  the  point 
(as  shown  by  equation  17),  the  isochromatic  lines  may  also  be  interpreted 
as  loci  of  constant  intensity  of  maximum  shearing  stresses. 

Isochromatic  diagrams  obtained  with  circularly  polarized  monochromatic 
light  (Figs.  17-11,  17-17,  17-18)  have  no  indication  of  reference  or  datum. 
This  must  be  established  through  observation  in  the  laboratory  or  by  other 
means  as  is  discussed  in  the  following.     However,  since  there  is  the  same 
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change  in  shear  stress  between  isochromatics,  it  is  evident  that  wherever  the 
lines  are  gathered  together  closely  there  will  be  a  high  stress  gradient  and  a 
correspondingly  high  stress  in  the  region. 

Since  isoclinic  lines  also  appear  on  a  model  examined  in  plane-polarized 
light,  these  are  usually  eliminated  by  using  a  circular  polariscope  for  photo- 
graphing or  evaluating  isochromatics.  As  indicated  by  equation  29,  the 
isochromatics  have  maximum  contrasting  intensities  in  a  plane  polariscope 
only  at  points  where  the  principal  stresses  are  oriented  at  45°  to  the  planes  of 
polarization.  These  difficulties  make  it  desirable  to  use  circular  polarization 
when  it  is  desired  to  observe  a  large  portion  of  the  model  at  one  time.  One 
may,  however,  distinguish  between  isoclinics  and  isochromatics  in  the  plane 
polariscope  by  rotating  the  planes  of  polarization  or  by  changing  the  load  on 
the  model.  Isoclinics  will  change  position  on  the  model  only  as  the  planes 
of  polarization  are  rotated,  whereas  the  isochromatics  change  position  only 
as  the  loads  are  varied. 

(a)  Calculation  of  Stress  Magnitude.  The  evaluation  of  the  difference 
between  the  principal  stresses  (equation  34)  depends  on  determining  the  order 
of  interference  n  (fringe  order)  for  a  given  model  of  thickness  h  and  on  knowing 
the  fringe  constant  /  for  the  particular  material.  Detailed  methods  of  evalu- 
ating n  and  /  are  presented  in  sections  E  and  F.  For  the  present,  let  it  be 
assumed  that  these  quantities  have  been  determined,  and  it  is  desired  to  find 
the  difference  between  the  principal  stresses  in  a  photoelastic  model  for  the 
following  conditions: 

Order  of  interference  at  the  point,  n  =  4 

Thickness  of  the  model,  h  =  0.375  in. 

Finge  constant  for  the  material,  /  =  84 


in.  X  order 

From  equation  34  we  find 

84  X  4 
a i  —  o-o  =  -         -  =  S96  psi  (35) 

0.375 

The  isochromatic  diagram  does  not  give  any  information  concerning  the 
sign  of  o"i  or  cr2  but  merely  indicates  the  difference  in  value.  The  order  of 
interference  (or  fringe  order)  is  always  taken  as  positive.  This  agrees  with  the 
definition  that  a\  is  the  algebraically  larger  principal  stress  and  that  ax  —a* 
will  always  be  a  positive  quantity,  irrespective  of  whether  <ji  and  <72  are  both 
tension,  ax  tension  and  cr2  compression,  or  both  stresses  compression. 

(b)  Free  Boundary.  In  a  free  (unloaded)  boundary  the  principal  stresses 
lie  along  and  normal  to  the  edge.  The  principal  stress  normal  to  a  free  edge 
is  always  zero,  and  consequently  equation  34  can  be  used  to  calculate  the 
value  of  the  principal  stress  tangent  to  the  edge.  Although  the  fringe  order 
is  positive,  the  stress  along  the  edge  may  be  tension  or  compression.  In 
many  cases  the  sign  of  the  stress  (whether  tension  or  compression)  along  a 
free  boundary  may  be  determined  by  inspection  of  the  geometry  of  the  model 
and  the  manner  of  loading.     However,  if  this  is  not  obvious  or  certain,  a 
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Coker  or  Babinet  compensator  (see  section  E)  may  be  used  to  determine  the 
type  of  stress. 

12.  Evaluation  of  the  Fringe  Order.  Although  it  is  not  always  possible  to 
make  a  photographic  record  of  the  photoelastic-stress  pattern,  this  is  a  most 
desirable  procedure.  In  all  cases  such  a  record  should  be  supplemented  by 
studying  the  formation  of  the  fringe  pattern  in  the  polariscope  as  the  loads 
are  applied  to  the  model.  The  procedure  of  making  a  stress  analysis  from  a 
single  isochromatic  diagram  is  open  to  serious  doubt  unless  a  good  deal  is 
known  about  the  stress  distribution  under  consideration. 


lsoc/in/c  \ 

Unei  JA 


Stress 
Trajectories 


Fig.   17-19.     Isoclinics  and  Stress   Trajectories  for  Knee  Frames  of  Fig.  17-18 

The  determination  of  the  isochromatic  fringe  order  at  any  particular  point 
can  be  accomplished  in  a  number  of  ways.  The  following  applicable  methods 
may  be  employed : 

1 .  Locate  a  line  corresponding  to  the  isochromatic  of  zero  order,  and  count 
isochromatic  lines  from  it.  The  zero-order  line  will  not  be  distinguishable 
from  isochromatics  of  higher  order  with  monochromatic  light;  however,  with 
a  sufficient  change  in  load,  all  other  points  in  the  model  will  change  in  bright- 
ness indicating  a  change  in  fringe  order  with  loading.  If  it  is  inconvenient 
to  change  the  load,  or  if  this  test  is  not  sufficiently  sensitive,  the  line  can  be 
checked  by  using  white  light  in  the  circular  polariscope  (and  a  dark-field 
arrangement).  Under  these  conditions  the  line  of  zero  order  is  the  only  one 
represented  in  black  with  orange-yellow  tints  on  both  sides  of  it. 

2.  Find  an  isotropic  point  (<ri  =  <r2),  and  count  fringe  orders  to  the  neighbor- 
ing isochromatics  from  this  point.  With  monochromatic  light  the  isotropic 
point  will  be  represented  by  a  black  dot  in  the  dark-field  polariscope.  This 
may  lead  to  confusion  with  other  black  dots  representing  higher  orders  of 
interference  (sinks  or  sources) ;  however,  if  when  the  load  is  changed  the  same 
position  in  the  model  continues  to  remain  dark,  an  isotropic  point  is  indicated. 
If  this  check  is  not  satisfactory,  or  if  the  load  cannot  be  changed,  an  examina- 
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tion  in  white  light  (as  in  method  1)  may  settle  the  question,  since  the  isotropic 
point  is  black,  and  all  points  corresponding  to  higher  orders  of  interference 
will  be  colored.  A  further  check  may  be  obtained  by  removing  the  quarter- 
wave  plates  and  determining  whether  all  the  isoclinic  lines  pass  through  the 
point.  If  all  the  isoclinic  lines  intersect  at  this  location  than  an  isotropic 
point  is  indicated. 

3.  At  any  external  (projecting)  square  corner  on  a  free  boundary  there  will 
be  an  isotropic  point  from  which  the  order  of  each  isochromatic  line  may  be 
counted.  Care  must  be  exercised  in  using  this  method  since  residual  stresses 
or  time-edge  effects  may  move  the  isochromatic  of  zero  order  a  slight  distance 
from  the  corner. 

4.  Count  the  fringes  as  they  are  formed  at  some  given  location  during  the 
gradual  application  of  the  load.  This  is  a  useful  method  when  the  isochro- 
matic lines  disappear  off  a  boundary  of  the  model  or  move  out  of  the  field 
of  the  polariscope.  An  example  of  this  nature  is  found  in  a  thick  hollow 
cylinder  subjected  to  internal  pressure.  In  this  case  the  isochromatics  are 
concentric  circles  which  form  at  the  bore  and  more  outwards  and  ultimately 
go  off  the  outer  edge  as  the  load  is  increased. 

5.  As  a  variation  of  method  4,  it  is  also  possible  to  change  the  load  by  a 
known  increment  sufficient  to  produce  a  given  change  in  interference  fringe 
order  (the  number  of  fringes  to  pass  the  point)  at  some  particular  location. 
One  can  thus  determine  the  load  increment  per  fringe  and  by  direct  propor- 
tion compute  the  expected  fringe  order  for  any  given  load.  In  certain  cases 
the  stress  at  some  location  can  be  computed  analytically  and  the  corresponding 
fringe  order  calculated  and  used  as  a  reference. 

6.  The  interference  order  may  be  determined  by  using  a  Coker  or  Babinet 
compensator  (see  section  E).  These  instruments  are  particularly  useful  for 
evaluating  isochromatic  order  when  the  load  cannot  be  changed  to  alter  the 
stress  pattern,  and  for  low-order  fringes. 

Once  the  order  of  interference  and  the  thickness  of  the  model  have  been 
determined,  the  difference  between  the  principal  stresses  can  be  calculated 
if  the  fringe  constant  for  the  material  is  known.  The  relationships  between 
the  various  types  of  photoelastic  data  and  the  resulting  analysis  are  illustrated 
in  Fig.  17-18  to  17-20  which  show  the  original  isochromatics  and  isoclinics  for 
a  particular  problem  and  the  resulting  stress  trajectories  and  values  of  stress 
computed  from  the  observations. 

13.  The  Isotropic  Point.  By  definition,  an  isotropic  point  is  a  location  at 
which  the  two  principal  stresses  are  equal  (<ri  =  o-2).  In  the  photoelastic 
model  this  is  represented  by  the  zero  order  of  interference.  If  it  is  desired  to 
determine  whether  the  principal  stresses  in  addition  to  being  equal  to  each 
other,  are  equal  to  zero  at  the  isotropic  point,  the  following  three  methods 
may  be  employed. 

1.  If  a  lateral  strain  gage  shows  no  change  in  thickness  at  the  isotropic 
point  as  the  model  is  loaded,  then  a\  —  cr2  =  0  =  G\  +  cr-i,  and  Ci  =  ai  =  0. 

2.  If  a  small  hole  is  carefully  drilled  in  the  model  at  the  isotropic  point, 
and  no  change  in  the  stress  pattern  results,  then  cri  =  <r%  =  0.     If  cri  =  <x%  9^ 
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0,  the  presence  of  the  small  hole  will  produce  concentric  isochromatic  lines  in 
the  .immediate  vicinity  of  the  discontinuity.  Experimentally,  it  is  difficult  to 
drill  a  sufficiently  small  hole  in  the  model  without  developing  machining 
stresses  or  removing  excessive  area  of  material,  both  of  which  would  tend  to 
develop  new  isochromatic  lines  around  the  hole  making  interpretation  difficult. 
3.  Drucker's  oblique  incidence  method  (which  is  described  in  section  L.) 
At  an  isotropic  point  the  stress  is  oriented  equally  in  all  directions  (all 
isoclinics  pass  through  the  point),  and  this  sometimes  leads  to  confusion  in 
constructing  the  stress  trajectories  in  the  neighborhood  of  the  point.  In 
general,  the  networks  of  stress  trajectories  form  either  interlocking  hairpin 
loops  around  the  point  (as  shown  near  the  center  of  one  leg  of  the  frames  3 
and  5  in  Fig.  17-19)  or  noninterlocking  curves  which  diverge  in  an  abrupt 
manner  as  they  approach  the  point  instead  of  circling  around  it.  An  example 
of  noninterlocking  stress  trajectories  is  shown  at  point  A  in  Figs.  17-15  and 
17-16.  These  two  different  types  of  arrangement  of  the  network  around  an 
isotropic  point  can  usually  be  readily  distinguished  in  the  construction,  but 
the  specific  configuration  can  be  determined  by  the  manner  in  which  the  iso- 
clinics are  grouped  through  the  isotropic  point.  Definite  rules  or  procedure 
for  determining  whether  the  trajectories  are  interlocking  or  noninterlocking 
have  been  formulated  and  are  outlined  by  Frocht,*  by  Mindlimf  and  by 
Sadowski.27 

E.  Methods  of  Finding  Fractional  Orders  of  Interference 

In  certain  cases  involving  very  thin  models,  or  optically  insensitive  materials 
such  as  glass,  the  number  of  integral  or  half-order  isochromatics  will  be  too 
small  to  permit  of  convenient  interpretation  or  accurate  interpolation.  Under 
conditions  of  this  nature  the  following  methods  of  determining  fractional 
orders  of  interference  may  be  found  useful. 

14.  The  Coker  Compensator.  A  tension  compensator  consists  of  a  small 
strip  of  photoelastic  material  arranged  in  a  loading  frame  in  such  a  manner 
that  it  can  be  placed  in  series  with  the  light  passing  through  the  photoelastic 
model  in  the  polariscope  as  illustrated  at  e  in  Fig.  17-9.  Figure  17-21  shows 
details  of  another  form  of  tension  compensator. 

The  procedure  employed  is  to  orient  and  load  the  tensile  strip  in  such  a 
manner  that  the  relative  retardation  produced  in  it  just  neutralizes  the  effect 
at  the  point  to  be  investigated  in  the  photoelastic  model.  The  method  repre- 
sents a  point-by-point  procedure  and  involves  the  following  steps  for  each 
point  in  question: 

1.  With  the  quarter- wave  plates  removed  and  using  a  white-light  source 
determine  which  isoclinic  line  passes  through  the  point  and  the  corresponding 
directions  of  the  principal  stresses. 

2.  Replace  the  quarter-wave  plates  in  their  correct  orientations  with  respect 
to  the  polarizer  and  analyzer.     Then  mount  the  compensator  in  the  light 

*  Reference  3,  article  6-12. 
t  Reference  5,  p  241. 
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beam  with  the  tension  axis  parallel  to  the  direction  of  one  of  the  principal 

stresses  at  a  given  point  in  the  model. 

3.  Apply  load  to  the  compensator  until  the  neutral  line  (black  with  yellow 

on  both  sides)  is  observed  at  the  point.     The  order  of  interference  in  the 

compensator  is  then  the  same  as  that 
in  the  model.  If  the  load  on  the  com- 
pensator is  known,  together  with  its 
cross-sectional  dimensions  and  the 
fringe  constant  for  its  material,  the 
interference  order  n  can  be  computed 
by  rewriting  equation  34  in  the  form: 


(M 


X  h 


For  the  tension  strip,  cr2  =  0 

and  hence, 

P 
bh 


0"l    —   Co    =   ffl    = 


(36) 


(37) 


where  P  =  total  load  on  compensator 
strip,  pounds 
b  =  breadth  of  strip,  inches 
h  =  thickness  of  strip  (traversed 

by  the  light),  inches 
/  =  fringe  constant  for  the  ma- 
terial, pounds  per  inch  per 
order 
Therefore,  the  interference  order  may 
be  obtained  as 


P 


(38) 


Fig. 


Tension 


17-21.  The  Coker 
Compensator 
L  is  a  load-changing  device;  D  is  a 
dial  to  indicate  the  load;  S  indicates 
the  tension  bar;  and  R  is  a  ring  to 
allow  rotation  of  the  assembly  and 
measurement  of  angles 


If  a  neutral  line  is  not  observed,  then 
the  compensator  should  be  rotated  90° 
in  its  own  plane  (lined  up  parallel  to  the 
direction  of  the  other  principal  stress) 
and  the  loading  process  repeated.  In 
the  direction  of  one  of  the  two  principal 
stresses  the  neutral  effect  will  appear. 
One  will  observe  that  the  determination  of  the  fringe  order  (fractional  or 
integral)  with  the  compensator  does  not  require  the  model  and  compensator 
to  be  of  the  same  thickness  nor  of  the  same  material.  If,  however,  the  com- 
pensator be  made  of  the  same  material  and  thickness  as  the  model,  the  value 
of  (a i  —  £T2)  for  the  model  is  identical  with  the  value  for  tensile  stress  in  the 
compensating  bar  at  the  point  where  a  neutral  line  (black  band)  is  obtained 
by  the  foregoing  procedure.     The  method  works  well  up  to  about  the  fourth 
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order  of  interference.  The  chief  disadvantage  in  the  use  of  a  tensile-bar 
compensator,  however,  lies  in  the  possible  errors  that  may  be  introduced  by 
optical  creep  (added  retardation)  in  the  bar  under  sustained  load;  this  effect 
is  particularly  troublesome  in  certain  plastics. 

The  tension  compensator  can  be  used  to  study  any  point  in  a  photoelastic 
model.  However,  for  points  along  a  free  boundary  it  has  the  useful  charac- 
teristic of  being  able  to  indicate  the  difference  between  tension  and  compres- 
sion. If,  in  order  to  produce  neutralization, the  tension  axis  of  the  compen- 
sator must  be  positioned  perpendicular  to  the  free  boundary,  then  the  edge 
is  in  tension.  If,  on  the  other  hand,  the  compensator  must  be  oriented  parallel 
to  the  boundary,  the  edge  is  in  compression.  One  will  observe  that,  in  going 
along  a  free  boundary  from  a  region  of  tension  to  compression,  or  vice  versa, 
the  compensator  must  be  rotated  through  90°  at  the  transition  point  of  zero 
stress. 

4th  order 
isochromatic  line 


3d  order 
isochromatic  line 

Fig.  17-22.     Determination  of  Fractional  Order  of  Interference  by  Rotation  of  the 

Analyzer 

15.  Use  of  the  Analyzer  as  a  Compensator.  Another  simple  point-by-point 
method  of  determining  fractional  orders  of  interference  is  available  by  rota- 
tion of  the  analyzer.28-30  However,  this  method  will  only  determine  the 
fractional  order  relative  to  the  nearest  integral  or  half-order  isochromatic 
line.  In  connection  with  studies  on  glass  the  method  has  been  extremely 
useful. 

Let  us  assume  that  it  is  desired  to  find  the  fractional  order  of  interference 
at  some  point  A  (Fig.  17-22)  located  between  isochromatics  of  the  third  and 
fourth  order.     The  following  steps  will  be  necessary: 

1.  Determine  the  directions  of  the  principal-stress  axes  at  A. 

2.  Line  up  the  planes  of  polarization  of  the  polarizer  and  analyzer  parallel 
and  perpendicular  to  the  principal-stress  axes  at  A.  Then  orient  the  quarter- 
wave  plates  properly  (at  45°)  with  respect  to  the  polarizer  and  analyzer. 

3.  With  monochromatic-light  source  the  integral  orders  of  interference  will 
be  observed  in  black  if  the  quarter-wave  plates  are  set  for  dark  field. 

4.  By  rotating  the  analyzer  only,  (quarter- wave  plates  should  remain  fixed 
in  orientation)  extinction  can  be  achieved  at  point  A,  and  the  angle  of  rotation 
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will  be  proportional  to  the  difference  in  order  of  interference  between  A  and 
one  of  the  adjacent  isochromatics. 

For  example,  if  one  observes,  under  conditions  similar  to  those  indicated 
by  the  isochromatics  in  Fig.  17-22,  that,  by  rotating  the  analyzer  clockwise 
through  36°,  extinction  is  transferred  from  the  third-order  isochromatic  to 
the  point  A,  then  the  order  of  interference -at  A  will  be 


n  =  3  + 


angle  of  rotation 
180 


=  3  +  A6o=  3.20 


(39) 


If  the  analyzer  had  been  rotated  in  the  opposite  direction  the  point  of 
extinction  would  have  moved  from  the  fourth-order  isochromatic  into  the 


Direction  of  the  path  of  the  light 


(a)  Babinet  Compensator 


I  I  I 


(b)  Soleil-  Babinet  Compensator 

Fig.  17-23.     Schematic  Diagrams  of  Babinet  and  Soleil-Babinet  Compensators 
(Micrometer-screw  mechanism  for  adjusting  relative  positions  of  wedges  is  not 

shown) 


region  of  lower  order  at  A.  In  this  case  the  angle  of  rotation  would  have 
been  144°  =  (ISO  —  36),  and  the  corresponding  order  at  A  would  have  been 
observed  as 


n  =  4  -  Mi  =  3.20 


(40) 


Every  time  the  analyzer  is  rotated  through  180°  the  isochromatic  diagram 
will  be  completely  repeated.  If  one  starts  with  the  dark  field,  then  a  90° 
rotation  will  produce  a  light  field  in  which  the  isochromatics  in  black  represent 
the  half  orders  (that  is,  n  =  90iso  —  HO- 

16.  Babinet  and  Soleil-Babinet  Compensators.  For  measuring  very  small 
retardations  these  optical  instruments  will  have  better  application  than  either 
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of  the  two  methods  previously  described;  they  consist  of  a  pair  of  wedge- 
shaped  quartz  (or  other  crystal)  plates  with  the  polarizing  axes  arranged  as 
indicated  in  Fig.  17-23.  In  the  Babinet  compensator  the  fast  and  slow  axes 
of  the  two  wedges  are  arranged  to  oppose  each  other,  whereas  in  the  Soleil- 
Babinet  instrument  they  augment  each  other,  and,  in  addition,  there  is  a 
third  crystal  plate. 

If  circularly  polarized  light  (or  plane-polarized  light  with  its  plane  of  vibra- 
tion at  approximately  45°  to  the  polarizing  axes  of  the  crystal  plates)  is  directed 
at  normal  incidence  through  the  pair  of  wedges,  it  will  be  resolved  into  two 
equal  components  in  the  directions  of  the  axes  of  transmission.  In  the  Babinet 
compensator,  when  the  light  traverses  the  first  wedge,  one  component  is 
advanced  relative  to  the  other.  However,  in  passing  through  the  second 
wedge  the  component  which  was  previously  advanced  is  retarded  so  that  the 
final  result  is  a  relative  retardation,  depending  on  the  distance  traveled  in 
each  wedge.  When  white  light  is  used,  this  effect  produces  a  series  of  colored 
bands  across  the  compensator.  In  the  location  at  which  the  effect  in  the 
second  wedge  just  neutralizes  that  in  the  first  wedge,  a  black  band  will  appear 
with  yellow  on  both  sides  of  it.  It  is  convenient  to  locate  this  neutral  line 
with  white  light,  but  precise  observations  should  be  made  with  monochromatic 
light. 

By  moving  the  wedges  relative  to  each  other  the  interference  lines  can  be 
displaced,  and  relative  retardations  can  be  measured  by  this  means,  according 
to  the  equation. 

R=™  (41) 

Mr, 

where  R  =  the  retardation  produced  by  the  compensator  in  wave  lengths 

Mo  =  the  wedge  displacement  from  the  neutral  position  necessary  to 

produce  one  wave  length  retardation. 
M  =  the  measured  displacement  from  the  neutral  position 
The  Soleil-Babinet  compensator  is  constructed  so  that  the  relative  retarda- 
tion over  the  entire  field  is  the  same  for  any  given  setting  of  wedges  and,  in 
effect,  produces  a  uniform  color  (in  white  light)  across  the  field;  however,  with 
this  exception  it  may  be  used  in  the  same  manner  as  described  previously  for 
the  Babinet  compensator. 

F.  Determination  of  the  Fringe  Constant 

The  problem  of  determining  the  quantitative  meaning  of  the  isochromatic 
lines  in  terms  of  stress  intensity  is  common  to  all  problems  in  which  absolute 
stress  values,  instead  of  relative  values,  are  required.  Equations  34  and  36 
relate  the  difference  between  the  principal  stresses  to  the  order  of  interference 
of  the  isochromatic  lines.  Evaluation  of  the  fringe  constant  f  is  really  a 
calibration  of  a  stress-optic  constant  for  the  material. 

The  fringe  constant  may  be  interpreted  as  the  change  in  the  difference 
between  the  principal  stresses  that  will  produce  a  change  of  one  order  of 
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interference  at  a  given  point  in  a  piece  of  the  material  having  unit  thickness. 

Its  units  are  pounds  per  square  inch  per  inch  thickness  per  fringe  order,  or 

force 

simplv  r ; ; —     From  the  point  of  view  of  utilization  one  may  also 

*    length  X  order 

consider  the  fringe  constant  as  the  proportionality  factor  which  is  multiplied 
by  the  order  of  interference  and  divided  by  the  thickness  of  the  model  to 
obtain  the  value  of  the  difference  between  the  principal  stresses. 

It  should  be  noted  that  the  following  discussion  relates  only  to  those  mate- 
rials having  a  linear  relation  between  stress  and  the  optical-retardation  effect. 
As  long  as  this  condition  prevails,  a  single  value  of  the  fringe  constant  can  be 
used  since  the  increment  in  stress  between  all  orders  of  interference  will  be 
the  same.  With  a  nonlinear  relationship  a  different  value  of  the  constant 
must  be  used  for  each  order  and  thickness.  Theoretically  this  is  no  disad- 
vantage, but  it  makes  the  arithmetical  computation  more  tedious.  Other 
considerations  which  influence  values  of  fringe  constants  listed  in  the  litera- 
ture are: 

1.  The  value  of  the  constant  is  dependent  on  the  wave  length  of  the  light 
used  during  the  calibration.  This  should  be  taken  into  account  if  the  photo- 
elastic  test  is  to  be  conducted  with  light  of  another  wave  length. 

2.  Some  authors  quote  values  in  terms  of  maximum  shear  stress  which  is 
just  half  the  difference  between  the  principal  stresses.  This  procedure  some- 
times leads  to  confusion  when  comparison  is  made  with  certain  classes  of 
plastics  whose  constants  are  in  the  ratio  of  about  2  to  1. 

Theoretically,  any  model  for  which  there  is  a  known  analytical  solution 
for  the  stress  distribution  may  be  used  for  evaluating  the  fringe  constant. 
However,  in  practice  there  are  some  limitations  of  experimental  techniques 
and  available  equipment  which  may  govern  the  selection.  The  optical  sen- 
sitivity of  the  material  and  its  other  mechanical  properties  will  sometimes 
determine  the  method  which  should  be  employed. 

By  rearranging  equation  34  the  following  relation  is  obtained  for  the  fringe 
constant: 

(.,  -  „)k  (     ib     \  m 

in.  X  order/ 

(The  units  of  this  quantity  are  sometimes  written  lb/in. /order.)  It  is  fre- 
quently found  desirable  in  practice  to  determine  changes  of  fringe  order  cor- 
responding to  known  increments  of  (<7i  —  cr2)  and  to  substitute  these  incre- 
ments directly  in  the  right  side  of  equation  42. 

One  might  make  a  rough  division  of  the  methods  of  calibration  into  three 
classes,  depending  on  the  relative  values  of  fringe  constant.  If  we  remember 
that  the  relatively  insensitive  materials  require  a  large  change  in  stress  to 
produce  an  optical  change  of  one  order  of  interference,  it  is  evident  that  the 
very  sensitive  materials  will  have  low  fringe  constants,  whereas  those  which 
are  not  so  sensitive  will  possess  higher  values.  For  convenience  the  following 
subdivision  according  to  optical  sensitivity  is  made: 
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Approximate  Range 
of  Fringe  Constant, 

Class  lb  /in.  /order 

a  Up  to  35 

b  35-125 

c  Above  125 


Characteristic 
Rather  sensitive 
Intermediatly  sensitivity 
Relatively  insensitive 


17.  Calibration  in  Tension.  A  common  method  for  determining  the  fringe 
constant  for  material  is  to  employ  a  tension  bar;  this  type  of  calibration  is  best 
suited  to  intermediate  and  relatively  insensitive  materials.  It  involves  simple 
calculations  and  can  be  made  quite  independent  of  residual  stress  and  the 
"time-edge"  effect. 


<A  v pin 


.»_ 


to 
prevent 
rotation 
of  bushing 


r~i 


/A 


i_j 


y2"  diam.  bushing 

about  (h-  0.02";  wide 


Detail  of 
Brass  Bushing 


-Ik' 


Fig.  17-24.     Specimen  for  Calibration  in  Tension 
Thickness  h  is  usually  about  3^4  to  %  in.,  and  width,  b  is  approximately  3^  in. 

In  this  form  of  model  the  algebraically  larger  principal  stress  <j\  is  equal  to 
the  load  divided  by  the  area,  (and  cr2  =  0);  hence  (from  equation  42), 


/ 


n 


P_    h 

bh    n 


P_ 

bn 


(43) 


where     P  =  the  load  (assumed  uniformly  distributed) 
and  b  X  h  =  the  area  of  cross  section 

Figure  17-24  shows  a  drawing  of  a  typical  calibration  specimen  of  an  average 
size.  Two  brass  bushings  are  located  near  the  ends  to  take  the  loading  pins 
about  34  in.  in  diameter.  These  bushings  should  have  a  snug  fit  and  yet 
press  in  easily  with  the  fingers.  The  flats  which  are  filed  on  the  insides  of  the 
brass  bushings  are  for  the  purpose  of  allowing  the  operator  to  shift  or  adjust 
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the  line  of  action  of  the  applied  forced  by  rolling  the  loading  pins  slightly. 
This  feature  is  rather  desirable  since  it  permits  establishing  an  axial  loading, 
and,  in  consequence,  uniform  distribution  of  stress  over  the  entire  area  of 
cross  section  in  the  reduced  portion  (section  A- A). 

If  the  specimen  is  free  from  residual  stress,  and  no  edge  stress  has  developed, 
the  entire  image  should  appear  dark  in  the  polariscope  (with  the  dark-field 
arrangement)  when  no  load  is  applied.  Actually  this  condition  is  very  diffi- 
cult to  obtain,  and  one  can  usually  see  a  bright  outline  of  the  model  on  the 
screen  of  the  polariscope.  However,  this  will  not  have  an  appreciable  affect 
on  the  value  obtained  for  the  fringe  constant  (the  reason  for  this  is  explained 
in  the  following). 

500 


400 


300 


200 


100 


Dimensions  of  specimen 

Thickness  -0.326  in. 

Width -0.499  in. 
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Fig.  17-25.     Calibration  Curve  for  Bakelite  BT-61-893  in  Tension 
Using  light  of  wave  length  5461  A  traversing  the  thickness  of  0.326  in. 

(a)  Procedure  for  Materials  of  Intermediate  Sensitivity.  The  model  should 
first  be  checked  for  central  loading  by  applying  a  small  load  and  observing 
the  formation  of  the  isochromatics.  If  these  appear  symmetrically  from  the 
fillets  and  on  either  side  of  the  center  line,  then  the  line  of  action  of  the  applied 
force  is  in  the  correct  position,  but,  if  the  appearance  is  unsymmetrical, 
there  is  misalignment,  and  bending  is  present.  To  eliminate  misalignment 
the  loading  pins  can  be  rotated  slightly  until  the  isochromatics  become 
symmetrical. 

After  adjusting  for  symmetry,  the  load  should  be  reduced  as  nearly  as 
possible  to  zero.  The  calibration  is  then  performed  by  gradually  increasing 
the  load  while  at  the  same  time  watching  a  convenient  reference  point  on  the 
model.  (It  is  best  to  choose  a  point  of  reference  preferably  near  midlength 
and,  to  minimize  any  effect  of  bending,  on  the  center  line.)  As  the  load  is 
gradually  applied,  the  point  of  reference  will  become  alternately  light  and 
dark.  Every  time  it  becomes  completely  dark  there  is  a  change  of  one  order 
of  interference  from  the  previous  like  condition,  and  the  load  corresponding 
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to  each  condition  should  be  recorded.  These  values  of  load  may  then  be 
plotted  against  the  order  of  interference  and  the  slope  of  the  line  determined. 
It  is  advisable  to  make  a  series  of  observations  with  increasing  and  with 
decreasing  loads  and  then  to  plot  the  average  loads  for  each  order  of  inter- 
ference as  indicated  in  Fig.  17-25. 

From  this  plot  the  slope  of  the  line  represents  P/n  in  equation  43,  and  the 
final  fringe  constant  is  obtained  by  dividing  this  by  the  width  of  specimen  b. 
Thus,  from  the  data  in  Fig  17-25,  the 
slope  is  43*Ko,  and  hence, 


=  J^_  =  8?7  lb/inyorder 
0.499 


(44) 


^uu 

160 

120 

£> 

80 

II 

4, 

40 

0 

0«i 

'JW- 

100  200 

Cumulative  angle  of 

rotation,  degrees 


300 


(b)  Procedure  for  Relatively  Insensitive 
Materials.  For  materials  which  are 
relatively  insensitive  the  determination 
of  the  fringe  constant  can  be  made 
quite  satisfactorily  by  a  slight  modifica- 
tion of  the  procedures  described  just 
previously  and  in  section  E.  All  the 
precautions  relative  to  proper  alignment 
of  the  specimen  should  be  taken,  and 
in  addition  the  polarizing  axes  of  the 
polarizer  and  analyzer  should  be  lined  up 
parallel  and  perpendicular  to  the  axis  of 
the  calibration  specimen,  that  is,  parallel 
and  perpendicular  to  the  directions  of 
the  principal  stresses.  The  quarter- 
wave  plates  should  be  oriented  accu- 
rately with  respect  to  the  polarizer  and 
analyzer  (preferably  for  dark  field,  but 
the  light-field  arrangement  may  also  be 
used). 

With  no  load  on  the  model  the  whole 
should   appear   dark   on   the   screen   of 

the  dark-field  polariscope  as  long  as  there  is  no  residual  birefringence  or  edge 
effect.  If  either  of  these  conditions  prevail,  portions  of  the  image  will  appear 
light,  in  which  case  the  analyzer  only  should  be  rotated  slightly  until  extinction 
is  obtained  at  the  reference  point;  the  quarter- wave  plates  should  be  main- 
tained fixed  in  direction.  The  angular  orientation  of  the  analyzer  should  then 
be  observed,  as  this  will  be  the  zero  or  reference  reading. 

After  calculating  or  determining  what  will  be  the  maximum  permissible 
load  to  apply  to  the  model  from  the  strength  and  optical  characteristics,  the 
bar  is  gradually  loaded.  At  the  same  time  the  analyzer  only  (without  chang- 
ing orientation  of  quater-wave  plates)  is  rotated  in  the  direction  in  which  it 
is  possible  to  maintain  extinction  while  the  load  is  being  applied.     At  definite 


Fig.  17-26.  Calibration  of  Cellu- 
loid Specimen  by  Rotation  of  the 
Analyzer  (Tardy  Method) 
Width  of  specimen  0.50  in.; 
thickness  in  path  of  light  0.253  in.; 
wave  length  of  light  5461  A 


870  PHOTOELASTICITY 

intervals  of  load  (usually  increments  of  about  one-tenth  the  maximum  permis- 
sible load)  the  cumulative  angular  displacement  of  the  analyzer  from  the 
initial  position  is  recorded.  The  loads  and  corresponding  analyzer  orienta- 
tions can  then  be  plotted  as  shown  in  Fig.  17-26. 

Corresponding  to  each  increment  of  change  in  angular  orientation  of  the 
analyzer  /3,  the  change  in  order  of  interference  will  be 

(if  the  angle  is  measured  in  degrees)  (45) 

180 

The  value  of  the  fringe  constant  is  then  found  by  substitution  in  equation 
42  with  the  result, 

From  this  relation  and  the  data  plotted  in  Fig.  17-26  the  fringe  constant  for 
this  calibration  is  seen  to  be 

/  =  -i^-  X  —  =  250  lb/in./order  (47) 

0.500       230 

18.  Photographic   Recording   of  Data  for  Finding  the   Fringe   Constant. 

Unfortunately,  calibration  by  means  of  a  tensile  specimen  does  not  lend  itself 
conveniently  to  photographic  recording  of  the  observations.  However,  the 
following  methods  are  available  for  evaluation  of  the  fringe  constant  by  inter- 
pretation of  fringe  photographs. 

(a)  Beam  in  Pure  Bending.  The  use  of  a  beam  in  pure  bending,  as  shown 
in  Fig.  17-27  is  a  favorite  and  widely  used  means  for  calibrating  materials  of 
medium  and  high  sensitivity.  The  positions  of  the  isochromatic  lines  through- 
out the  depth  of  the  beam  may  be  plotted,  and  by  extrapolation  the  total 
change  in  interference  order  n  from  top  to  bottom  may  be  found.  The  fringe 
constant  is  then  determined  from  equation  42,  with  ax  taken  as  the  total 
increment  in  calculated  stress  between  the  two  extreme  fibers  of  the  beam 
(and  <r2  =  0),  as  follows: 

.       2M       h       12M 

f  =  -=-  X  -  =  —  (48) 

Z         n        azn 

where  Z  =  section  modulus  =  }£hd2,  inches3 

d  =  depth  of  beam,  inches 

h  =  thickness  of  beam,  inches 

M  =  bending  moment  on  beam,  inch-pounds 
Several  variations  in  application  of  this  method  of  calibration  may  be 
adopted.  If  small  amounts  of  initial  birefringence  exist,  it  may  be  found 
(by  plotting  from  the  zero-order  fringe  at  mid-depth)  that  the  fringe  order  at 
the  top  and  bottom  edges  are  slightly  different.  It  is  desirable,  therefore, 
to  plot  from  the  zero-order  fringe  and  extrapolate  to  the  top  and  bottom  fibers. 
This  difference  in  fringe  order  gives  a  measure  of  the  residual  stresses  present. 
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If  the  data  shown  in  Fig.  17-27  are  used,  the  total  change  in  fringe  order 
from  top  to  bottom  is  found  to  be  17.9  for  a  bending  moment  of  167  in. -lb. 
Therefore,  from  equation  48,  the  fringe  constant  may  be  computed  as 

=     12  X  16/     =  83.9  lb/in./fringe  (49) 

17.9(1. 155)2  & 

It  should  be  noted  that  it  is  desirable  to  use  as  large  a  value  of  n  (and  corre- 
sponding high  stress)  as  possible  for  calibration  to  improve  the  accuracy. 
For  instance,  an  error  of  0.1  fringe  order  in  determining  n  leads  to  a  differ- 
ence of  2  per  cent  in  the  computed  value  of /if  only  5  fringes  are  used,  whereas 
this  difference  becomes  only  1  per  cent  if  n  is  10.  However,  difficulties  from 
optical  creep  and  inelastic  behavior  become  pronounced  as  the  stresses  are 
increased,  as  is  discussed  in  section  I.  Consequently,  the  maximum  stresses 
in  the  calibration  beam  (or  in  the  model)  must  not  exceed  certain  limits 
which  depend  on  the  plastic  and  viscous  characteristics  of  the  material. 

(b)  Concentrated  Load  on  a  Semi-Infinite  Plate.  Another  method  of  cali- 
bration usable  for  materials  of  medium  and  moderately  high  sensitivity  is 
provided  by  applying  a  concentrated  force,  in  the  normal  direction,  to  the 
free  edge  of  a  semi-infinite  plate.  The  corresponding  analytical  solution  for 
the  stress  distribution  shows  that  the  isochromatic  lines  are  circles  (Fig. 
1 7-28)  with  their  centers  on  the  line  of  action  of  the  force  and  all  tangent  to 
the  boundary  at  the  point  of  application  of  the  load. 

On  the  axis  of  symmetry,  the  relation  between  the  load  and  the  difference 
between  the  principal  stresses  is  given  by  the  equation, 

2P 

o-i  -  (Jo  =  —  (50) 

wr 

where  P  =  the  load  per  unit  thickness,  pounds  per  inch 
r  =  the  distance  from  the  point  of  loading,  inches 
By  plotting  the  logarithm  of  interference  order  against  the  logarithm  of  r, 
as  shown  in  Fig.  17-28c,  one  obtains  a  straight  line.  From  equation  50  the 
corresponding  change  in  stress  difference,  between  two  given  points  may  be 
found.  The  fringe  constant  is  then  computed  by  direct  substitution  in  equa- 
tion 42.     For  the  example  in  Fig.  17-28  this  gives  the  following  data: 

r,  <ti  —  o-2,  n, 

in.  psi  order 

0.12  4020  14.0 

0.7 690  2.68 

Increments  3330  11.32 

3330  X  0.291 

whence  f  =  —  =  85.5  lb/in. /order  (51) 

J  11.32  ; 

In  cases  where  the  determination  of  the  fringe  constant  by  a  concentrated 
load  is  inconvenient  or  impractical,  a  uniformly  distributed  load  (Fig.  17-29) 
may  be  applied  to  the  boundary  of  a  semi-infinite  plate.     Such  a  uniform  dis- 


DETERMINATION  OF  THE  FRINGE  CONSTANT 


873 


tribution  of  load  may  be  accomplished  by  means  of  a  rectangular  bucket  with 
a  thin  rubber  bottom.  By  partially  filling  the  bucket  with  water  or  mercury 
the  hydrostatic  pressure  at  the  bottom  will  be  transmitted  through  the  mem- 
brane to  the  photoelastic  material. 


Load,  P  =  220  lb 
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Fig.  17-28.     Calibration  with  a  Concentrated  Load  on  a  Semi-Infinite  Plate 

(a)  Isochromatic  pattern 

(b)  Isochromatic  diagram,  according  to  theory 

(c)  Logarithmic  plot  of  orders  of  interference  at  distance  /•  on  center  line 

For  this  type  of  loading  the  isochromatic  lines  will  be  circles  passing  through 
the  limits  of  the  loaded  area.  The  differeDce  between  the  principal  stresses 
will  be  given  by  the  equation, 

-2q 


<J\ 


sin  /3 


(52) 


where  q  =  the  intensity  of  loading,  pounds  per  square  inch  (compression) 
and     (3  =  the  angle  indicated  in  Fig.  17-29,  radians. 
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The  maximum  order  of  interference  will  be  equivalent  to  0.638g,  and  the 
corresponding  isochromatic  line  will  cross  the  center  line  at  a  distance  from 
the  loaded  edge  equal  to  half  the  width  of  the  loaded  zone. 

(c)  Dead  Weight  in  Compression.  For  those  ultrasensitive  materials  in 
which  the  gravitational  body  forces  will  produce  several  orders  of  interference, 
a  rectangular  prism  on  end  may  be  used'  as  the  calibration  specimen.  In 
this  case  the  stress  is  uniformly  distributed  over  every  horizontal  cross  section, 
and  the  intensity  is  proportional  to  the  weight  per  unit  volume  and  the  dis- 


Fig.  17-29.     Uniformly  Distributed  Load  on  a  Semi- Infinite  Plate 

tance  from  the  top.  By  plotting  the  orders  of  interference  against  distance 
from  the  top  of  the  prism  the  relation  between  stress  and  the  optical  effect, 
that  is,  the  fringe  constant,  may  be  established. 

G.  Determination  of  the  Sum  op  the  Principal  Stresses  by  Lateral 

Strain  Measurement 

For  interior  points  of  a  model  the  polariscope  only  furnishes  information 
relative  to  the  directions  of  and  differences  between  the  principal  stresses. 
If  it  is  desired  to  evaluate  each  principal  stress  independently  for  points  within 
the  boundaries  of  a  photoelastic  model,  it  is  necessary  to  use  auxiliary  data. 
In  most  cases  the  stresses  at  interior  points  are  of  academic  interest  only,  since 
the  maximum  stresses  occur  at  boundaries  of  the  model.  However,  a  number 
of  useful  auxiliary  methods  for  determining  stresses  at  interior  points  are 
discussed  in  this  section  and  in  section  H. 

As  the  change  in  thickness  of  the  model  is  proportional  to  the  sum  of  the 
principal  stresses,  the  measurement  of  lateral  strain  provides  a  quick  and 
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simple  method  for  securing  the  auxiliary  information  necessary  to  evaluate 
individual  principal  stresses.  This  procedure  requires  a  strain  gage  of  high 
sensitivity  and  a  device  for  changing  the  load  on  the  model.  For  a  few  obser- 
vations it  is  probably  the  quickest  of  the  methods  of  determining  the  sum  of 
the  principal  stresses,  and  it  has  the  advantage  that  it  is  a  point-by-point 
procedure  in  which  an  error  at  one  location  will  not  be  carried  on  to  the  next 
position.  It  depends  on  Hooke's  law,  and,  in  consequence,  for  materials 
which  do  not  possess  a  linear  stress-strain  relationship  (or  for  cases  in  which 
the  proportional  limit  is  exceeded)  there  is  an  inherent  error  in  addition  to 
that  which  may  result  from  the  laboratory  technique. 


Fig.  17-30.     Element  in  a  Photoelastic  Model 

Consider  a  small  rectangular  prism  in  the  photoelastic  model,  taken  in  the 
manner  shown  in  Fig.  17-30,  with  its  two  ends  in  the  surfaces  of  the  model 
(perpendicular  to  the  direction  of  the  path  of  the  light)  and  the  other  faces 
parallel  to  the  planes  of  the  principal  stresses.  If  the  principal  stresses  in  the 
plane  of  the  model  are  <j\  and  a*,  then  the  direction  of  a3  coincides  with  the 
direction  of  the  path  of  the  light.  Since  the  model  is  subjected  to  forces  only 
in  its  own  plane,  <r3  =  0,  and  the  corresponding  strain  is  given  by  the  equation: 


e3  =   —  —  (<ri  +  o-2) 
E 


(53) 


The  strain  in  the  direction  of  the  path  of  light  may  also  be  expressed  as  the 
ratio : 

Change  in  thickness       Ah 
Original  thickness  h 


e,3 


(54) 
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Therefore,  (d  +  cr2)  =   -  -  •  —  =  -k  —  (55) 

fj.      h  h 

which  means  that  the  sum  of  the  principal  stresses  is  proportional  to  the  per- 
centage change  in  thickness  of  the  model,  and  k  is  the  proportionality  constant 
which  depends  on  the  elastic  properties  of  "the  material. 

If  E  and  ju  are  known  for  a  given  material  the  measurement  of  h  and  Ah 
will  enable  one  to  determine  the  value  of  (<ri  +  a 2).  Fortunately  one  can 
evaluate  (o/i  +  cr2)  even  if  E  and  /x  are  unknown,  since  a  direct  calibration 
for  the  constant  k,  in  terms  of  strain-gage  reading  on  a  simple  tension  bar, 
can  be  made.  The  lateral  constant  k  may  also  be  regarded  as  a  proportionality 
factor  relating  the  reading  of  the  lateral  strain  gage  to  the  sum  of  the  principal 
stresses  and  thickness  of  model,  according  to  equation  55.  It  may  include 
the  multiplication  constant  of  the  lateral  strain  gage  making  it  unnecessary 
to  convert  the  readings  to  the  same  units  as  h.  Thus,  the  relation  may  be 
written 

gage  increment 

(o-i  +  <t-i)  =   -k  ■ (56) 


In  this  form  the  lateral  constant  represents  the  change  in  sum  of  the  principal 
stresses  required  to  produce  a  change  of  one  division  on  the  lateral  strain  gage 

...       .  .  .  force 

for  material  of  unit  thickness;  its  units  are ; 

length  X  units  on  gage 

Since,  for  the  general  run  of  photoelastic  models,  the  change  in  thickness 
will  be  less  than  1  /xin.  (millionth)  for  a  change  of  1  psi  in  the  sum  of  the 
principal  stresses,  lateral  extensometers  or  strain  gages  must  be  rather  sensi- 
tive instruments.  However,  in  most  cases,  the  stress  values  with  which  one 
has  to  deal  will  be  of  the  order  of  several  thousand  pounds  per  square  inch,  so 
that  the  lateral  extensometer  should  be  capable  of  precise  determination  of 
changes  in  thickness  of  a  few  ten-thousandths  of  an  inch.  To  do  this,  the 
instrument  should  indicate  to  about  5  /xin. 

A  very  usual  pitfall  in  the  determination  of  the  change  in  thickness  of  the 
model  lies  in  the  technique  of  applying  the  gage.  Slightly  rounded  points 
and  a  light  clamping  spring  of  low  spring  constant  should  be  used.  Any 
appreciable  change  in  contact  pressure  as  the  model  changes  thickness  will 
lead  to  error  in  values  for  (o-j  +  cr2).  The  suspension  of  the  gage  should  be 
such  as  to  allow  it  complete  freedom  to  follow  any  movements  of  the  model. 

If  the  gage  points  are  sharp,  even  with  moderate  spring  pressure,  the  local 
stress  intensity  in  the  region  of  contact  is  so  high  that  the  soft  photoelastic 
material  will  creep,  and  the  points  will  sink  into  the  material  slightly,  produc- 
ing appreciable  error.  Likewise,  a  clamping  spring  of  too  great  a  stiffness 
will  cause  false  readings.31' 32 

19.  The  Interferometer  Strain  Gage.  The  instrument  illustrated  in 
Fig.  17-31  was  developed  by  Schaid36  and  is  somewhat  similar  to  that  of 
Vose.32     Since  the  measurement  depends  on  the  wave  length  of  light,  the 
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interferometer  gage  represents  a  primary  means  of  determining  small  changes 
in  distance.  In  addition,  it  is  very  rugged  and  extremely  simple  mechanically. 
The  device  consists  of  a  pair  of  small  steel  levers,  connected  together  at  the 
middle  by  a  crossed-plate  fulcrum  which  gives  rigidity  in  one  direction  and 
freedom  of  motion  at  right  angles.     To  one  end  of  each  lever  a  small  optical 


Fig.  17-31.     Lateral  Interferometer  Strain  Gage  (R.  J.  Schaid36) 
A,  adjustable  mounting  for  optical  flat;  C,  contact  points;  0,  optical  flats;  P, 
cross-spring  pivot 

flat  is  attached  and  at  the  other  end  an  adjustable  point  for  attachment  to 
the  model.  The  instrument  shown  in  Fig.  17-31  incorporates  a  small  pointer 
and  reference  line  at  the  end  opposite  the  contact  points  to  insure  setting  of 
the  contact  points  to  the  same  (light)  pressure  for  each  reading. 


Fig.  17-32.     Appearance  of  the  Interference  Fringes  in  the  Field  of  the  Lateral 
Interferometer  Strain  Gage  (R.  J.  Schaid36) 

(a)  Reflected  light  with  uncoated  optical  surfaces 

(b)  Transmitted  light  with  coated  optical  surfaces  (reflectivity  over  85  per  cent) 

When  the  optical  flats  are  illuminated  with  monochromatic  light  at  normal 
incidence  and  an  observer  looks  through  a  telescope  at  them  he  sees  the  image 
of  a  pair  of  cross-hairs,  etched  on  one  of  the  optical  flats,  and  a  series  of  shadow 
bands  or  interference  fringes  as  shown  in  Fig.  17-32.     Vose  observed  light 
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reflected  from  the  optical  flats  giving  fringes  as  shown  in  Fig.  17-32a,  whereas 
Schaid  utilized  the  transmitted  light  with  coated  optical  flats  having  a  high 
reflectivity  and  obtained  sharper  fringes  as  shown  in  Fig.  17-326. 

Strains  are  read  with  the  gage  by  observing  the  passage  of  the  bands  over 
the  intersection  of  the  cross-hairs  and  counting  them  as  they  go  by.33  The 
number  of  bands  counted  will  be  directly  proportional  to  the  change  in  thick- 
ness of  the  model.  For  a  gage  with  a  lever  ratio  of  1 : 1  and  with  monochro- 
matic green  light  of  5461  angstroms  wave  length,  each  band  passing  the  cross- 
hairs corresponds  to  a  movement  of  the  gage  points  of  Ah  —  0.00001075  in. 
For  other  lever  ratios  and  for  other  wave  lengths  of  light  the  gage  factor  will 
be  proportional  to  these  variables. 

20.  The  de  Forest-Anderson  Lateral  Extensometer.34  This  instrument  is 
merely  a  special  adaptation  of  the  wire-resistance  strain  gage  described  in 


2t 


3* 


ir=caa 


*3 


(c) 

Fig.  17-33.     The  deForest- Anderson  Lateral  Extensometer 
(a)  Gage,  showing  location  of  resistance  wires  for  bridge  circuit 
(fe)   Wiring  diagram   (G  is  galvanometer;  B  is  battery;  M  represents  balancing 

screw) 
(c)   Balancing  screw 


Chapter  5.  The  extensometer  itself  consists  of  a  small  horseshoe-shaped 
aluminum  frame  to  which  strain-gage  wire  is  attached  as  indicated  in  Fig. 
17-33a.  The  entire  strain-gage  bridge  (Fig.  17-336)  is  mounted  on  the  frame 
of  the  extensometer  in  order  to  achieve  temperature  compensation  and  maxi- 
mum sensitivity. 

The  observations  are  obtained  from  a  micrometer  screw  (Fig.  17-33c)  actu- 
ating balancing  resistors  which  are  mounted  in  a  control  box.  These  readings 
are  just  numbers,  but  they  are  directly  proportional  to  the  lateral  strain  and 
can  be  evaluated  in  terms  of  the  sum  of  the  principal  stresses  by  means  of  the 
lateral  constant  (equation  56). 

21.  Other  Lateral  Extensometers.  A  number  of  high-sensitivity  exten- 
someters  can  be  adapted,  by  suitable  clamps  and  frames,  to  the  measurement 
of  lateral  strain.  Of  these,  the  adaptation  of  the  Huggenberger  tensometer 
as  carried  out  by  Peterson  and  Wahl35  is  especially  convenient. 

A  very  elaborate  lateral  extensometer  using  a  combination  of  mechanical- 
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and  optical-lever  systems  with  drum  recording  has  been  developed  and  suc- 
cessfully used  by  Coker  and  Filon.* 

22.  Determination  of  the  Lateral  Constant.     Although  the  lateral  constant 
can  be  evaluated  in  a  number  of  different  ways,  the  simplest  method  is  that 
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Fig.  17-34.     Determination  of  Lateral  Constant  with  Interferometer  Strain  Gage 

involving  a  tensile  specimen  and  a  procedure  similar  to  that  used  for  finding 

the  fringe  constant. 

load       P 
For  the  case  of  a  tensile  strip,  a\  =  — —  =  — >  and  <r2  =  0.     Therefore, 

area       bh 

from  equation  56, 


P  gage  increment 

o"i  =  —  =  —k 

bh  h 


k  =  - 


P 


b  X  gage  increment 


(57) 


(58) 


By  plotting  the  load  on  the  tension  specimen  versus  gage  reading,  the  cor- 
responding load  increment  for  any  given  gage  increment  may  be  determined 
as  the  slope  of  the  straight  line.  The  lateral  constant  k  is  then  numerically 
equal  to  this  slope  divided  by  the  specimen  width  b,  as  indicated  by  equation 
58.  This  is  illustrated  in  Fig.  17-34  for  which  the  values  chosen  were  a  pas- 
sage of  65  interference  bands  for  a  load  increment  of  900  lb.  The  value  from 
equation  58  is  then 

^2 =  18.4  lb/in./band  (59) 

0.755  X  65 


Reference  1,  pp  170-8. 
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H.  Determining  Stresses  at  Interior  Points  by  Auxiliary  Methods 
Involving  Equations  of  Equilibrium 

In  addition  to  the  lateral-strain  measurements  mentioned  in  the  preceding 
section,  there  are  numerous  analytical  methods  involving  the  use  of  equations 
of  equilibrium  for  stresses  in  a  two-dimensional  state  that  can  be  employed 
for  determining  the  stresses  at  interior  points  in  a  photoelastic  model.  These 
methods  may  be  regarded  as  supplements  to  the  general  procedure  of  photo- 
elastic  analysis;  their  application  to  a  specific  problem  involves  numerical  or 
graphical  integration  along  fixed  lines  of  the  member  or  may  utilize  the  lateral 
deflections  of  a  stretched  membrane  by  means  of  an  analogy  between  the 
differential  equations  for  the  two  cases. 

Several  methods  are  outlined  in  this  section  which  are  based  only  on  equa- 
tions of  equilibrium,  and  hence  are  not  dependent  on  maintaining  purely 
elastic  conditions  and  are  not  influenced  by  elastic  constants.  However,  the 
experimental  data  from  which  the  analysis  is  made  are  obtained  from  a  photo- 
elastic  model  which  should  be  kept  within  the  elastic  range  for  the  data  to 
be  utilizable.  The  difficulties  encountered  in  applying  these  methods  are 
those  usually  inherent  in  all  graphical  integration:  small  errors  of  observa- 
tion will  be  accumulated  as  the  integration  proceeds,  and  hence  the  original 
experimental  data  must  be  very  accurate  regarding  both  location  of  isoclinics 
and  magnitudes  of  the  fringe  orders. 

For  two-dimensional  stress  states  the  equations  of  equilibrium  (which  may 
be  found  in  standard  texts  on  theory  of  elasticity23)  are  as  follows: 

£=  +  £».+  X  =  0  (60) 

ox         ay 

d-p  +  ^+Y  =  0  (61) 

ay         ox 

where  ax  and  av  are  the  normal  stresses  on  the  x  and  y  planes,  rxy  is  the  shearing 
stress  intensity  on  the  x  and  y  planes,  and  X  and  Y  are  the  body  forces  per 
unit  volume  in  the  x  and  y  directions,  as  shown  in  Fig.  17-35. 

In  most  cases  the  body  forces  can  be  neglected  since  their  influence  is  usually 
small  in  comparison  with  the  effect  of  the  applied  load.  When  this  is  the 
case,  equations  60  and  61  may  be  simplified  by  assuming  X  =  0  and  Y  =  0. 

23.  The  Shear  Difference  Method.  Solutions  of  equations  60  and  61,  if 
body  forces  are  neglected,  may  be  obtained  in  the  form, 


Ox  =  {<Tx)0  —    /   — -  dx 
.1      dy 


(62) 


and  (Ty  =  (ay)0  —    /    — —  dy  (63) 

J      dx 

where  (ax)0  and   {<ry)0  represent  the  values  of  ax  and  ay  at  a  given  location 
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(for  which  the  stress  values  are  known  or  may  be  obtained).  In  both  equa- 
tions 62  and  63  the  value  of  the  integral  can  be  represented  by  the  area  under 
a  curve  for  which  the  ordinates  are  the  "rate  of  change  of  shear  in  a  direction 
normal  to  direction  of  integration"  and  the  abscissas  are  distances  along  the 
path  of  integration. 


Fig.  17-35. 


Stresses  Acting  on  a  Small  Rectangular  Element  in  the  x-y  Plane 
TxU  =  Tux  numerically 


In  the  case  of  a  small  finite  particle  (as  shown  in  Fig.  17-35)  equations  62 
and  63  which  contain  integrals  can  be  closely  approximated  by  the  following 
similar  expressions  containing  summations  of  finite  increments: 


<JX  =  (ax)  a  — 

<Jy     =      (<Jy)u     - 


V--Ax 


V  — 

Ll  a^ 


(64) 
(65) 


These  equations  may  be  used  to  determine  the  distribution  of  the  normal 
stresses  over  any  plane  section  through  the  model  from  data  obtained  with 
the  polariscope  alone. 

It  should  be  emphasized  that  the  values  of  txv  in  the  previous  relationships 
are  not  the  maximum  shearing  stresses  at  the  point  as  given  by  equation  17 
but  are  the  tangential  stresses  on  the  x  and  y  planes  at  the  point.  These 
values  Txy  are  related  to  the  principal  stresses  by  the  following  equation: 


(a  i  —  (Ji) 


sin  20 


(66) 


in  which  9  is  the  acute  angle  between  the  direction  of  the  principal  stress  a\ 
and  the  plane  on  which  txv  acts.  The  values  of  (<ri  —  a^)  may  be  obtained 
from  the  isochromatic-fringe  orders,  and  the  values  of  6  may  be  determined 
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from  the  isoclinics  by  correcting  the  angles  of  rotation  0  by  an  amount  equal 
to  the  difference  in  orientation  between  the  direction  of  i xy  and  the  reference 
axis  used  in  determining  the  isoclinics.  Care  must  be  taken  in  a  graphical 
integration  to  maintain  the  proper  algebraic  sign  for  txv.  This  can  often  be 
determined  by  inspection,  but  the  sign  will  reverse  when  passing  across  an 
isotropic  point. 

The  following  steps  outline  a  suggested  procedure  for  applying  equations 
64  and  65: 

1.  On  a  large-scale  drawing  of  the  model,  draw  in  the  line  A-A  (Fig.  17-36) 
along  which  it  is  desired  to  determine  the  distribution  of  the  stresses.     Divide 


Values  of  Txy  "  An^Edge  of  model 

^Origin  of  reference 

Fig.  17-36.     Stress  at  Interior  Points  by  the  Shear-Difference  Method 

A- A  into  a  number  of  equal  parts  (ten  equal  parts  will  generally  be  most 
convenient),  and  arrange  the  coordinate  axes  and  origin  conveniently,  so 
that  the  origin  falls  at  one  end  of  A-A  (at  an  edge  of  the  model)  and  one  of 
the  axes  along  it. 

2.  On  either  side  of  A-A  draw  B-B  and  C-C  at  equal  distances  from  A-A, 
and  separated  by  a  total  distance  equal  to  the  length  of  the  uniform  intervals 
already  marked  out  along  A-A.  This  procedure  makes  Ax  =  Ay  (numeri- 
cally), and  equation  65  will  be  simplified  to  the  form, 


(<ry)„  -  S  At, 


(65a) 


where  Arxy  is  the  difference  in  the  average  shearing  stress  (on  the  xy  planes) 
between  the  left  and  the  right  sides  of  an  elemental  particle  (from  B-B  to 
C-C),  and  (cry)0  is  the  initial  value  of  au  at  station  0. 

3.  Determine  the  positions  at  which  the  isochromatic  and  isoclinic  lines 
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intersect  sections  B-B  and  C-C,  and  for  each  section  plot  separate  curves  of 
fringe  order  and  for  angle  of  orientation  6,  both  as  functions  of  distance  along 
the  section  (y  in  this  case).  In  these  plots  it  is  desirable  to  minimize  the  error 
by  fairing  in  smooth  curves  to  represent  the  mean  values  of  the  observations. 

4.  From  these  curves  one  may  scale  off  ordinates  at  convenient  increments 
(usually  at  the  midpoints  of  the  intervals  chosen  for  integration),  and  compute 
values  of  rxy  from  equation  66.  These  values  may  then  be  plotted  along  the  y 
axis  for  section  B-B  and  for  section  C-C,  as  shown  at  the  left  in  Fig.  17-36, 
and  these  curves  represent  the  distributions  of  the  shearing  stresses  along  the 
two  sides  of  the  rectangular  elements  chosen.  (It  is  not  necessary  to  plot 
these  stresses  if  the  values  are  computed  for  the  midpoints  of  each  interval 
between  stations  1,  2,  3,  etc.) 

5.  The  difference  in  shearing  stress  from  B-B  to  C-C  at  points  correspond- 
ing to  the  middle  of  each  interval  represents  Arxy  as  given  in  equation  65a  and 
is  numerically  equal  to  Aay,  the  change  in  normal  stress  in  the  y  direction 
along  section  A— A  from  one  station  to  the  next.  By  starting  at  a  boundary 
{ay)0  =  0,  and,  hence,  the  summation  of  the  values  Arxy  will  give  the  value  of 
Gy  at  an  interior  point  as  indicated  by  equation  65a. 

6.  A  more  exact  procedure  for  finding  the  increments  Aay  would  be  to 
employ  equation  65  directly  to  the  diagram  in  Fig.  17-36.  The  area  enclosed 
(in  the  curves  for  values  of  txv)  by  the  letters  DEFG  represents  the  2  Arxy  ■  Ay 
for  the  interval  from  points  zero  to  1  and,  hence,  when  divided  by  the  (con- 
stant) distance  Ax,  is  the  change  ino^  from  point  0  to  1.  Similarly  area  EJKF/ 
Ax  represents  the  change  in  ay  from  point  1  to  2,  etc. 

7.  When  the  values  of  ay  have  been  obtained  for  all  desired  points,  the 
value  of  ax  (the  normal  stress  at  right  angles  to  section  A— A)  can  be  computed 
from  the  equation: 

er*  =  <r„  +  (ffi  -  <r2)  cos  20  (67) 

(This  relation  is  obtained  by  subtracting  equation  16  from  equation  15,  sub- 
stituting the  value  of  rxy  from  equation  66,  squaring  the  result,  and  simpli- 
fying).    The  principal  stresses  can  be  found  from  the  equations, 

ax  j-Oy       <xi  -<r2 

and  <r2  =  ^±^7  -  *^-2  (69) 

2  2 

(These  relations  are  obtained  directly  from  equations  15  and  16  by  substi- 
tuting for  the  radical  the  value  (<ri  —  c2)  from  equation  17.) 

Note  of  Caution.  Since  the  value  of  ay  determined  by  this  method  may 
represent  the  evaluation  of  a  small  difference  between  two  relatively  large 
quantities,  the  percentage  error  may  be  great.  Therefore,  for  those  cases  in 
which  the  results  depend  largely  on  ay,  one  should  be  prepared  to  expect 
appreciable  errors.  If  ay  is  small  relative  to  (<ra  —  a-i)  cos  2d,  then  relatively 
precise  results  may  be  expected  for  <xx.     Decreasing  the  size  of  the  intervals 
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along  A- A  should  lead  to  greater  accuracy  if  the  experimental  data  obtained 
for  isoclinics  and  isochromatics  are  sufficiently  exact  to  facilitate  employing 
small  increments. 

24.  The  Membrane  Analogy.  This  experimental  technique  provides  a  very 
simple  and  useful  method  for  determining  the  sum  of  the  principal  stresses  at 
points  within  the  boundaries  of  photoelastic  models.39-43  It  is  based  on  the 
similarity  between  the  differential  equations  for  the  lateral  ordinates  of  a 
stretched  membrane  with  equal  pressures  on  both  sides  and  the  sum  of  the 
principal  stresses  in  an  elastic  plate  (two-dimensional  case)  in  which  the  body 
forces  are  neglected  (or  negligible). 

The  differential  equation  for  the  stretched  membrane  is  of  the  form, 

^.  +  i5f.0  (70) 

dx2       dy2 

where  z  =  the  lateral  ordinate 

and  x  and  y  =  any  arbitrarily   chosen   directions   normal   to  z  and  at  right 
angles  to  each  other 
The  differential  equation  for  the  sum  of  the  principal  stresses  (o"i  +  o-2)  is 

dHai  +  a,)        gVi  +  <r-.)  =  Q  (71) 

dx2  dy2 

In  order  for  the  analogy  to  be  used  quantitatively,  the  boundary  conditions 
for  the  membrane  must  be  similar  to  the  boundary  conditions  for  the  stress 
problem.  Under  these  circumstances,  the  similarity  in  the  forms  of  equations 
70  and  71  indicates  that  lateral  ordinates  of  the  membrane  will  be  proportional 
to  the  sum  of  the  principal  stresses  at  the  corresponding  points  in  the  photo- 
elastic  model.  It  is  necessary,  of  course,  to  establish  the  correct  datum  from 
which  to  make  observations.  The  lateral  deflections  of  the  membrane  must  be 
interpreted  in  the  same  scale  ratio  as  that  used  in  establishing  the  boundary 
conditions.  Contours  of  the  membrane  at  a  given  elevation  represent  the 
locus  of  all  points  having  the  same  value  for  (ci  +  <t2)  and  are  often  referred 
to  as  "isopachic"  lines. 

For  the  purpose  of  setting  up  the  boundary  conditions  it  is  necessary  to 
have  a  frame  over  which  to  stretch  the  membrane.  The  plan  view  of  this 
frame  should  be  geometrically  similar  to  the  contour  of  the  photoelastic 
model,  and  its  elevations  should  represent  the  sum  of  the  principal  stresses 
at  corresponding  points  around  the  boundary.  Since  one  of  the  principal 
stresses  is  zero  along  a  free  boundary,  the  sum  and  difference  will  be  the  same, 
and  the  isochromatic  diagram  (photoelastic  stress  pattern)  may  be  used  to 
establish  these  elevations  around  the  boundary. 

Membranes  of  soap  film  or  thin  rubber  have  both  been  used  with  success. 
Rubber  is  more  durable  but  requires  stretching  carefully  to  produce  a  uniform 
biaxial  tension.  A  soap  solution  which  has  been  found  satisfactory  can  be 
made  by  mixing  about  1  cc  of  triethanolamine  oleate  dissolved  in  about  5  cc 
of  water  with  another  5  cc  of  glycerin.     The  solution  is  said  to  produce 
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bubbles  which  last  from  3  hr  to  3  days  and  which  resist  prickling  with  the 
depth  gage,  used  to  measure  lateral  ordinates.  For  rubber  membrane,  Dental 
Dam,  which  will  sustain  better  than  100  per  cent  elastic  deformation,  has  been 
found  very  useful. 

Note  of  Caution.  Since  equation  70  is  developed  on  the  assumption  of  very 
small  slope  in  the  membrane,  the  maximum  inclination  should  be  kept  below 
about  18°.  On  this  account  the  method  may  be  subject  to  considerable  error 
in  regions  of  high  stress  concentration  if  the  scale  factor  has  been  chosen  for 
use  in  the  remainder  of  the  model.  A  way  of  surmounting  this  difficulty  is 
to  set  up  two  membranes,  one  with  a  scale  suitable  for  all  locations  except  the 
regions  of  stress  concentration  and  the  second  for  regions  of  high  stress  gradient 
and  concentration. 

25.  The  Method  of  Iteration.  Although  the  membrane  analogy  provides 
a  very  simple  means  of  finding  the  sum  of  the  principal  stresses,  nevertheless, 
the  construction  of  a  frame  for  enforcing  the  boundary  conditions  may  involve 
considerable  time  and  effort. 

The  method  of  iteration,  which  is  an  arithmetical  procedure,  in  effect  deter- 
mines the  elevations  of  the  membrane  (and  hence  the  values  of  <j\  +  o-2) 
at  a  network  of  points  by  a  simple  process  of  computation.4546  The  actual 
time  required  to  solve  a  given  problem  by  iteration  will  be  somewhat  longer 
than  that  necessary  to  measure  the  lateral  ordinates  of  the  stretched  mem- 
brane, but  it  will  probably  be  somewhat  less  than  the  time  required  to  make 
the  frame  for  the  membrane,  particularly  if  a  calculating  machine  is  used  to 
speed  up  the  computation. 

From  the  practical  point  of  view  a  very  convenient  feature  of  the  iteration 
process  lies  in  the  fact  that  it  is  self-correcting ;  if  a  mistake  should  be  made  in 
the  early  stages,  this  will  not  alter  the  ultimate  result,  although  it  will  likely 
increase  the  time  required  for  solution.  This  means  that  an  engineer  can 
set  up  a  problem  and  then  turn  it  over  to  an  untrained  assistant  for  solution 
without  having  to  check  the  calculations  in  detail. 

As  in  the  membrane  analogy,  the  sum  of  the  principal  stresses  at  the  boun- 
daries of  the  model  are  first  determined  from  the  isochromatic-fringe  pattern, 
and  these  are  used  as  known  values  along  the  boundary  of  the  member.  In 
Fig.  17-37  is  illustrated  the  procedure  for  a  small  portion  of  a  model  which  is 
known  to  be  symmetrical  (with  respect  to  both  loads  and  geometry)  about  the 
line  Y-Y.  A  network  of  equally  spaced  points  is  laid  out  on  the  diagram  of 
the  model;  the  horizontal  rows  of  points  may  be  designated  for  convenience 
by  letters  A,  B,  C,  etc.,  and  the  columns  by  numbers  1,  2,  3,  etc.  Square 
boxes  are  drawn  around  each  point  merely  to  avoid  confusion  in  tabulating 
the  values  relating  to  each  point.  A  procedure  that  may  be  followed  in 
determining  the  sum  of  the  principal  stresses  at  interior  points  is  as  follows: 

1.  The  known  values  of  the  sum  of  the  principal  stresses  on  the  boundary 
are  entered  on  the  diagram  (at  points  marked  by  crosses) .  One  then  estimates 
the  value  for  the  sum  of  the  principal  stresses  at  each  interior  station  and 
enters  this  in  the  box  surrounding  each  point.  A  good  estimate  will  hasten 
the  convergence  and  thus  reduce  the  amount  of  labor  involved  for  the  final 
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solution,  but  any  arbitrary  values  can  be  assigned  initially  to  the  stations 
representing  interior  points. 

2.  The  values  at  interior  stations  may  now  be  improved  by  going  over  the 
entire  network  in  definite  sequence  and  at  each  station  averaging  the  four 
nearest  surrounding  values  (see  special  conditions  for  curved  boundaries  later) 
to  produce  a  better  approximation.     For  example,  if 

\p  =  the  value  of  the  sum  of  the  principal  stresses  at  a  boundary  station 
or  an  approximation  to  the  value  of  (<ri  +  <r2)  at  an  interior  station 
and  tp'  =  an  improved  value  of  \p  at  an  interior  station 
then,  at  station  C3  the  improved  value  will  be 


T\^C1   +  <Ai?3   +  <AC4   +  ^Pdz\ 


(72) 


3.  In  order  to  produce  as  rapid  an  improvement  as  possible,  newly  computed 
values  should  be  substituted  in  equation  72  as  soon  as  they  are  obtained. 


fix 


Cx 


fix 


Axis  of  symmetry 


Fig.  17-37.     Portion  of  Small  Net  Illustrating  the  Iteration  Procedure 
Boundary  points  at  which  values  are  known  are  indicated  by  crosses;  interior 
points  of  the  net  shown  by  small  dots.     Squares  around  each  point  facilitate 
grouping  of  numbers  relating  to  that  point.     The  body  and  loading  are  symmetrical 
about  line  Y-Y 


By  repeatedly  recomputing  all  interior  points  over  the  entire  network,  the 
individual  values  will  converge  or  eventually  tend  to  repeat  themselves  to 
the  required  number  of  significant  figures.  If  greater  precision  is  required  the 
net  spacing  can  be  halved  to  give  four  times  the  number  of  stations  and  the 
process  again  repeated. 

For  example,  the  data  in  Fig.  17-37  have  been  computed  from  the  boundary 
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values  by  the  previous  general  procedure.  In  the  first  traverse  to  obtain 
improved  values  we  have: 

For  point  B2,     1(4  +  2  +  6  +  8)  =  5.00 

and  for  point  B3,     1(5  +  4  +  8  +  8)  =  6.25 

Since  column  4  is  an  axis  of  symmetry  we  can  immediately  enter  this  same 
value  for  point  55  and  use  it  in  obtaining  the  improved  value  for  B4;  thus 

For  point  BA,     1(6.25  +  8  +  6.25  +  9)  =  7.38  etc. 

In  calculating  an  improved  value  at  any  point  the  previously  altered  values 
are  used  wherever  these  are  available.  Thus  in  the  fourth  traverse,  the 
value  for  point  C3  would  be  obtained  as 

1(8.35  +  6.24  +  8.56  +  10.55)  =  8.42 

and  (because  of  symmetry)  this  value  is  also  utilized  as  the  new  improved 
value  for  Ch. 

Existence  of  axes  of  symmetry  will  materially  reduce  the  work,  since  one 
may  assume  that  values  at  points  equally  spaced  on  opposite  sides  of  an  axis 
of  symmetry  converge  to  the  same  value  and  are  improved  simultaneously. 
The  computations  may,  therefore,  be  reduced  one  half  by  working  with  sta- 
tions on  one  side  of  the  axis  only.  The  evaluation  of  improved  values  of  \p 
for  the  axis  of  symmetry  involves  a  doubling  of  the  value  on  one  side  of  the 
axis.  As  an  example,  for  point  54  in  Fig.  17-37,  an  improved  value  is  obtained 
from  the  relation: 

</W  =  i[2fm  +  i<A±  +  4>ca]  (73) 

Various  methods  have  been  worked  out  to  cut  down  the  time  required  for 
close  convergence  of  the  values  (see  Weller  and  Shortley44),  but,  in  general, 
one  should  start  with  a  very  coarse  network  and  obtain  the  best  result  possible 
from  it  before  going  on  to  a  finer  spacing  of  the  points.  A  net  with  intervals 
of  spacing  half  as  great  should  converge  to  values  having  errors  (with  respect 
to  a  true  continuous  solution  of  the  differential  equation)  of  only  about  one- 
fourth  those  of  the  coarser  net. 

(a)  Nonrectangular  Boundaries.  For  the  case  of  models  which  do  not  have 
rectangular  boundaries  some  of  the  interior  stations,  like  station  0  in  Fig. 
17-38,  may  be  nearer  the  edge  than  the  normal  net  spacing.  Under  these 
conditions,  since  the  four  nearest  surrounding  stations  are  not  equidistant 
from  the  point  at  which  an  improved  value  is  to  be  obtained,  their  influences 
will  be  different,  and  one  must  apply  weighting  factors  according  to  the 
formula.45 

W  =  C4T  +  Qaftt  +  C&t  +  C.&  (74) 

if  s  and  t  represent  the  ratios  of  the  distances  of  the  nearest  points  on  the 
boundary  to  the  net  spacing  d,  as  indicated  in  Fig.  17-38,  then  the  constants 
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or  weighing  factors  in  equation  74  are  given  by 

cv  = 


st 


C.  = 


Ct  = 


cs  - 


s  + 
st 


~t  \1  +  t) 


-1 


S   +  t  \1    +   S 

si  1 


s  +  t      t(l   +t) 
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s  +  (    s(l  +  s) 


(75) 
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(77^ 
(78) 


In  computing  the  values  of  the  weighting  factors,  one  has  a  convenient 
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Net  spacing  =  d       I  Distance  =  sd 

-5-K 3H 


t" 


Fig.  17-38.     Procedure  for  a  Point  0  near  an 
Irregular  Boundary 
See  equations  74  to  79 

in  which  case  the  equations  of  equilibrium  for  plane  stress  are 


check  on  the  values  obtained 
since 

CT  +  Ca  +  Ct  +  Cs  =  l     (79) 

In  order  to  obtain  an  exact 
check,  if  s  and  t  are  originally 
determined  in  fractions,  they 
should  remain  such  when  the 
values  of  the  constants  are 
computed.  After  the  sum  of 
the  weighting  factors  has  been 
proved  equal  to  unity,  then  it 
may  be  more  convenient  to 
use  the  nearest  decimal  equiv- 
alents. 

26.  Application  in  Polar 
Coordinates.  Certain  prob- 
lems are  more  easily  solved 
in  terms  of  polar  coordinates, 


^  +  <rJL-^  +  loVl!  +  jB  =  0 
dr  r  r  dd 


and 


1  dae 


dTr 


+  —  +  ~  +  T 
r   dd  r  dr 


(80) 


(81) 


where  ov  and  a$  =  the  normal  stresses  in  the  radial  and  tangential  directions, 
respectively 
ttb  =  the    shearing    stress    in    the    radial    and    circumferential 
directions 
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r  =  the  radial  coordinate  to  the  point 
R  and  T  =  the  body  forces  per  unit  volume  in  the  radial  and  tangential 
directions,  respectively 
8  =  angular  coordinate  measured  from  a  fixed  radial  direction 
(a)  Polar  Symmetry.     For  conditions  of  polar  symmetry  in  which  the  stress 
distribution  is  a  function  of  radius  only,  or  and  a e  will  be  principal  stresses, 
and  equation  80  is  then  reduced  to  the  form: 

d^+a^ae  +  R  =  0  (82) 

or  r 

If  the  body  force  R  can  be  neglected,  a  further  simplification  results  by  letting 
R  =  0,  and  the  solution  will  be  of  the  form, 

ar  =  (err).  -    J  °^^  dr  (83) 

where  (ov)o  —  some  initial  (known)  value  of  ar 

and  ov  —  a$  —  the  difference  between  the  principal  stresses* 

The  information  available  from  an  isochromatic-stress  pattern  may  be  used 

to  evaluate  the  integral. 

TABLE  17-2 

Work  Sheet  for  Problem  in  Polar  Coordinates  Involving  Radial 

Symmetry 

Bakelite  Ring  Subjected  to  Internal  Pressure  of  600  psi 


Inside  Rac 

ius  of  Ring — 

■1.50  in. 

Thickness 

—0.37 

5  in. 

Outside  Radius  of  Ring 

—2.25  in. 

Fringe  Constant 

—87.7  lb/in. /order 

Fringe 

(<rfl    —   ffr), 

ae  -  3>> 

Radial 
Location 

(oq   —  Or) 

Ar 

ov, 

(ae   —  crr), 

r 

r 

"B 

Radius      Order 

psi 

lb/in.' 

in. 

=   Ao>,  psi 

psi 

psi 

psi 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

1.52 

9 

2110 

1395 

1.5 

130 
108 
90 
77 
66 
57 

-600 

2160 

1560 

1.61 

8 

1870 

1160 

1.6 

-470 

1900 

1430 

1.72 

7 

1640 

955 

1.7 

-362 

1680 

1318 

1.86 

6 

1405 

755 

1.8 

—  272 

1500 

1228 

2.04 

5 

1170 

575 

1.9 

-195 

1345 

1150 

2.0 

-129 

1215 

1086 

2.1 

-    72 

1105 

1033 

2.25 

72 

0 

965 

965 

(  — )  Indicates  compression. 

The  following  example  in  Table  17-2  will  illustrate  the  method  as  applied 
to  a  bakelite  ring  subjected  to  internal  pressure  to  find  the  distribution  of 
radial  and  tangential  stresses  across  a  section.  The  observed  isochromatic- 
fringe  orders  and  their  radial  locations  are  listed  in  the  first  two  columns; 
from  these  data  the  general  procedure  is: 

1.  Determine  the  differences  (ere  —  ov)  between  the  principal  stresses  (by 

*  The  algebraically  larger  principal  stress  might  be  either  a$  or  o>.  The  value 
of  the  difference  between  the  principal  stresses  has  therefore  been  kept  in  terms 
of  {ffr  —  ff$)  rather  than  (<r\  —  o-2)  in  order  to  avoid  confusion  with  the  sign  of  the 
quantity  under  the  integral. 
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equation  34)  for  each  fringe,  and  plot  these  values  for  each  radial  position. 
Compute  also  the  values  of '  as  tabulated  in  column  4. 


2.  Plot  a  curve,  as  shown  in  Fig.  1 7-39,  having  values  of 


<J6 


Or 


as  ordinates 


1600 


1400 


1200 


1000 


fc.  800 


and  the  corresponding  values  of  r  as  the  abscissas.  Areas  under  this  curve 
represent  values  of  the  integral  in  equation  83.  Each  element  of  area  (such 
as  ABCD,  Fig.  17-39)  represents  the  change  in  <jr  across  this  interval  in  r. 

3.  Establish  definite  inter- 
vals of  integration  along  the 
radius,  as  indicated  by  the 
radial  positions  in  column  5 
of  Table  17-2,  and  tabulate 
(column  6)  the  changes  Aov 
obtained  from  the  areas  under 
the  curve  of  Fig.  17-39. 

4.  The  initial  value  of  (ov)0 
at  the  inside  edge  is  the 
internal  pressure  in  this  case 
( —  600  psi) .  By  starting  with 
this  value  and  adding  the  in- 
crements from  column  6  the 
magnitude  of  crr  at  each  radial 
position  is  obtained  (column 
7). 

5.  The  values  of  (a$  —  o>) 
in  column  8  for  each  radial 
position  (obtained  from  the 
curve  plotted  in  step  1)  may 
be    added    to   the   computed 

values  for  <jT  to  obtain  the  distribution  of  ere  shown  in  column  9. 


"6    600 
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Fig. 


17-39.     Integration  for  Principal  Stress  in 

Problem  of  Radial  Symmetry 

From  data  in  Table   17-2  for  Bakelite  ring 

subjected  to   internal   pressure.     Shaded  area 

ABCD   represents   change   in    <rr  between   the 

locations  r  =  1.6  in.  and  r  =  1.7  in. 


Extrapolation  of  the  curves  of  {a$  —  aT)  and 


(To 


to  the  boundaries  may 


sometimes  be  inaccurate.     In  some  problems  these  may  be  straight  lines  when 
plotted  on  logarithmic  scales  and  therefore  may  be  more  readily  extrapolated. 

27.  Application  in  Curvilinear  Coordinates.  In  the  previous  example  of 
polar  symmetry  the  integration  along  a  radius  coincided  with  integration 
along  a  straight  stress  trajectory.  In  general,  stress  trajectories  are  not 
usually  straight  lines,  but  Filon's  method  of  graphical  integration48-"50  is 
adapted  to  integration  for  separation  of  the  principal  stresses  along  any  iso- 
static  if  the  experimental  data  have  been  recorded  with  sufficient  accuracy. 
The  equations  relating  the  principal  stresses  along  an  isostatic  (if  body  forces 
are  neglected)  are  as  follows: 

o-i  =  (eri)„  +  JVi  -  or*)  cot  7l  dtj>  (84) 

cr-i  =  (<t->)o  —  J  (o"i  —  erg)  cot  72  dcf>  (85) 
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Isostatic  • 


where  (ai)0  and  (cr2)0  =  initial  values  of  the  principal  stresses 

71  and  72  =  the  angles  between  the  stress  trajectories  of  crx  or  <r2, 
respectively,    and   the   isoclinic   line   measured   anti- 
clockwise (see  Fig.  17-40). 
(p  =  the  angle  of  the  tangent  to  the  stress  trajectory  with 
respect  to  some  reference. 
One  may  integrate  either  along  the  trajectory  of  <r1}  or  along  the  trajectory 
of  0-1.     Sometimes  it  is  desirable  to  start  on  one  trajectory  and  then  proceed 
along  the  other  from  an  interior  point  if  a  convenient  check  can  be  established 
on  the  accuracy  of  the  results. 

The  procedure  to  be  adopted  for  the  G\  trajectory  is  as  follows  (and  that 
for  the  a 2  trajectory  is  similar) : 

1.  From  some  point  at  which  <7i  is 
known,  (such  as  at  A0  in  Fig.  17-40) 
establish  the  isostatic  along  which  it  is 
desired  to  integrate.  Then  divide  it 
into  a  number  of  uniform  intervals  to 
establish  a  set  of  equally  spaced  sta- 
tions along  its  length. 

2.  Superimpose  the  isostatic  on  the 
isochromatic  diagram,  and,  from  the 
locations  at  which  the  isochromatic 
lines  intersect,  plot  a  curve  of  order  of 
interference  as  a  function  of  distance 
along  the  trajectory. 

3.  Superimpose  the  isostatic  on  the 
isoclinic  diagram  and  plot  curves  of  <fi, 
the  direction  of  the  tangent  to  the 
trajectory,  and  71,  the  angle  between 
the  isostatic  and  the  isoclinic  lines,  as 
a  function  of  distance  along  the 
trajectory. 

4.  From  the  curves  plotted  in  items  2  and  3  determine  the  average  value  of 
(ci  —  cj-o)  and  71  for  each  interval,  (that  is,  the  values  halfway  between  sta- 
tions) and  Acf),  the  change  in  the  inclination  of  the  isostatic  from  beginning  to 
end  of  each  interval. 

5.  From  the  values  obtained  in  item  4  determine  the  increment  in  ci  over 
each  interval,  from  the  relation, 


Boundary 


Fig.  17-40.     Filon's  Integration  along 
an  Isostatic  (R.  D.  Mindlin5) 
Integration  along  trajectory  of  the 
stress  ai,  starting  from  point  A0 


Acti  =  (pi  —  cr2)  cot  71  A(f) 


(86) 


in  which  A<j>  must  be  expressed  in  radians. 

6.  The  summation  (cri)  +  2A<ti  will  give  the  value  of  <t\,  at  any  station 
along  the  trajectory.  Since  (ci  —  cr2)  is  known  from  step  2,  the  value  of  <r2 
may  also  be  found  for  each  station. 

The  major  disadvantages  of  Filon's  method  are  the  inaccuracies  introduced 
by  errors  in  determining  the  angles  <£  and  7.     Since  the  isoclinics  are  often 
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poorly  defined  in  a  model,  it  becomes  difficult  to  measure  the  required  angles 
with  precision,  and  all  errors  are  accumulated  as  the  integration  proceeds. 

(a)  Alternate  Method.  If  the  angle  between  the  isostatic  and  the  isoclinic 
lines  is  very  small,  the  procedure  just  outlined  may  result  in  large  errors.  To 
overcome  this  difficulty  one  may  integrate  along  the  trajectory  of  cr2;  however, 
if  this  is  inconvenient  an  alternative  method  following  somewhat  the  same 
procedure  is  available. 

When  the  isoclinic  lines  are  nearly  parallel  to  the  trajectory  of  ah 

AS 
Ao-i  =  (o-i  -*..)— A0!  (87) 

A// 

where  AS  =  distance  between  stations  along  the  trajectory 

AL  =  the  intercept  perpendicular  to  the  trajectory  to  the  nearest  iso- 
clinic line 
A$i  =  the  change  in  parameter  to  the  nearest  isoclinic  line  (this  should 
not  exceed  10°)  expressed  in  radians,  (that  is,  the  difference  in 
orientation  of  the  stress  at  the  nearest  known  isoclinic) 
This  alternative  method  is  useful  when  exploring  the  variations  in  principal 
stress  along  a  trajectory  that  happens  to  be  an  axis  of  symmetry  with  respect 
to  loads  and  geometry.     For  instance,  the  values  of  the  principal  stresses 
(P  and  Q)  along  the  axis  of  symmetry  in  the  example  shown  in  Fig.  17-20 
were  determined  by  means  of  equation  87.     In  this  procedure  a  convenient 
check  on  the  accuracy  of  the  result  exists  since  the  principal  stress  P  (along 
line  AB  in  Fig.   17-20)  is  zero  at  both  boundaries.     Hence,  by  integrating 
from  A  to  B  any  accumulated  errors  are  reflected  in  the  amount  by  which  the 
stress  at  B  differs  from  zero. 

(b)  Xeuber's  Method.  Another  graphical  procedure  using  the  equations 
of  equilibrium  in  a  slightly  different  form  has  been  developed  by  Neuber.51' 62 
According  to  this  method  the  lines  of  constant  sum  of  the  principal  stresses 
(isopachics)  are  determined.  The  method  is  somewhat  more  laborious  in 
that  it  requires  measurements  of  distance  between  successive  isoclinics  and 
successive  isochromatics,  plus  the  measurement  of  angles  between  isostatics, 
isoclinics,  and  isochromatics.  These  quantities  are  substituted  in  two  equa- 
tions of  equilibrium  which  are  solved  simultaneously  to  determine  a  direction 
and  a  spacing  for  the  isopachic.  When  the  procedure  has  been  repeated  for 
many  points  throughout  the  model,  the  isopachic  lines  may  be  sketched  in 
(by  starting  from  known  boundary  conditions)  in  much  the  same  manner  as 
the  isostatics  are  drawn  from  the  isoclinic  lines.  As  with  Filon's  method, 
errors  or  faults  in  the  original  data  for  measurement  of  angles  and  spacings 
of  lines  may  lead  to  accumulation  of  appreciable  errors  in  computation. 

I.  Photoelastic  Materials 

28.  Desirable  Characteristics  of  Photoelastic  Materials.  The  photoelastic 
material  selected  for  a  given  model  is  always  the  result  of  a  compromise  to 
secure  the  largest  number  of  desirable  properties  with  the  fewest  undesirable 
characteristics. 
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Although  the  choice  of  material  may  be  governed  by  the  individual  problem 
under  consideration,  nevertheless,  there  are  certain  general  properties  which 
should  be  sought  for  even  if  they  cannot  all  be  obtained.  In  general,  the 
following  characteristics  must  be  given  consideration  in  the  selection  of  a 
material  for  the  model: 

1.  The  model  must  transmit  light;  clear  materials  transmitting  the  maxi- 
mum amount  of  light  are  preferable  to  colored  or  partially  opaque  materials. 

2.  It  must  possess  the  necessary  birefringent  effect;  that  is,  when  under 
stress  it  must  polarize  light  and  transmit  it  on  the  principal  planes  with  veloci- 
ties dependent  on  the  principal-stress  magnitudes. 

3.  The  material  should  be  easy  to  fabricate  into  the  desired  form  for  the 
model,  whether  this  is  by  machining,  casting,  or  joining  of  several  pieces. 

4.  Usually  it  is  desirable  to  have  a  low  fringe  constant,  but  frequently  this 
requirement  will  have  to  be  modified  in  view  of  other  (mechanical-strength) 
properties  also  required. 

5.  The  material  should  have  a  linear  stress-strain  characteristic  so  that  it 
conforms  to  the  elastic  theory,  on  which  this  method  of  analysis  is  dependent 
for  similarity  in  stress  pattern  between  model  and  prototype. 

6.  A  high  proportional  limit  is  very  desirable  so  that  reasonably  large 
applied  stresses  can  be  sustained. 

7.  A  high  modulus  of  elasticity  is  particularly  desirable  to  maintain 
approximately  the  same  geometrical  form  under  the  applied  loading. 

8.  The  material  should  possess  a  linear  relation  between  stress  and  optical 
effect  so  that  the  same  value  of  fringe  constant  may  be  applied  to  all  orders  of 
interference. 

9.  The  effect  of  creep  must  be  negligible  within  the  limits  of  the  stresses 
to  be  applied.  In  other  words,  the  material  should  recover  its  initial  condition 
immediately,  both  physically  and  optically,  on  release  of  load. 

10.  It  is  preferable  to  have  a  material  which  can  be  obtained  free  from 
residual  stress  or  residual  birefringence;  however,  if  such  is  impossible,  the 
material  should  be  of  such  a  nature  that  it  can  be  annealed  to  eliminate  these 
undesirable  effects. 

11.  The  material  should  resist  the  formation  of  residual  stresses  which  tend 
to  develop  with  time  along  the  boundaries.  Unfortunately,  there  are  few 
materials  suitable  for  photoelasticity  which  do  not  gradually  develop  residual 
birefringent  effects  along  the  edges  shortly  after  being  machined.  However, 
the  degree  to  which  this  influence  prevails  varies  tremendously  with  different 
plastics.  In  some  materials  the  "time-edge  effect"  can  be  considerably 
retarded,  but  the  only  way  to  eliminate  it  entirely  is  to  machine  a  small  amount 
off  the  edge  immediately  before  using  the  model. 

12.  It  is  desirable  that  the  material  be  available  in  large  sheets  with  highly 
polished  flat  surfaces. 

When  a  photoelastic  model  cut  from  a  synthetic  material  has  been  stored 
for  some  time  (without  external  load),  it  is  usually  found  that,  even  though 
the  model  were  originally  stress-free,  it  will  have  developed  some  residual 
birefringence  along  the  boundaries.     As  noted  previously,  this  is  known  as  the 


894 


PHOTOELASTICITY 


time-edge  effect  and  is  apparently  caused  by  transfer  of  water  or  other  volatile 
constituents  to  or  from  the  surroundings. 

Except  for  remachining  the  edge  no  means  has  yet  been  found  for  com- 
pletely eliminating  this  effect,  although  it  can  be  accelerated  or  retarded  by 
appropriate  storage  conditions.59,  60  In  the  case  of  Bakelite,  storage  in  clean 
light  oil  or  in  a  desiccator  will  frequently  retard  the  effect.  With  Celluloid, 
coating  the  edges  of  the  model  with  Vaseline,  has  also  been  found  useful  in 
retarding  the  effect. 

A  great  many  of  the  synthetic  resins  sold  under  numerous  trade  names 
possess  useful  optical  characteristics,  but  the  majority  of  them  suffer  from 
disadvantages  such  as  creep,  low  modulus  of  elasticity,  and  low  strength.3,  53 
A  few  of  the  plastics,  however,  are  relatively  satisfactory  and  have  been  uti- 
lized in  the  great  majority  of  photoelastic  analyses  in  recent  years.  The 
approximate  properties  of  a  number  of  materials  that  have  been  used  for 
photoelastic  models  are  summarized  in  Table  17-3  and  are  discussed  briefly 
in  the  following  paragraphs. 

TABLE  17-3 

Approximate  Physical  Properities  of  Some  Photoelastic  Material 
This  table  of  approximate  values  has  been  prepared  as  a  rough  guide  for  use  in 
the  selection  of  a  material.  Because  considerable  variation  in  properties  may  exist 
between  different  lots  of  the  same  material,  and  because  variations  in  temperature, 
humidity  age,  and  manner  of  annealing  and  testing  all  influence  the  results,  it  is 
recommended  that  each  investigator  make  independent  observations  of  the  prop- 
erties of  the  material  actually  selected. 

Tensile       Modulus  of  Fringe  Constant,  /, 

Strength,      Elasticity,       Poisson's        lb/in. /order  for 
Material  psi  psi  Ratio  X  =  5461  A 

Bakelite : 

BT-6 1-893  @,  70°F  15,000  620.000  0.36  86 

BT-46-001  16,000  620,000  0.36  83 

BT-41-001  @  70°F  14,000  620,000  0.36  65 

BT-48-005  @  70°F  300 ,  000  55 

BT-6 1-893  @  230°F                   400  1,100  0.5                          3.33 

Catalin  4 ,  000  200 ,000  45 

Cellulose  nitrate  7,000  280.000  224 

Columbia  resin— 39  350,000  85 

Gelatin — water   65% 

glycerin  14%  15  0.5  0.19 

Glass  10,000       10,000,000  0.4  1150 

Lucite  8,000  300,000  High 

Marblette— annealed  500 .  000  0.4  70 

unannealed  4,500  160,000  0.4  42 

29.  Comments  on  a  Few  Photoelastic  Materials,  (a)  Glass  is  the  original 
photoelastic  material.  Although  available  in  a  tremendous  number  of  varie- 
ties, it  is  now  used  only  to  a  very  limited  extent  because  of  the  difficulty  in 
machining  to  intricate  shapes  and  because  it  is  relatively  insensitive  optically 
(high  fringe  constant)  in  comparison  with  some  of  the  synthetic  resins  now 
available.     Glass,  however,  has  the  advantage  that  it  shows  very  clearly 
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defined  isoclinic  lines  and,  in  addition,  is  one  of  the  few  materials  which  do 
not  exhibit  the  time-edge  effect.  Its  strength  and  elastic  characteristics  are 
superior  to  those  of  most  other  photoelastic  materials. 

(b)  Bakelite  BT-61-893*  At  the  present  time,  in  the  United  States,  this 
particular  one  of  the  numerous  types  of  Bakelite  seems  to  be  preferred  over  all 
other  materials  for  the  general  run  of  photoelastic  problems.  It  has  good 
strength  properties,  a  relatively  high  modulus  of  elasticity,  and,  optically,  is 
moderately  sensitive  to  stress.  For  stresses  below  4000  psi  the  creep  effect 
is  negligible  in  a  period  of  a  few  hours,  although  -over  longer  periods  of  time  it 
becomes  quite  noticeable.  The  machining  properties  are  reasonably  good, 
and  its  susceptibility  to  the  time-edge  effect  is  not  excessive.  The  latter  can 
often  be  retarded  somewhat  by  storage  in  a  desiccator  or  in  oil.  The  material 
may  be  obtained  in  sheets  approximately  7  in.  X  11  in.  and  up  to  about  1 
in.  in  thickness  which  must  be  polished  prior  to  using. 

A  peculiar  characteristic  of  this  material  is  to  be  found  in  its  physical  proper- 
ties at  temperatures  just  in  excess  of  212°F.  If  one  raises  the  temperature 
(above  70°F)  creep  influence  becomes  more  and  more  pronounced  until  a 
temperature  of  approximately  200°F  is  reached;  above  this  temperature  its 
behavior  corresponds  closely  to  that  of  an  elastic  body.  That  is,  on  being 
loaded,  it  takes  up  its  full  deformation  almost  immediately  and  recovers  its 
initial  condition  rather  rapidly  where  the  load  is  removed.  If  the  material 
is  subjected  to  load  at  the  elevated  temperature  and  then  gradually  cooled 
down  to  room  temperature,  the  strains  (except  for  ^40  part  due  to  elastic 
recovery  as  the  load  is  removed)  will  be  locked  into  the  material  as  well  as 
the  photoelastic  effect  (26  times  as  great)  which  it  possessed  at  the  elevated 
temperature.  These  peculiar  properties  make  the  material  suitable  for  three- 
dimensional  stress  analyses  by  the  "fixation  method"  in  which  the  isochro- 
matic-fringe  pattern  is  locked  into  the  model  before  the  load  is  removed  (see 
part  II  of  this  chapter  and  reference  58). 

(c)  Bakelite  BT-48-005.  This  plastic  possesses  properties  somewhat 
analogous  to  those  of  BT-61-893,  but  the  physical  constants  are  very  different. 
It  possesses  the  disadvantage  of  poor  creep  characteristics,  but  on  the  other 
hand  it  can  be  obtained  in  fairly  large  pieces.  Owing  to  residual-stress  effects 
these  large  pieces  may  not  always  be  in  a  stable  state  of  stress  internally 
and  as  a  consequence  may  develop  cracks  when  machining  operations  are 
performed. 

(d)  Catalin  plastic  has  somewhat  lower  mechanical-strength  properties  than 
Bakelite  (BT-61-893),  but  it  is  somewhat  more  sensitive  optically  to  the 
influence  of  stress.  It  can  be  obtained  in  much  larger  sheets  than  Bakelite 
and  with  the  surfaces  highly  polished  (ready  for  use  without  buffing) .  If  it  is 
not  loaded  excessively,  or  the  load  is  not  maintained  too  long,  it  will  give 
good  results  in  spite  of  a  tendency  towards  creep. 

(e)  Celluloid.  This  trade  name  includes  several  plastics  of  the  cellulose 
nitrate  type.     Although  not  so  sensitive  optically  as  Bakelite,  the  Celluloids 

*  Recently  this  material  has  also  been  marketed  under  the  trade  name  Catalin 
61-893. 
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are  much  easier  to  machine  and  may  be  obtained  in  large  (20-in.  X  50-in.  or 
larger)  polished  sheets  in  thicknesses  from  }i  in.  (or  less)  up.  Celluloid  has 
the  great  advantage  that  it  can  be  fused  together  by  softening  the  surfaces 
with  acetone  or  amyl  acetate.  This  feature  makes  it  useful  for  simulating 
built-up  plate  structures  of  welded  steel.57 


Fig.  17-41.      Fringe  Photograph  of  Bakelite  Model  Taken  through  Lucite  Holders 
(Photograph  by  Gideon  Hoffman) 

(/)  Columbia  Resin  CR-39  is  a  beautifully  clear  material  having  about  the 
same  optical  sensitivity  as  Bakelite  (BT-61-893)  but  about  half  the  modulus 
of  elasticity.64"1  Like  Bakelite  it  cannot  readily  be  satisfactorily  welded 
together;  it  is  a  little  harder  to  machine  owing  to  the  tendency  to  chip  along 
the  edges  (brittle ness),  and  the  material  has  a  tendency  to  creep  under  load. 

(g)  Lucite  is  beautifully  clear  and  can  be  obtained  in  large  sheets  with 
polished  surfaces.  Its  relative  inactivity  from  the  photoelastic  point  of  view 
(high  fringe  constant)  practically  precludes  its  direct  use  for  photoelastic- 
stress  determination.     However,  it  is  satisfactory  for  observing  the  isoclinic 
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lines  which  appear  more  clearly  in  materials  of  low  sensitivity  (see  Fig. 
17-13)  and  for  transparent  loading  fixtures  for  Bakelite  models  (see  Fig.  17-41). 
The  latter  application  is  very  useful  since  the  stress  pattern  in  Bakelite  can 
be  photographed  through  two  1i  in.  thicknesses  of  Lucite  under  stress  with 
practically  no  distortion. 

(h)  Marblette  has  characteristics  somewhat  akin  to  Bakelite  BT-4S-005, 
but  its  properties  can  be  varied  tremendously  by  heat  treatment.62  It  can 
be  cast  into  intricate  forms  but  is  likely  to  develop  high  residual  stresses  on 
solidifying. 

(i)  Gelatin.  For  applications  involving  stresses  produced  by  the  dead 
weight  of  a  structure,  such  as  in  gravity  dams  and  foundations,  the  use  of 
gelatin  as  a  photoelastic  material  has  been  successful.  Its  extreme  sensitivity 
produces  a  reasonable  number  of  isochromatic  lines  corresponding  to  the 
stresses  developed  by  the  dead  weight.  In  general,  models  made  of  gelatin 
will  be  much  larger  and  thicker  than  those  made  from  other  substances.  Since 
the  characteristics  of  gelatin  change  with  variation  of  the  moisture  content, 
it  is  essential  that  models  from  this  material  be  kept  in  an  atmosphere  at 
constant  temperature  and  humidity.64'  54 

J.  Equipment  for  the  Laboratory 

30.  Polariscope.  The  essential  piece  of  equipment  for  the  photoelastic 
laboratory  is  a  polariscope.     This  may  be  an  exceedingly  simple  apparatus 


Fig.  17-42.     Simple  Polariscope 
L  is  light  source;  P,  polarizing  disk;  M,  model  in  loading  fixture;  A,  analyzer; 
O,  position  of  observer 


as  shown  in  Fig.  17-42  consisting  only  of  polarizers  and  light  source,  or  it  may 
include  an  elaborate  optical  bench  with  a  complicated  lens  system  as  shown 
in  Fig.  17-10  and  Fig.  17-43.     The  physical  forms  or  schematic  arrangements 
of  a  number  of  typical  polariscopes  are  illustrated  in  references  3  and  5. 
If  lenses  are  employed  in  the  polarized  field  (between  the  polarizer  and 


898 


PHOTOELASTICITY 


Fig.    17-43a.     Photoelastic   Polariscope  and  Loading   Machine    (Timken   Roller 
Bearing  Co.,  O.  J.  Horger) 


Fig.   17-43fo.     Photoelastic  Polariscope,  Loading  Frame,  and  Remote  Controls 
(Courtesy  B.  R.  Lee,  Newport  News  Shipbuilding  cfc  Dry  Dock  Co.) 
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analyzer),  they  should  be  of  good  quality  and  "strain-free,"  since  any  initial 
birefringence  will  add  to  the  retardations  observed.  Lenses  between  light 
source  and  polarizer  need  not  be  of  high  quality  or  strain-free.  The  most 
inexpensive  polariscopes,  therefore,  utilize  large-size  Polaroid  disks  for  polari- 
zation and  dispense  with  expensive  lenses  in  the  polarized  field  of  light. 

31.  Polarizers  (or  Analyzers).  These  may  be  Nicol,  Ahrens,  or  other 
prisms,  a  pile  of  glass  plates1  or  Polaroid.66  In  general,  prisms  are  of  small 
diameter  and  require  a  more  elaborate  lens  system  in  order  to  produce  a  field 
of  sufficient  size  for  studying  photoelastic  models.  Glass  plates  and  Polaroid 
have  the  advantages  that  they  can  produce  large  beams  of  polarized  light 
without  lenses.  Polaroid  gives  sufficiently  good  polarization  for  photoelastic 
work  in  either  large-  or  small-field  polariscopes.  It  is  compact,  not  too  expen- 
sive, and  obtainable  in  large  sheets  mounted  in  plastic  or  glass.  In  addi- 
tion, quarter-wave  plates  in  corresponding  large  sizes  are  obtainable  from 
manufacturers. 

A  very  convenient  adjunct  to  the  polarizer  and  analyzer  is  the  inclusion  of 
means  whereby  they  may  be  rotated  simultaneously  in  such  a  manner  that 
their  axes  remain  crossed.  This  is  very  helpful  in  studying  the  isoclinic  lines, 
and  some  systems  using  mechanical  linkage  or  Selsyn  motors  have  been  devel- 
oped by  individual  investigators. 

32.  Quarter -Wave  Plates.  In  small  sizes,  sheets  of  mica  or  other  natural 
crystal,  split  to  the  proper  thickness  (which  must  be  uniform  throughout  the 
area)  make  excellent  quarter- wave  plates.  In  large  or  small  diameters  syn- 
thetic plates  prepared  by  the  Polaroid  Corporation  give  adequate  results. 
Other  artificial  quarter-wave  plates  have  been  produced  by  stressing  glass67 
and  by  crossing  two  sheets  of  cellophane  at  the  appropriate  angle.68  Single 
sheets  of  cellophane  about  0.0005  in.  thick  (about  half  the  thickness  of  the 
usual  commercial  wrapping  material)  also  can  be  made  suitable  for  quarter- 
wave  plates. 

33.  Light  Sources.  It  will  be  found  convenient  to  have  the  polariscope 
equipped  with  sources  of  both  white  and  monochromatic  light  which  can  be 
interchanged  quickly  and  easily.  For  white  light  an  incandescent  projection- 
type  bulb  of  about  500  watts  capacity  is  satisfactory  for  most  installations. 
Monochromatic  light  can  be  obtained  from  a  d-c  mercury-arc  or  the  type 
H-4  a-c  lamps  produced  by  General  Electric  and  Westinghouse,  but  filters 
should  be  used  to  mask  out  radiations  other  than  the  "green"  line.  Sodium- 
vapor  lamps  can  be  utilized  but  generally  do  not  have  a  sufficiently  concen- 
trated source  of  high  intensity  for  photographic  work.  Whatever  the  source 
of  light,  it  should  be  of  high  intensity  and  concentrated  at  as  nearly  a  point 
source  as  possible  to  enable  the  lens  system  to  produce  parallel  rays  in  the 
polarized  field. 

34.  Filters.  In  order  to  obtain  sharply  defined  fringes  in  the  isochromatic 
diagrams  the  use  of  a  color  filter  along  with  a  mercury  lamp  is  essential. 
Many  investigators  prefer  optically  flat  glass  filters,  but  good  success  can  be 
obtained  economically  with  a  gelatin  filter  mounted  between  glass  plates  or 
with  inexpensive   Corning  glass  filters  that  are  not  ground  optically  flat. 
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Since  the  filter  can  be  placed  anywhere  in  the  optical  system,  residual  stresses 
in  the  glass  plates  protecting  a  gelatin  filter  (or  in  a  cheap  glass  filter)  will 
have  no  effect  if  the  filter  is  not  located  between  the  polarizer  and  analyzer. 
The  filters  listed  in  Table  17-4  will  be  found  useful  in  photoelastic  work65 
for  obtaining  a  monochromatic  green  light  from  a  mercury-vapor  lamp. 

TABLE  17-4 
Light  Filters  for  Mercury  Green  Line 
Wratten 

No.  Remarks 

62  Transmits  about  10  per  cent  of  the  mercury  green  line 

and  about  0.05  per  cent  of  the  yellow. 
77  Transmits  about  72  per  cent  of  the  mercury  green  line 

and  only  about  0.5  per  cent  of  the  yellow  lines. 
77A  Transmits  about  68  per  cent  of  the  mercury  green  line 

and  completely  absorbs  the  yellow  lines. 
77    +58     If  the  red  light  given  off  by  the  quartz  in  the  lamp  is 
or  77A+58       objectionable,  filter  no.  58  can  be-  superimposed  on 
no.  77  or  no.  77A. 

35.  Loading  Frames.  The  devices  used  to  apply  the  external  loads  to  a 
model  vary  a  great  deal  to  suit  individual  requirements  or  special  models,  but 
the  types  most  commonly  used  consist  of  a  rectangular  framework  to  which 
is  attached  an  adjustable  single  lever  as  shown  in  Figs.  17-9  and  17-43a.  Pro- 
vision should  be  made  for  moving  the  whole  frame  vertically  and  laterally  in 
its  own  plane  to  position  the  model  in  the  light  beam  while  the  load  is  applied. 
Sufficient  versatility  should  be  incorporated  in  the  possible  positions  of  load- 
ing lever  and  loading  accessories  to  allow  for  universal  testing  in  tension, 
compression,  or  bending,  of  a  variety  of  sizes  of  models. 

The  actual  load  is  usually  applied  to  the  lever  by  calibrated  dead  weights 
or  through  a  good  spring  balance.  A  calibrated  elastic  ring  or,  as  shown  in 
Fig.  17-10,  a  flat  leaf  spring  may  be  readily  adapted  for  loading  directly  without 
a  lever  arrangement.  In  order  to  produce  a  smooth  gradual  loading  and 
unloading  Frocht3  has  used  water  tanks  as  dead  weights  with  a  remote  control 
of  water  level  to  enable  close  observation  of  the  formation  of  fringes.  A 
pneumatic  system  or  sylphon-bellows  arrangement  may  be  similarly  employed. 
Loads  are  usually  transferred  to  the  model  through  cylindrical  pins  (or  steel 
balls  with  one  side  ground  flat  for  contact  with  the  model).  Care  must  be 
taken  to  minimize  any  frictional  effects  at  loading  points  (and  to  keep  the 
loading  lever  in  a  horizontal  position)  to  insure  that  the  actual  action  line 
of  the  load  corresponds  accurately  with  that  assumed. 

Although  the  polariscope  and  loading  frame  are  the  primary  essentials  for 
the  photoelastic  laboratory,  the  following  items  are  also  necessary  if  quantita- 
tive results  are  to  be  obtained: 

1.  A  good  view  camera  (preferably  5  in.  X  7  in.  or  larger)  for  photograph- 
ing isochromatics  in  the  polariscope. 

2.  A  darkroom  with  photographic  developing  and  printing  equipment. 

3.  A  clock  with  large  illuminated  dial  and  second  hand. 
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4.  A  small  annealing  oven  (for  stress-relieving  materials  for  models). 

5.  Small  hand  tools  and  equipment  for  cutting  out  accurate  models. 

In  addition,  several  of  the  following  items  will  often  prove  to  be  useful 
accessories  in  special  applications  or  for  more  complete  and  accurate  analyses: 

1.  Lateral  extensometer. 

2.  Coker  (or  other)  tension  compensator. 

3.  Polishing  equipment  (for  polishing  models;  see  Fig.  17-44). 

4.  Weighing  scales  and  spring  balances. 

5.  Dial  gages. 

6.  Small  machine  shop  including  lathe,  milling  machine,  drill  press,  hand 
tools,  and  micrometers. 

K.  Prepaeation  and  Photography  of  Models 

Unfortunately,  the  technique  of  preparation  of  photoelastic  models  has  not 
received  publicity  comparable  with  other  aspects  of  this  type  of  analysis. 
Each  individual  seems  to  prefer  the  methods  which  have  been  worked  out  in 
his  own  laboratory;  consequently,  variations  in  procedure  are  about  as 
numerous  as  investigators.  The  following  comments  have  been  written  from 
the  point  of  view  of  what  has  been  found  convenient  in  one  laboratory,  and 
no  claim  is  made  that  the  methods  outlined  are  the  best  but  rather  that  this 
procedure  has  been  found  workable  under  a  given  set  of  laboratory  conditions. 

Although  the  following  statements  are  intended  primarily  for  the  prepara- 
tion of  models  in  Bakelite  BT-61-893,  they  apply  in  a  similar  manner  to  other 
materials.3, 69 

36.  Cutting  Sheets  of  Material.  Ordinary  sawing  procedures  by  hand 
generally  are  satisfactory  if  the  pitch  of  the  sawteeth  is  not  too  fine  and  the 
teeth  are  well  set.  Bakelite,  although  soft,  has  a  great  tendency  to  dull  the 
saw  which  should  be  kept  sharp.  A  power-driven  jig  saw  is  not  recommended 
since  rapid  strokes  usually  produce  too  much  heat  in  the  cut  surfaces.  About 
*{(,  to  )4  in.  and  sometimes  more  material  should  be  allowed  between  the 
line  of  the  saw  cut  and  the  edge  of  the  finished  model  if  the  influence  of  the 
sawing  is  to  be  avoided.  Some  investigators  prefer  to  do  the  sawing  under 
water,  but  slow-speed  dry  cutting  is  generally  more  satisfactory. 
.  37.  Sizing  of  Sheets.  Materials  that  can  be  obtained  in  sheets  with 
polished  surfaces  are  usually  of  sufficient  uniformity  in  thickness  so  that  no 
sizing  operations  are  necessary.  However,  Bakelite,  which  is  rough  cut  from 
a  large  slab,  may  vary  so  much  in  thickness  that  machining  of  the  faces  is 
necessary  prior  to  annealing  and  polishing.  Small  pieces  can  be  brought  to 
uniform  thickness  by  turning  on  the  face  plate  of  a  lathe.  Larger  pieces  can 
be  faced  on  a  milling  machine  with  an  end  mill.  Surface  grinding  has  been 
tried  but  is  likely  to  generate  too  much  local  heat  for  satisfactory  results  unless 
extremely  small  cuts  and  slow  feed  are  used.  Pieces  of  Bakelite  which  do  not 
vary  in  thickness  by  more  than  about  0.02  in.  can  be  brought  to  uniform  size 
by  hand  operations  with  moderately  coarse  sandpaper. 

38.  Annealing.  With  Bakelite  and  several  other  plastics,  residual  stresses 
can  be  removed  by  a  suitable  annealing  process.     Sometimes  it  is  preferable 


902  PHOTOELASTICITY 

to  anneal  large  sheets  of  Bakelite  prior  to  sizing,  since  any  warpage  may  be 
overcome  in  the  sizing  operation.  For  models  requiring  a  piece  of  material 
5  in.  X  5  in.  or  less  it  will  usually  be  best  to  do  the  sizing  first  and  the  anneal- 
ing second,  so  that  the  piece  will  rest  on  an  even  flat  surface  during  the  anneal. 
Some  investigators  follow  the  practice  of  annealing  after  machining  the  edges 
of  the  model;  however,  if  the  machining  technique  has  been  satisfactory,  this 
should  not  be  necessary.  The  advantage  gained  by  this  attempt  to  remove 
machining  stresses  along  the  boundary  is  usually  more  than  offset  by  the 
added  stresses  developed  by  the  time-edge  effect. 

Annealing  of  Bakelite  BT-61-893  is  accomplished  by  heating  to  about 
240°F,  soaking  at  that  temperature  for  a  few  hours,  and  then  cooling  slowly. 
The  process  may  be  carried  on  in  air  or  in  an  oil  bath,  but  the  latter  is  pre- 
ferred since  it  provides  better  control  of  the  temperature  and  minimizes  sur- 
face defects  due  to  contact  of  the  Bakelite  with  supports  while  it  is  in  a  softened 
condition.  In  either  case  the  Bakelite  should  be  placed  flat  on  a  sheet  of 
plate  glass  to  minimize  warping,  and  sheets  of  material  should  not  be  stacked 
one  on  top  of  another.  The  rate  at  which  the  temperature  is  raised  seems  to 
be  relatively  unimportant,  but  the  success  of  the  annealing  process  does  depend 
on  a  slow  rate  of  cooling.  Although  various  elaborate  temperature-time 
cycles  have  been  applied,  satisfactory  results  have  been  obtained  on  sheets  up 
to  x-i  in.  thick  by  raising  the  temperature  in  about  2  hr,  soaking  for  2  or  3  hr, 
and  cooling  slowly  for  at  least  12  hr  (overnight).  With  thicker  material  it 
may  be  desirable  to  prolong  the  cycle  slightly,  particularly  in  cooling. 

A  small  insulated  furnace  is  very  desirable  for  annealing  Bakelite.  By 
making  the  oil  bath  of  sufficient  capacity  one  can  eliminate  the  necessity  for 
an  automatic  time-temperature  control  if  there  is  sufficient  oil  in  the  bath  (or 
insulation  in  the  furnace)  to  prolong  the  cooling.  One  investigator  has  reduced 
the  annealing  process  to  an  extremely  simple  form  by  hanging  the  Bakelite 
in  a  wide  mouth  Thermos  jar  into  which  hot  oil  is  poured.  The  heat  of  the 
oil  brings  the  Bakelite  up  to  temperature,  and  the  rate  of  cooling  is  sufficiently 
slow  to  give  good  results. 

By  using  very  small  models  it  may  be  possible  to  cut  them  from  portions 
of  the  plates  where  residual  birefringence  effects  are  small.  However,  this 
procedure  is  likely  to  be  wasteful  of  an  expensive  material  and  for  large  models 
is  impractical.  Occasionally  a  piece  of  material  will  be  found  such  that  the 
annealing  process  just  described  will  not  be  successful.  If  this  happens,  the 
desired  results  can  perhaps  be  achieved  by  repeating  the  process  and  soaking 
the  material  for  a  longer  time  at  a  higher  temperature,  which  for  Bakelite 
should  not  be  above  350°F. 

For  an  oil  bath  any  nonvolatile  clean  oil  like  Nujol  is  satisfactory.  Heavy 
dark  oils  are  to  be  avoided,  since  some  of  them  tend  to  stain  the  material,  and 
care  should  be  taken  to  check  the  temperature  at  which  the  oil  will  flash  to 
insure  against  fire  in  the  annealing  tank. 

39.  Polishing.  The  advantage  of  performing  the  polishing  operation 
before  machining  the  contour  of  the  edges  lies  in  the  reduction  or  elimination 
of  time-edge  effect  since  the  model  can  be  photographed  as  soon  as  the  con- 
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tours  have  been  shaped.  Also  the  unavoidable  rounding  of  the  surfaces  near 
the  edge  produced  by  polishing  may  be  removed  when  the  contour  is  machined. 
The  disadvantage  lies  in  the  possibility  of  scratching  the  highly  polished  sur- 
faces during  the  machining  operations. 

Since  the  polishing  of  large  sheets  of  material  is  a  tedious  and  lengthy 
process,  much  time  can  be  saved  by  sawing  out  the  piece  of  material  for  the 
model,  allowing  about  J4  in.  excess  beyond  the  proposed  final  contour.  The 
rough-cut  jagged  edges  may  be  rounded  with  a  file  for  ease  of  handling. 

The  surfaces  should  first  be  made  parallel,  flat,  and  smooth  by  hand  grinding 
on  sheets  of  several  successively  finer  grades  of  sandpaper  or  emery  cloth. 
(Except  in  the  case  of  a  very  experienced  technician,  a  power  sander  should 
not  be  used;  rapid  abrasion  generates  heat  which  induces  appreciable  thermal 
stresses.)  The  sandpaper  or  emery  cloth  should  be  mounted  on  a  piece  of 
plate  glass  or  other  smooth  flat  surface.  The  same  result  may  also  be  achieved 
on  a  power-driven  wet  lapping  wheel,  by  using  a  coarse  grinding  compound, 
but  is  somewhat  slower  during  the  initial  stages.  The  plastic  rapidly  loads  up 
and  destroys  the  cutting  effect  of  sandpaper  or  emery  cloth,  and  fresh  sheets 
should  be  used  at  frequent  intervals.  Excellent  results  can  be  obtained  with 
power-driven  abrasive-belt  machines  which  perform  these  initial  operations 
under  water;  but  the  expense  of  this  equipment  is  not  usually  warranted. 

Final  polishing  operations  can  be  best  performed  on  a  power-driven  lapping 
wheel  (Fig.  17-44).  These  may  consist  of  an  intermediate  operation  for  pro- 
ducing a  smooth  flat  translucent  surface,  and  a  final  lapping  in  which  the  sur- 
faces are  polished  to  a  high  degree  of  transparency. 

The  intermediate  operation  can  be  carried  out  very  successfully  on  a  cast- 
iron  lapping  wheel  using  water  and  no.  600  flour  of  emery  as  the  abrasive 
agent.  The  water  and  the  emery  are  mixed  together  in  the  ratio  of  about 
three  parts  to  one,  respectively,  by  volume,  and  the  solution  is  liberally 
sprinkled  or  dripped  on  the  lapping  wheel.  By  grinding  carefully  until  all 
deep  scratches  are  removed,  a  saving  of  time  can  be  effected  in  the  subsequent 
buffing.  At  the  conclusion  of  the  intermediate  lapping  (and  also  prior  to  this 
operation)  meticulous  care  must  be  taken  in  washing  all  abrasive  from  the 
model  (and  the  hands),  since  even  a  few  particles  remaining  may  spoil  not 
only  the  final  finish  on  the  model  but  also  the  polishing  wheel. 

The  final  polishing  can  be  accomplished  in  several  different  ways,  depending 
on  the  degree  of  surface  finish  desired.  A  reasonably  good  polish  can  be 
obtained  using  a  wet-canvas-covered  lapping  wheel  (a  metallurgical  lapping- 
wheel  is  excellent  if  of  sufficient  diameter)  and  levigated  alumina  in  water  as  the 
polishing  agent.  A  somewhat  better  result  will  be  achieved  by  finishing  on 
a  velvet-covered  wheel  with  the  levigated  alumina  and  water.  If  a  still  better 
degree  of  surface  finish  is  desired,  a  velvet  wheel  and  rouge  can  subsequently 
be  used;  however,  except  in  special  cases,  the  slight  improvement  in  surface 
finish  is  more  than  offset  by  the  added  time  and  trouble  encountered. 

Cloth-covered  lapping  wheels  all  have  the  disadvantage  of  tending  to  round 
the  edges  of  the  model.  If  the  final  machining  is  done  prior  to  polishing,  this 
effect  may  be  very  harmful  since  the  boundaries  will  be  obscured  in  the  photo- 
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graph  of  the  isochromatic  diagram.  By  using  a  lapping  wheel  covered  with 
beeswax  (and  levigated  alumina  in  water)  this  trouble  can  be  minimized,  as 
the  wax-covered  wheel  has  less  tendency  to  round  the  edges  of  the  model. 
It  will  be  a  little  slower  in  polishing  and  will  only  produce  a  degree  of  surface 
finish  about  equivalent  to  that  obtained  with  the  canvas-covered  wheel.  In 
using  the  wax  wheel  best  results  are  achieved  by  allowing  the  lap  to  become 
dry  in  the  final  stages  and,  at  the  same  time,  taking  care  that  the  wax  is  not 
driven  into  the  surface  of  the  model. 


Fig.   17-44.     Equipment  for  Preparation  of  Photoelastic   Models — Saw,   Milling 
Machine,  and  Polishing  Laps  (Courtesy  B.  R.  Lee,  Newport  News  Shipbuilding 

&  Dry  Dock  Co.) 

40.  Machining.  There  appears  to  be  no  generally  accepted  machining 
procedure,  except  most  technicians  agree  that  the  cutting  tools  used  for  making 
photoelastic  models  should  be  very  sharp  and  should  not  be  used  on  metals 
or  other  materials.  Whenever  the  material  must  be  held  in  a  clamp  or  vise, 
it  should  be  protected  by  pieces  of  blotting  paper  on  each  clamped  face;  only 
smooth  jaws  and  light  pressures  should  be  applied.  Blotting  paper  will  help 
to  distribute  the  clamping  force  evenly,  and  it  is  sometimes  helpful  to  insert 
wood  strips  on  both  sides  of  the  blotters  to  aid  in  preventing  the  edges  from 
chipping  as  they  are  cut. 

Careful  hand  filing  of  the  model  to  a  template  (metal)  will  yield  excellent 
results  and  freedom  from  edge  stress  as  long  as  one  does  not  have  to  maintain 
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the  contour  of  the  boundary  within  very  close  tolerances.  A  rotary  filing 
machine,  with  the  template,  will  improve  the  precision,  but  care  must  be 
taken  to  avoid  the  introduction  of  machining  stresses  by  localized  heating. 
Small  rotary  filing  cutters  mounted  in  a  drill  press  have  also  been  used  satis- 
factorily for  light  cuts  in  hand  operations. 

Bakelite  can  be  readily  turned  in  a  lathe  if  a  sharp  tool  is  used.  One  should 
be  careful  not  to  force  the  material  onto  a  mandrel  nor  to  grip  it  too  tightly 
in  the  jaws  of  a  chuck  since  local  residual  stress  effects  may  be  produced. 
For  producing  straight  edges  and  certain  curved  contours,  a  milling  machine 
is  most  desirable.  End-  or  side-milling  cutters  with  straight-  or  spiral-cutting 
edges  can  be  used  with  or  without  lubrication.  Machine  oil,  lard  oil,  and 
soda  water  have  all  been  used  as  cooling  and  cutting  fluids,  but  there  is  con- 
siderable difference  of  opinion  as  to  the  desirability  of  using  cutting  fluids  on 
synthetic  plastics.  Dry  cutting  has  been  found  satisfactory  on  Bakelite,  but 
a  jet  of  air  directed  on  to  the  cutting  tool  at  the  point  of  contact  with  the 
model  will  aid  materially  in  clearing  away  chips  and  avoid  machining  stresses. 
In  any  turning  or  milling  operations  it  is  essential  to  take  very  light  cuts  espe- 
cially as  one  approaches  the  final  dimension.  Approximate  depths  of  the 
last  three  cuts  might  well  be  0.005,  0.003  and  0.001  in. 

41.  Photographing  the  Model.  A  wide  variety  of  techniques  in  the  actual 
photographic  recording  of  the  isochromatic  stress  pattern  is  available  so  that 
the  following  remarks  should  only  be  considered  as  suggestions. 

Accurate  loading  of  the  model  is  naturally  of  prime  importance  in  attaining 
good  results.  In  tension  there  is  not  likely  to  be  much  trouble  but  one  should 
make  provision  for  slight  adjustment  of  the  line  of  action  of  the  applied  force. 
With  symmetrical  models  (and  loading)  it  is  relatively  simple  to  adjust  the 
applied  force  until  the  stress  pattern  is  symmetrical.  In  compression  one  has 
to  cope  with  the  tendency  towards  lateral  buckling  of  the  model.  Conse- 
quently, it  may  be  necessary  to  adjust  the  action  line  of  the  load  very  carefully 
relative  to  the  thickness  of  the  model.  If  isotropic  points  tend  to  merge  into 
the  first-order  isochromatic,  this  usually  indicates  variation  in  stress  through- 
out the  thickness  of  the  model  and  the  necessity  for  adjustment  in  load.  A 
more  sensitive  test  is  to  examine  the  isoclinic  lines  passing  through  the  iso- 
tropic point.  If  all  isoclinics  are  visible  and  well  defined,  the  loading  is 
probably  correct. 

For  isochromatic  diagrams  in  green  light  (X  =  5461  angstroms),  Gavaert 
plates,  Kodalith,  and  Super  Press  Ortho  films  all  give  good  results;  in  general 
all  orthochromatic  or  panchromatic  films  of  good  contrast  are  suitable.  The 
time  of  exposure  must  be  worked  out  for  each  particular  setup.  However, 
after  a  few  trials  on  a  given  polariscope  it  will  be  a  simple  matter  to  estimate 
the  time  required  for  future  work.  Isoclinics  can  best  be  photographed  by 
overexposure  of  the  isochromatics  in  a  plane  polariscope,  preferably  in  white 
light.  Changing  the  load  on  the  model  during  the  exposure  will  assist  in 
diffusing  the  isochromatics  if  this  can  be  accomplished  without  noticeable 
deflections  or  movement  of  the  model;  any  movement  will  produce  a  fuzzy 
image  of  the  edges. 
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The  sharpness  and  general  appearance  of  the  photoelastic  stress  patterns 
can  be  greatly  improved  by  coating  the  surfaces  of  the  model  with  a  light 
clear  oil  such  as  Nujol  or  Halo  wax  and  then  wiping  them  clean.  This  serves 
the  double  purpose  of  removing  finger  marks  and  filling  up  many  tiny  scratches. 
If  the  surfaces  of  the  model  are  really  rough,  as  in  the  case  of  a  slice  from  a 
three-dimensional  model  with  locked-up  stress,  excellent  pictures  may  be 
obtained  by  immersion  in  Halo  wax  oil  RD-11-1. 

Very  often  the  interpretation  of  the  stress  pattern  can  be  made  much  easier 
if  fine  reference  or  location  lines  are  ruled  on  the  model.  These  may  take  the 
form  of  a  single  line,  a  line  with  divisions  on  it,  or  a  network  of  squares.  A 
light  pressure  on  a  sharp-drawing  compass  point  will  produce  the  desired 
result.  The  lines  scratched  on  the  model  appear  on  the  photograph  and 
should  be  narrow  and  shallow,  or  they  may  either  interfere  with  the  stress 
pattern  or  mark  out  very  fine  isochromatic  fringes. 

L.  Other  Optical  Methods 

42.  Direct  Measurement  of  the  Principal  Stresses,  (a)  Favre's  Method. 
The  fundamental  principle  on  which  Favre's  method71  is  based  depends  on 
the  direct  determination  of  the  changes  in  the  refractive  indices  on  the  two 
principal  planes.  That  is,  the  evaluation  of  the  equations  8  and  9  of  section 
C.  This  is  accomplished  by  using  a  rather  elaborate  and  expensive  inter- 
ferometer of  the  type  shown  diagrammatically  in  Fig.  17-45.  In  this  appa- 
ratus a  polarized  beam  of  light  is  divided  into  two  parts,  one  of  which  is 
passed  around  the  model  and  the  other  through  it  on  one  of  the  principal  planes. 
The  absolute  retardation  produced  on  each  principal  plane  is  determined. 
Monochromatic  light  from  the  source  S  is  plane-polarized  and  transmitted 
through  a  lens  L  whose  focal  length  is  such  that  the  point  of  focus  is  within  the 
photoelastic  model.     This  produces,  as  nearly  as  possible,  point  illumination. 

The  light  arriving  at  the  first  half-silvered  optical  parallel,  PLi,  is  divided 
into  two  parts,  one  of  which  is  transmitted  and  the  other  reflected.  The 
beam  which  is  reflected  from  PLi  is  directed  on  to  the  fully  silvered  optical 
flat.Fi,  and,  thence,  reflected  to  and  transmitted  through  the  unsilvered  parallel 
PLS  and,  finally,  the  half-silvered  parallel  PLu. 

The  light  which  passed  through  PLi  is  transmitted  through  the  unsilvered 
parallel  PL2  and  reflected  from  the  fully  silvered  optical  flat  F2.  Following 
reflection  from  F2  the  light  goes  through  a  half-wave  plate  whose  purpose  is 
to  rotate  the  plane  of  polarization  so  that  the  plane  of  vibration  coincides  with 
the  direction  of  one  of  the  principal  stresses.  By  means  of  the  half- wave 
plate,  it  is  therefore  possible  to  transmit  the  light  through  the  model,  on 
either  principal  plane  at  will.  After  passing  through  the  model,  the  light 
beam  traverses  a  second  half-wave  plate  which  restores  the  plane  of  vibration 
to  its  original  position.  This  is  necessary  in  order  that,  on  reflection  from  the 
half-silvered  parallel  PL,4  interference  will  be  established  with  the  light  beam 
which  went  around  the  model. 

When  an  observer  looks  through  the  eyepiece,  a  pair  of  cross-hairs  and  a 
series  of  shadow  bands  are  seen.     (These  shadow  bands  have  the  same  appear- 
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Dial  gage  to  measure 
rotation  of  PL 


Telescope 


Fig.  17-45.     Favre  Interferometer  as  Modified  by  Brahtz  and  Soehrens72 
(a)   Diagrammatic  Sketch  (S,  source  of  monochromatic  light;  P,  plane  polarizer; 

L,  lens;  Flt  F2,  are  full-silvered  mirrors  PLi  and  PL±  are  half -silvered  mirrors, 

optically  flat) 
(6)  Photograph  of  apparatus  (Courtesy  U.  S.  Bureau  of  Reclamation) 
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ance  as  those  shown  for  the  interferometer  strain  gage  in  Fig.  17-32.)  With 
change  in  load  on  the  model  the  shadow  bands  will  move  over  the  intersection 
of  the  cross-hairs.  An  observation  is  made  on  the  instrument  by  counting 
the  number  of  bands  passing  the  reference,  for  a  given  change  in  load.  For 
each  point  at  which  the  principal  stresses  are  to  be  determined  one  observation 
is  made  on  each  principal  plane,  and  the  principal  stresses  are  then  computed 
from  equations  8  and  9. 

As  a  variation  of  this  technique,  it  has  been  found  less  tiring  for  the  observer 
to  rotate  the  parallel  PLz,  so  that  the  bands  observed  in  the  eyepiece  appear 
to  remain  steady.  The  corresponding  observations  are  then  made  as  readings 
on  the  dial  gage.  Determination  of  the  constants  A  and  B  in  terms  of  the 
dial-gage  reading  can  be  obtained  from  a  simple  tensile  calibration  specimen. 
For  any  other  model  it  is  then  possible  to  find  <Ti  and  o-2  from  the  observations 
on  the  interferometer.  For  actual  operation  of  the  instrument  it  has  been 
found  useful  to  construct  a  simple  chart  for  evaluation  of  the  principal  stress 
magnitudes  directly  from  the  dial-gage  readings. 

At  the  Bureau  of  Reclamation  in  Denver  Bakelite  models  have  been  used 
with  pneumatic  loading  to  eliminate  vibration.  At  Ztirick  glass  models  have 
been  used  almost  extensively.  The  reader's  attention  is  drawn  to  the  neces- 
sity of  a  slightly  more  elaborate  procedure  required  for  evaluating  the  stresses 
in  the  glass  models.72'  73 

(b)  Drucker's  Oblique-Incidence  Method.  Rotation  of  a  two-dimensional 
model  about  an  axis  in  its  plane  has  been  utilized  by  Drucker74  as  a  simple  and 
rapid  means  of  obtaining  the  individual  principal  stresses  at  interior  points 
of  the  model.  A  determination  of  fringe  orders  in  oblique  positions  is  all 
that  is  required  in  addition  to  the  usual  fringe  photographs  and  isoclinics. 
The  relative  retardation  (interference  order)  for  light  at  normal  incidence  to 
the  model  (Fig.  17-46er)  is  given  by  equation  34  as 


(a  i  —  a2)h 


(34) 


For  convenience  in  solving  for  fringe  orders  corresponding  to  each  of  the 
separate  principal  stresses,  let 

n-i  —  —     and     n2  =  — ■  (88) 

and  equation  34  then  may  be  written 

n  =  rii  —  n2  (89) 

If  the  model  is  rotated  about  the  principal  stress  Ci  through  some  angle  6, 
the  principal  stresses  (see  part  II)  in  the  plane  perpendicular  to  the  light 
normal  will  be  d  and  <r2  cos2  6.  The  light  then  travels  through  a  thickness 
A/cos  6  as  shown  in  Fig.  17-466.  Thus,  the  fringe  order  no  for  oblique  inci- 
dence due  to  rotation  through  an  angle  d  about  ci  will  be 
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(90) 


By  solving  these  relationships  for  the  fringe  orders  corresponding  to  the 
principal  stresses  we  have 

cos  d(n0  —  n  cos  6) 


and 


nx  = 


n2  = 


sin20 
Wo  cos  6  —  n 


(91) 


(92) 


from  which  the  stresses  may  be  evaluated  individually  by  substituting  these 
values  in  equation  88. 
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(a)  Normal  Incidence 


0  n 

(b)  Oblique  Incidence 


Fig.  17-46.     Stresses  Producing  Retardation  for  Oblique  Incidence 

Similarly,  if  the  model  is  rotated  through  an  angle  6  about  the  axis  of  the 
principal  stress  o-i,  the  order  of  interference  n0'  is 


n0    = 


nx  cos2  9  —  n2 


(93) 


cos  8 

and  the  fringe  orders  corresponding  to  the  values  of  principal  stress  become 

n  —  no'  cos  6 


Wi  = 


and 


sin2  d 

cos  6{n  cos  6  —  n0') 
sin2  6 


(94) 
(95) 
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The  variations  of  stress  that  occur  along  the  light  path  when  observations 
are  made  with  oblique  incidence  are  not  troublesome  except  for  very  thick 
models  or  for  observations  near  boundaries  having  a  high  stress  gradient. 
In  general,  however,  the  errors  to  be  expected  are  no  greater  than  those  encoun- 
tered with  normal  incidence  in  attempting  to  evaluate  the  maximum  fringe 
order  at  a  boundary  in  a  region  of  high  stress  gradient. 

(c)  Fabry's  Interferometer  Method.  A  point-by-point  method  of  separately 
determining  principal  stresses  at  interior  points  has  been  described  by  Fabry.75 
In  this  method  the  model  must  be  accurately  polished  (with  surfaces  plane 
and  parallel)  and  the  two  faces  are  half  silvered.  Parallel  light  passed  through 
the  model  at  normal  incidence  produces  interference  between  the  rays  trans- 
mitted directly  through  the  model  and  those  which  undergo  two  reflections  as 
indicated  in  Fig.  17-47. 


Fig.   17-47.     Interference  Produced  by  Reflections  in  Fabry's  Method   (R.  D. 

Mindlin5) 


Light  entering  the  front  face  of  the  model  is  divided  into  two  component 
waves  p  and  q,  each  of  which  is  plane-polarized  on  the  planes  of  principal 
stress.  These  in  turn  are  partially  transmitted  (pi  and  q{)  and  partially 
reflected  (p2  and  q-i)  at  the  rear  face  of  the  model.  The  waves  p?  and  q2  are 
again  reflected  at  the  front  face  and  partially  transmitted  in  the  original  direc- 
tion to  the  analyzer  A.  By  rotating  the  analyzer  to  the  proper  orientation, 
the  waves  q\  and  g2  may  be  extinguished,  and  interference  between  px  and  p2 
(due  to  the  difference  in  lengths  of  path  through  the  plate)  may  be  observed. 
Similarly,  by  rotating  the  analyzer  90°,  the  interference  between  gx  and  q« 
can  be  observed  and  evaluated.  The  method  has  not  been  widely  used  in 
practice  owing  to  the  great  difficulty  of  preparing  the  special  model  required. 

43.  Direct  Determination  of  Isopachic  Lines.  An  isopachic  line  is  the  locus 
of  points  having  a  given  value  for  the  sum  of  the  principal  stresses.  On  the 
photoelastic  model  it  is  also  the  locus  of  all  points  having  the  same  change  in 
thickness  as  the  load  is  applied.  If  the  isochromatic  and  isopachic  lines  for  a 
given  model  and  loading  are  known,  it  becomes  a  simple  matter  to  evaluate 
the  two  principal  stresses  at  any  point  by  direct  addition  and  subtraction  of  the 
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equivalent  values  in  terms  of  stress.  The  following  two  methods  have  been 
utilized  for  observing  optical  phenomena  from  which  the  isopachic  lines  may 
be  determined. 

(a)  Method  of  Sinclair  and  Bucky.  This  system  has  the  advantage  that  it 
can  be  used  for  photographic  recording  of  either  the  isochromatic  or  isopachic 
diagrams  over  the  entire  field.  The  apparatus  is  somewhat  similar  to  that 
used  by  Favre;  however,  two  models  and  two  quartz  rotators  are  employed. 
Here,  again,  the  light  is  divided  into  parts,  one  of  which  is  passed  around  the 
models,  and  the  other  through  them;  the  corresponding  interference  effect 
is  then  observed. 

In  order  to  determine  the  isopachic  lines  the  arrangement  indicated  in 
Fig.  17-48  is  employed.     The  light  on  entering  the  first  model  is  broken  up 
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Fig.  17-48.     Schematic  Diagram  of  Interferometer  Used  by  Sinclair  and  Bucky76 

into  two  components,  in  the  directions  of  ox  and  c2.  The  rotator  placed 
between  the  models  revolves  the  component  vibrations  leaving  the  first  model 
through  90°,  so  that  the  component  wave  which  came  through  the  first 
model  on  the  o\  axis  goes  through  the  second  on  the  a-2  axis,  and  vice  versa. 
Therefore,  the  component  vibrations  leaving  the  second  model  will  both  be 
subjected  to  the  same  change  in  optical  path.  This  will  be  the  sum  of  the 
effects  taking  place  on  the  two  principal  planes.  The  rotator  in  the  path 
around  the  models  is  for  the  purpose  of  compensating  for  the  influence  of  its 
counterpart  between  the  models. 

If  one  neglects  products  of  relatively  small  quantities,  the  combined  change 
in  optical  path  produced  by  stress  in  the  two  models  is  directly  proportional 
to  the  sum  of  the  principal  stresses  for  any  given  pair  of  identical  models  and 
given  wave  length  of  light. 

If  the  quartz  rotators  are  removed,  the  outside  path  of  the  light  interrupted, 
and  two  sheets  of  crossed  Polaroid  are  inserted  on  either  side  of  the  models,  the 
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apparatus  becomes  an  ordinary  transmission  polariscope  with  two  identical 
models  in  series.  Since  the  sum  and  the  difference  of  the  principal  stresses  are 
the  same  along  the  free  boundaries,  the  isochromatic  diagram  can  be  obtained 
and  used  to  calibrate  the  isopachics  from  the  boundary  values.  For  a  com- 
plete discussion  of  the  advantages  and  disadvantages  of  the  method  references 
76  and  77  should  be  consulted. 

(b)  Isopachic  Lines  Produced  by  Interference.  For  small  models  whose  sur- 
faces can  be  polished  optically  flat,  the  isopachic  lines  may  be  made  evident 
by  direct-interference  effects.78' 79  Before  the  load  is  applied  to  the  model,  an 
optical  flat  is  placed  on  its  (optically  flat)  surface,  as  indicated  in  Fig.  17-49. 
After  the  load  has  been  applied,  the  surface  of  the  model  becomes  distorted, 
with  the  result  that  there  is  a  variation  in  the  air-gap  thickness  between  the 
model  and  the  optical  flat  resting  on  it.     When  monochromatic  light  is  directed 
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Fig.    17-49.     Schematic   Diagram   of  Optical  System  for  Observing     Isopachic 

Lines 


at  normal  incidence  through  the  optical  flat  to  the  surface  of  the  model,  there 
will  be  reflections  from  both  surfaces.  For  given  thicknesses  of  the  air  gap, 
interference  will  be  produced,  and  a  pattern  of  shadow  bands  representing 
lines  of  constant  air-gap  thickness  will  result.  As  long  as  the  model  does  not 
buckle,  (that  is,  it  must  retain  its  inherent  plane  of  symmetry),  the  lines  of 
constant  air  gap  thickness  will  also  be  isopachics. 

The  method  has  the  advantage  that  the  model  need  not  be  of  transparent 
material;  in  fact,  Frocht78  has  actually  used  stainless  steel.  Furthermore,  a 
complete  set  of  isopachic  lines  are  obtained  by  the  method.  As  with  other 
methods,  the  stress  values  corresponding  to  the  isopachic  lines  can  be  deter- 
mined from  the  boundary  conditions  in  the  isochromatic  diagram.  However, 
for  accurate  results  an  extremely  careful  specimen  preparation  is  essential, 
and  a  .delicate  technique  of  observation  must  be  developed  to  eliminate  errors 
due  to  surface  imperfections,  slight  temperature  gradients,  and  misalignment 
of  specimen  and  optical  flat. 

M.  Some  Problems  That  Have  Been  Analyzed  by  Photoelastic  Methods 

The  field  of  application  of  the  photoelastic  method  of  stress  analysis  has 
covered  such  a  diversity  of  subjects  that  it  is  futile  to  attempt  to  cover  the 
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entire  range  in  a  short  summary.     For  convenience  therefore  the  applications 
may  be  broadly  classified  in  five  main  categories  as  follows: 

1.  The  determination  of  localized  stresses  for  regular  geometric  shapes  or 
discontinuities.80-88 

2.  Stress  analyses  for  the  design  of  specific  machine  parts.89-99 

3.  Analysis  of  the  stresses  in  engineering  structures  (including  foundations) 
and  aircraft  frames.100-114 

4.  Studies  of  stresses  of  short-time  duration  or  those  due  to  dynamic 
action.116-120 


Fig.  17-50.     Stress  Concentration  around  a  Hole  in  a  Tension  Bar  (Fringe  photo- 
graph by  M.  M.  Frocht) 


Fig.   17-51.     Stress  Concentrations  at  Semicircular  Notches  in  a  Tension  Bar 
(Fringe  photograph  by  M.  M.  Frocht) 
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5.  Miscellaneous  applications  of  the  photoelastic  effect  to  solve  (by  analogy) 
problems  involving  other  physical  phenomena  such  as  fluid  flow  and  thermal 
stresses.121-128 

The  references  for  part  I  are  not  intended  to  represent  a  complete  tabulation; 
they  should  be  regarded  only  as  representative  samples  of  many  of  the  types 
of  work  that  have  been  done  in  two-dimensional  photoelasticity. 

As  examples  of  the  type  of  analyses  under  class  1,  Frocht85  has  determined 
stress-concentration  factors  for  holes,  fillets,  and  grooves  (see  Figs.  17-50  and 
17-51)  in  tension  and  bending;  Wahl  and  Beeuwkes87  for  holes  and  notches; 
and  Weibel88  for  fillets  in  tension  and  bending;  whereas  Baud80  has  studied  the 


Fig.  17-52.     Fringe  Photographs  of  Curved  Bars  Subjected  to  Bending  Loads  of 

Varying  Eccentricity84 

reduction  in  localized  stress  at  a  fillet  caused  by  introducing  a  transition  curve 
(spiral)  in  place  of  the  usual  circular  fillet.  Several  investigators  have  studied 
the  stress  distributions  in  curved  beams  which  do  not  conform  to  the  conditions 
for  which  mathematical  analyses  are  available  (see  for  instance  reference  84 
and  Fig.  17-52). 

In  the  design  of  machine  parts  Boor  and  Stitz89  and  Dolan  and  Broghamer90 
have  determined  the  localized  stresses  in  gear  teeth  (see  Fig.  17-53).  Solakian 
and  Karelitz97  have  studied  the  shearing  stresses  in  keys  and  keyways,  and 
Peterson  and  Wahl96  and  Horger  and  Buckwalter92  investigated  the  effect  of 
shape  of  hub-and-shaft  seat  on  the  effective  stresses  developed  in  a  press  fit. 
Stresses  in  noncircular  press  fits,98  curved  links,95  rollers92  of  the  types  in 
Figs  17-54  and  17-55,  car  wheels99  (Fig.  17-56),  turbine-generator  design,91 
and  miscellaneous  automotive  parts93' 94  have  all  been  studied  by  means  of 
photoelastic  models. 
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In  the  field  of  structures  a  wide  variety  of  useful  applications  are  possible.100 
Stresses  in  composite  members  such  as  reinforced-concrete  beams101  and  the 
possible  use  of  gelatin  models  for  foundation  studies54' 64' 104  are  particularly 
interesting.  Adequate  analyses  of  statically  indeterminate  structures  and 
frames102' 105,  n0  can  be  readily  made,  including  the  localized  stresses  not  ordi- 


Fig.  17-53.     Localized  Stresses  in  the  Fillets  of  a  Gear  Tooth90 


narily  computed  by  the  usual  analytical  methods  of  design.  Hydraulic 
structures,107  welded  joints,106' 108  and  special  details  of  rigid  frames109  (see 
Figs.  17-18  to  17-20)  have  all  been  the  subjects  of  special  investigations.  In 
the  airframe  field,  studies  of  bulkheads110'112  (see  Fig.  17-57),  wing  ribs111 
(see  Figs.  17-1  and  17-2),  and  the  stresses  at  cutouts  in  webs  of  beams  of 
high  shear113  indicate  some  of  the  types  of  applications  in  the  past.  Mesmer114 
has  made  an  interesting  study  of  the  stresses  around  a  hole  in  a  box  beam  built 
of  plastic  by  means  of  a  reflection-type  polariscope. 
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Fig.  17-54.     Contact  Stresses  with  a  Hollow  Roller  (M.  Hetenyi) 
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In  the  field  of  transient  stresses,  photographic  records  of  stresses  due  to 
impact  have  been  made  by  Frocht115  and  by  Tuzi  and  Nisida.119  Dynamic 
stresses  in  rotating  disks  have  been  evaluated  by  Frost  and  Whitcomb,116 
and  fringe  photographs  for  forced  vibrations  of  a  beam  have  been  obtained 
by  Murray.117 


Fig.    17-55.     Contact   Stresses  in   Rollers  of  Different  Radii   (O.  J.   Horger92) 

Some  of  the  most  interesting  potentialities  of  the  photoelastic  effects  lie  in 
its  possible  use  for  solving  problems  other  than  those  of  simple  stress  analysis. 
There  exist  certain  similarities  between  the  differential  equations  for  stress 
and  those  for  fluid-flow  problems.  Therefore,  two-dimensional  plane-stress 
systems  are  found  to  have  features  analogous  to  nonviscous  potential-flow 
fields  on  one  hand  and  to  viscous  flows  on  the  other  hand.121, 128  Thus  the 
isochromatics,  isoclinics,  and  isopachics  of  a  rigid  photoelastic  model  can  be 
reinterpreted  for  certain  conditions  involving  the  solution  of  problems  of  fluid 
flow. 
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(a)   Fringe  photograph 
Fig.  17-56.     Stresses  in  Model  of  Radial  Section  of  a  Railway-Car  Wheel9 
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Weller122  has  utilized  the  photoelastic  methods  of  analysis  in  studying 
the  flow  of  fluids  by  making  use  of  the  double  refraction  developed  in  certain 
fluids  by  viscous  shear.  This  "  photoviscous  "  effect  can  be  observed  through 
glass  walls  in  a  liquid  tunnel,  and  the  flow  around  obstructions  can  be  analyzed 
from  the  retardations  measured  in  a  polariscope.  Leaf123  has  made  practical 
application  of  the  method  for  improving  the  design  of  locomotive  fire  boxes. 
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(b)   Distribution  of  boundary  stresses 
Fig.  17-56.      (Continued) 


Stresses  produced  by  body  forces  (gravitation)  or  due  to  temperature 
gradients  may  be  analyzed  by  methods  proposed  by  Biot,124  using  photo- 
elastic  models  in  which  it  is  not  necessary  to  reproduce  the  gravity  forces  or 
the  thermal  effects.  Gravity  stresses  are  determined  from  the  stresses  pro- 
duced by  loading  a  small  model  with  boundary  forces  varying  linearly  with 
the  depth.  Steady-state  thermal  stresses  are  determined  by  slitting  a  model 
between  inner  and  outer  boundaries  and  displacing  or  rotating  the  two  edges 
of  the  slit  with  respect  to  each  other  by  controlled  amounts.     This  method 
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(Fig.  17-58)  has  been  applied  by  Weibel125  to  several  cross-sectional  shapes. 
In  addition  to  the  dislocation,  boundary  loadings  may  be  applied  to  simulate 
stress  conditions  for  transient  conditions  of  thermal  stress. 


Bulkhead  Fringe  Pattern 


Axis  of  symmetry - 


(a)   Fringe  pattern  for  one  half  of  a  moment  loaded  bulkhead 
Fig.  17-57.     Stresses  in  a  Spar  Bulkhead  (H.  Becker)110 

The  photoelastic  effect  has  proved  useful  in  the  manufacture  and  inspection 
of  high-quality  glass  products127  as  a  means  of  detecting  and  measuring  inher- 
ent residual  stresses,  and  an  interesting  application  to  stress  measurement  in 
rubber  has  utilized  the  natural  birefringence  of  the  rubber  as  a  photoelastic 
material.126 
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The  general  field  of  applications  that  have  been  made  to  specific  products 
also  includes  such  items  as  arches,  slabs,  hooks  (see  Fig.  17-59),  bolts,  dams, 
retaining  walls,  specimens  for  materials  testing,  shafts  (Fig.  17-60),  riveted 
and  welded  joints,  bridge  rockers,  and  many  other  parts  of  engineering 
structures.  One  of  the  most  advantageous  uses  of  the  method  is  the  facility 
with  which  several  modifications  of  a  given  design  may  be  reproduced  by  a 
sequence  of  cuts  on  a  single  model,  and  the  corresponding  redistribution  of 
stress  rapidly  determined  for  selection  of  the  optimum  design  of  the  member. 


Outer 
boundary 


(6)   Distribution  of  boundary  stresses 

Fig.  17-57.      {Continued) 


As  a  visual  aid  the  photoelastic  method  is  outstanding  in  its  ability  to  help 
in  educating  the  engineer  to  the  dangers  of  localized  stresses  by  vividly  por- 
traying the  entire  stress  situation  in  any  two-dimensional  member  in  a  striking 
manner. 
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Fig.  17-58.     Application  of  the  Thermal  Stress  Analogy  to  a  Circular  Tube  (E. 

E.  Weibel12*) 
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Fig.  17-59.     Study  of  Stresses  in  Curved  Hooks  (B.  G.  Johnston) 
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Fig.  17-60.     Stresses  in  a  Fillet  of  a  Shaft  in  Bending  (M.  Hetenyi) 


II.  THREE-DIMENSIONAL  PHOTOELASTICITY 


By  D.  C.  Drucker 

N.  Introduction 

In  this  part,  only  the  truly  photoelastic  methods  of  three-dimensional 
analysis  are  considered  in  detail.  The  very  useful  auxiliary  techniques,  such 
as  membrane  analogy,  relaxation  nets,  lateral-strain  measurements,  or  their 
equivalents,  which  are  often  required  for  the  successful  completion  of  a  photo- 
elastic  problem,  are  mentioned  only  in  passing  to  give  the  reader  an  under- 
standing of  their  function.  They  are  fully  discussed  in  the  first  part  of  this 
chapter. 

The  approach  to  the  subject  is  partly  historical,  but  has  as  its  main  objective 
the  acquainting  of  the  reader  with  the  fundamentals  of  the  art  so  that,  as  the 
present  specific  techniques  are  improved  and  new  ones  are  developed,  he 
should  find  little  difficulty  keeping  up  with  its  progress.  Applications  are 
cited  to  show  what  has  been  accomplished  so  far  and  to  demonstrate  the  pos- 
sibilities for  the  future.     Comparisons  are  made  with  other  methods  to  indi- 
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cate  the  proper  place  of  three-dimensional  photoelasticity  in  the  field  of  stress 
analysis. 

A  bibliography  is  included  which  gives  a  very  short  description  of  most  of 
the  important  articles  on  theory,  technique,  and  application. 

0.  The  Two-Dimensional  Approach 

In  most  problems,  the  important  stresses  occur  on  the  free,  boundary  of 
the  structure  or  machine  part.  Therefore,  a  method  of  determining  the 
boundary  or  surface  stresses  with 
reasonable  accuracy  and  speed 
would  often  be  sufficient.  As 
the  normal  and  shear  stresses 
acting  on  the  surface  are  zero  in 
these  regions  of  interest,  the  state 
of  stress  in  the  surface  is  two 
dimensional. 

A  first  and  most  logical   ap- 
proach to  the  solution  of  three- 
dimensional  problems  is,  therefore,  the  application  by  simple  extension  of  pre- 
viously developed  two  dimensional  techniques. 

44.  Photoelastic  Materials  Applied  as  Surface  Coatings  or  Sheets,  (a) 
Surface  Coatings.  Mesnager154  suggested  the  use  of  a  coating  of  photoelastic 
material  on  a  polished  model  or  portion  of  a  prototype  (Fig.  17-61).  The 
strain  in  the  coating  and  in  the  surface  of  the  model  is  almost  the  same,  and, 
therefore,  the  resulting  birefringence  in  the  coating  determines  the  surface- 
stress  differences. 

Many  difficulties  have  prevented  general  successful  application  of  this 

procedure,  although  Oppel158  did 
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Fig.  17-61.     (Mesnager154) 
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use  it  to  determine  the  stress  at 
the  root  of  a  notch.  Even  with 
the  reflection-type  polariscope 
which  doubles  the  effective  relative 
retardation,  the  sensitivity  is  low 
because  the  strain  is  small;  the 
coating  must  usually  be  thin;  and 
the  strain-optical  sensitivity  of 
most  plastics  is  too  low  for  them 
to  show  appreciable  birefringence. 
Worse  still,  the  accuracy  is  poor  because  the  coating  is  variable  in  thickness, 
and  it  is  extremely  difficult  to  get  good  adhesion,  good  reflection,  and  good 
transparency.  A  further  objection,  which  is  not  always  serious,  is  that  usually 
only  the  difference  between  the  principal  stresses  in  the  surface  can  be  found 
and  not  the  principal  stresses  themselves. 

Mesnager  stated  that  Tardy's  polariscope  could  be  used  to  obtain  the 
required  accuracy,  but,  as  Mindlin22  points  out,  the  image  is  blurred  in  regions 
where  the  stress  gradient  is  high.     A  reflection  polariscope  with  a  single  unit 
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Fig.  17-62.     (Timby  and  Hedrick162) 
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acting  as  both  polarizer  and  analyzer  is  more  convenient  than  a  Norrenberg 
doubler  which  has  separate  units. 

(b)  Surface  Sheets.  Timby  and  Hedrick162  proposed  the  cementing  of  a 
polarizing  layer  over  a  transparent  model  and  cementing  of  a  sheet  of  photo- 
elastic  material  over  the  polarizing  layer  (Fig.  17-62).  Light  emerging  from 
the  body  of  the  model  is  polarized  and  then  affected  by  the  stresses  in  the 
surface  layer.  An  isochromatic  or  fringe  photograph  will  give  the  difference 
between  the  principal  stresses  in  the  boundary  directly. 

The  main  difficulties  encountered  would  be  the  obtaining  of  proper  adhesion 
and  of  sufficient  shear  strength  in  the  polarizing  layer,  which  of  necessity 
must  have  appreciable  thickness.  Other  troubles  are  the  cost  of  preparation 
of  the  model  and  the  interference  of  the  isoclinics  with  the  isochromatics 
because  of  the  use  of  plane-polarized  light.  However,  only  an  ordinary 
transmission  polariscope  without  a  polarizer  is  required. 

45.  Surface  Insertions  and  Attachments.  Mabboux160  embedded  blocks 
of  photoelastic  material  in  the  surface  of  concrete  structures.  Although  the 
problems  of  accuracy  involving  thickness  of  material,  good  reflection,  and 
good  adhesion  are  greatly  simplified,  the  information  obtained  is  very  limited. 
The  insertion  acts  merely  as  a  strain  gage  and  would  rarely  have  any  advantage 
over  present  electrical  or  mechanical  gages  that  would  warrant  its  use. 

The  foregoing  statement  applies  to  projecting  attachments  of  photoelastic 
material  also.  They  too  act  as  a  substitute  for  the  point-by-point  mechanical- 
or  electrical-strain-gage  techniques  and  are  generally  more  difficult  to  use. 

46.  Body  Insertions.  Favre136  proposed  the  insertion  of  optically  sensitive 
prisms  in  a  transparent  and  insensitive  three-dimensional  body  (Pockel's 
glass).  The  difficult  technique  required  makes  it  unlikely  that  this  method 
will  have  successful  application,  although  the  insertion  of  a  sheet  of  sensitive 
plastic  in  an  insensitive  one  is  a  possibility. 

47.  Laminated  Constructions — Especially  for  Plates.  In  general,  the 
integrated  retardation  over  a  considerable  thickness  can  be  interpreted  in 
terms  of  maximum-stress  difference,  or  of  stress  difference  at  some  particular 
point,  only  if  the  law  of  stress  distribution  is  known.  For  example,  the  bend- 
ing stress  in  a  thin  plate  varies  linearly  with  the  distance  z  from  the  middle 
plane,  and  the  direction  of  the  principal  stresses  p  and  q  in  planes  parallel  to 
the  middle  plane  remains  constant.  Therefore,  the  integrated  relative 
retardation  in  fringes  (wave  lengths  of  the  light  used)  through  the  half 
thickness  of  the  plate,  t/2  will  be  a  simple  sum, 

1/2  (p  -  q)  dz/C  =  £(<n  -  a2)t/2C  (96) 


i: 


where  C  is  the  stress-optical  coefficient  of  the  model  material,  and  cri  and  <r2 
are  the  principal  bending  stresses  at  the  surface  of  the  plate.  The  retardation 
is  only  half  as  large  as  for  a  plate  subject  to  a  plane-stress  field  <j\  —  cr2  because 
of  the  linear  variation  of  stress  from  zero  to  a  maximum,  but  the  maximum- 
bending-stress  difference  can  be  calculated  just  as  directly  from  the  integrated 
relative  retardation. 
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(a)  Combinations  of  Materials  of  Different  Stress-Optical  Coefficients.  If 
the  materials  and  cements  are  available,160' 161  an  improvement  on  the  method 
of  Timby  and  Hedrick  previously  discussed  would  be  the  use  of  a  sandwich 
of  two  materials,  one  of  high  and  one  of  low  optical  sensitivity  (Fig.  17-63). 
The  materials  must  have  the  same  elastic  moduli,  that  is,  the  same  Young's 
modulus  and  the  same  Poisson's  ratio.  A  difference  in  Poisson's  ratio  will 
probably  have  little  effect,  but 
it  is  necessary  to  make  sure 
that  the  modulus  of  elasticity 
is  closely  the  same  for  both. 
As  annealing  of  photoelastic 
materials  often  changes  their 
physical  properties,56'  16°  Mar- 
blette  could  be  joined  to  a  much 
less  sensitive  phenolic  resin  by 
a  transparent  Marblette  ce- 
ment, or  Marblette  and  cellulose 
nitrate  sheet  could  be  combined. 
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17-63.     A     Method    for     Determining 
Bending  Stress  in  Plates 


Still  another  possibility  is  insensitive  Lucite  (Plexiglas)  with  cellulose  nitrate 
(Celluloid,  Pyralin). 

(6)  Reflecting  Surfaces  or  Layers.  Instead  of  employing  transparent  sand- 
wiches it  is  possible  to  use  one  of  the  layers  as  an  opaque  reflector,  but  the 
intensity  of  the  reflected  light  will  be  quite  low. 

Full-silvered 
mirror 


Half- silvered 
mirror 


Collimating  lens 

Polarizer-analyzer 

A/4  plate 

Babinet-Soleil  compensator 


0 


Aluminum-foil 
reflector 


D 


Fig.  17-64.     (Goodier  and  Lee)142 

The  only  method  that  has  been  successfully  employed  to  an  appreciable 
extent  is  the  use  of  cemented  layers  of  cellulose  nitrate  sheets  with  reflecting 
surfaces  of  aluminum  foil  between  them  (Fig.  17-64).142  The  following  tech- 
nique is  given  by  Goodier  and  Lee. 

Two  plates  of  photoelastic  material,  preferably  cellulose  nitrate  sheets,  are 
cemented  together  with  a  layer  of  reflecting  material  between  them.  A 
rather  thin  acetone-cellulose  nitrate  material  mixture  is  found  to  be  satis- 
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factory.  The  aluminum-foil  reflecting  layer  is  first  cemented  to  one  of  the 
plates,  and  then  the  two  plates  are  joined.  Sufficient  pressure  to  force  all 
air  bubbles  out  of  the  seal  can  be  applied  with  an  ordinary  washing-machine 
ringer.  The  completed  composite  plate  should  be  aged  for  several  weeks  to 
insure  thorough  drying  of  the  cement. 

An  excellent  bond  is  obtained  between  the  sheets  themselves,  but  a  weak 
bond  only  between  them  and  the  foil.  In  regions  of  stress  concentrations  the 
shearing  forces  perpendicular  to  the  plate  become  large,  and  the  maximum 
shearing  stress,  which  acts  in  the  plane  of  weakness,  may  be  sufficient  to 
cause  the  cement  bond  to  fail.  If  this  does  occur,  the  concentration  factor 
will  be  too  high,  corresponding  to  the  plane-stress  case  and  not  to  bending. 

The  reflection  polariscope  used  in  the  experiments  should  be  very  light 
because  of  the  appreciable  change  in  slope  of  the  plate  when  it  is  bent.  It  is 
suggested  that  a  very  small  light  polariscope  be  attached  to  the  model  with 
vacuum  cups.  A  strong  white-light  source  and  compensator  are  used  to 
obtain  visibility  and  accuracy. 

Separation  of  the  principal  bending  stresses  can  be  accomplished  in  many 
of  the  same  ways  as  for  plane  stress,  because  the  sum  of  the  bending  moments 
Gx  and  Gy  satisfies  the  same  equation  as  the  sum  of  the  normal  stresses  in  the 
two-dimensional  case,  that  is  {d2/dx2  +  d2/dy'2)(Gx  +  Gy)  =  0.  As  bending 
stress  is  directly  proportional  to  bending  moment,  membrane  analogy  or 
iteration  can  be  employed  using  the  experimentally  determined  and  known 
values  of  the  bending  stress  on  the  boundaries. 

48.  Summarizing  Remarks  on  Two-Dimensional  Extensions.  As  can  be 
seen  from  the  preceding  discussion,  many  two-dimensional  extensions  have 
been  proposed,  but  very  few  have  had  even  limited  successful  application  to 
practical  problems  other  than  the  analysis  of  plate  bending.  A  really  three- 
dimensional  technique  is  required  to  obtain  the  answers  to  most  three-dimen- 
sional problems. 

However,  the  possibility  of  the  use  of  other  means  of  measurement  must 
always  be  kept  in  mind.  For  example,  if  the  object  of  the  experiment  is  to 
determine  stresses  at  a  few  exposed  points  only,  electrical  or  mechanical 
gages  will  be  found  much  more  suitable  than  photoelastic  means.  Also,  if  a 
qualitative  picture  is  wanted  of  the  stresses  on  free  boundaries,  brittle  lacquer 
coatings  will  be  more  convenient. 

P.  Basic  Three-Dimensional  Laws 

49.  Homogeneous  State  of  Stress,  (a)  Plane  Stress  Viewed  Obliquely. 
The  reader  is  assumed  to  be  familiar  with  elementary  two-dimensional  photo- 
elasticity.  Therefore,  the  transition  to  three  dimensions  will  be  made  by 
considering  the  problem  of  plane  stress  from  a  general  viewpoint  (oblique 
incidence). 

For  simplicity,  assume  that  the  state  of  stress  is  uniform  over  the  region  of 
the  two-dimensional  model  being  considered  (homogeneous  stress)  and  also 
that  in  the  unloaded  state  there  is  complete  absence  of  initial  stress  and  initial 
optical  effect.     The  relative  retardation  produced  by  the  stressed  model  when 


BASIC  THREE-DIMENSIONAL  LAWS 


929 


light  enters  at  normal  incidence,  (Fig.  17-65a)  is  A„  =  (p  —  q)t/C  where  t 
is  the  thickness  of  the  model,  C  is  the  stress-optical  coefficient  of  the  model 
material,  and  p  and  q  are  the  maximum  and  minimum  principal  stresses, 
respectively.  If  the  model  is  rotated  about  p  so  that  the  light  normal 
through  the  model  makes  an  angle  6  with  the  normal  to  the  plane  (Fig.  17-656) 
the  light  path  becomes  i/cos  6  long.  The  light  is  then  subject  to  "principal" 
stresses  in  the  plane  perpendicular  to  the  light  normal,  p  and  q  cos2  6.  Such 
stresses  are  called  secondary  principal  stresses  to  distinguish  them  from  the 


^ 


H" 


(a) 

Fig.  17-65.     Plane  Stress  Viewed 

(a)  Normally 

(b)  Obliquely 

true  principal  stresses  p,  q,  and  0.     The  relative  retardation  in  the  oblique 
position  is 

A0  =  (p  -  q  cos2  6)  (t/ cos  0)/C 

This  simple  example  illustrates  two  very  important  related  fundamental 
points.  The  retardation  per  unit  length  of  travel  of  the  light  is  a  constant 
multiplied  by  the  difference  between  the  secondary  principal  stresses;  and 
additional  information  of  value  is  obtained  by  oblique  incidence. 

In  the  case  of  plane  stress,  oblique-incidence  information  combined  with 
normal  incidence  gives  two  equations  in  p  and  q  and,  therefore,  enables  deter- 
mination of  each.74  Naturally,  more  measurements  must  be  made  for  more 
general  states  of  stress. 

The  types  of  measurements  and  their  interpretation  are  described  in  detail 
in  the  discussions  of  actual  methods  of  analysis. 

(b)  Stress-Optical  Laws  in  Three  Dimensions — the  Index  Ellipsoid. 156  Stress 
transforms  the  originally  isotropic  photoelastic  material  into  an  artificial 
crystal  whose  axes  coincide  with  the  axes  of  principal  stress.  A  crystalline 
material  is  doubly  refracting;  that  is,  in  general,  there  are  two  wave  velocities 
for  each  wave  normal,  these  velocities  being  different  for  wave  normals  in 
different  directions.     Each  of  the  two  waves  is  plane-polarized;  the  directions 
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of  vibration  are  perpendicular  to  each  other  and  to  the  wave  normal.     A 
point  source  of  light  will,  therefore,  spread  out  as  a  two  sheeted  surface  (Fig. 

17-66).  It  is  more  convenient  to  think  in 
terms  of  index  of  refraction  n,  which  is 
essentially  the  reciprocal  of  velocity, 
n  =  ^vacuum/?'.  There  are  thus  two  indices  of 
refraction  for  each  wave  normal,  and  the 
optics  of  the  artificial  crystals  can  be  under- 
stood in  terms  of  the  index  ellipsoid  (Fig. 
17-67)  whose  principal  axes  OA,  OB,  OC 
coincide  with  the  axes  of  principal  stress  ci, 
a-:,  0-3  at  the  point.  The  semiaxes  OD,  OE  of 
any  central  section  ODE  are  in  the  directions 
of  vibration  of  the  transmitted  light  and  in 
length  are  the  indices  of  refraction  for  each  of 
the  two  waves  whose  wave  normal  ON  is  per- 
pendicular to  the  sectioning  plane.  These  semiaxes  coincide  with  the  direc- 
tions of  secondary  principal  stress. 

If  the  radius  of  the  index  sphere  before  stress  is  applied  is  n0,  the  following 


Fig.     17-66.     Wave     Surface 
for  a  Biaxial  Crystal 


Fig.  17-67.     Index  Ellipsoid165 
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stress-optical  relationships  hold   (note  their  similarity  to  the  stress-strain 
equations  as  though  the  original  index  sphere  were  actually  deformed  by  the 

stresses) : 

nA  —  n0  =  CVi  +  Ciip'i  +  0-3) 

nB  —  n0  =  CV2  +  C2(cr3  +  (?i) 

nc  -  no  =  CV3  +  C»(cn  +  cr2)  (97) 

where  nA,  nB,  nc  are  the  three  principal  indices  of  refraction  along  the  1,  2,  3 
directions  and  C\  and  C2  are  stress-optical  coefficients. 
For  the  general  wave  normal  ON, 

nD  —  n0  =  CiffD  +  C2((Te  +  <tn) 

nE  —  n0  =  C\<Te  +  C2(<tn  +  crn) 
or 

nD  —  nE  =  (Ci  —  C2)  (<td  —  aE) 

and  the  relative  retardation  in  wave  lengths  through  a  thickness  t  is 

(nD  —  nE)t       (Ci  —  C»)t{<TD  —  <rE) 


A  = 
or 


X 


A  =   l-  (aD  -  aE)  (98) 

where  X  is  the  wave  length  of  the  light,  and  C  is  the  commonly  used  stress- 
optical  coefficient,  l/C  =  (d  —  C2)/X. 

If,  by  definition,  nc  >  nB  >  nA,  that  is,  OC  >  OB  >  OA,  the  plane  OCB 
contains  the  largest  principal  axis  and  the  intermediate.  From  symmetry 
there  must  be  two  circular  sections  the  normals  to  which,  OQ,OQ',  lie  in  the 
OAC  plane  and  are  at  some  angle  fi  to  OC.  These  normals,  or  directions 
along  which  the  material  acts  toward  light  as  though  it  were  isotropic,  are 
called  the  optic  axes  and  the  angle  between  them  212  is  the  optic  axial  angle. 
The  planes  of  polarization  for  any  wave  normal  bisect  internally  and  externally 
the  angle  between  the  planes  formed  by  the  wave  normal  and  each  of  the 
optic  axes. 

As  nc  —  nB  and  nc  —  nA  are  small  in  photoelastic  work,  0.002  or  smaller, 

sin'  U  =  n-^^         cos*  Q  =  ^^  (99) 

nc  —  nA  nc  —  nA 

and,  in  general, 

nD  —  Ue  =  {nc  —  nA)  sin  /3i  sin  /32  (100) 

where  (81  and  /32  are  the  angles  between  the  normal  and  the  optic  axes. 

These  relationships  lead  to  equations  for  the  difference  between  the  prin- 
cipal stresses, 
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0"3    —  0"i    = 


<Tl)    —  Oe 

sin  jSi  sin  /32 


(<td  —  <te)  sm2  £2 

oi  —  <j\  =  ; 

sin  j8i  sin  /3-> 


(101) 


50.  Nonhomogeneous  Stress,  (a)  Correction  to  the  Elementary  Law  of 
Retardation.  If  the  stress  field  is  perfectly  uniform  through  the  thickness  t 
of  the  model  or  portion  being  investigated,  the  relative  retardation  will  be 
given  by  A  =  (p  —  q)t/C  and  is  dependent  entirely  on  the  magnitude  of  the 
secondary  principal-stress  difference,  p  —  q. 
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Fig.  17-68.     Light  Vector  Follows  Stress134 

If  p  and  q  vary  in  magnitude  along  the  wave  normal  but  remain  fixed  in 
direction,  the  retardation  sums  simply  point  by  point  so  that 


-/<* 


q)  dt/C 


(102) 


However,  if  there  is  rotation,  along  the  wave  normal,  of  the  axes  of  (secondary) 
principal  stress  in  planes  perpendicular  to  the  wave  normal,  the  relative 
retardation  is  increased.134  The  assumption  of  a  constant  rate  of  rotation 
along  the  wave  normal  leads  to  the  form 


A  =  A'  VI  +  4R2  =  A'S 


(103) 


where  A'  is  the  relative  retardation  for  zero  rotation,  and  R  is  the  dimension- 
less  ratio  of  rotation  to  retardation  per  unit  length.  S  is,  therefore,  rarely 
appreciably  larger  than  unity. 

(6)  The  Direction  of  the  Light  Vector.  Although  the  effect  of  the  rotation 
on  the  retardation  is  generally  very  small,  its  influence  on  the  light  vector  is 
great  and  often  very  important.  In  almost  all  practical  cases  the  light  vector 
will  follow  the  change  in  direction  of  the  (secondary)  principal  stresses.134 
For  example,  if  plane-polarized  light  enters  a  model  at  a  point  where  the 
direction  of  vibration  of  the  light  coincides  with  a  secondary  principal-stress 
direction,  the  direction  of  vibration  will  continue  to  coincide  with  the  stress 
direction  as  it  rotates  through  very  large  angles  (Fig.  17-68).  When  the 
magnitude  of  the  secondary  principal-stress  difference  is  constant  and  the 
orientation  changes  at  a  constant  rate  along  the  wave  normal,  the  intensity 
of  light  vibrating  perpendicularly  to  this  direction  is  less  at  all  points  than 


TECHNIQUES  OF  THREE-DIMENSIONAL  ANALYSIS  933 

4#2/(l  +  4#2)  of  the  total  intensity  of  the  light.134  R,  as  before,  is  the  ratio 
of  the  rotation  to  the  retardation.  It  will  almost  always  be  less  than  5  per 
cent  (18°  rotation  per  fringe)  in  regions  of  interest,  so  that  the  intensity  at 
right  angles  to  the  main  vibration  will  be  less  than  1  per  cent  of  it  and  is 
entirely  negligible. 

No  solution  has  as  yet  been  obtained  for  general  variations  of  orientation 
and  magnitude  of  the  secondary  principal  stresses.  Coker  and  Filon*  derive 
the  differential  expressions 

dy  =  —  cos  p  dip 

2tt 

dp  =  2  ctn  27  sin  p  d<p  -\ (rii  —  n2)  dz  (104) 

X 

in  which  tan  7  is  the  ratio  of  the  amplitudes  of  vibration  along  the  secondary 

principal-stress  directions  1  and  2;  tp  is  the  angle  between  the  1  direction  and 

2tt  . 

an    arbitrary   axis;    —  {nx  —  n%)  dz  is   the   relative   retardation  that   would 

A 

occur  in  the  length  dz  if  the  axes  of  principal  stress  did  not  rotate;  and  p  is 
the  relative  retardation  in  radians  actually  occurring,  cp  and  «i  —  n2  are 
functions  of  z. 

Mindlin  and  Goodman168  obtain  a  more  useful  pair  of  equations  which, 
as  expected,  show  R  to  be  the  controlling  variable. 

Q.  Techniques  of  Three-Dimensional  Analysis 

Two  general  practical  methods  are  in  use  at  the  present  time  for  the  photo- 
elastic  determination  of  three-dimensional  states  of  stress.  In  one  the  stresses 
are  fixed  or  "frozen"  in  the  model,  and  slices  cut  from  the  model  are  analyzed. 
In  the  other  the  phenomenon  of  scattering  of  light  is  employed,  and  the  slicing 
is  done  optically.  As  the  technique  of  measurement  required  is  different  for 
the  two  methods  of  slicing  or  probing,  they  are  discussed  separately.  How- 
ever, both  procedures  depend  on  the  previously  discussed  effects  of  stress  on 
the  propagation  of  light  which  are  independent  of  the  means  of  observation 
of  these  effects. 

51.  The  Fixation  Method  or  "Stress  Freezing."  (a)  The  Behavior  of 
Heat-Hardening  Resins.  In  1850  Maxwell151  reported  on  an  experiment  with 
a  jelly  of  isinglass  between  two  concentric  cylinders.  A  torque  was  applied  to 
the  inner  cylinder  while  the  isinglass  was  allowed  to  cool  and  dry.  On  removal 
of  the  torque,  Maxwell  found  that  the  optical  pattern  corresponded  to  the 
elastic  optical  pattern  and  apparently  was  not  a  system  in  equilibrium.  How- 
ever, he  was  unable  to  explain  his  results,  and  the  matter  was  dropped  until 
1935  when  Solakian160  heated  a  circular  bar  of  Marblette  to  180°F,  twisted  it, 
and  cooled  it  under  load.  A  slice  taken  perpendicularly  to  the  axis  of  the 
bar  showed  a  fringe  pattern.  This  experiment  was  the  start  of  the  fixation 
method,  even  though  no  pattern  appears  with  such  a  slice  if  the  strains  are 

*  Reference  1,  p  256. 
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Fig.  17-69.     Time-Deflection  Curves  for  Bakelite  BT-61-893  at  Elevated  Tem- 
perature (M.  Hetenyi68) 
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small  and  the  incident  light  is  normal.  Oppel157  in  1936  was  the  first  to  state 
that  cutting  a  frozen  model  does  not  disturb  its  fringe  pattern,  and  Kuske148 
and  Hetenyi68  supplied  the  theoretical  explanation  of  the  phenomenon. 

At  room  temperatures  or  lower  the  most  commonly  used  heat-hardening 
plastic,  BT-61-893,*  exhibits  practically  no  creep  in  the  usual  short-time  tests 
at  stresses  under  3000  psi.  The  phenolic  resins  are  not  so  good  in  this  respect, 
but  the  creep  rate  is  quite  low. 

This  rate  apparently  increases  considerably  with  temperature,56  but 
Hetenyi58  found  that  surprisingly  an  upper  limit  of  deformation  exists;  that 
is,  an  increase  in  temperature  merely  decreases  the  time  required  to  reach  this 
maximum  deformation  but  does  not  have  an  appreciable  effect  on  its  magnitude 
(Fig.  17-69). 


Fig.  17-70.     Model  for  Be- 
havior of  Heat-Hardening 
Resins  (M.  Hetenyi68) 


Fig.      17-71.     Primary    and    Fusible 
Phases  (Houwink129) 


This  peculiar  and  possibly  unexpected  behavior  can  be  explained  by  a  very 
simple  model  (Fig.  17-70),  a  spring  and  dashpots  in  parallel.  At  low  tem- 
peratures the  viscosity  of  the  oil  in  the  dashpots  is  so  high  that  creep  proceeds 
extremely  slowly.  The  spring  remains  almost  unchanged  in  length  and, 
therefore,  only  slightly  stressed.  As  the  temperature  is  increased,  the  oil 
becomes  less  viscous,  and  deformation  can  proceed  more  rapidly.  The  more 
the  deformation,  the  more  the  stress  in  the  spring.  Eventually,  at  either 
sufficient  time  or  temperature,  all  the  load  is  taken  by  the  spring  and  none 
by  the  oil.  If  the  spring  material  is  perfectly  elastic,  no  further  deformation 
can  take  place  at  the  given  load.  Therefore,  at  high  temperatures,  the  model 
will  be  perfectly  elastic,  but  its  modulus  will  be  quite  low. 

That  the  behavior  of  a  heat-hardening  resin  can  be  explained  by  a  three- 
dimensional  arrangement  of  springs  and  dashpots  is,  of  course,  not  accidental. 
Such  a  resin  has  a  strong  primary  network  (polymerized  phase)  permeated  by 
a  fusible  and  soluble  phase  (Fig.  17-71).  It,  therefore,  is  essentially  a  spring 
of  low  modulus  (because  of  its  form)  embedded  in  a  viscous  material.129 

Knowledge  of  the  structure  of  this  type  of  resin  indicates  that,  if  the  mate- 


*  BT-61-893  is  now  called  Catalin  61-893. 
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rial  is  heated  to  a  temperature  at  which  the  fusible  phase  has  negligible  vis- 
cosity, loaded  so  that  all  the  load  is  carried  by  the  primary  network,  and  then 
cooled  slowly  under  load,  the  fusible  portion  will  set  and  hold  the  primary 
network  in  place  when  the  load  is  removed.  The  internal  stress  in  the  net- 
work is  balanced  microscopically  by  a  small  stress  in  the  fusible  phase. 

From  the  photoelastic  point  of  view,  the  important  fact  is  that  this  system 
of  stresses  in  equilibrium  at  each  point  produces  an  optical  pattern  which  is 
proportional  to  the  elastic  optical  pattern  under  load  at  room  temperature. 
The  retardation  is  produced  by  the  primary  network  and  is  almost  as  great 
as  under  load  at  the  elevated  temperature  at  which  the  pattern  was  "frozen." 
Because  the  stresses  balance  internally  on  a  microscopic  scale,  careful  sawing 
of  the  model,  avoiding  the  generation  of  appreciable  heat,  will  not  affect  the 
retardation  pattern  (Fig.  17-72).  A  model  can,  therefore,  be  analyzed  slice 
by  slice  or  point  by  point  as  the  optical  properties  of  a  region  will  not  be 
altered  by  its  removal  from  the  model.  Subsequent  loading  of  the  model  or 
of  a  portion  of  it  at  room  temperature  will  be  carried  almost  entirely  by  the 
fusible  phase  and  will  produce  additional  retardation  which  will  add  to  that 
already  fixed  in  the  resin.135  The  effects  add  in  the  same  manner  as  two 
systems  of  stresses  add. 

The  fusible  portion  of  BT-6 1-893  has  a  very  high  strain-optical  sensitivity 
compared  with  the  infusible  as  may  be  seen  from  the  following  figures: 

At  room  temperature  E  =  650,000  psi     C  =  85     lb /in. /fringe 
At  115°C  E  =       1,100  psi     C  =    3.3  lb/in./fringe 

an  increase  in  stress-optical  sensitivity  at  the  elevated  temperature  of  approxi- 
mately 26  X  but  an  increase  in  strain  for  a  given  stress  of  600  X,  therefore, 
almost  a  25-fold  increase  in  deformation  for  a  given  retardation. 

On  the  other  hand,  the  fusible  portion  of  the  styrene-alkyd  resins  developed 
by  Westinghouse  seems  practically  insensitive;  the  optical  properties  of  the 
material  are  due  almost  solely  to  the  infusible  network.  As  reported  by 
Leven,166  for  sebacic  Fosterite,  the  stress-optical  coefficient  C  =  3.0  lb/in./fringe 
at  100°C  when  the  modulus  E  is  close  to  2000  psi.  At  other  temperatures 
both  E  and  C  increase  but  are  closely  in  ratio  so  that  the  strain-optical  coeffi- 
cient remains  almost  constant.  On  the  reasonable  assumption  that  the 
optical  effect  caused  by  the  primary  network  is  determined  by  the  strain 
it  is  subjected  to,  all  the  birefringence  is  accounted  for,  and  there  can  be  no 
contribution  from  the  very  large  viscous  component. 

It  should  be  noted  that  other  materials,  such  as  cellulose  nitrate,  which  are 
thermoplastic,  do  show  similar  effects  to  those  observed  in  the  thermosetting 
resins.  A  frozen  pattern  can  be  set  in,  which  at  the  time  is  only  slightly  dis- 
turbed by  careful  sawing.  However,  the  patterns  will  eventually  disappear, 
and  the  model  will  distort. 

Mindlin169  has  studied  the  photoviscoelastic  problem  and  reached  the  con- 
clusion that  cross-linked  polymers  are  not  required  for  the  fixation  method. 
An  "elastic"  pattern  will  be  obtained  if  all  loads  on  a  viscoelastic  model  are 
changed  and  kept  in  ratio. 
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(6)  Experimental  Procedure.  The  preferred  procedure  for  BT-6 1-893  is  first 
to  heat  the  model  at  240-260°F  (115-127°C)  for  a  sufficient  period  of  time  to 
obtain  a  reasonably  uniform  distribution  of  temperature,  and  then  to  load 
and  cool  slowly  under  load.     The  optimum  temperature  for  the  styrene- 


Fig.   17-72.     Illustrations  Showing  that  Careful  Sawing  Does  not  Disturb  the 
Frozen  Stress  Pattern.      Material:  Adipic  Fosterite  (M.  Hetenyi) 


alkyd  resins  is  in  the  neighborhood  of  100°C  and  depends  on  the  particular 
acid  used. 

Either  air  or  liquid-bath  heating  is  usually  employed,  but  dielectric  heating 
would  have  the  great  advantages  of  both  speed  and  uniformity.  The  liquid, 
if  one  is  used,  must  have  a  low  rate  of  evaporation  at  120°C  and  should  not 
decompose  at  this  temperature.  A  heavy  mineral  oil,  or  possibly  better, 
some  of  the  newly  developed  silicones  can  be  used.     Air  heating  is  easily 
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adaptable  to  most  existing  loading  devices  because  leakage  is  not  especially 
objectionable  and  proper  insulation  can  be  provided.  If  the  problem  calls 
for  a  simple  type  of  loading  or  a  very  special  small  frame,  the  entire  setup 
may  be  placed  in  a  standard  heating  or  annealing  oven. 

After  the  optical  pattern  is  fixed  in  the  cooled  model,  slices  can  be  cut  and 
analyzed.  Although  careful  cutting  will  not  have  an  appreciable  effect  on 
the  optical  pattern  except  at  the  very  surface,  the  slice  will  generally  not  be 
sufficiently  transparent.  Clear  photographs  can  be  obtained  by  immersing 
the  slice  in  a  fluid  of  the  same  refractive  index  (for  example,  Halowax  Com- 
pany RD-11  for  BT-61-893)  or  by  coating  it  with  lacquer  or  oil.  Polishing 
may  be  necessary  if  extremely  good  visibility  at  the  boundaries  is  required. 
Ordinary  polishing,  however,  will  round  the  edges  too  much  unless  a  wax- 
coated  lap  is  used.  It  should  be  kept  in  mind  that  polishing  itself  is  a  process 
of  plastic  flow  and,  of  necessity,  must  destroy  the  frozen-stress  pattern  at  the 
very  surface  if  the  previous  cutting  has  not  already  done  so.  The  depth 
affected  is  extremely  small,  and  no  report  has  been  published  in  which  this 
disturbance  of  a  thin  surface  layer  has  been  said  to  cause  trouble.  To  avoid 
chipping  of  the  edges  when  cutting  slices,  Meriam153  cast  a  model  in  a  Wood's 
metal  before  slicing.  The  particular  Wood's  metal  used  had  a  melting  point 
of  160°F  obtained  with  a  composition  of  50%  Bi,  25%  Pb,  12^%  Cd,  12^% 
Sn. 

Appreciable  edge  stresses,  which  almost  completely  obscure  the  boundary 
fringe  values,  are  produced  in  BT-61-893  during  the  heating  and  cooling  period 
and  subsequent  slicing.  However,  Frocht3  has  discovered  that  these  "time 
stresses"  are  materially  reduced  and  often  completely  eliminated  if  the  slice 
is  allowed  to  stand  for  a  few  days  before  measurements  are  made  (Fig.  17-73). 
Apparently  no  new  edge  effects  are  introduced  if  the  slice  is  kept  in  oil. 
Frocht  also  shows  the  relief  of  induced  internal  stress  when  original  surface 
layers  are  machined  off,  demonstrating  that  large  elastic  stresses  are  produced 
by  polymerization  and  changes  in  water  content  of  the  outer  layers  of  BT-61- 
893  and  similar  plastics. 

Monch170'  m  uses  layers  of  oil  and  aluminum  foil  to  protect  the  model  and 
prevent  edge  effect. 

One  enormous  advantage  of  the  best  styrene-alkyd  resins  is  that  practically 
no  edge  effect  results  from  heating,  cooling,  and  slicing.  This  factor  alone 
would  be  sufficient  reason  for  changing  from  Bakelite  and  allied  plastics  in 
most  applications  of  the  freezing  method.  In  addition,  the  Fosterites  have 
been  cast  in  6-in.-diameter  rods,  whereas  the  maximum  available  thickness 
for  BT-61-893  is  only  a  little  over  1  in.  Many  problems  can  be  investigated 
now  that  these  practical  difficulties  have  been  overcome,  although  what  is 
really  required  and  not  yet  available  is  a  resin  which  can  be  cast  in  large 
complicated  shapes. 

Kriston,  an  allyl  ester  resin,  has  many  desirable  properties174  and  can  be 
cast  fairly  well. 

(c)  Methods  of  Analysis — Accuracy.176  Methods  of  analysis  can  be  classified 
as  point  by  point  or  region  by  region.     The  distinction  is  in  the  method  of 
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Pig.  17-73.     Reduction  of  Edge  Effect  (Time  Stresses)  in  Frozen  Pattern  (Frocht, 

ref.  3  vol.  2) 

(a)  Slice  cut  from  BT-61-893  model  immediately  on  removal  from  oven 

(b)  Same  slice  a  few  days  later 

(c)  Slice  reduced  in  thickness  showing  still  further  elimination  of  edge  effect 
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measurement  on  the  model  and  not  in  the  calculations  necessary  for  stress 
determination.  If  the  apparatus  enables  useful  readings  to  be  obtained  at 
one  point  only,  a  fairly  complete  analysis  will  take  a  long  time.  If  an  entire 
plane  or  region  can  be  observed  at  once,  a  qualitative  picture  is  obtained 
quickly.  Some  point-by-point  methods  have  high  accuracy  and  may  be  used 
at  points  of  greatest  interest  to  supplement  the  regional  exploration  where 
practicable. 

If  a  plane  of  principal  stress  can  be  chosen  as  the  middle  plane  of  a  slice, 
a  normal  incidence  photograph  will  give  the  same  information  as  it  does  for  a 
two-dimensional  plane-stress  model — the  difference  between  two  true  principal 
stresses.  The  stress  normal  to  the  plane  does  not  affect  the  retardation  (nor 
would  a  shearing  stress  on  the  plane) .  If  the  slice  is  sufficiently  thin  that  the 
directions  of  the  principal  stresses  do  not  change  appreciably  through  the 
thickness,  an  isoclinic  pattern  can  be  obtained  in  the  usual  two-dimensional 
manner.  If  the  directions  change  through  the  thickness,  it  is  necessary  to 
use  the  fact  that  the  light  vector  follows  the  principal  stress  directions  through 
the  slice.  Polarizer  and  analyzer  must  be  rotated  separately  until  extinction 
is  obtained  at  any  point.  White  light  should  be  used  to  avoid  interference 
by  the  isochromatics.  The  polarizer  will  then  give  the  direction  of  one  of  the 
principal  stresses  on  its  side  of  the  slice,  and  the  analyzer  the  perpendicular 
to  the  correspondingly  principal  stress  on  its  side  (Fig.  17-68).  It  is  not  pos- 
sible in  the  general  case  to  obtain  isoclinics  directly,  point  by  point  exploration 
is  necessary. 

However,  even  for  the  simpler  and  more  usual  case  of  a  sufficiently  thin 
slice,  the  stress  normal  to  the  plane  is  not  known,  and,  therefore,  one  additional 
measurement  must  be  made  at  each  point  of  interest  to  determine  the  three 
principal  stress  differences.  A  photograph  at  oblique  incidence  will  give  this 
information  at  all  points. 

When  the  incident  light  is  normal  to  the  slice  (Fig.  17-74a6c)  the  total 
relative  retardation  through  the  thickness  t  at  any  point  is  (equation  98) 

An   =    (o-i   -  <J,)t/C  (105) 

measured  in  fringes.  cr:  is  the  algebraically  larger  and  <r2  the  algebraically 
smaller  (true)  principal  stress  in  the  plane  of  the  slice. 

If  the  slice  is  rotated  about  some  arbitrary  axis  x,  at  an  angle  4>  to  the  cri 
direction  at  the  point  considered,  so  that  the  wave  normal  makes  an  angle 
d  with  the  a3  direction  (normal  to  the  slice),  the  light  path  becomes  t/cos  6 
long.  The  component  stresses  affecting  the  light  change  from  <rx,  ay,  and  rxy 
to  (Tx,  cry  cos2  8  +  0-3  sin2  6,  and  rzy  cos  6  (Fig.  17-74def). 

The  formulas  for  the  transformation  of  stress  (see  Professor  Timoshenko's 
chapter  on  elasticity)  give  the  difference  between  the  secondary  principal 
stresses,  the  diameter  of  Mohr's  circle,  as 


V 


-  q  =  V[ax  -  (av  cos2  d  +  az  sin2  0)12  +  4rX!/2  cos2  6  (106) 
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and  the  relations, 

<jx  =  (7i  cos2  0+0-2  sin2  0  .=  (o-!  —  <r2)  cos2  0  +  a; 
cry  =  (7i  sin2  0  +  o-2  cos2  0  =  (ci  —  0-2)  sin2  0  +  o-2 

0*1    —  0"2 
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T  Ty 


sin  20 


Also 


tan  2i/<  = 


2t™  cos  # 


ax  —  ((Ty  cos2  0+0-3  sin2  a) 


(107) 


(108) 


where  \p  is  the  angle  between  the  maximum  secondary  principal  stress  p  and 
the  x  axis.  Both  0  and  ^  are  measured  positively  in  the  same  direction, 
counterclockwise  from  x  to  the  maximum  principal  stress. 


(b) 


tffy 


h-Nr. 


(c) 


o\,cos20  +  o-(sin20 


<rvcos20  +  <x,sin20 
cos  0 


iv 


lU 


Fig.  17-74.     Principal  Slice  Viewed  Normally  and  Obliquely 
The  relative  retardation  through  the  thickness  t/cos  9  is 

Ae  =  (p  -  q)t/C  cos  d 
Substituting  for  p  —  q,  after  algebraic  manipulation,  leads  to 
C 


(109) 


0"2    —    C.3     = 


t  sm2 


±  cos  6  VAS2  -  A„2  sin2  20  -  A„[l  -  sin2  0(1  +  cos2  d)]} 

(110) 


The  indeterminate  sign  before  the  square  root  is  troublesome  when  0  is  not 
close  to  0°  or  90°,  unless  an  approximate  isoclinic  pattern  is  obtained  in  the 
oblique  position  as  explained  in  the  following. 
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Transformation  of  equation  108  gives  another  expression  for  c2  —  a\3 

9t  -as=  °1^^  |iHl20  cog  Q  _{l_  gin2  0(1  +  cog2  e)]\      (U1) 
sin2  6    (tan  2\p  ) 

As  ai  —  o-o  =  A„C/t,  comparison  of  the  two  expressions  for  a2  —  az  shows  that 

+  VAe2  -  An2  sin2  20  =  A„  iHL?*  (112) 

tan  2\{/ 

or  the  sign  of  the  square  root  is  given  by  the  sign  of  sin  20/tan  2\p  where  0 
and  \p  are  determined  experimentally. 

Equation  111  apparently  could  be  used  directly  without  recourse  to  the 
measurement  of  the  retardation  in  the  oblique  position.  Actually  this  is  not 
practical  except  for  \f/  near  45°  because  of  the  extremely  poor  accuracy  of 
determination  of  sin  20/tan  2\f/  in  regions  of  0  =  0°  or  90°. 

Note  that,  as  0  approaches  zero,  if  \p  approaches  zero,  this  ratio  is  positive 

(but  not  unity),  and,  if  \p  approaches  90°,  the  ratio  is  negative.     Also,  as  0 

approaches  90°,  if  \p  approaches  90°,  the  ratio  is  negative  (but  again  not  unity), 

and,  if  \j/  approaches  zero,  the  ratio  is  positive.     These  two  cases,  in  which 

high  accuracy  can  be  obtained,  lead  to  expressions  which  are  very  useful  in 

point-by-point  exploration : 

C 
(o-,  -o-3)o  =       .   -  -  (+Ae  cos  6  -  An) 
t  sin2  9 

(o-o  -  (73)90  =  — —  (-Afl  cos  d  +  An  cos2  d)  (113) 

t  sin2  6 

In  the  previous  equations  A„  is  always  positive  by  definition,  and  A0  is  positive 
when  the  algebraically  larger  principal  stress  is  in  the  same  direction  as  for 
normal  incidence,  and  negative  when  it  turns  through  90°,  that  is,  if  as  the 
slice  is  rotated  the  fringe  order  decreases  to  zero  and  then  increases  again. 
This  question  is  quickly  and  easily  settled  when  the  pattern  is  not  observed 
during  rotation  by  the  use  of  white  light  or  a  simple-tension  compensator. 
The  accuracy  that  is  attainable  with  this  general  procedure  at  any  point  in 
a  plane  of  principal  stress  can  be  estimated  by  considering  the  effect  of  errors 
in  each  of  the  measured  quantities  A$,  A„,  </>,  and  6.  Using  the  notation  8  for 
error  gives 

gjgj  -as)  d(cr2  -o-3) 

«(cr,  -  ,3)  =  —JK- -  8Ae  +  _^_  oA„ 

d(a,  -  a3)  gfo  -  03)  8d 

d<t>  dd 

if  the  errors  are  reasonably  small. 

As  the  determination  of  the  isoclinics  is  usually  not  very  precise,  the  most 

interesting  term  is 50.     This  term  is  found  to  be  zero  at  both 

0  =  0  and  90°,  showing  that  a  small  error  in  0  will  not  have  an  appreciable 
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effect  on  the  experimentally  determined  value  of  a-i  —  0-3  in  such  cases  and 

indicating  the  advisability  of  choosing  the  axis  of  rotation  to  make  <f>  either 

zero  or  90°  at  important  points  of  the  stress  field.     However,  the  term  becomes 

large  at  intermediate  values  of  <f).     For  example,  at  45°,  which  is  not  quite  the 

worst  case, 

d(cj,  -  as)       A„(l  +  cos2  d)C  1  +  cos2  d 

— =  =  {<j\  —  c-2) ■  (Ho) 

dcj)  t  sin2  6  sin2  d 

so  that,  for  6  =  45°,  the  error  in  tr2  —  as  due  to  the  error  in  4>  is 

8(<To  —  C3)  =  (ffi  —  0"o)  350 

A  reasonable  value  for  the  maximum  error  of  determination  of  <f>  is  3°  so  that 
5(<To  —  0-3)  ~  %{<Ji  —  cto),  a  large  error  but  not  so  large  that  the  general 
method  is  necessarily  unusable. 

The  error  produced  by  an  incorrect  setting  of  6  will  not  be  excessive  if  88 
does  not  exceed  \i°,  and  so  it  can  be  made  very  small  with  proper  care. 

Errors  in  the  determination  of  retardation  cause  an  inaccuracy  of  a  different 
type  from  those  caused  by  errors  in  angle,  (equation  115),  as  shown  by 

d(o-2  -  o-3)  C       \  ,  A9  cos  8  , 

(116) 


dAe  t  sin2  6  [       Va92  -  An2  sin2  20 

In  a  sense,  the  error  is  absolute,  for  it  is  independent  of  the  magnitude  of  the 
stresses  or  the  retardation  they  produce,  being  a  function  of  the  numeric  error 
in  fringe  determination.  The  larger  the  stress,  therefore,  the  less  the  import- 
ance of  these  terms,  but  they  may  make  the  method  of  oblique  incidence  useless 
in  regions  of  small  stress  except  for  cj>  of  0°  or  90°. 
At  4>  of  0°  or  90°  and  6  of  45°,  the  error  in  a2  -  <r3  is 

5(o-2  -  <t3)  =  (lAC/t)  8Ae  +  (2C/t)  8An 

This  means  simply  that  the  error  of  determination  of  the  difference  between 
these  principal  stresses  is  less  than  3.4  times  as  large  as  for  direct  determination 
by  light  incident  along  the  normal  to  the  2-3  plane.  Actually,  such  an  error 
is  not  very  large  because  8Ae  and  8An  are  the  errors  in  the  measurement  of  the 
fringe  order  that  is  present  regardless  of  why  it  exists.  In  other  words, 
initial  optical  effect,  errors  in  loading,  etc.  which  may  result  in  considerable 
departure  from  the  true  value  of  A  do  not  enter  here.  Therefore,  the  use  of 
both  dark-  and  light-field  photographs,  from  which  fringe  order  can  be  deter- 
mined to  the  nearest  K  0  or  +  }$  0  fringe  without  especial  difficulty,  reduce 
the  error  at  <f>  of  0°  or  90°  to  a  sufficiently  small  quantity  for  truly  accurate 
work. 

However,  at  4>  of  45°  the  error  is  multiplied  by  a  factor  A9/VA92  —  A„2 
which  may  become  very  large. 

From  the  preceding  discussion  it  can  be  seen  that,  the  closer  the  axis  of 
rotation  for  oblique  incidence  to  the  direction  of  a  principal  stress,  the  less 
the  final  error  for  given  errors  of  observation. 
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The  difference  between  the  principal  stresses  can  also  be  determined  by 
measurements  of  retardation  alone.  There  are  three  photoelastic  unknowns 
for  a  principal  slice,  and  three  independent  retardation  measurements  are 
required.  As  the  normal  to  the  slice  is  an  axis  of  optical  symmetry,  fringe 
photographs  at  +6  will  be  identical,  and,  therefore,  three  incident  directions 
in  a  single  plane  will  be  useful  only  if  each  is  at  a  different  angle  to  the  normal. 
A  photograph  at  normal  incidence  and  two  at  oblique  incidence,  one  in  the 
xz  and  the  other  in  the  yz  plane,  will  also  provide  the  necessary  information. 
Norris  and  Voss175  suggest  using  three  retardations  and  one  orientation 
value  to  obtain  a  simple  formula.     Drucker170  has  shown  that  calculations 

employing    retardations    alone    are 
usually  more  accurate. 

In  the  more  general  case  of  an 
arbitrary  slice,  the  equations  are 
more  complicated,  more  observa- 
tions are  required  because  less  is 
known  about  the  state  of  stress,  and 
the  accuracy  is  lower.  There  is 
wide  latitude  in  the  choice  of  the 
five  necessary  observations.  Sim- 
plest to  interpret  in  terms  of  the 
usual  picture  of  stresses  on  the  faces 
of  a  cube  is  the  addition  of  orienta- 
tion measurements  to  the  one  nor- 
mal- and  two  oblique-incidence  ob- 
servations which  alone  are  sufficient 
for  a  plane  of  principal  stress. 
Starting  with  the  cube  on  whose 
faces  act  the  stresses  <jx,  oy,  a2,  rxy, 
tzx  of  the  general  state  of  stress  (Fig. 
17-75),  normal  incidence  gives 
(p  —  q)n  by  measurement  of  retardation,  and  the  orientation  <£„  of  pn  from 
the  isoclinic.     ax  —  av  and  rxy  can  be  calculated  from 


Fig.  17-75.     The  General  State  of  Stress 

Oblique  Incidence  in  yz  and  xz  Planes 

is  indicated 


<JX  —  cy  —  {y  —  q)n  cos  2</>„ 

T*y    =    ki.P    -   l)n  Sill   2(f) n 


(117) 


Oblique  incidence  in  the  yz  plane  at  some  angle 
>o  which  can  be  transformed  into 

crx  —  Co  =  (p  —  q)o  cos  20o 
Txo  =  k(v  —  q)o  sin  20o 


6  to  z  gives  (p  —  q)0  and 


(118) 


Measurements  at  two  angles  di  and  #•>  in  addition  to  normal  incidence  will 
give  three  components  of  the  shearing  stress  Txy,  tzx  (one  can  be  used  as  a 
check),  and  three  normal-stress  differences  which  can  be  used  to  calculate 
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<TX  —  <Tz  and  tVz  in  addition  to  ax  —  <ry.  Fig.  17-76  shows  the  information 
obtained.  The  reader  is  referred  to  Chapter  9  by  Dr.  Meier  on  "Strain 
Rosettes"  that  he  may  choose  the  method  he  prefers  for  the  computation  of 
Gz,  Tyz,  av  from  <toi,  0>>,  o'y  or  actually  in  this  case  <rx  —  cr2,  Tyz,  ax  —  ay  from  ax  — 
ffoi,  Gx  —  o"02,  0x  —  o'y     The  shearing  stress  tzx  is  computed  from 


rzx  =  (±Txi  cos  0->  —  Txi  cos  fl^/sin  (di  +  9->) 


(119) 


and  the  check  is 


45c 


Txy  =  (+t.i  sin  0,  +  T,2  sin  00/sin  (6,  +  0,)  (120) 

The  formulas  for  the  stresses  become  very  simple  when  6\  and  6->  are  each 

<Jz    =    (fl"01    +  <To-j)    —  Cj/ 
Coi    —  0"02 


(<Tx  —  er«)  =  (o-x  —  troi)  +  (<rx  —  0*02)  —  (0". 

—  ((Tx    —  O"0l)    +    {Ox    —  <To-l) 


<Ty) 


Tyz 


and 


V72 


{rxl  -  r„) 


(121) 


Signs  of  the  stresses  must  always  be  taken  into  account. 

The  three  principal-stress  differences  and  the  orientations  of  the  principal 
stresses  can  be  calculated  from 
the  normal-stress  differences 
ax  —  Gy,  ax  —  (Tz  and  the  shearing 
stresses  txu,  tvz,  rzx  in  the  same 
manner  as  the  principal  stresses 
from  the  components  of  stress. 

An  alternate  procedure  would 
be  to  take  one  oblique  picture  in 
the  yz  and  one  in  the  xz  plane  in 
addition  to  normal  incidence. 
Shear  stresses  rxy,  ryz,  rzx  can 
then  be  computed  directly  and 
<rx  —  az  from  <jx  —  <roi,  crx  —  <ry,  ryz 
or  ay  —  az  from  <xy  —  ao$,  <xx  —  ay, 


Fig.     17-76.     Information    Obtained    from 

One   Observation   at  Normal  and  Two  at 

Oblique  Incidence 


Measurement  of  retardation  for  five  directions  of  the  wave  normal  will 
generally  determine  the  principal  stresses  with  greater  accuracy  than  retarda- 
tion and  orientation  measurements  for  three  directions,  because  the  accuracy 
of  determination  of  the  directions  of  secondary  principal  stress  is  not  very 
high.     However,  the  equations  for  calculating  the  three  principal-stress  differ- 
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ences  become  very  much  more  involved,  and  the  process  cannot  be  followed 
through  step  by  step  for  each  point  at  which  calculations  are  made. 

The  present  alternatives  to  oblique  incidence,  which  itself  is  a  very  effective 
and  accurate  point-by-point  method  if  a  compensator  is  used,  are  two  defi- 
nitely point-by-point  methods.  The  easiest  to  visualize  and  understand  is  to 
mount  a  portion  of  the  model  on  a  universal  stage  in  the  parallel  field  of  the 
polariscope  and  by  trial  establish  the  direction  of  observation  for  minimum 
and  maximum  retardation  per  unit  thickness  of  model.  Because  of  the  varia- 
tion of  thickness  with  orientation  this  procedure  offers  some  difficulty,  but  if 
it  is  successful  the  desired  answer  is  obtained  immediately  as 


Cl    —  C3 


<Ji 


<r3 


(maximum  retardation  in  fringes)  C 
(thickness  traversed)  S 

(minimum  retardation  in  fringes)  C 
(thickness  traversed)  S 


(122) 


where  S  is  the  correction  (equation  103)  for  rotation  of  the  directions  of  prin- 
cipal stress  and  is  very  close  to  unity  at  all  important  points.  In  practice, 
the  orientation  of  the  faces  of  the  portion  of  the  model  or  the  details  of  the 
universal  stage  will  often  prevent  observation  along  the  maximum  or  minimum 
directions. 


Polarizer 
(+  X/4) 


Measuring  net 
^-Analyzer  (+X/4) 

Compensator 


Fig.  17-77.     Apparatus  for  the  Use  of  Convergent  Light  (Hiltscher147) 
Note  that  the  apex  of  the  cone  is  in  the  middle  plane  of  the  slice  to  minimize 
stress-gradient  effects 

Another  procedure  proposed  by  Hiltscher146'  147  and  improved  on  by 
Kuske149  employs  the  crystallographic  technique  of  convergent  light  (Figs. 
17-77  and  17-78).  In  his  first  paper  Hiltscher  made  direct  use  of  a  petro- 
graphic  microscope.  The  method  is  essentially  oblique  incidence  with  an 
infinite  number  of  wave  normals  and,  therefore,  has  a  great  advantage  if  a 
point-by-point  analysis  is  not  objectionable.  Simple  oblique  incidence  is 
probably  preferable  when  the  slice  is  a  principal  plane,  but  the  rather  lengthy 
calculations  required  for  a  general  plane  will  often  offset  the  desirable  feature 
of  observing  the  entire  slice  at  once.  To  visualize  the  fringe  patterns  that  will 
be  obtained  with  convergent  light,  it  is  necessary  to  consider  the  index  ellip- 
soid (Fig.  17-67)  and  the  surfaces  of  equal  relative  retardation  for  a  point 
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source  of  light.  Fig.  17-79  shows  such  a  surface  for  the  general  case  of  a 
biaxial  crystal;  that  is,  all  three  principal  stresses  have  different  values.  It 
goes  out  to  infinity  along  each 
of  the  optic  axes  as  there  is 
no  relative  retardation  along 
these  directions.  It  is  closest 
to  the  point  source  along  the 
normal  to  the  plane  contain- 
ing the  maximum  and  the 
minimum  principal  stress. 
The  fringe  patterns  obtained 
by  convergent  light  are  inter- 
sections of  these  surfaces  with 
a  plane,  perpendicular  to  the 
central  ray  of  the  cone  of 
light,  at  a  distance  from  the 
origin  equal  to  the  thickness 
of  the  slice.  Figure  17-80  is  a 
drawing  of  these  intersections 
for  cuts  parallel  to  the  prin- 
cipal planes. 

Measurement  of  the  angle 
between  two  rays  from  the 
position  of  their  points  of 
emergence  on  these  fringe 
patterns  is  facilitated  by 
Kuske's  measuring  net  (Fig.  17-81)  which  is  the  gnomonic  projection  (on  a 


Fig.   17-78.     Apparatus  for  Convergent  Light 
(Kuske149) 
L — Light  source  with  greater  intensity    at 

the  boundary  than  at  the  center 
G — Ground  glass  plate 
P — Polarizer 

Quarter-wave  plate 

B,  C — Lenses  of  approximately  4  cm  focal 
length 

D — Diaphragm  of  2  mm  diameter   opening 

M — Model  slice 

A — Analyzer 

S — Screen 

A  fluid  is  used  between  B  and  M  and  between 
M  and  C  to  obtain  a  large  apex  angle  for  the 
cone 


Optic 


plane)  of  lines  of  equal  latitude  and  longitude  on  a 
sphere.  The  center  of  the  net  is  placed  over  the  center 
of  the  fringe  pattern,  that  is,  the  point  of  emergence  of 
the  central  and,  therefore,  normal  ray.  The  net  is  then 
rotated  until  the  points  of  emergence  of  the  two  rays  are 
on  the  same  straight  line  of  longitude.  The  angle 
between  the  two  rays  is  read  from  the  scale  for  the 
curved  lines  of  equal  latitude.  If  the  optical  system  is 
imperfect,  but  the  distortion  produced  is  radially  sym- 
metric, a  corrected  net  can  be  obtained  by  placing  a  very 
accurately  ruled  net  in  the  plane  of  the  slice  and  photo- 
graphing or  tracing  its  enlarged  image. 

If  the  two  points  of  emergence  of  the  optic  axes  appear 
in  the  pattern,  the  optic-axial  angle  212  can  be  read  off 
directly,  the  point  of  emergence  of  the  ray  along  an  axis 
of  principal  stress  can  be  determined,  and  its  retardation 
can  be  measured.  Equations  98  and  99  will  then 
give  the  differences  between  the  principal  stresses.  This  simple  procedure 
can  be  used  whenever  both  optic   axes   appear,    even   when   the   pattern 


Fig.  17-79.  Sur- 
face of  Equal  Rela- 
tive Phase  Differ- 
en  c  e  —  Biaxial 

Crystal 
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is  skewed  because  the  axis  of  principal  stress  is  inclined  to  the  normal  or 
central  ray. 

In  the  more  usual  case  of  only  one  optic  axis  or  none  appearing,  the  analysis 
of  the  patterns  is  more  difficult.  If  an  axis  of  symmetry  can  be  spotted, 
measurements  are  made  that  correspond  identically  to  those  discussed  under 
oblique  incidence  for  a  principal  slice,  and  the  same  type  of  formulas  hold  for 
their  interpretation.  However,  there  is  difficulty  in  locating  the  point  of 
emergence  of  an  axis  of  symmetry  exactly,  although  the  region  in  which  it  is 
located  may  be  obvious,  unless  the  axis  is  normal  to  the  slice.     When  the 

Optic  axes 


(a) 


(b) 


Fig.    17-80.     Sections  of  Surfaces  of   Equal   Relative   Phase   Difference   (Fringe 

Patterns) 
(a)   By  a  plane  perpendicular  to  the  plane  of  the  optic  axes 
(&)  By  a  plane  parallel 

ray  makes  an  angle  with  the  normal,  the  relative  retardation  upon  exit  depends 
on  this  angle  and  not  on  the  difference  between  the  indices  of  refraction  only. 
Therefore,  points  of  maximum  or  minimum  relative  retardation  do  not  indicate 
points  of  emergence  of  rays  along  principal  directions.  Kuske149  points  out 
that  it  is  necessary  to  measure  retardation  at  a  number  of  points  in  the  region 
and  use  the  angle  between  the  corresponding  rays  and  the  normal  to  determine 
where  the  difference  between  the  indices  of  refraction  is  maximum  or  mini- 
mum. This  problem  is  the  same  one  that  arises  in  the  use  of  the  universal 
stage  procedure  with  a  parallel  beam  of  light.  However,  despite  the  number 
of  trials  and  calculations  required,  the  method  has  the  great  advantage  of 
measuring  a  principal-stress  difference  practically  directly. 

A  universal  stage  may  be  used  in  combination  with  the  convergent-light 
method,  but  it  is  difficult  to  make  angular  measurements  on  the  patterns. 
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If  neither  an  optic  axis  nor  a  point  of  emergence  of  an  axis  of  symmetry  is 
apparent,  measurements  corresponding  to  oblique  incidence  for  a  general 
slice  will  give  sufficient  information,  but  Hiltscher146  suggests  moving  on  to  a 
more  favorable  point.  His  paper  contains  a  detailed  description  of  many 
possible  patterns  and  methods  of  interpretation.  The  reader  should  become 
familiar  with  them,  before  using  convergent  light,  by  consulting  both  the 
paper  and  a  book  on  optical  crystallography.130'  131  The  isogyres,  used  exten- 
sively in  crystallography,  correspond  to  the  isoclinics  of  the  two-dimensional 
patterns  and  are  useful  at  times  to  indicate  the  points  of  emergence  of  optic 

Latitude 
2$.POB 


tan  (POB) 
cos  (AOB) 


Fig.  17-81.     Net  for  Measuring  Angles  between  Rays  from  Their  Points  of  Emer- 
gence on  the  Fringe  Pattern  in  Convergent  Light  (Kuske149) 
Projection  of  the  circles  of  latitude  and  longitude  on  a  plane,  all  projecting  rays 
originating  at  the  center  of  the  sphere 

and  principal  axes.  When  they  interfere  with  the  fringe  pattern,  they  may 
be  removed  by  use  of  circularly  polarized  light.  Isogyres,  in  the  sense  of 
continuous  black  lines,  are  not  formed  if  the  secondary  principal-stress  direc- 
tions change  through  the  thickness. 

The  method  of  convergent  light  will  not  work  very  satisfactorily  in  a  region 
of  stress  gradient  because  of  the  marked  distortion  of  the  fringe  patterns. 
However,  all  the  alternatives  also  become  difficult  to  use.  Measurements 
with  oblique  rays  are  reliable  only  when  the  rays  are  oblique  in  a  plane  approxi- 
mately perpendicular  to  the  line  of  maximum  change  of  stress.  In  the  region 
of  stress  concentration  due  to  a  discontinuity,  this  plane  fortunately  is  the 
tangent  to  the  boundary  and  because  of  the  interference  by  the  boundary 
with  rays  strongly  oblique  in  other  directions  is  sometimes  the  only  usable 
one.     It  will  often  be  necessary  to  choose  a  small  6  to  stay  within  a  region  of 
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reasonably  constant  stress  through  the  thickness  although  the  accuracy  of 
measurement  must  be  high  to  obtain  a  good  final  result. 

(d)  Additional  Measurements  to  Obtain  the  Principal  Stresses  Themselves. 
The  methods  described  so  far  give  principal-stress  differences,  that  is,  shear- 
ing stresses,  but,  unless  one  of  the  principal  stresses  is  known,  they  do  not 
give  the  principal  stresses  themselves. 

Measurement  of  the  principal  indices  of  refraotion  in  the  stressed  and 
unstressed  state  by  very  precise  means  could  conceivably  accomplish  the 
desired  result  (equation  97).  However,  it  must  be  kept  in  mind  that  the 
birefringence  produced  in  photoelastic  materials  is  very  small,  and  the  change 
of  index  of  refraction  is  rarely  much  larger  than  0.001.  Therefore,  to  obtain 
results  within  a  10  per  cent  error  it  would  be  necessary  to  measure  the  index 
of  refraction  to  much  better  than  0.0001. 

Kuske148  has  proposed  reheating  the  slice  to  release  the  stresses  frozen  in 
the  infusible  phase  and  measuring  the  resulting  increase  in  thickness  dt. 
This  experimental  procedure  is  capable  of  good  accuracy.     The  expression, 

-dt  =  (l/JE')[<r.  -  v'(<tx  +  <Jy)]  (123) 

gives  the  added  relation  between  <rx,  cry,  and  az  or  <j\,  a%,  and  o\3.     The  values  of 
E'  and  v'  can  be  determined  with  a  simple  tension-calibration  specimen. 

(e)  Advantages  and  Disadvantages  of  the  Fixation  Method.  The  main  and 
obvious  advantage  of  the  fixation  method  is  the  ability  to  get  directly  to  the 
regions  of  greatest  interest  and  observe  them  in  the  most  convenient  manner 
without  the  encumbrance  of  a  loading  fixture.  Body-force  problems  can 
be  dealt  with  by  use  of  a  centrifuge  for  constant  or  linearly  varying  body 
forces  or  by  direct  setup  for  turbines,  superchargers,  and  the  like.  Observa- 
tion during  rotation  is  not  necessary,  and  so  a  stroboscopic  source  with  its 
relatively  low  equivalent  intensity  is  dispensed  with  in  favor  of  simple  observa- 
tion in  the  usual  type  of  polariscope. 

The  main  disadvantage  is  the  visibly  large  distortion  of  the  model,  necessary 
for  sufficient  retardation,  which  may  occasionally  vitiate  the  results.  Circular 
holes,  for  example,  may  become  too  elliptical  to  trust  the  results;  fillets  also 
may  distort  unduly.  Rarely,  however,  will  these  effects  be  too  large  for  the 
obtaining  of  practical  answers  to  industrial  problems.  Another  disadvantage, 
when  the  model  is  sliced,  is  the  distortion  of  the  layers  at  the  very  surface. 
In  regions  of  high  stress  and  of  variation  in  direction  of  the  principal  stresses, 
this  disturbance  may  cause  difficulty  in  the  obtaining  of  the  orientation  of  the 
principal  stresses.  Careful  sawing  without  heating  the  material  and  the 
choice  of  a  reasonable  thickness  of  slice  will  minimize  the  effect. 

A  further  disadvantage,  of  a  different  type,  is  that  true  dynamic  problems 
cannot  be  investigated.  If  the  state  of  stress  at  a  point  varies  with  time,  a 
fixation  method  is  unusable. 

52.  The  Scattering  Method,  (a)  Scattering  of  Light  in  Plastics.  Light 
passing  through  a  plastic  causes  submicroscopic  particles  to  vibrate  and 
re-emit  light.  Except  for  a  relatively  small  scattering  background,  the 
re-emitted  light  at  each  point  can  be  considered  as  coming  from  a  particle 
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vibrating  in  the  same  manner  as  the  light  incident  at  the  point.  The  ampli- 
tudes of  vibration  are  proportional  to  the  incident  amplitudes,  so  that  dia- 
grams of  the  incident-light  vector  can  be  thought  of  as  pictures  of  the  motion 
of  the  scattering  particle  (Fig.  17-82).  If  one  looks  at  this  particle  along  a 
direction  at  right  angles  to  the  wave  normal  of  the  transmitted  light,  the 
scattering  vibration  would  be  seen  edge  on ;  that  is,  plane-polarized  light  would 
reach  the  eye  of  the  observer.  If  the  light 
entering  the  model  is  unpolarized  (no  direc- 
tional properties),  the  amplitude  of  the 
scattered  light  is  independent  of  the  position 
of  observation  in  the  plane  at  right  angles  to 
the  incident  wave  normal.  If,  however,  the 
light  entering  the  stressed  model  is  polarized, 
and  therefore,  the  light  incident  on  the  particle 
is  elliptically  polarized,  the  observed  amplitude 
of  scattering  is  clearly  a  function  of  position. 
This  amplitude  is  proportional  to  the  projec- 
tion of  the  ellipse,  traced  by  the  tip  of  the 
light  vector,  on  a  plane  perpendicular  to  the 
direction  of  observation. 

The  scattering  can,  therefore,  be  used  to 
produce  a  plane-polarized  source  of  light  inside 
the  model,  or  it  can  be  used  to  analyze  the 
elliptical  vibration  resulting  from  the  trans- 
mission of  polarized  light.  A  collimated  beam 
of  small  diameter  or  a  sheet  of  light  of  small 
width  is  required  for  either  procedure. 

If  the  scattering  is  used  as  a  polarizer,  an 
analyzer  outside  the  model  will  give  the 
integrated  effect  of  the  principal  stresses  over 
the  path  between  the  point  of  scattering  and 
the  boundary  of  the  model.  Unless  the  type 
of  distribution  of  stress  is  known,  as  it  is 
in  the  case  of  thin  plates  in  bending  (article 

47)  the  resulting  retardation  cannot  be  interpreted  directly  in  terms  of  stress. 
If  the  sheet  of  light  is  close  to  the  boundary  of  the  model,  close  enough  that 
the  stresses  can  be  considered  as  constant  from  the  points  of  scattering  to  the 
boundary,  then  an  isochromatic  pattern  is  obtained  for  the  two-dimensional 
state  of  stress  in  the  boundary  layer.  This  procedure  corresponds  to  the 
proposal  of  Timby  and  Hedrick  (article  44b,  Fig.  17-62). 

Although  the  integrated  effect  determined  from  one  isochromatic  pattern 
cannot  be  interpreted  in  terms  of  stress  in  the  interior  of  the  model,  if  the 
point  of  scattering  is  moved  a  definite  distance  t  along  the  path  of  observation, 
the  change  in  retardation  dA  determines  the  state  of  stress  between  the  two 
points  of  scattering: 

dA  =  (p  -  g)l/C  (124) 


Fig.  17-82.  Scattering  of 
Light134 
The  entering  vibration  O'l 
breaks  up  into  two  compo- 
nents, one  along  P,  the  other 
along  q.  At  any  point  0  in 
the  model  the  two  compo- 
nents, in  general,  will  com- 
bine to  form  an  elliptic 
vibration  with  axes  Oi  and  Oj 
in  the  plane  perpendicular  to 
the  wave  normal  O'O.  The 
intensity  of  scattered  light 
seen  by  an  observer  is  pro- 
portional to  the  square  of  the 
projection  of  the  ellipse  (for 
example,  QQ  or  TT)  on  a 
plane  perpendicular  to  the 
direction  of  observation 
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If  the  secondary  principal  stresses,  p  and  q  are  not  constant  in  orientation  in 
the  distance  t,  a  generally  small  factor  8  (equation  103)  must  be  inserted  in 
the  multiplying  expression. 

This  procedure  has  many  disadvantages  that  are  quite  apparent.  Measure- 
ment of  small  change  in  retardation  is  subject  to  large  inaccuracy  unless 
point-by-point  accurate  compensation  is  employed.  The  location  of  the 
scattering  source  is  not  well  defined  because  of  the  width  of  the  sheet  of  light, 
and,  when  the  stress  varies,  the  equivalent  displacement  is  not  necessarily 
the  motion  of  the  source.  Also,  isoclinics  will  tend  to  obscure  the  isochro- 
matic  patterns  that  are  obtained.  However,  the  procedure  has  the  advantage 
of  giving  patterns  that  have  the  same  meaning  as  in  two-dimensional  analysis ; 
the  order  of  interference  determines  the  magnitude  of  the  principal-stress 
differences. 

The  alternate  procedure,  in  which  the  scattering  is  used  as  an  analyzer, 
results  in  fringe  patterns  of  an  entirely  different  kind  but  is  to  be  preferred  in 
practically  all  cases,  because  information  about  the  points  of  scattering  is 
obtained  directly.  Formation  of  the  fringe  pattern  and  its  interpretation 
can  be  best  understood  by  reference  to  simple  models  and  stress  distributions. 
The  simplest  is  the  two-dimensional  tension  specimen.  A  beam  of  polarized 
light,  of  small  diameter,  is  sent  through  the  model  perpendicularly  to  the  axis 
of  tension  and  parallel  to  the  plane  of  the  model  (Fig.  17-83).  Suppose  first 
(Fig.  17-83a)  that  the  entering  light  is  plane-polarized,  the  direction  of 
vibration  coinciding  with  the  direction  of  the  tension. 

As  the  vibration  of  the  entering  light  is  in  the  direction  of  a  principal  stress 
in  the  plane  perpendicular  to  the  wave  normal  (the  other  principal  stress  in 
this  plane  is  zero),  it  will  suffer  an  absolute  retardation  but  will  not  be  broken 
up  into  two  components.  If  the  direction  of  observation  is  perpendicular 
to  the  plane  of  the  model,  the  eye  will  see  the  full  intensity  of  the  scattered 
light  as  all  the  small  particles  are  vibrating  linearly  at  right  angles  to  this 
direction.  If  the  direction  of  observation  is  rotated  about  the  wave  normal 
of  the  light  transmitted  through  the  model,  always  being  kept  perpendicular 
to  it,  the  little  oscillators  will  be  seen  more  and  more  end  on,  and  the  apparent 
amplitude  of  scattering  will  decrease  with  the  angle  from  the  perpendicular 
to  the  plane  of  the  model,  becoming  zero  for  the  physically  impossible  case 
of  90°  or  observation  along  the  direction  of  vibration.  The  intensity  of  the 
light  seen  by  the  observer  will  be  the  same  at  every  point  of  the  model;  it 
varies  only  with  the  direction  of  observation  and,  therefore,  gives  the  orienta- 
tion but  no  information  about  the  magnitude  of  the  tensile  stress  in  the  model. 

Suppose  now  that  plane-polarized  light  enters  as  in  the  previous  case,  but 
the  direction  of  vibration  is  at  45°  to  the  tension  axis.  The  light  will  immedi- 
ately be  split  into  two  components,  one  vibrating  along  the  tension  direction, 
the  other  along  the  perpendicular  to  the  model.  As  each  is  subject  to  a 
different  stress,  it  will  be  retarded  by  a  different  amount,  and  there  will  be  a 
varying  relative  retardation  between  the  two  waves.  Progressing  along  the 
path  through  the  model,  the  originally  plane-polarized  light,  point  A,  Fig. 
17-<S3fe,  will  become  elliptically  polarized;  point  B,  then  circularly  polarized; 
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point  C,  (the  amplitudes  of  the  two  components  are  equal  because  of  the  45° 
angle)  elliptical,  then  plane-polarized;  point  D,  but  at  right  angles  to  the  vibra- 
tion on  entrance,  elliptical,  circular  at  point  E,  elliptical,  and  back  to  plane- 
polarized  at  point  F  as  it  was  at  A.  If  the  direction  of  observation  is  again 
chosen  as  perpendicular  to  the  plane  of  the  model,  the  component  of  vibration 
along  the  tension  direction  is  seen  fully  at  all  points  along  the  path;  the  per- 
pendicular component  is  seen  end  on  and  contributes  Dothing  to  the  light 


(a) 


(b) 


(c) 


Fig.  17-83.     Fringe  Formation  in  a  Simple  Tension  Specimen 


reaching  the  observer.  As  before,  there  will  be  no  variation  in  intensity 
along  the  path,  and  no  information  will  be  obtained  about  the  magnitude  of 
the  stress.  If,  however,  the  direction  of  observation  is  at  45°,  that  is,  along 
the  direction  of  the  entering  vibration,  a  fringe  pattern  will  appear  that  will 
be  a  measure  of  the  stress.  At  point  A  the  vibration  is  seen  end  on,  and  the 
point  will  be  black,  as  apparently  there  is  no  emission  of  light.  At  B  the 
ellipse  will  have  a  small  projection,  and  a  small  amount  of  light  will  be  seen. 
At  C  the  projection  is  the  diameter  of  the  circle  so  that  the  amplitude  is  equal 
to  the  maximum  amplitude  of  scattering  divided  by  v2.     The  intensity, 
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proportional  to  the  square  of  the  amplitude,  will  therefore  be  one-half  the 
maximum  intensity  of  scattering.  The  intensity  will  continue  to  increase  to 
point  D  where  the  full  vibration  is  seen.  After  this  brightest  point,  the  inten- 
sity decreases  to  one  half  at  E  and  down  to  zero  at  F  where  the  cycle  starts 
over  again.  Dark  points,  therefore,  appear  at  intervals  over  which  the  rela- 
tive retardation  is  1  wave  length  of  the  monochromatic  light  used.  Calling 
this  interval  or  fringe  spacing  d,  we  have 

C  C 

d  =  —     or     at  =  —  (125) 

0"(  d 

where  as  before  C  is  the  usual  stress-optical  coefficient. 

If  a  sheet  of  light  is  used  instead  of  a  beam  of  small  diameter,  the  plane  of 
the  sheet  parallel  to  the  plane  of  the  model,  dark  parallel  bands  or  fringes  will 
appear  instead  of  isolated  points  (Fig.  17-83c). 

On  the  basis  of  this  simple  model  it  is  clear  that  to  obtain  a  fringe  pattern 
the  direction  of  observation  must  not  coincide  with  a  direction  of  (secondary) 
principal  stress  at  all  points,  nor  can  the  entering  light  coincide  with  such  a 
direction.  Note  that  although  the  clarity  of  the  fringe  pattern  and  also  the 
position  of  the  fringes  change  as  the  direction  of  observation  is  changed,  the 
fringe  spacing  is  always  a  measure  of  the  stress. 

The  direction  of  the  principal  stresses  can  be  found  from  the  absence  of  a 
fringe  pattern  when  the  entering  vibration  is  properly  oriented,  which  in  a 
sense  is  similar  to  the  two-dimensional  determination  of  isoclinics.  As  in 
the  plane-stress  case,  this  effect  of  orientation  can  be  eliminated  by  the  use 
of  circularly  polarized  light  and  choice  of  a  proper  direction  of  observation. 

If  the  direction  of  the  principal  stresses  in  the  entering  boundary  vary,  as 
they  generally  will  in  a  three-dimensional  problem,  it  is  not  possible  to  send 
plane-polarized  light  vibrating  at  45°  except  at  isolated  points,  but  circularly 
polarized  light  entering  a  stressed  model  is  always  broken  up  into  two  equal 
components.  In  the  case  of  the  simple-tension  model,  the  fringe  pattern  is 
merely  shifted  through  a  small  distance,  the  point  C  or  the  point  E  moves  over 
to  point  A  and  takes  the  whole  pattern  with  it.  Observation  along  the  per- 
pendicular to  the  model  will  again  result  in  an  absence  of  fringe  pattern. 

If  we  consider  a  general  plane-stress  model,  instead  of  the  simple-tension 
specimen,  with  the  sheet  of  light  in  the  plane  of  the  model,  the  transmitted 
light  along  x  is  subject  to  secondary  principal  stresses  <jy  and  zero.  This  is 
equivalent  to  a  state  of  simple  tension  which  varies  in  magnitude  along  the 
path.     The  distance  d  between  fringes  can  be  calculated  from 

A  -  1  =  jxo         —  (126) 

or  the  stress  cry  at  some  point  between  the  two  fringes  one  at  x0  and  one  at 
x0  +  d  is  given  by 

<xy  =  C/d  (127) 
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Generalizing  still  further,  if  the  plane  is  a  plane  of  principal  stress,  that  is, 
there  is  a  normal  stress  az  acting  on  the  plane  but  no  shearing  stress,  then  the 
transmitted  light  is  affected  by  the  stresses  ay  and  <rz.  The  difference  between 
them  at  some  point  intermediate  between  two  fringes  will  be 

av  -  <rs  =  C/d  (128) 

In  all  these  elementary  examples  the  directions  of  the  stresses  affecting  the 
light  remained  constant,  parallel  to  y  and  z  at  every  point  along  the  wave 
normal.  In  the  general  problem  of  three-dimensional  analysis  these  directions 
will  change  continuously.  A  vibration  along  a  secondary  principal-stress 
direction  follows  that  direction  as  it  changes  (Fig.  17-68)  so  that  the  orienta- 
tion of  the  principal  stresses  can  be  traced  through  the  model.  The  spacing 
between  the  fringes  is  decreased  a  small  amount  by  the  rotation  so  that  the 
difference  between  the  secondary  principal  stresses  is  given  by 

V  ~  <L  =  -£  (129) 

do 

where  as  before,  (equation  103)  S  =  V  1  +  4i22  where  R  is  the  ratio  of  the 
rotation  to  the  retardation,  or  cc/2t  where  a  is  the  total  angular  rotation 
(radians)  of  the  secondary  principal-stress  directions  between  the  two  fringes 
spaced  d  apart. 

(b)  Experimental  Procedure.  A  typical  apparatus  used  by  Weller163  is 
shown  in  Fig.  17-84.  The  polarizing  system  is  vertical  and  the  viewing  system 
horizontal  for  convenience.  An  intense  light  source  is  collimated  by  a  lens 
system  and  then  filtered,  and  a  slit  is  placed  in  the  parallel  beam  either  before 
or  after  the  polarizing  unit.  A  camera  is  mounted  in  a  horizontal  plane  and 
can  be  rotated  about  the  axis  of  the  polarizing  system.  The  model  is  sub- 
merged in  a  fluid  to  eliminate  undesirable  reflections  and  refractions  of  the 
light  on  entering  and  leaving.  The  loading  frame  is  not  required  when  the 
model  has  the  optical  pattern  frozen  in  it. 

In  more  detail,  the  light  source  is  a  1000-watt  H-6  water-cooled  lamp. 
The  manufacturer  will  advise  on  the  necessary  auxiliary  apparatus  and  the 
desirable  automatic  controls  to  avoid  burning  out  of  the  lamp  in  case  of  a 
failure  of  the  water  supply.  It  is  necessary  to  use  these  bright  lamps  because 
of  the  low  intensity  of  scattering.  The  two  condensing  lenses  are  6.5  in.  in 
diameter,  the  lamp  being  placed  at  the  focal  point  of  the  combination. 

The  filters  are  a  combination  of  Wratten  no.  77  with  a  Wratten  B  for 
photographing,  the  77  alone  for  visual  observation.  Filters  are  needed  because 
of  the  dispersion  of  chromatic  light  which  produces  a  blur  instead  of  fringe 
pattern  at  high  orders  of  interference.  The  exposure  required  with  a  0.1  in. 
slit  is  approximately  1  min  with  high-speed  film.  The  immersion  fluid  is  a 
mixture  of  Halo  wax  oil  and  mineral  oil  (RD  11). 

A  difficulty  in  accurate  work  is  that  the  light  source  is  a  line  and  not  a  point 
so  that  its  entire  length  cannot  be  collimated.  If  the  slit  is  oriented  parallel 
to  the  line  source,  the  sheet  of  light  will  contain  rays  at  large  angles  to  the 
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axis  of  the  system.  These  rays  are  acted  on  by  different  states  of  stress  and 
may  confuse  the  picture  greatly.  If  the  slit  is  perpendicular  to  the  light 
source,  the  intensity  is  reduced  markedly  but  the  sheet  of  light  will  contain 
practically  parallel  rays.  An  intermediate  position  of  the  slit  as  a  compromise 
is  often  satisfactory. 

(c)   Methods  of  Analysis.     As  in  the  fixation  method,  entire  planes  or  regions 
may  be  investigated  at  one  time,  or  the  analysis  may  proceed  point  by  point 


Fig.    17-84.     Apparatus    for    Scattered    Light    (Weller.163 
Advisory  Committee  for  Aeronautics) 


Courtesy    National 


experimentally.  Corresponding  to  oblique  incidence  would  be  the  photo- 
graphing of  entire  planes  for  different  directions  of  the  wave  normal  in  the 
illuminated  plane.  Circularly  polarized  light  should  be  used  for  fringe  spac- 
ing; plane-polarized  to  obtain  the  orientation  of  the  principal  stresses. 

In  the  case  of  plane  stress,  if  the  central  plane  is  illuminated  by  a  sheet  of 
light  with  wave  normals  parallel  to  x,  the  fringe  spacing  will  give  the  differ- 
ence between  the  secondary  principal  stresses  in  the  yz  plane,  which  is  per- 
pendicular to  the  wave  normal,  ay  —  az  —  crv  as  <sz  is  zero.     Similarly  ax  could 
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be  found  by  sending  the  light  in  parallel  to  y,  that  is,  rotate  the  model  90° 
about  z.  A  third  wave-normal  direction  would  also  be  required  because  there 
are,  in  general,  three  unknowns:  ax,  ou,  and  txv  or  the  corresponding  ah  cr-2,  and 
their  orientation  4>.  The  accuracy  would  be  better  if  the  three  wave  normals 
were  taken  as  120°  (or  60°)  apart,  rather  than  45°. 

If  the  illuminated  plane  is  a  plane  of  principal  stress  in  a  three-dimensional 
model,  <iz  is  not  zero,  and  the  three  observations  in  the  directions  x,  £,  and  r\ 
(Fig.  17-85),  give  ax  —  az,  c,;  —  az,  and  t,„  or  o\  —  az,  a?  —  a:,  and  0  the  angle 
between  <j\  and  the  x  axis.     The  formulas  for  wave  normals  45°  apart  are 


<j\  —  <Tz 
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and,  for  the  more  accurate  60°  case, 


dJ + u 


(130) 


C   \      l    4    1    4-    1 

(7,—   (7,    =    -{!"+--    +   — 

3    l\rf,       d|       d, 


+  A  2 


d,      dJ        \dt      dJ        Xdr,      da 


C      (   l    4    !    4-    X 

3    \\dx       dt       d, 


L 

r^1 

iN 

\2  , 

(\ 

f> 

\2< 

/i 

iyi 

V2 

lw 

~  Ai, 

)  + 

w 

df> 

)  + 

^d, 

rfx/    " 

tan  20  = 


Vs(i 


\dx       d$.)       \dx       dvJ 


(131) 


In  all  cases  the  fringe  spacings  d  have  sign  +  for  increasing,  —  for  decreasing 
fringe  order  in  the  direction  of  travel  of  the  light.  The  correction  factor  S 
does  not  enter  into  these  formulas,  because  the  directions  of  secondary  principal 
stress  along  the  wave  normal  remain  constant. 

The  accuracy  of  the  result  for  the  principal-stress  differences  depends  on  the 
accuracy  of  determination  of  the  fringe  spacing  and  direction  of  the  wave 
normal.  A  microphotometer  trace  of  the  photographic  plate  can  be  used  to 
give  spacing  precisely  if  required,  and  a  small  error  in  angle  will  not  have  much 
effect. 
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If  nothing  is  known  about  the  state  of  stress,  five  measurements  must  be 
made  to  determine  the  five  photoelastic  quantities  ax  —  <jz,  ay  —  az,  txv,  ryz, 
Tzx  or  <7i  —  <r2,  <7i  —  <x3  and  the  orientation  of  the  principal  stresses. 

The  procedure  analogous  to  that  proposed  for  the  fixation  method  is  to  use 
three  directions  of  the  wave  normal  in  a  single  plane  and,  in  addition,  deter- 
mine the  orientations  of  the  secondary  principal  stresses.  The  alternative 
method,  for  the  slice,  of  oblique  incidence  in  two  planes  is  not  convenient 
here  because  information  is  obtained  about  only  one  line  in  the  plane  of  interest 
instead  of  the  entire  plane. 

It  is  possible  to  increase  accuracy  at  points  of  low  stress  by  a  method  similar 
to  the  use  of  a  compensator  for  two-dimensional  models.  Accurate  retarda- 
tion plates  can  be  inserted  between  the  polarizing  unit  and  the  model  to  shift 
the  fringe  pattern  a  known  amount.     Their  axes  would  most  conveniently 


Fig.  17-85.     Analysis  of  a  Plane  of  Principal  Stress*8 
<jz  is  perpendicular  to  the  plane;  £  and  rj  are  conveniently  at  45°  or  60°  to  x 

coincide  with  the  axes  of  principal  stress  on  entrance  to  the  model  which  will 
usually  require  a  line-by-line  exploration  rather  than  a  true  plane  by  plane. 
The  equivalent  of  dark-  and  light-field  photographs  can  be  taken  either  by 
rotation  of  the  camera  through  90°  about  the  axis  of  the  polarizing  system  or, 
more  simply,  by  reversing  the  direction  of  the  entering  circularly  polarized 
light.  These  methods  are  useful  in  the  determination  of  boundary  stresses 
also. 

Two  point-by-point  methods  have  been  proposed  for  the  analysis  of  models 
with  scattered  light.  One  is  Weller's  suggestion  of  universal  rotation  of  the 
model  to  determine  by  trial  and  error  in  a  systematic  way  when  the  fringe 
spacing  at  the  point  of  interest  is  a  minimum.  The  other  by  Menges162  is  to 
determine  the  ellipse  of  polarization  at  neighboring  points  along  the  wave 
normal  with  a  photometer  mounted  in  place  of  a  camera  so  that  it  can  be 
rotated  about  the  wave  normal  as  an  axis  and  use  a  graphical  solution  of 
equations  104.  Saleme167  advocates  similar  measurements.  There  is  no 
apparent  advantage  in  such  a  method  from  the  viewpoint  of  convenience  or 
accuracy  over  either  universal  rotation  or  plane-by-plane  methods.  The 
scattering  background  is  a  complicating  factor  in  such  an  analysis. 
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(d)  Advantages  and  Disadvantages  of  the  Scattering  Method.  If  scattering 
is  compared  with  physical  slicing,  the  advantage  is  that  the  model  is  not 
destroyed.  However,  the  intensity  of  light  is  low,  especially  in  regions  far 
from  the  point  of  entrance. 

If  the  large  distortions  of  the  fixation  method  are  not  permissible,  the  scat- 
tering procedure  can  be  used  on  an  elastically  deformed  model,  but  it  has  the 
disadvantage  of  requiring  observation  with  a  loading  device  in  place  which 
may  interfere  with  the  most  desirable  procedure  of  analysis. 

At  present  it  would  be  possible  to  analyze  steady-state  vibrations  by  scat- 
tering and  possibly  eventually  to  analyze  transients  if  still  more  intense  light 
sources  and  more  sensitive  photographic  materials  are  developed. 

Combination  of  this  optical  method  of  slicing  or  probing  and  actual  physical 
slicing  is  often  advantageous. 

R.  Illustrative  Applications 

53.  Similarity  of  Model  and  Prototype.  The  subject  of  similarity  is 
discussed  in  detail  in  the  appendix,  part  II,  by  Professor  Goodier  and  should 
be  thoroughly  understood  by  all  experimenters.  In  very  brief  summary, 
complete  similarity  requires  that  all  dimensionless  variables  and  dimensionless 
combinations  of  variables  be  the  same  in  model  and  prototype.  Geometric 
combinations  require  that  models  be  made  to  scale,  a  condition  that  usually 
is  not  too  troublesome.  However,  stress  (or  load  divided  by  some  area)  and 
Young's  modulus  have  the  same  dimensions  and,  therefore,  must  be  in  the 
same  ratio  for  model  and  prototype  in  the  general  case.  Compliance  with 
this  requirement  is  not  desirable  because  of  the  low  modulus  of  most  photo- 
elastic  materials.  Even  BT-61-893,  which  is  one  of  the  best  materials  avail- 
able has  a  modulus  only  J^5  that  of  steel.  If  the  maximum  stress  in  the  steel 
is  to  be  kept  below  20,000  psi,  the  maximum  stress  in  the  bakelite  model  would 
have  to  be  below  450  psi,  and  the  resulting  birefringence  would  be  very  weak 
and  correspondingly  difficult  to  determine.  Fortunately,  if  the  problem  is  a 
linear  one,  that  is,  stress  at  all  points  is  proportional  to  load,  and  most  prac- 
tical problems  are,  this  limitation  on  the  stress  in  the  model  no  longer  holds. 
However,  if  contact  stress  is  involved  and  is  significant  in  the  experiment, 
linearity  does  not  exist,  and  the  ratio  of  stress  to  modulus  must  be  adhered  to. 
More  accurate  methods  of  measurement  will  often  have  to  be  employed. 
Another  troublesome  quantity  in  three-dimensional  work  is  Poisson's  ratio 
which  is  dimensionless,  and  should  have  the  same  value  for  the  model  material 
as  for  the  prototype.  As  there  are  so  few  suitable  photoelastic  materials 
presently  available,  it  is  generally  not  possible  to  satisfy  this  requirement. 
Little  is  known  about  the  effect  of  this  neglect. 

54.  Typical  Studies.  Frocht  has  investigated  several  fundamental  and 
practical  problems  of  stress  concentration  with  the  fixation  and  slicing  pro- 
cedure. His  excellent  photographs  and  agreement  with  theory138-141  demon- 
strate conclusively  that  good  accuracy  and  useful  results  can  be  obtained  with 
the  proper  technique. 

Hetenyi  was  the  first  to  make  successful  application  of  the  fixation  method 
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to  the  solution  of  industrial  problems.     He  has  analyzed  the  stress  distribution 
in  threaded  fastenings145  and  the  centrifugal  stresses  in  rotating  disks.91'  144 
Work  along  similar  lines  has  been  carried  out  by  Newton118  on  rotating 
disks  and  Meriam153  on  a  supercharger  impeller. 


Fig.  17-86.     Scattered  Pattern  of  Transverse  Section  of  Fosterite  Shaft  with  Key- 
way  in  Pure  Torsion 
Thickness  of  slice  =  0.110  in.;  D  =  3.00  in.      Slice  immersed  in  Halowax  oil 
no.  1000;  100-watt  H-4  mercury-vapor  lamp;  exposure  time  3  min  at/5.6.     Plane- 
polarized  light 

A  number  of  fundamental  problems  were  investigated  by  Weller  to  show  the 
practicability  of  the  scattering  procedure,163'  164  but  there  are  few  reports  of 
other  experimental  work.  Frigon137  and  also  Drucker  and  Frocht165  have 
studied  the  torsion  of  prismatic  bars,  and  Rosenberg  has  analyzed  shrink 
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fits.159  However,  no  one  has  published  truly  well-defined  scattering  patterns 
comparable  in  clarity  to  the  fringe  photographs  obtained  in  two-dimensional 
photoelastic  analysis,  until  the  very  recent  photographs  of  Leven,177  Fig. 
17-86. 

55.  Special  Solutions.  The  fundamental  ideas  of  three-dimensional  photo- 
elasticity  can  be  applied  in  special  cases  to  obtain  solutions  where  ordinary 
methods  fail  or  are  exceedingly  cumbersome.  For  example,  the  photoelastic 
analysis  of  the  transverse  bending  of  plates,  previously  discussed,  can  be 
carried  out  with  an  ordinary  transmission  polariscope135  simply  by  starting 


+ 


% 


Fig.  17-87.     Superposition  of  Bending  on  Initial  Frozen  Tension135 

with  a  plate  of  thermosetting  material  in  which  a  state  of  uniaxial  tension  has 
been  frozen  (Fig.  17-87).  The  model  is  then  cut  from  this  larger  plate  at  some 
angle  0  to  the  direction  of  the  tension.  When  this  smaller  plate  is  placed  in  a 
polariscope  and  bent  transversely,  it  will  be  found  that  the  fringe  order  appear- 
ing on  the  screen  will  increase  as  the  bending  moment  increases  although  not 
in  direct  proportion.  The  tension  side  in  bending  no  longer  cancels  the  com- 
pression side. 

The  basic  physical  reason  for  this  useful  fact  is  shown  in  Fig.  (17-88). 
When  there  is  no  frozen  tension,  the  direction  of  the  principal  stresses  through 
the  thickness  of  the  plate  remains  constant,  and  the  compression  side  presents 
a  picture  which  is  simply  the  negative  of  the  tension  side  and  nullifies  it. 
The  frozen  tension,  on  the  other  hand,  produces  a  continuous  change  in  the 
direction  of  the  principal  stresses  through  the  thickness.  The  light  vector 
follows  this  change  in  direction,  and,  therefore,  the  canceling  effect  disappears. 
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Fig.  17-88.     Bending  without  (a)  and  with  (b)  Frozen  Tension  atXZb 
The  following  relations  are  easily  derived: 
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where  A  is  the  fringe  order  observed  when  the  plate  is  bent  and  A,  is  the  fringe 
order  fixed  at  the  start,  At  =  <rt  X  plate  thickness/C.  F,  a  function  of  the 
ratio  of  the  maximum  bending-stress  difference  to  the  equivalent  initial  ten- 
sion, (<ri  —  <j-i)m/<Ti,  and  of  the  smallest  angle  between  the  frozen  tensile  stress 
and  either  of  the  bending  stresses,  is  plotted  as  Fig.  17-89.  Values  of  6  from 
0°  to  45°  are  sufficient,  as  +6,  +  (90  —  0)  all  lead  to  the  same  F.  4>teQS  is 
the  angle  between  the  algebraically  larger  principal  stress  p  and  the  frozen 
tension  direction  on  the  tension  side  of  the  bent  plate,  and  0comp  is  the  angle 
between  the  rotated  p  direction  and  the  frozen  tension  on  the  compression 
side. 
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Fig.  17-89.     Bending  of  Plates  Retardation  as  a  Function  of  the  Ratio  of  the 

Maximum  Principal  Bending  Stress  Difference  to  the  Initial  Tension  and  of  the 

Angle  between  the  Tension  and  Either  Principal  Bending  Stress 

Various  experimental  procedures  can  be  worked  out  on  the  basis  of  the 
equations.  Measurement  of  retardation  and  of  orientation  on  entrance  and 
on  leaving  the  model  can  easily  be  made.  If  9  is  known,  as  it  will  be  at  many 
important  points  (free  boundaries,  axes  of  symmetry,  and  regions  away  from 
disturbance),  a  measurement  of  retardation  determines  the  maximum  bending- 
stress  difference.  If  0  is  not  known,  two  measurements  must  be  made. 
The  most  convenient  and  accurate  method  is  to  measure  the  retardation  and 
the  change  in  orientation  of  the  principal  stress,  ^c„mp  —  </>tens,  although 
measurement  of  <£ComP  and  0tens  individually  is  sufficient.  However,  inde- 
pendent rotation  of  the  polarizer  and  the  analyzer  of  a  plane  polariscope  is 
required  to  obtain  complete  extinction  of  the  light  at  a  general  point;  the 
polarizer  must  pass  light  vibrating  in  a  principal-stress  direction  on  entrance 
to  the  model  and  the  analyzer  stop  light  vibrating  in  the  rotated  position  of  this 
principal  direction  on  exit   (Fig.   17-68).     At  points  where  the  retardation 
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A  is  a  whole  number,  <j>coinp  —  4>tenS,  on  the  other  hand,  is  found  very  simply, 
as  there  is  some  position  of  the  analyzer  which  will  extinguish  the  light  for 
each  position  of  the  polarizer.  Therefore,  the  change  in  direction  of  the 
principal  stress  is  found  by  keeping  the  polarizer  fixed  and  recording  the  change 
in  analyzer  extinction  position  from  the  crossed  position  without  a  model, 
an  even  simpler  procedure  than  for  the  isoclinics  in  a  two-dimensional  case. 

Figure  17-89  shows  that  6  may  be  considerably  in  error  without  appreciably 
affecting  the  result  for  the  magnitude  of  the  bending-stress  difference  so  that 
the  accuracy  that  can  be  obtained  is  close  to  that  for  photoelastic  analysis  of 
plane  stress. 

As  in  plane-stress  analysis,  accurate  clear  fringe  photographs  can  be 
obtained135  for  the  entire  model,  a  great  advantage  over  point-by-point 
methods. 

A  similar  procedure  can  be  used,  although  not  so  conveniently,  for  bars  in 
torsion  for  directions  in  which  the  shearing  stress  varies  linearly  with  the  dis- 
tance from  the  axis  of  the  bar.  However,  it  is  easily  shown  that  the  scat- 
tering fringes  obtained  with  any  cross-sectional  sheet  of  light  correspond 
exactly  to  the  contour  lines  of  membrane  analogy.165  Therefore,  other  photo- 
elastic  methods  are  neither  so  general  nor  so  convenient. 

S.  Remarks  on  the  Present  and  Future  State  of  the  Art 

The  art  of  three-dimensional  photoelasticity  is  still  in  its  infancy.  Unlike 
the  electrical  resistance  gage,  the  war  years  have  given  relatively  little  impetus 
to  its  development.  Full-scale  testing  of  aircraft,  for  example,  required  the 
gage  but  not  photoelasticity.  It  seems  reasonable  that  model  analysis  will 
be  more  fully  utilized  in  all  fields  when  cost  of  production  as  well  as  large 
volume  becomes  important  again.  This  will  certainly  mean  an  extended  use 
of  photoelastic  analysis. 

It  is  to  be  expected  that  there  will  be  a  very  great  increase  in  the  number  of 
investigations  using  the  stress-freezing  or  fixation  method  as  soon  as  heat- 
hardening  plastics  are  fully  developed  which  can  be  cast  into  fairly  large  and 
complicated  shapes  without  initial  optical  effect.  Resins  such  as  Kryston 
are  a  significant  step  in  this  direction.  Under  these  conditions,  in  fact,  it  is 
quite  probable  that  it  will  become  standard  practice  to  so  analyze  and  rede- 
sign all  highly  stressed  castings  that  are  to  be  produced  in  very  large  quantity 
or  which  are  individually  very  expensive.  Such  a  plastic  with  good  scattering 
properties  would  similarly  provide  the  necessary  stimulus  to  analysis  by  the 
scattering  method. 

Unfortunately,  three-dimensional  photoelasticity  requires  a  much  greater 
knowledge  of  the  theory  of  elasticity  and  of  optics  than  does  two-dimensional 
work.  Also,  the  experimental  technique  is  much  more  difficult  because  the 
information  sought  for  is  generally  a  complex  and  not  a  simple  state  of  stress. 
The  adequate  training  of  technicians  is,  therefore,  a  considerably  longer 
process. 

However,  there  are  many  fundamental  problems  which  are  too  involved  or 
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for  which  it  would  be  too  time-consuming  to  obtain  solutions  by  elastic  theory. 
Among  these  are  some  of  the  problems  of  stress  concentration  in  bodies  with 
three-dimensional  discontinuities  (holes,  fillets,  or  notches)  and  the  associated 
practical  consideration  of  the  proper  type  and  depth  of  surface  or  general 
treatment.  More  than  just  surface  information  is  required,  and  three- 
dimensional  photoelastic  methods  will  probably  provide  the  answer. 
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124.  M.  A.  Biot,  "Distributed  Gravity  and  Temperature  Loading  in  Two-Di- 
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126.  W.  E.  Thibodeau  and  L.  A.  Wood,  "Photoelastic  Determination  of  Stresses 
around  Circular  Inclusion  in  Rubber,"  Nat  Bur  Standards  .1  Research,  v  20, 
n  3,  paper  1083,  p  393,  Mar  1938.      Utilizes  rubber  as  a  photoelastic  material. 
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X  rays  have  served  the  stress  analyst  in  two  main  fields :  the  detection  of 
internal  flaws  in  materials  by  radiography  and  the  determination  of  stresses 
by  X-ray  diffraction.     These  are  treated  in  separate  sections  below. 

Radiography  consists  in  sending  radiation  through  an  object  and  recording 
the  shadow  image  of  the  object  on  a  photographic  film  placed  so  as  to  receive 
the  transmitted  beam.  There  are  several  methods  of  testing  that  are  closely 
related  to  radiography:  fluoroscopy,  in  which  the  transmitted  beam  is  regis- 
tered on  a  fluorescent  screen  and  is  studied  visually;  microradiography,  in 
which  a  thin  sample  is  radiographed  on  fine-grain  films  or  plates  that  are 
studied  after  enlargement;  and  other  methods  in  which  the  transmitted  beam 
or  the  back-scattered  beam  is  measured  with  electrical  instruments. 

Stress  analysis  by  X-ray  diffraction  consists  in  directing  a  beam  of  X  rays 
of  known  wave  length  at  an  object  and  recording  the  rays  reflected  by  the 
object  in  such  a  way  that  the  spacings  between  planes  of  atoms  in  the  object 
can  be  measured;  since  these  spacings  are  altered  by  applied  or  residual 
stresses,  they  serve  as  a  strain  gage  and  permit  strain  and  stress  determinations 
similar  to  those  made  by  using  the  more  common  types  of  strain  gages. 

A.  Radiography 

1.  General  Principles  of  Radiography.  X  rays,  like  visible  light,  are 
electromagnetic  radiation  and  differ  from  light  in  that  their  wave  lengths  lie 
in  a  range  about  1/10,000  the  wave  length  of  light  radiation.  Because  of 
their  short  wave  length  they  are  able  to  penetrate  materials  that  are  opaque 
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to  ordinary  light.     Gamma  rays  from  radium  and  other  radioactive  substances 
are  the  same  in  nature  and  are  more  penetrating  than  most  X  rays. 

X  rays  are  generated  by  a  vacuum  tube  in  which  electrons  are  driven  against 
a  target  at  high  speed.  In  the  usual  form  of  tube  the  electrons  are  supplied 
from  a  filament  which  is  heated  to  incandescence.  They  are  concentrated  into 
a  small  stream  by  a  focusing  cup  surrounding  the  filament  and  are  driven 
against  the  target  in  a  small  spot  called  the  focal  spot.  The  target  in  radio- 
graphic X-ray  tubes  is  of  tungsten  or  is  a  tungsten  button  imbedded  in  a  copper 
anode.  The  electrons  are  propelled  through  the  vacuum  from  the  incandes- 
cent cathode  to  the  anode  by  charging  these  electrodes  to  a  high  potential; 
the  negatively  charged  electrons  are  repelled  by  the  negatively  charged  cathode 
and  attracted  by  the  positively  charged  anode. 

The  current  of  electrons  through  the  tube,  measured  in  milliamperes,  is 
increased  by  increasing  the  temperature  of  the  filament,  and  this  is  accom- 
plished by  controlling  the  voltage  applied  to  the  filament.  The  maximum 
current  permissible  in  a  given  tube  is  limited  by  the  ability  of  the  target  to 
carry  away  the  heat  generated  by  the  electron  impacts  and  is  increased 
by  water-cooling  or  oil-cooling  the  target.  More  heat  can  be  dissipated  if  the 
focal  spot  is  large  than  if  it  is  small,  but  for  radiographic  work  small  focal 
spots  are  desirable  for  they  produce  sharply  defined  shadows. 

The  electrons  are  accelerated  from  filament  to  target  by  voltages  measured 
in  kilovolts  (thousands  of  volts).  The  higher  the  voltage,  the  greater  the 
speed  of  the  electrons,  the  greater  the  intensity  of  the  X  rays  produced,  and 
the  greater  the  penetrating  power  of  the  rays,  but  the  lower  the  contrast  in  a 
radiograph  between  sound  material  and  defective  material  or  between  two 
different  thicknesses  of  material  in  the  object  being  radiographed. 

The  voltages  required  are  provided  by  a  high-voltage  transformer,  usually 
connected  to  the  tube  through  a  rectifier  so  that  pulsating  (or  sometimes  con- 
stant) direct  current  reaches  the  tube.  The  transformer  is  attached  to  the 
ordinary  a-c  lines  through  suitable  control  units  that  provide  for  a  wide  varia- 
tion in  the  voltage.     Power  requirements  are  usually  modest. 

The  rays  leave  the  surface  of  the  target  in  all  directions.  All  but  a  small 
cone  of  the  rays  are  absorbed  in  lead  or  lead-impregnated  housings,  and  the 
cone  of  emerging  rays  is  directed  at  the  object  to  be  radiographed.  As  they 
pass  through  the  object,  they  are  absorbed  at  a  rate  dependent  on  the  density 
of  the  object  and  the  atomic  number  of  the  materials  within  the  object. 
Absorption  is  negligible  when  the  rays  pass  through  holes  in  the  material; 
therefore,  the  rays  that  emerge  from  the  far  side  of  the  object  are  stronger 
behind  holes,  cracks,  or  porous  areas.  The  same  is  true  to  a  lesser  degree 
when  the  rays  encounter  slag  inclusions  or  other  light  inclusions,  or  regions  in 
which  lighter  elements  are  segregated.  Thus,  these  regions  cast  "shadows" 
of  greater  intensity  than  the  sound  metal,  and,  conversely,  heavy  inclusions 
cast  shadows  of  lower-radiation  intensity. 

The  shadows  are  registered  on  X-ray  films,  suitably  protected  from  exposure 
to  daylight  by  cassettes.  The  rate  of  darkening  of  the  films  by  the  radiation 
is  increased  by  placing  lead  sheets  or  fluorescent  screens  in  very  uniform  close 
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contact  with  both  sides  of  the  film — and  sometimes  also  by  using  two  films, 
one  behind  the  other  so  as  to  make  simultaneously  two  duplicate  pictures 
which  can  be  superimposed  for  viewing.  In  an  alternative  technique,  the 
shadows  are  viewed  directly  on  a  fluorescent  screen  which  emits  light  when 
irradiated  by  X  rays.  (The  relative  merits  of  this  method  are  discussed  later 
under  "Fluoroscopy.") 

Films  are  usually  developed,  washed,  and  fixed  in  tanks  while  suspended 
from  film  hangers.  For  the  small  foundry  or  welding  shop  where  only  occa- 
sional radiographs  are  made,  using  a  rented  capsule  of  radium  and  developing 
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Fig.  18-1. 


Arrangement  for  X-Ray  Radiography,  Showing  Method  of  Protecting 
Film  from  Direct  and  Scattered  Rays 


in  darkroom  trays  are  adequate,  whereas  in  the  largest  installations,  where 
film  costs  run  as  high  as  $20  to  $100  per  day  or  more,  automatic  film  developing 
and  drying  units  are  found  to  be  worth  while. 

For  viewing  the  films  it  is  very  desirable  to  have  an  illuminator  in  which 
the  intensity  of  the  light  can  be  varied  over  a  wide  range.  Films  that  appear 
almost  dead  black  in  ordinary  light  may  have  excellent  detail  when  viewed 
with  sufficient  lighting  behind  them. 

The  nature  of  a  defect  is  determined  from  the  appearance  of  its  shadow; 
thus,  cracks  appear  as  wavy  black  lines  on  the  film,  holes  as  black  spots,  and 
so  on.  The  size  of  the  defect  is  shown  by  the  size  of  its  image  (there  is  almost 
no  enlargement  when  the  image  is  formed  because  the  object  is  very  close  to 
the  film  and  far  from  the  X-ray  tube).     The  thickness  of  the  defect  in  the 
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direction  of  the  rays  is  estimated  from  the  contrast  in  the  image;  comparison 
with  standard  films  of  previously  studied  objects  is  useful  in  this  connection. 
The  distance  a  defect  lies  below  the  surface  can  be  determined,  if  desired,  by 
taking  two  radiographs  with  the  X-ray  tube  shifted  a  measured  amount 
between  the  two  exposures.  If  markers  are  placed  on  both  surfaces  of  the 
object,  shifting  the  tube  will  shift  the  shadow  image  of  a  defect  an  amount 
that  depends  on  the  location  of  the  defect :  if  the  defect  is  at  the  back  (nearest 
the  film),  the  shadow  image  will  shift  only  as  much  as  the  marker  on  the  back 
surface;  if  the  defect  lies  at  the  front,  the  shadow  will  shift  more  (as  much  as 
the  shadow  of  the  front  marker),  and,  if  it  lies  at  any  intermediate  position, 
the  shadow  will  shift  an  intermediate  amount,  in  direct  proportion  to  the 
distance  of  the  defect  from  the  back. 

2.  Equipment  in  Common  Use.  (a)  X-Ray  Radiography.  The  choice  of 
equipment  for  a  given  task  is  governed  chiefly  by  the  range  of  voltages  that 
can  be  applied  to  the  X-ray  tube.  Light  metals  require  operation  at  low 
voltages,  because  high  contrast  is  required  and  low  penetrating  power  is 
sufficient.  Steel,  brass,  and  other  heavy  metals  require  greater  penetrating 
power  and,  hence,  higher  voltages.  The  approximate  ranges  of  thickness 
that  can  be  inspected  by  different  X-ray  units  can  be  determined  from  Table 
18-1.  The  higher  the  voltage,  the  faster  any  given  object  can  be  radiographed, 
and  the  greater  the  thickness  that  can  be  penetrated,  but  the  more  elaborate 
must  be  the  protection  of  the  operator  from  the  rays.  Principles  are  now 
thoroughly  established  for  the  safeguarding  of  personnel  from  the  dangerous 
effects  of  exposure  to  X  rays.  Remote  controls,  barrier  walls  or  pits  or  iso- 
lated buildings,  and  safety  switches  on  the  doors  of  the  X-ray  room  are  com- 
mon safety  measures. 

TABLE  18-1 
Thicknesses  Radiographed  with  Different  Voltages 


Maximum 

Thickness,  in. 

Voltage  on  X-Ray 

Magnesium 

Aluminum 

Copper 

Tube,  kv 

Allovs 

Allovs 

Steel 

Allovs 

85 

3 

2  ' 

H 

% 

140 

6M 

4M 

m 

1 

220 

12 

3 

2 

400 

5K 

m 

1,000 

8  or  9 

7 

20,000 

20 

An  important  feature  of  radiographs  is  their  sensitivity.  Sensitivity  may 
be  defined  as  the  smallest  decrease  in  thickness  of  a  metal  section  (expressed 
as  a  per  cent)  that  can  be  detected  on  a  radiograph.  This  varies  from  0.5 
per  cent  or  better  in  sections  less  than  }i  in.  thick  to  about  1  per  cent  in  2-in. 
sections  and  continues  to  deteriorate  as  thickness  increases ;  the  figures  quoted 
are  common  values,  but  it  must  be  emphasized  that  much  variation  is  possible 
when  radiographic  technique  is  altered.  For  example,  the  slower  fine-grained 
X-ray  films  provide  better  sensitivity  than  the  fast  coarse-grained  films,  and 
lower  voltages  with  longer  exposures  give  better  sensitivity  than  the  shorter 
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exposures  that  are  possible  with  higher  voltages.  Improved  radiographs  also 
result  from  careful  shielding  of  the  film  from  direct  and  scattered  radiation, 
proper  filtering  of  the  rays,  and  careful  film-processing  procedures.  Since 
smaller  defects  can  be  seen  when  the  shadow  images  are  sharp  than  when  they 


Fig.  18-2.     A  Million- Volt  Installation  for  X-Ray  Radiography  (General  Electric 

X-Ray  Corp.) 

are  diffuse,  it  is  important  to  consider  this  factor  at  all  times  in  the  work. 
Sharpness  (definition)  is  increased  by  increasing  the  distance  from  tube  to 
specimen  and  decreasing  the  distance  from  specimen  to  film  (or,  more  precisely, 
from  defect  to  film);  it  is  greater  for  fine-grain  films  than  for  coarse-grain 
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films,  and  better  with  paper-covered  or  lead-sheet-covered  films  than  when 
intensifying  screens  are  used  against  the  films  (a  practice  that  is  resorted  to 
when  short-exposure  times  are  required).  The  degree  of  sensitivity  obtained 
is  determined  by  placing  penetrameters — test  strips  containing  drilled  holes 
— on  the  object  to  be  tested.  From  the  shadow  of  the  penetrameter  holes 
on  the  film  it  is  easy  to  tell  whether  or  not  proper  sensitivity  has  been  reached. 
The  design  of  penetrameters  has  been  carefully  studied  and  standardized, 
and  their  use  is  obligatory  in  many  inspection  problems. 

High-voltage  electron  accelerators  such  as  the  "Betatron  can  accomplish 
remarkable  feats  in  radiography  but  are  unlikely  to  find  widespread  use  in 


Films  in  flexible  cassettes- 


Fig.  18-3.     A  Typical  Arrangement  for  Radiography  with  Radium  or  Artificially 

Radioactive  Material 
Whenever  possible,  the  source  is  placed  on  the  center  line  of  cylindrical  objects, 
with  films  around  the  periphery 


engineering  because  of  their  great  initial  expense.  The  penetration  possible 
with  a  Betatron  extends  as  high  as  20  in.  of  steel,  and  it  is  possible  to  detect 
a  difference  in  thickness  of  }i2  in.  in  any  penetrable  thickness  of  steel.  The 
focal  spot  is  extremely  small,  so  that  sharp  radiographs  are  obtained  even  with 
thick  samples. 

(b)  Gamma-Ray  Radiography.  Gamma  rays  are  highly  penetrating  rays 
produced  by  the  disintegration  of  natural  or  artifically  made  radioactive  ele- 
ments. The  most  common  source  of  gamma  rays  is  radium  (usually  in  the 
form  of  radium  sulphate  or  radium  bromide)  which  is  sealed  tightly  in  a  small 
capsule.  When  the  pellet  is  placed  at  a  suitable  distance  from  an  object  to  be 
radiographed,  and  an  X-ray  film  in  its  holder  is  placed  against  the  opposite 
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Fig.  18-4.     A  Crack  in  a  Steel  Casting  l^-in.  Thick  Radiographed  with  Radium 


Fig.  18-5.     Sand  Inclusions  in  a  Steel  Casting 
Radiographed  with  radium 
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side  of  the  object,  a  radiograph  is  produced  that  resembles  one  made  by  high- 
voltage  X  rays. 

Radiation  is  emitted  continuously  by  the  radioactive  material  (the  rays 
from  radium  decrease  to  half  intensity  only  after  1600  years)  and  is  not  "turned 
off"  but  is  merely  absorbed  in  the  walls  of  a  container  when  not  in  use.  An 
operator  can  handle  the  capsule  by  strings  or  long  tongs  so  as  to  avoid  exposing 
himself  to  the  rays  when  taking  radiographs.  Capsules  of  suitable  size,  25  to 
500  mg  of  radium  or  equivalent,  may  be  purchased  or  rented;  exposure  times 
with  these  capsules  are  measured  in  hours  or  days  instead  of  minutes  as  with 


Fig.  18-6.     Shrinkage  in  a  Large  Cast-Steel  Cylinder 
Wall  thickness  7  in.     Radiographed  with  radium.     Reduced  to  }i-in.  reproduc- 
tion 

X  rays.  However,  by  surrounding  the  source  of  rays  with  many  objects  to 
be  tested  or  with  a  cylindrical  or  globular  object,  it  is  possible  to  take  many 
radiographs  simultaneously  and  thus  accelerate  the  work. 

Gamma-rays  are  capable  of  inspecting  steel  objects  up  to  8  or  10  in.  thick 
if  sufficiently  long  exposure  times  are  used.  Because  of  favorable  scattering 
characteristics,  gamma-ray  radiography  requires  a  less  elaborate  technique 
than  most  X-ray  work  and  frequently  meets  the  needs  of  the  manufacturer 
who  has  only  occasional  use  for  radiography.  Its  extreme  portability  is  of 
importance  in  various  applications,  such  as  inspection  in  the  field  and  in  con- 
stricted places  that  cannot  be  reached  by  the  larger  heavier  X-ray  units. 
Gamma-ray  radiographs   have   low   contrast,   resembling  those   taken   with 
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(6) 

Fig.  18-7.     Photomicrograph  and  Microradiograph  of  a  Bearing  Alloy  X  70 
(a)   Microradiograph  with  X  ray  from  chromium  tube  at  20  kv 
{b)   Photomicrograph  of  same  area.     Composition:  Sn-base  alloy  with  9.2%  Cu, 
8.5%  Sb,  0.3%  Fe  (R.  Smoluchowski) 
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high- voltage  X  rays  (low  contrast  always  goes  with  high  penetrating  power). 
This  makes  the  method  inferior  to  X  rays  for  inspection  of  thin  specimens, 
where  defects  are  small  and  high  contrast  is  desired. 

(c)  Microradiography.  Microradiography  is  the  radiography  of  thin  sec- 
tions of  metal  with  fine-grained  photographic  films  or  plates  and  the  viewing 
of  the  image  after  enlargement  (10  to  200  times).  Cracks,  gas  porosity,  shrink 
porosity,  and  nonmetallic  inclusions  can  be  seen  and  identified  on  a  micro- 
scopic scale.     With  the  proper  choice  of  voltage  on  the  tube  it  is  possible  to 


Fig.  18-8.     Microradiograph  of  a  Turbine  Bucket  for  High-Temperature  Service, 

X  100 
Alloy  containing  64%  Co,  26%  Cr,  5%  Mo,  2%  Ni,  1  %  Fe  plus  impurities; 
cast  into  hot  mold;  transverse  section  of  turbine  bucket  radiographed  with  copper 
tube  at  15  kv.     Some  dendritic  segregation  that  can  be  identified  by  comparing 
pictures  taken  with  different  radiations  (R.  Smoluchowski) 

register  heterogeneity  in  composition  of  alloys,  showing  the  distribution  of 
heavy  and  light  phases  and  impurities,  dendrites  and  other  microscopic  segre- 
gations of  constituents  in  a  way  closely  related  to  metallography.  Unlike 
metallography,  the  method  records  the  structures  throughout  the  thickness 
penetrated,  (metallography  reveals  the  structure  only  at  a  prepared  surface) ; 
this  requires  sawing  and  grinding  metal  specimens  down  to  a  thickness  of 
0.003  to  0.005  in.  before  exposing.  Voltages  used  lie  in  the  range  below  50 
kv. 

(d)  Electric  Recording  of  Rays.  Electric  devices  can  record  with  precision 
the  intensity  of  X-ray  and  gamma-ray  radiation.  Electroscopes  and  ioniza- 
tion chambers  connected  to  sensitive  electrometers  were  first  used  and  were 
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cumbersome;  the  advent  of  vacuum-tube  amplifiers  increased  the  convenience 
of  operation,  but  the  outstanding  improvement  came  from  the  use  of  the  tube 
counters  (Geiger-Mueller  counting  tubes),  which  can  be  arranged  for  direct 
reading  of  intensity  or  for  automatic  recording.  By  scanning  the  back  of  an 
object  that  is  being  irradiated  with  X  rays  or  gamma  rays  the  detecting  device 
locates  the  larger  flaws  in  the  object  (but  not  the  ones  smaller  than  about 
J  2  in.  in  diameter).  Measuring  the  intensity  of  transmitted  or  back-scattered 
rays  leads,  by  calibration,  to  determinations  of  thickness  of  sheet  metals, 
tubing,  walls  of  drums,  tanks,  and  pipes.  The  accuracy  attained  is  about  plus 
or  minus  3  per  cent. 

(e)  Fluoroscopy.  The  visual  examination  of  X-ray  shadow  images  by  means 
of  a  fluorescent  screen  has  been  applied  mainly  to  the  inspection  of  fruit, 
packages  of  food,  mail,  the  fitting  of  shoes,  the  checking  of  mechanical  assem- 
blies and  molded  parts,  and  so  on,  but  has  also  been  extended  to  metals. 

The  principal  uses  of  fluoroscopy  in  the  metals  field  lie  in  the  inspection  of 
light-metal  castings.  As  the  images  are  formed  directly  on  a  screen  and  no 
films  are  required,  the  cost  of  inspection  is  lower  than  in  the  ordinary  methods 
which  involve  both  film  and  film-processing  costs.  The  inspection,  however, 
is  less  thorough.  The  screen  provides  a  less  sharply  defined  image  than  can 
be  obtained  on  films,  and  the  effective  contrast  is  lower.  Whereas  a  sensitivity 
of  2  per  cent  or  better  is  nearly  always  obtained  in  radiographic  inspection  of 
ordinary  thicknesses  of  metal  when  films  are  used,  the  usual  sensitivity  with 
fluoroscopic  machines  is  about  10  per  cent,  and  only  under  ideal  conditions 
does  it  reach  5  per  cent.  The  very  limited  thicknesses  that  can  be  inspected 
by  fluoroscopy  constitute  another  disadvantage  of  the  method.  The  upper 
limit  of  thickness  is  given  by  various  investigators  from  2  to  3%  in.  of  alu- 
minum and  magnesium  alloys,  and  from  %  to  J^  in.  of  steel. 

It  is  characteristic  of  the  method  that  the  intensity  of  light  from  the  fluoro- 
scopic image  is  very  weak  and  can  be  seen  properly  only  after  a  person  has 
thoroughly  accommodated  his  eyes  to  the  dark.  This  requires  spending  about 
20  min  in  the  dark  or  in  red  light  (by  wearing  red  goggles)  before  beginning 
work  with  a  fluoroscope. 

The  equipment  must  be  provided  with  carefully  designed  protective  fea- 
tures so  the  operator  is  not  exposed  to  direct  or  scattered  radiation.  This 
can  be  adequately  accomplished  with  the  aid  of  mirrors,  lead  sheet,  and  lead- 
glass  partitions.  It  is  also  necessary  in  most  cases  to  provide  for  turning  the 
object  in  the  rays  by  remote  control  or  at  least  providing  for  more  than  one 
orientation  of  the  object  in  the  rays.  Ordinary  installations  are  built  around 
a  belt  conveyor  which  moves  objects  under  the  viewing  screen  at  a  rate  that 
is  under  the  control  of  the  inspector.  Operating  voltages  for  the  inspection 
of  y^-m.  aluminum  castings  are  of  the  order  of  85  kv  and  increase  with  increas- 
ing thicknesses  up  to  220  kv.  Tube-to-screen  distances  are  usually  18  to 
30  in. 

Fluoroscopy  serves  as  a  low-cost  method  of  control  of  foundry  technique 
and  is  also  used  for  final  inspection  of  some  light-metal  castings  (rarely  of 
heavy  metals).     In  the  metals  field  it  is  reliable  only  for  gross  defects  and, 
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hence,  is  not  recommended  as  the  sole  test  for  highly  stressed  castings  such 
as  aircraft  parts.  On  the  other  hand,  for  industrial  castings  where  the  pri- 
mary requirement  is  the  absence  of  gross 
defects,  fluoroscopy  can  reduce  machine-shop 
losses  by  eliminating  castings  in  which  defects 
would  be  exposed  by  machining. 

3.  Defects  Revealed.  Radiographs  reveal 
and  permit  the  identification  of  the  following 
defects  in  metal  castings:  cracks;  hot  tears; 
shrinkage  cavities,  gas  cavities,  and  holes  of 
various  types;  porosity  from  various  causes; 
slag,  sand,  and  other  inclusions;  segregation 
of  alloy  constituents  or  impurities;  plugs, 
unfused  chaplets,  and  internal  chills;  faulty 
repair  welds.  Radiographs  of  welds  reveal 
cracks,  porosity,  slag  and  other  inclusions, 
incomplete  fusion,  lack  of  penetration,  and 
undercut.  In  spot  welds  the  size  of  the  fused 
portion  and  the  general  nature  of  the  weld 
can  be  seen. 

A  uniform  and  precisely  defined  terminology 
for  the  defects  seen  on  industrial  radiographs 
has  long  been  needed.  A  cooperative  effort 
of  committees  of  the  American  Society  for 
Testing  Materials,  the  American  Foundrymen's  Association,  and  the  Cana- 
dian Research  Council  has  been  working  toward  a  standard  terminology  and 


Mirror 


Fig.  18-9.  A  Simple  Cabinet 
for  Fluoroscopic  Examination 
of  Light  Metals  or  Thin 
Sections 
Operator  is  protected  by 
lead  sheet  and  lead  glass  and 
works  in  a  darkened  room 


Fig.  18-10.     Dross  in  an  Aluminum-Alloy  Casting 
Radiographed  with  100-kv  X  Rays 

published  a  preliminary  list  in  the  ASTM  Symposium  on  Radiography  in 
1942.     It  now  seems  likely  that  a  smaller  list  will  replace  this,  with  defects 
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listed  somewhat  as  follows:  gas  cavities,  gas  porosity,  shrinkage  cavities, 
interdendritic  shrinkage,  shrinkage  plus  gas,  shrinkage  porosity,  heterogenei- 
ties (inclusions,  oxide,  segregation),  sharp  discontinuities  (cracks,  cold  shuts), 
hot  cracks,  misruns  (failure  to  fill  the  section). 

Modified  forms  of  this  classification  have  been  used  in  various  laboratories 
with  considerable  success  for  both  castings  and  welds,  and,  when  films  are 
on  file  as  standards  of  the  types  of  defects  and  their  ratings  with  regard 
to  their  effect  on  serviceability,  the  reliability  of  interpretation  is  greatly 
increased. 

4.  Standards  for  Acceptance  and  Rejection.  A  uniform  rating  for  accept- 
ance and  rejection  of  all  radiographed  objects  is  not  possible  because  of  the 
different  service  conditions  to  which  the 

objects  are  subjected.  For  each  product 
the  most  reliable  interpretation  of  radio- 
graphs requires  comparison  with  standard 
films  of  samples  that  have  been  subjected 
to  mechanical  tests.  Not  only  the  nature 
of  the  defects  must  be  considered,  but  also 
their  distribution  in  regard  to  the  areas  of 
higher  stress  during  service. 

Nondestructive  testing  reveals  many 
causes  for  loss  of  strength  but  not  all. 
The  correlation  of  measured  strengths 
with  radiographic  ratings  falls  short  of 
being  perfect  even  with  the  best  stand- 
ardization if  important  metallurgical 
factors  vary  which  are  not  registered  on 
the  films.  Nevertheless,  the  value  of 
radiographic  inspection  is  very  great,  and 
boiler  codes  and  various  specifications 
have  effectively  defined  acceptable  and  nonacceptable  radiographic  quality 
in  numerous  classes  of  welds  and  castings. 

5.  Limitations;  Supplementary  Methods.  X-ray  inspection  is  limited  in 
the  thickness  that  can  be  penetrated  (Table  18-1).  To  raise  this  limit  radiog- 
raphers must  resort  to  gamma  rays,  which  require  inconveniently  long 
exposure  time,  or  to  expensive  X-ray  installations  that  exceed  one  million 
volts. 

Radiography  does  not  detect  differences  in  heat  treatment  unless  segrega- 
tion is  altered  by  the  heat  treatment.  Radiographs  are  not  a  reliable  sub- 
stitute for  the  hydraulic  test  for  leaks,  although  they  supplement  this  test. 
Some  engineers  feel  that  radiography  is  inferior  to  magnetic-powder  inspection 
for  welds  in  thin  materials,  while  others  require  it  in  the  specifications  for 
such  welds.  It  appears  certain  that  radiographic  testing  is  not  fully  reliable 
in  detecting  extremely  fine  cracks.  When  fine-grained  film  can  be  applied 
and  the  sections  are  thin,  this  deficiency  is  lessened,  but  for  the  most  rigorous 
inspection  for  small  cracks  and  discontinuities  the  radiographic  method  is 


Fig.    18-11.     Unfused    Chaplet 
(Dark  Square),  Cold  Shuts  (Hook- 
Shaped  Black  Lines),  Blow  Holes 
(Circular),  and  Cracks  in  a  Steel 
Casting 
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Fig.  18-12.  Some  Important  Defects  Revealed  by  X-Ray  Radiography 
(a)  Zinc  die  casting  with  sharp  discontinuities  that  would  act  as  stress  raisers. 
(b)  Sponginess  resulting  from  shrinkage  in  a  steel  casting,  (c)  Alicroshrinkage 
in  a  cast  magnesium-alloy  supercharger  housing,  {d)  Hydrogen  porosity  in  an 
aluminum  casting,  (e)  Gas  in  a  steel  casting  arising  from  steam  from  the  sand 
mold.  (/)  Hot  tears  in  a  steel  casting  %-l3^  in.  thick  (General  Electric  X-Ray 
Corp.) 

supplemented  or  replaced  by  methods  using  fluorescent  powders,  magnetic 
powders,  or  by  other  magnetic  tests. 

Ordinary  radiographs  sometimes  fail  to  distinguish  clearly  between  fine- 
scale  porosity  from  different  causes  (gas  porosity,  microshrinkage),  and  a 
supplementary  investigation  by  microradiography  may  be  useful  for  the 
purpose;  this  involves  thin  slices  of  metal  cut  from  the  sample  and  is,  therefore, 
a  destructive  test,  unlike  nondestructive  radiography. 
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X-ray  inspection  is  not  well  suited  to  forgings,  for  laminations  and  folds  in 
forgings  are  not  detected  with  certainty,  and  it  is  the  usual  practice  to  supple- 
ment or  substitute  this  inspection  with  magnetic  tests  and  with  the  examina- 
tion of  etched  cross  sections  of  pilot  forgings. 

The  quality  of  radiographs  depends  greatly  on  the  care  and  skill  used  in 
setting  up  the  sample  for  exposure,  applying  proper  penetrameters  to  insure 
that  the  required  sensitivity  to  defects  is  attained,  and  processing  and  viewing 
the  films.  Some  Government  agencies  have  established  a  certification  proce- 
dure to  assure  that  radiographic  laboratories  meet  required  standards  of 
technique;  more  commonly,  the  interpreter  relies  on  seeing  the  shadow  of 
standard  penetrameters  on  each  film  to  ascertain  that  the  technique  has  been 
adequate  to  provide  the  required  sensitivity.  The  more  complete  specifica- 
tions for  acceptance  of  large  or  important  castings  and  welded  structures 
wisely  contain  statements  of  what  areas  are  to  be  radiographed  and  what 
positions  of  radiation  source,  films,  and  penetrameters  are  to  be  used. 

6.  Product  Improvement  and  Final  Inspection  with  Radiography.  Wide- 
spread use  is  made  of  radiography  in  the  foundry  to  study  pilot  castings.  By 
recognizing  the  nature  of  defects  that  occur,  changes  can  be  made  in  casting 
technique  or  in  design  to  correct  the  faults  or  to  shift  the  defects  into  harmless 
areas,  and  rapid  improvement  of  the  product  usually  follows  such  study. 
Indirect  benefits  also  accrue,  for  the  skill  of  the  foundryman  and  designer  is 
continually  increased  by  development  work  of  this  kind. 

The  Army  Ordnance  Department  has  made  extensive  use  of  radiography  in 
the  inspection  of  cast  armor  in  recent  years,  and  the  aircraft  industry  has  made 
very  effective  use  of  radiographic  control  of  the  quality  of  castings  for  aircraft. 
Statistical  analysis  of  radiographic  rejections  have  proved  valuable  in  deter- 
mining the  relative  ability  of  various  suppliers  to  make  sound  castings  and  to 
see  how  the  quality  of  each  supplier's  product  varies  from  month  to  month. 
In  a  study  of  statistical  control  by  an  aircraft  manufacturer  it  was  concluded 
that  the  best  control  was  a  continuous  plotting  of  a  control  chart  for  each  type 
of  casting,  that  is,  a  graph  of  number  of  rejections  versus  lot  number.  By 
such  statistical  analysis  the  effect  of  changing  an  important  variable  in  produc- 
tion may  become  immediately  obvious.  It  was  found  by  one  manufacturer, 
for  example,  that  aircraft  castings  made  with  loose  patterns  averaged  lower 
in  quality  than  those  made  with  permanent  metal-plate  or  wood-board  pat- 
terns, and  so  the  loose  patterns  were  abandoned.  The  decrease  in  rejections 
resulting  from  this  one  change  of  policy  was  enough  to  pay  the  entire  cost  of 
the  statistical  investigations. 

In  the  welding  shop,  with  both  manual  and  automatic  welding,  the  devel- 
opment of  technique  is  aided  greatly  by  radiography,  and  periodic  checks  on 
the  quality  of  welds  are  valuable  even  when  the  welding  machines  are  believed 
to  be  in  adjustment  or  when  the  welders  have  passed  qualification  tests.  Some 
of  the  possible  sources  of  defects  that  can  be  detected  on  radiographs  are  lack 
of  adequate  preheating  for  certain  grades  of  steel,  excessive  nonmetallic  inclu- 
sions, defective  welding  rods  or  coatings,  and  improper  welding  technique. 
On  the  other  hand,  there  are  microstructural  conditions  and  embrittling  con- 
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stituents  that  cannot  be  detected  by  radiography  and  yet  seriously  affect 
weld  quality — an  example  is  the  presence  of  nitride  needles. 

Wide  use  is  made  of  radiography  in  the  repair  of  defective  objects.  If 
defective  areas  are  chipped  out  in  preparation  for  making  a  repair  weld,  it  is 
difficult  to  tell  by  visual  inspection  when  all  the  defective  metal  has  been 
removed,  owing  to  the  great  tendency  for  a  chipping  hammer  and  even  a 
grinding  wheel  to  smear  over  all  fine  cracks  and  porosity.  It  is  wise  to  take 
a  radiograph  of  the  chipped-out  area  before  beginning  the  repair  weld,  to 
see  if  the  removal  has  been  complete,  since  stress  concentrations  will  occur 
at  fine  cracks  that  are  left.  After  the  repair  welding  is  completed,  another 
radiographic  inspection  is  needed  to  check  the  quality  of  the  repair  work. 

Since  1930  radiographic  inspection  has  been  written  into  many  specifications 
and  codes  for  pressure  vessels  and  welded  assemblies  that  could  cause  possible 
loss  of  life  or  serious  property  damage  if  failure  occurred.  Structural  units 
that  require  expensive  machining  are  also  frequently  subjected  to  radio- 
graphic tests  to  provide  early  recognition  of  the  presence  of  any  defects  that 
will  be  uncovered  during  machining  or  will  seriously  weaken  the  machined 
part. 

The  bibliography  at  the  end  of  this  chapter  lists  the  better-known  treatises 
on  radiography  and  a  selection  of  research  and  review  papers  of  recent  years 
that  cover  the  various  engineering  applications  in  greater  detail  than  the  books. 
In  the  interest  of  brevity  most  of  the  foreign  literature  has  been  omitted,  and 
only  a  few  articles  on  technique  have  been  included. 

B.  Stress  Measurement  by  X  Rays 

7.  Characteristics  of  the  Method.1-6  X  rays  may  be  diffracted  from 
metals  and  other  crystalline  solids  under  conditions  that  make  it  possible  to 
use  the  distances  between  atoms  as  gage  lengths.  Strains  may  be  determined 
by  measuring  the  changes  in  these  interatomic  distances. 

As  a  strain  gage,  the  X-ray-diffraction  method  has  unusual  characteristics 
compared  with  the  common  types  of  gages.  It  measures  elastic  strains  only, 
whereas  the  usual  gages  record  both  elastic  and  plastic  strains.  It  is  the  only 
method  of  determining  stresses  that  does  not  require  measurements  of  the 
unstressed  metal,  and,  thus,  it  is  the  only  method  of  determining  residual 
stresses  in  an  object  without  cutting  or  drilling  the  object  to  relieve  the  stresses. 
It  uses  a  spot  about  }{  in.  in  diameter  on  the  surface  of  the  test  object,  an 
area  much  smaller  than  the  area  covered  in  most  strain  gages.  It  registers 
the  conditions  in  an  extremely  thin  layer  (usually  less  than  0.001  in.)  at  the 
surface.  It  is  used  at  the  present  time  almost  exclusively  on  steels  of  lower 
hardness  than  Rockwell  45  C  and  on  other  metals  that  yield  reasonably  sharp 
diffraction  lines  because  of  the  inaccuracies  obtained  when  lines  are  diffuse. 
With  fine-grained  annealed  steel  an  accuracy  of  2000  or  3000  psi  can  be 
expected,  but  with  the  diffuse  broad  lines  of  cold-worked  or  quenched  steels 
the  error  is  increased  to  four  or  five  times  this;  coarse-grained  metals  also 
introduce  difficulties  in  technique  and  lower  the  accuracy. 

As  is  discussed  in  later  sections  of  this  chapter,  the  simplest  technique  of 
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X-ray  stress  measurement  yields  the  sum  of  the  two  principal  stresses  in  the 
surface  layer  of  an  object.  To  obtain  this  result  it  is  necessary  to  make  one 
X-ray  measurement  of  the  object  in  the  stressed  condition  and  to  make  a 
separate  X-ray  measurement  in  the  stress-free  condition.  A  more  precise 
knowledge  of  the  stress  pattern  in  the  surface  layers  can  be  obtained  without 
studying  the  stress-free  material,  if  a  pair  of  X-ray  exposures  are  made,  one 
with  the  X-ray  beam  directed  perpendicularly  onto  the  surface  and  the  other 
with  the  beam  striking  the  surface  at  an  angle  (usually  about  45°).  From 
this  pair  of  exposures  it  is  possible  to  compute  the  component  of  stress  that 
lies  parallel  to  the  surface  and  in  the  direction  toward  which  the  beam  is 
tilted.     This  method  is  treated  in  article  10. 

X-ray  diffraction  when  used  in  another  way  sometimes  can  furnish  qualita- 
tive or  semiquantitative  information  on  plastic  strain.  It  is  frequently  pos- 
sible to  tell  by  a  glance  at  a  diffraction  film  whether  or  not  an  annealed  metal 
object  has  been  subjected  to  a  stress  that  has  elongated  it  more  than  1  or 
2  per  cent.  On  the  other  hand,  if  cold-worked  metal  has  been  heated,  diffrac- 
tion studies  will  indicate  whether  the  heating  has  produced  complete  recrystal- 
lization,  thereby  replacing  the  strained  metal  completely  with  strain-free 
grains,  or  whether  there  has  merely  been  a  recovery  of  the  metal  from  severe 
microstresses  without  appreciable  recrystallization.  These  uses  of  diffrac- 
tion are  treated  in  article  17. 

Throughout  the  following  sections  the  subject  is  presented  as  if  the  diffracted 
rays  are  always  recorded  on  a  photographic  film.  This  has  been  the  only 
method  used  in  the  past,  but  at  present  there  is  a  strong  tendency  to  use 
electric  recording  of  the  rays,  and  there  is  much  reason  to  believe  it  will  dis- 
place film  recording  in  many  instances  of  stress  analysis.  Electric  recording 
is  usually  by  means  of  the  Geiger  counter,  a  device  which  is  extremely  sensi- 
tive to  low-intensity  radiation.  When  a  counter  is  connected  through  suitable 
circuits  to  an  automatic  recorder,  it  traces  a  plot  of  intensity  on  a  graph  and 
by  suitable  instrumentation  the  graph  may  be  made  to  read  intensity  versus 
diffraction  angle,  just  as  is  desired  for  stress  analysis.  Since  the  interpreta- 
tion of  such  records  is  fundamentally  the  same  as  the  interpretation  of  films, 
it  is  not  given  a  separate  treatment  in  this  discussion. 

8.  General  Principles.  X-ray  diffraction  from  a  crystal  occurs  when 
Bragg's  law  is  fulfilled: 

n\  =  2d  sin  6  (1) 

where  n  is  an  integer,  X  is  the  wave  length  of  the  X-ray  beam,  d  is  the  spacing 
between  the  planes  of  atoms  that  reflect  X  rays  from  the  crystal,  and  6  is  the 
angle  of  incidence  of  the  beam  on  these  atomic  planes.  When  the  left  side 
of  the  equation  is  constant,  a  variation  in  interplanar  spacing,  caused  by 
stresses,  will  bring  about  a  proportional  variation  in  sin  6.  As  sin  8  approaches 
1,  that  is,  as  6  approaches  90°,  a  given  elastic  strain  causes  greater  and  greater 
change  in  6;  hence,  maximum  sensitivity  in  the  measurement  of  strain  is 
obtained  in  a  back-reflection  camera,  where  6  is  nearly  90°,  and  where  26, 
the  angle  between  incident  and  diffracted  beams,  is  nearly  180°.     Good  con- 
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ditions  are  obtained  when  the  characteristic  radiation  from  a  cobalt  target 
tube  is  directed  at  iron  or  steel  (6  =  80°  37.5'),  copper  (6  =  81°  46.5')  or 
brass;  when  copper  radiation  is  used  for  aluminum  alloys  (6  =  81°);  when 
nickel  is  used  for  brass,  and  when  iron  is  used  for  magnesium  {6  =  83°). 
The  wave  lengths  in  most  common  use  are.  given  in  Table  18-2. 


TABLE  18-2 
Wave  Lengths  in  Angstroms  (10-8  cm) 
K«2  (Strong)  Kai  (Very  Strong) 


2.29352 

2 . 28962 

1.93991 

1.93597 

1 . 79279 

1 . 78890 

1.66168 

1 . 65783 

1 . 54434 

1 . 54050 

0.71354 

0 . 70926 

X-ray  tube 


X-Ray  Tube 

Target 
Chromium 
Iron 
Cobalt 
Nickel 
Copper 
Molybdenum 

The  apparatus  consists  essentially  of  a  film  in  a  lighttight  cassette  mounted 
perpendicularly  to  the  incoming  X-ray  beam,  with  a  hole  through  which  the 
pinhole  system  is  inserted  that  collimates  the  beam,  Fig.  18-13.     The  film 

records  the  rays  diffracted  by  the  speci- 
men, and  shows,  on  development, 
almost  circular  rings.  The  diameter  of 
a  diffraction  ring  divided  by  the  dis- 
tance from  the  film  to  the  specimen 
gives  2  tan  (180  -  26)  from  which  0 
is  obtained  for  insertion  in  equation  1 . 
For  best  results  it  is  advisable  to 
oscillate  the  film  (15°  to  30°)  using  the 
metal  tube  containing  the  pinholes  as 
the  axis  of  oscillation.  This  removes 
much  of  the  spottiness  of  the  diffrac- 
tion lines,  but,  if  the  grain  size  of  the 
specimen  is  large,  it  may  also  be  neces- 
sary to  oscillate  the  specimen  a  few 
degrees,  keeping  the  distance  from  the 
film  to  the  irradiated  spot  on  the  speci- 
men strictly  constant.  This  distance 
can  be  measured  by  inside  micrometers, 
or  can  be  adjusted  to  a  predetermined 
distance  by  means  of  a  special  gage 
inserted  between  the  cassette  and  the 
specimen.57  Another  method  frequently  employed  is  to  compute  the  distance 
from  specimen  to  film  by  measuring  the  diameter  of  a  calibrating  ring  of  known 
6  on  the  film.  In  this  method  a  strain-free  powder  is  placed  on  the  surface  of 
the  test  object.  The  powder  is  chosen  to  yield  a  ring  near  6  =  90°  that  does 
not  interfere  with  measurements  of  the  ring  produced  by  the  specimen.  Gold 
powder  is  sometimes  used  with  steel,  since  it  gives  a  convenient  reflection  at 
9  =  78°  46'  with  cobalt  Kai  radiation  as  illustrated  in  Fig.  18-14;  tungsten 


Reflecting  planes  of  atoms 


Fig.    18-13.     Principle  of  the  Back- 
Reflection  Camera  for  Stress  Meas- 
urement with  Incident  Beam  Normal 
to  Specimen  Surface 
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Hole  for  pinhole  system 


and  brass  powders  are  also  used,  and  silver  powder  is  used  with  aluminum 
alloys,  steel,  and  brass  specimens.  When  the  distance  from  specimen  to 
film  is  obtained  from  such  calculation,  there  are  no  errors  introduced  by  film 
shrinkage,  but  these  are  seldom  considered  important  in  any  event. 

For  maximum  accuracy,  the  surface  of  the  test  object  should  be  free  from 
cold  work  introduced'  by  machining  or  abrasion  since  sharp  diffraction  lines 
are  necessary.  If  the  surface  is  not  in  suitable  condition,  electropolishing  is 
probably  the  best  way  to  condition  it,  but  good  results  are  also  obtained  by 
etching  the  surface,  provided  the  etching  does  not  leave  etch  pits  so  deep  that 
they  relieve  the  surface  stresses  (see 
article  13). 

Although  a  few  investigators  have 
resorted  to  microphotometers  for  reading 
the  films,  it  is  generally  agreed  that  it 
is  satisfactory  to  read  them  by  eye, 
moving  a  very  fine  cross-hair  or  scratch 
over  the  film  under  conditions  of  good 
illumination.  Suitable  films  are  pre- 
pared with  a  specimen  placed  at  a  dis- 
tance of  about  5  cm  and  with  pinholes 
of  about  1  mm  diameter.  Exposure 
times  have  been  reduced  to  15  min  or 
so  with  carefully  designed  cameras 
mounted  snugly  on  small  X-ray  tubes, 
and  for  rough  work,  with  a  larger 
pinhole  and  an  overloaded  X-ray  tube, 
exposure  times  as  short  as  3  to  5  min 
have  been  reported.  With  rapid  dry- 
ing of  films,  simplified  reading,  and 
appropriate  charts  or  tables  to  eliminate 
the  necessity  of  computations,  the 
method  can  be  made  quite  rapid. 

9.  Determining  the  Sum  of  the  Principal  Stresses.51- 55' 56  The  simplest 
X-ray  method  of  stress  analysis  measures  the  sum  of  the  two  principal  stresses 
parallel  to  the  surface  of  the  object  tested,  that  is,  (<ri  +  g%).  The  measure- 
ment is  accomplished  by  taking  back-reflection  photographs  with  the  beam 
directed  perpendicularly  at  the  surface  as  in  Fig.  18-13.  One  film  is  exposed 
while  the  surface  is  in  the  stressed  condition,  and  another  when  the  surface 
is  unstressed. 

For  measurement  of  the  unstressed  state  it  is  necessary  to  remove  any 
applied  loads,  and  in  objects  containing  residual  stresses  these  stresses  must 
be  released  by  appropriate  machining  operations  or  by  stress-relief  annealing. 
If  annealing  is  used,  it  should  not  alter  the  concentration  of  the  elements  in 
solid  solution,  for  this  might  alter  the  unstressed  value  of  the  interplaner 
spacings  and,  thus,  in  effect  alter  the  gage  length  during  the  test.  The  rate 
of  cooling  from  the  annealing  temperature  must  be  slow  enough  to  avoid 


Ka2  from  steel - 
Kax  from  steel- 
Ka2  from  gold- 
Kax  from  gold- 

Fig.  18-14.     Sketch  of  Back-Reflec- 
tion Film  Showing  Diffraction  Rings 
from   Steel   and    Calibration   Rings 
from  Gold  Powder 
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reintroducing  stresses.  If  machining  is  used  it  must  be  done  with  a  sharp 
cutting  tool  or  a  fine-toothed  saw  in  such  a  manner  as  to  minimize  the  straining 
and  cold  working  of  the  testpiece.  It  is  difficult  to  accomplish  this  properly, 
and  considerable  care  is  required:  for  example,  it  was  found  that  a  saw  cut 
made  with  a  hair-fine  jeweler's  saw  in  magnesium  stressed  the  surface  of  a 
piece  at  considerable  distances  from  the  cut,  introducing  an  error  of  400  psi 
for  cuts  12  in.  from  the  surface,  1300  psi  for  cuts  }{  in.  from  the  surface,  and 
1900  psi  for  cuts  J^6  m-  from  the  surface.58  These  errors  were  removed  by 
a  careful  approximately  isothermal  etching  of  the  cut  surfaces  in  all  except 
the  YiQ-m..  slices. 

From  the  diameter  of  the  diffraction  rings  on  the  film,  the  measured  or 
calculated  distance  from  film  to  irradiated  spot  on  the  test  object,  and  the 

wave  length  of  the  X  rays 
equation  1  gives  value  of  inter- 
planar  spacings,  dz  and  d0  for 
the  stressed  and  unstressed 
states,  respectively.  The  strain 
is  then 

e  =  (4  -  do)  I d0         (2) 

and  is  the  average  elastic  strain 
in  the  directions  midway  be- 
tween the  diffracted  beams  and 
the  direction  normal  to  the  sur- 
face. Since  the  diffracted 
beams  themselves  are  very 
nearly  perpendicular  to  the  sur- 
face, this  strain  very  closely 
approximates  the  strain  normal 
to  the  surface;  hence,  the  sum  of  the  principal  stresses  (<7i  -Hero)  can  be 
directly  computed  from  this  strain  by  using  Poisson's  ratio  v  and  Young's 
modulus  E  in  the  equation  for  isotropic  elastic  solids, 


Stressed  object  -^ 

Fig.  18-15.     Rectangular  Coordinate  System, 

X,  Y,  Z,  in  Relation  to  Directions  of  Principal 

Strains  ei,  e2,  £3,  and  the  Arbitrary  Direction 

along  Which  the  Strain  Is  e 


<7i  +  a-. 


-eE, 


(3) 


For  uniaxial  stresses  (cr2  =  0)  this  method  gives  the  required  value  of  <ti. 
For  biaxial  stresses  produced  by  torsion,  where  <j\  =  —  <r2,  the  method  obvi- 
ously cannot  be  used.  It  has  been  employed  in  a  number  of  instances  to 
indicate  in  a  general  way  the  magnitude  and  distribution  of  biaxial  stresses 
in  metals  and  to  show  the  reduction  of  biaxial  residual  stresses  by  annealing 
and  by  other  treatments. 

10.  Determining  a  Stress  Component.54- 55'  57> 59' 61  The  stress  ax  in  any 
direction  in  the  plane  of  the  surface,  either  in  the  direction  of  a  principal  stress 
or  otherwise,  can  be  determined  by  an  equation  derived  from  the  approximate 
equation  for  the  ellipsoid  of  strain  in  isotropic  materials, 


e  =  aihi  +  a22e2  +  a32e3 


(4) 
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where  ah  a2,  and  a3  are  the  direction  cosines  of  the  direction  in  which  e  is 
measured  with  respect  to  the  directions  of  the  principal  strains  ei,  e2,  e3.  In 
the  notation  of  Fig.  18-15, 

ai  =  sin  \f/  cos  (f> 

a-i  =  sin  \f/  sin  4> 
a3  =  cos  \p 
Substituting  in  equation  4  gives 

e  =  (ti  cos2  4>  +  62  sin2  <f>)  sin2 1/'  +  e3  cos2  \p  (5) 

The  strain  in  the  direction  of  the  X  axis,  which  is  at  an  angle  0  from  the  prin- 
cipal strain  eh  as  in  Fig.  18-15,  is 

ex  =  ei  cos2  <f>  -\-  €2  sin2  </> 

Thus  equation  5  reduces  to 

e  =  ex  sin2 1/'  +  e3  cos2  yp 

=  e.r  sin2 1/'  +  e3  —  e3  sin2  yp 

and,  since  o"z  =  0  at  the  surface,  where  X-ray  reflection  takes  place,  this  can 
be  put  in  the  form: 

E{e  -  e3)  =  \ax  -  v<xy  +  v{a x  +  cy) }  sin2  ^  (6) 

=  (1  +  v)<rx  sin2  \p 

Two  X-ray  exposures  are  made,  one  with  the  incident  beam  falling  perpen- 
dicularly on  the  surface  of  the  specimen,  as  in  Fig.  18-13,  and  the  other  with 
the  beam  inclined  at  an  angle  to  the  surface.  The  first  measures  the  spacings 
of  the  planes  whose  normals  are  approximately  along  the  Z  axis  dz.  The 
second  exposure  is  indicated  in  Fig.  18-16.  The  lower  part  of  the  film  at  B 
receives  the  diffracted  rays  from  the  atomic  planes  whose  normals  lie  along 
OA,  at  an  angle  of  ip  from  the  Z  axis  and  midway  between  the  original  beam 
and  the  diffracted  beam  OB;  if  this  portion  of  the  film  is  measured,  the  atomic 
spacings  dj,  may  be  computed.  (Obviously,  the  film  cannot  be  rotated  during 
this  exposure  nor  even  oscillated  through  a  very  large  angle,  for  then  the  por- 
tion of  the  diffraction  ring  at  B  will  have  received  radiation  from  planes  at 
angles  other  than  ip.) 

Now  if  d0  is  the  unstressed  lattice  spacing,  we  may  write; 

dy,  —  do       de  —  d0       dyj,  —  dz 
d0  d0  d0 

and  there  is  negligible  error  introduced  by  substituting  d2  for  da  in  the  denomi- 
nator of  this  expression.     If  we  substitute  in  equation  6,  the  stress  component 


998  X-RAY  ANALYSIS 

ox  in  terms  of  known  and  measurable  quantities  is  then 

E  1         dj,  —  dz 

1  +  v    sin2  \p         dz 


(7) 


(This  is  the  stress  component  parallel  to  the  surface,  in  the  direction  toward 
which  the  initial  beam  was  tilted,  and  may  or  may  not  be  one  of  the  principal 
stresses.) 

It  should  be  noted  that  the  stress  can  be  computed  by  this  equation  without 
determining  the  lattice  spacing  in  the  unstressed  condition.  It  is,  therefore, 
not  necessary  to  cut  the  specimen  or  otherwise  reduce  the  stress  in  the  speci- 
men to  zero. 


X-ray  beam 


Calibrating  |     /  /^^^^^ 

powder^       j  /^/^^Diffracted  beams 
\    j^C^     ^180-20 

\\\\\\\\°m\\\\v\\\\stressed  obiect 

Fig.  18-16.     Back-Reflection  Camera  with  Inclined  Beam  for  Measuring  a  Stress 

Component 
Diffraction  rings  from  object  and  calibrating  powder  are  measured  at  B,  where 
reflections  are  registered  from  planes  at  angle  \p  to  the  surface 

In  practice,  the  inclined  exposure  is  usually  made  with  the  reflection  taking 
place  from  planes  inclined  about  45°  to  the  surface,  so  that  \p  is  approximately 
45°.  The  value  of  dz  may  be  obtained  with  sufficient  accuracy  from  an 
exposure  made  with  the  incident  beam  normal  to  the  surface,  even  though, 
as  indicated  in  Fig.  18-13,  the  spacing  thus  measured  is  not  exactly  parallel 
to  the  Z  axis. 

On  a  film  exposed  in  the  inclined  position,  the  diffraction  rings  are  measured 
on  one  side  only,  not  from  one  side  across  the  diameter  to  the  other.  This 
is  done  by  producing  a  diffraction  ring  from  a  calibrating  powder  that  has 
been  laid  on  the  specimen  during  the  exposure  and  measuring  the  distance 
from  the  calibrating  ring  to  the  specimen  ring  at  the  point  B  corresponding  to 
the  maximum  value  of  ip.  A  powder  having  known  lattice  constants  produces 
a  line  at  a  known  diffraction  angle;  hence,  the  diameter  of  the  ring  permits 
one  to  compute  the  effective  distance  from  specimen  to  film  under  conditions 
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where  direct  measurement  would  be  difficult.  It  is  advisable  to  oscillate  the 
film  a  few  degrees  around  the  beam  as  an  axis  to  smooth  the  lines,  but  wide- 
angle  oscillation  or  complete  rotation  would  introduce  considerable  error.59 
When  the  grains  in  the  specimen  are  large,  it  may  also  be  necessary  to  oscil- 
late the  specimen,  as  Frommer  and  Lloyd  have  done,60  or  even  to  scan  the 
surface.  Figure  18-17  shows  the  marked  improvement  of  the  back-reflection 
rings  sometimes  obtained  when  oscillation  of  the  film  is  employed  and  when 
this  is  combined  with  a  small  oscillation  of  the  specimen  about  an  axis  lying 


•    ■,'**"  *: 


(a) 


(6) 


(c) 


Fig.  18-17. 


Appearance  of  Lines  in  a  Back-Reflection  Photograph  of  a    Mag- 
nesinm-Alloy  Casting  (J.  B.  Hess) 
(a)   Casting  and  film  stationary 
{b)   Casting  stationary,  film  oscillated 
(c)   Casting  and  film  oscillated 

in  the  plane  of  the  specimen  surface.     The  specimen  in  this  case  was  a  mag- 
nesium-alloy casting. 

As  has  been  explained  previously,  if  one  exposure  is  made  with  the  incident 
beam  inclined  from  the  perpendicular  toward  the  X  axis,  and  another  is 
made  with  a  perpendicular  beam,  equation  7  may  be  used  to  compute  the 
stress  component  in  the  direction  X.  Similarly,  an  exposure  with  a  perpen- 
dicular beam  combined  with  two  exposures  made  with  the  beam  inclined 
toward  each  of  the  two  principal  stresses  in  turn  permits  the  calculation  of 
both  principal  stresses.  If  the  directions  of  the  principal  stresses  are  unknown, 
it  is  necessary  to  use  at  least  three  inclined  exposures  and  a  perpendicular  one. 
Then  both  the  magnitude  and  directions  of  the  principle  stresses  may  be 
determined  by  using  the  standard  formulas  discussed  elsewhere  in  this 
handbook. 
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In  carrying  out  a  series  of  stress  determinations  it  is  convenient  to  simplify 
the  equations  and  reduce  the  calculations  as  much  as  possible.  For  example, 
when  merely  the  sum  of  the  principal  stresses  is  being  measured,  using  a  beam 
at  normal  incidence  and  a  standard  distance  from  specimen  to  film,  a  measured 
change  in  the  diffraction-ring  diameter  is  directly  proportional  to  the  sum  of 
the  stresses,  to  a  very  close  approximation,  and  a  single  slide-rule  computation 
yields  the  answer.  Simple  computations  are  possible  in  the  other  methods 
also,61  when  standard  conditions  are  established. 

11.  Values  of  the  Elastic  Constants.  The  preceding  equations  assume 
isotropic  material.  In  general,  this  assumption  is  not  valid  for  the  individual 
grains  of  a  metal  even  when  it  is  valid  for  the  metal  as  a  whole.  This  fact 
together  with  the  fact  that  a  diffracted  beam  comes  from  only  those  grains 
having  certain  orientations  in  the  specimen,  has  given  rise  to  much  uncer- 
tainty concerning  the  correct  values  to  use  for  Young's  modulus  and  Poisson's 
ratio.  Some  investigators,  including  Bohlenrath  and  Hauk,67  have  concluded 
that  the  effective  values  of  the  constants  vary  with  the  carbon  content  of 
steels,  their  heat  treatment,  the  radiation  used,  and  the  angle  of  incidence  of 
the  radiation  on  the  surface,  and  recommend  that  the  operator  always  cali- 
brate his  apparatus  for  the  given  set  of  conditions  that  he  uses.  Certain 
other  investigators,  including  Norton  and  his  collaborators,  have  found  that 
the  ordinary  values  of  the  elastic  constants  are  satisfactory  to  use  in  X-ray 
work.  It  is  possible  that  some  of  the  apparent  variations  of  the  elastic  con- 
stants that  have  been  observed  by  some  are  due  to  variations  in  the  roughness 
of  the  surface  produced  by  etching60  (see  article  12  on  surface  stresses). 

Until  further  research  is  available  on  the  subject,  it  appears  proper  to  assume 
that  the  ordinary  mechanical  values  of  the  elastic  constants  for  polycrystal- 
line  metals  will  produce  errors  no  greater  than  the  errors  from  reading  the 
films.60' 61  Nevertheless,  in  precise  work,  it  is  always  advisable  to  check 
apparatus,  technique,  and  effective  value  of  the  constants  by  making  a  cali- 
bration experiment.  This  may  be  done  on  a  test  specimen  under  a  known 
tensile  or  compressive  load  or  with  a  beam  bent  to  a  known  curvature. 

12.  Surface  Stresses.  The  penetration  of  the  X  rays  used  in  stress  analysis 
is  very  slight;  usually  the  penetration  does  not  exceed  one  or  two  thousandths 
of  an  inch.  Because  of  this,  the  preparation  of  the  surface  before  stresses 
are  measured  is  an  important  matter.  If  the  surface  has  been  roughly  etched 
so  that  there  are  deep  etch  pits,  the  pits  may  partially  relieve  the  stresses  in 
the  material  between  the  pits.  The  higher  and  the  narrower  the  microscopic 
peaks  that  project  out  from  the  surface,  the  more  complete  is  the  relief  of 
stress  in  the  peaks.  If  the  surface  is  prepared  by  etching,  it  should  be  made 
as  smooth  as  possible.  For  steel,  it  has  been  found  that  a  10  per  cent  solution 
of  nitric  acid  in  alcohol  is  satisfactory,  but  a  30  per  cent  solution  is  poor.60 

When  electrolytic  polishing  can  be  used,  it  is  preferable  to  etching,  for  it 
leaves  no  pits.  Small  areas  an  inch  or  less  in  diameter  can  be  polished  on  the 
surface  of  an  object  at  the  place  where  stresses  are  to  be  measured  if  one  con- 
fines the  electrolyte  in  a  small  pool  at  this  place. 

The  shallow  penetration  makes  it  possible  to  study  the  surface  stresses 
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introduced  by  machining,  shot  peening,  and  the  like.  One  investigation 
showed  that  a  machined  surface  of  steel  contained  a  layer  less  than  0.010  in. 
deep  with  a  stress  that  differed  from  the  stress  in  the  underlying  layers  by 
60,000  psi.  Surface  stresses  of  12,000  psi  have  been  discovered  even  after 
a  simple  elongation  in  a  tensile  machine.     (This  is  discussed  in  article  13.) 

When  X-ray  measurements  of  residual  stresses  differ  from  strain-gage 
measurements,  a  system  of  shallow  surface  stresses  is  immediately  suspected. 
In  such  cases  the  subdivision  or  boring-out  methods  may  not  have  been 
carried  in  such  a  way  as  to  reduce  the  surface  layer  to  a  stress-free  state. 
Unless  this  is  done,  the  mechanical  sectioning  methods  cannot  yield  true 
absolute  values  of  the  stresses ;  but  X-ray  measurements  always  yield  absolute 
values. 

It  is  a  general  rule  that  plastic  flow  always  tends  to  reduce  residual  stresses. 
Hence,  surveys  of  the  initial  stress  pattern  may  have  little  or  nothing  to  do 
with  failure  of  an  object  in  service  when  the  service  involves  any  plastic  flow 
in  the  object.  On  the  other  hand,  studies  of  the  initially  stressed  state  may 
be  of  prime  importance  when  an  object  is  subject  to  failure  by  stress  corrosion. 
Stresses  in  the  outer  skin  of  an  object  are  probably  more  important  than 
underlying  stresses  in  season-cracking  or  stress-corrosion  investigations, 
although  it  may  be  some  time  before  a  complete  understanding  of  the  situa- 
tion is  reached. 

13.  Distribution  of  Residual  Stresses  within  an  Object.  X  rays  can  be 
employed  with  various  sectioning  procedures  to  determine  the  distribution  of 
internal  stress  in  the  interior  of  an  object.  For  example,  Rosenthal  and 
Norton66  devised  a  method  for  sectioning  objects  that  involves  cutting  out 
rectangular  blocks  and  then  slicing  layers  from  them,  with  stress  measure- 
ments made  after  each  cut.  Their  results  on  a  butt  weld  in  a  welded  1-in. 
plate  showed  a  maximum  residual  stress  at  mid-thickness  (Fig.  18-18).  The 
assumptions  employed  in  developing  the  formulas  used  increase  the  inaccu- 
racies when  either  the  stress  gradients  are  high  or  the  plate  thickness  is  great. 
Shearing  stresses  can  also  be  computed  from  these  data  for  points  throughout 
the  interior  of  the  object.  There  has  been  no  nondestructive  method  devel- 
oped for  determining  stresses  at  interior  points;  the  X  rays  that  are  used 
diffract  only  from  surface  layers. 

14.  Variations  in  Stresses  during  Service.  The  nondestructive  feature 
of  the  X-ray  method  is  valuable  in  applications  where  changes  in  stresses 
during  service  are  important.  X-ray  tests  reveal  only  elastic  strain  and  not 
the  plastic  component  of  the  strain  and  thereby  differ  from  ordinary  strain- 
gage  measurements  which  concern  the  sum  of  the  elastic  and  plastic  compo- 
nents, that  is,  the  total  elongation.  This  feature  is  important  when  X  rays 
are  used  to  trace  the  relaxation  of  residual  stresses  during  heat  treatment  or 
service,  for  the  methods  that  reveal  only  the  sum  of  the  strains  do  not  permit 
a  calculation  of  the  stress  from  time  to  time  during  the  life  of  the  object,  as  is 
possible  with  X  rays. 

An  early  use  of  the  method  abroad  was  to  study  the  changes  in  residual 
stresses  around  a  drilled  hole  during  the  life  of  a  fatigue  specimen.     In  this 
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study  the  slight  plastic  flow  accompanying  the  cyclic  stressing  caused  major 
changes  in  the  residual-stress  pattern. 

The  changes  in  residual  stresses  caused  by  the  application  of  a  tensile  stress 
are  nicely  indicated  by  the  tests  of  Norton  and  Rosenthal  summarized  in 
Fig.  18-19.     In  these  tests  a  system  of 


stresses  was  introduced  in  a  mild-steel 
strip  by  placing  it  between  two  cylin- 
drical electrodes  of  a  welding  machine 
and  heating  locally  with  a  current  of 
3000  amperes  for  a  few  seconds. 
Figure  18-1 9a,  curve  I,  shows  the 
transverse  component  of  the  stresses 
along  a  line  through  the  center  of  the 
heated  zone  after  this  local  heating; 
Fig.  18-196,  curve  I,  shows  the  longi- 
tudinal component.  Curves  II,  III, 
IV,  and  V  give  the  residual  stresses 
after  the  strip  is  loaded  successively  to 
7200,  16,000,  29,500,  and  38,300  psi 
and  then  unloaded.  It  is  seen  that 
stresses  in  the  neighborhood  of  the 
tensile  yield  point  (which  was  35,000 
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Fig.  18-19.  Residual  Stresses  around 
a  Heated  Zone  in  a  Mild-Steel  Strip 
I — Directly  after  stresses  were  intro- 
duced by  local  heating.  II — After 
applying  7200  psi  tensile  stress  to  the 
strip.  Ill— After  16,000  psi.  IV— 
After  29,500  psi.  V— After  38,300  psi 
(J.  T.  Norton  and  D.  Rosenthal) 


Fig.    18-18.     Longitudinal    and    Trans- 
verse Stresses  across  the  Thickness  of  a 
Weld   in   a    1-in.    Mild-Steel    Plate    (D. 
Rosenthal  and  J.  T.  Norton) 

psi)  have  reduced  the  residual  stresses  and,  in  fact,  have  replaced  them  by  small 

longitudinal  compressive  stresses.     These,  of  course,  are  stresses  at  the  surface. 

15.  Miscellaneous    Industrial   Applications.     X-ray    methods    have    been 

made  use  of  for  indicating  residual  stresses  in  castings,  such  as  valve  bodies, 
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and  for  studying  how  the  stresses  are  altered  by  design,  foundry  technique, 
and  heat  treatment.  The  laboratories  of  the  automotive  and  the  aircraft 
industries  have  employed  X-ray  methods  in  similar  instances  and  in  studies  of 
forgings,  extrusions,  and  welds.61  65  Research  on  stresses  in  railroad  rails  has 
also  been  conducted  with  X  rays,  and  the  methods  are  applicable  to  residual 
stresses  in  car  wheels  and  their  alteration  during  service. 

With  sufficient  care  it  appears  possible  to  determine  stresses  in  heat-treated 
steels  having  hardnesses  somewhat  above  the  usually  accepted  limit  of  Rock- 
well C  45.  McCutcheon  estimates  that  an  accuracy  of  ±8000  psi.  was 
obtained  on  SAE  1045  steel  at  a  hardness  of  Rockwell  C  49,  by  careful  meas- 
urement of  densitometer  traces.65  There  is  a  possibility  that  high-hardness 
steels  might  be  investigated  by  using  the  diffraction  pattern  from  the  carbide 
particles  in  the  steels,  which  may  be  expected  to  yield  sharper  lines  than  the 
strained  austenite,  ferrite,  or  martensite. 

Because  of  the  smallness  of  the  irradiated  spot,  studies  can  be  made  of 
stresses  around  holes,  notches,  or  other  points  where  stress  concentrations 
arise.  There  have  been  residual-stress  measurements  of  this  type  completed 
on  specimens  before  and  after  fatigue  stressing. 

Measurements  of  residual  stresses  produced  or  altered  by  peening,  shot 
blasting,  surface  rolling,  and  other  surface  treatments  cannot  be  made  with 
high  precision  by  X  rays  because  the  deformation  introduces  microscopically 
distributed  stresses  which  broaden  the  diffraction  lines.  With  care,  however, 
useful  information  can  sometimes  be  obtained. 

Many  industrial  problems  of  the  sort  discussed  in  this  section  can  be  ade- 
quately solved  by  the  simplest  X-ray  techniques.  This  applies  particularly 
to  problems  dealing  with  the  reduction  of  residual  stresses  by  annealing  or  by 
modification  in  manufacturing  procedure.  If  the  unstressed  value  of  the 
lattice  constant  has  been  determined,  a  measurement  of  the  sum  of  the  prin- 
cipal stresses  may  be  sufficient,  and  this  then  requires  only  a  single  exposure 
with  the  X-ray  beam  perpendicular  to  the  surface. 

It  perhaps  should  be  mentioned  here  that  residual  stresses  are  by  no  means 
always  detrimental.  Some  improve  the  load-carrying  capacity  as  in  the 
antofrettage  of  guns.  In  many  instances  they  are  quite  unimportant. 
Norton  and  Rosenthal  conclude64  that  residual  stresses  will  not  effect  the 
safety  of  a  ductile  material  subjected  to  a  static  impact  or  repeated  load  if  the 
material  is  homogeneous  and  without  notches  and  if  the  stresses  are  merely 
biaxial  and  not'triaxial. 

X-rays  have  seldom  been  used  for  the  measurement  of  live  loads,  although 
some  mention  has  been  found  of  their  use  on  railway  bridges  in  Germany. 
It  is  possible  to  measure  peak  values  of  cyclic  stresses  if  one  synchronizes  the 
electric  impulse  to  an  X-ray  tube  with  the  peak  stress  to  be  measured;  the 
rays  are  then  diffracted  only  when  the  metal  is  under  maximum  stress,  and 
the  diffraction  pattern  is  then  not  blurred  by  the  range  of  stresses  that  would 
have  been  recorded  by  a  continuous  exposure. 

16.  Plastic  Strain  and  X-Ray  Diffraction.  Plastic  deformation,  resulting 
from  stressing  a  metal  beyond  its  elastic  limit,  alters  X-ray  diffraction  patterns 
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in  various  ways:  (1)  Individual  diffraction  spots  become  distorted;  (2)  dif- 
fraction lines  ("Debye  rings")  become  blurred,  widened  and,  weakened  in 
intensity;  (3)  reorientation  of  grains  occurs,  tending  to  develop  a  preferred 
orientation  characteristic  of  the  type  of  strain  and  the  particular  metal  used. 

The  distortion  of  spots  and  the  blurring  of  lines  have  fundamentally  dif- 
ferent causes.55  The  blurring  of  spots  is  caused  by  warping  and  bending  of 
atomic  planes — fundamentally  by  a  range  of  orientation  of  the  atomic  planes 
in  a  grain;  the  blurring  of  diffraction  lines  is  caused  by  a  variation  of  the  stresses 
from  point  to  point  in  a  grain,  the  so-called  "microstresses." 

1.  The  blurring  of  spots  is  illustrated  in  Fig.  18-20  which  compares  the 
Laue  pattern  of  an  annealed-aluminum  wire  before  and  after  plastic  strain  of 
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Fig.  18-20.     Illustrating  Distortion  of  Spots  (Asterism) 
Diffraction  by  transmission  through  a  1-mm  wire  of  aluminum.      Molybdenum 
X-ray  tube,  unfiltered,  45  kv 

(a)   As  recrystallized  by  annealing 

(6)   After  straining  the  wire  to  a  3  per  cent  permanent  elongation 


3  per  cent.  The  appearance  of  the  strained  spots  is  frequently  called  "aster- 
ism." The  effect  is  related  to  the  range  of  orientation  of  layers  or  of  blocks 
of  varying  size  in  the  grains  (like  the  reflection  of  light  from  a  wrinkled  mirror 
or  from  a  mosaic  mirror),  and  it  is  impossible  to  compute  the  intensity  of  the 
microstresses  responsible  for  it.  In  fact,  if  a  specimen  such  as  this  is  given  an 
anneal  which  relieves  the  stresses  without  causing  recrystallization,  the  appear- 
ance will  not  be  greatly  changed. 

The  distortion  of  spots  is  inappreciable  at  stresses  below  the  elastic  limit 
and  increases  steadily  with  increasing  plastic  deformation  and,  hence,  is  a 
semiquantitative  indication  of  the  severity  of  the  strain.  However,  the  cor- 
relation between  appearance  and  amount  of  strain  is  not  free  of  complicating 
factors.  The  appearance  is  altered  by  changing  the  voltage  on  the  X-ray 
tube  and  by  inserting  a  filter  in  the  X-ray  beam;  asterism  is  more  easily  seen 
with  specimens  of  large  grain  size  than  of  small.     Asterism  may  also  arise 
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from  imperfections  of  growth  of  a  grain,  or  from  microstrains  accompanying 
age  hardening  or  transformations  in  the  grain,  or  from  absorption  and  release 
of  gases,  and  in  these  cases  the  asterism  is  present,  of  course,  before  external 
stress  has  been  applied. 

Distortion  of  spots  is  sometimes  produced  in  cyclic  stressing  in  fatigue  tests, 
as,  for  example,  in  Fig.  18-21.  When  it  is  seen,  it  is  an  indication  of  plastic 
deformation  at  the  point  X-rayed,  but  most  authorities  agree  that  the  amount 
of  cold  work  a  metal  will  stand  before  damage  sets  in  or  failure  occurs  varies 
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Fig.  18-21.     Distortion  of  Spots  by  Fatigue  Stressing 
Aluminum  alloy  (2S-0)  photographed  with  molybdenum  X-ray  tube,  an  oscil- 
lating specimen  and  a  stationary  film 
(a)   Unstressed 
(&)  After  505,000,000  cycles  at  4000  psi,  within  the  safe  range  of  stresses 


greatly  from  one  material  to  another  and  may  even  be  negligible;  hence, 
X-ray  indications  of  this  cold  work  do  not  correlate  directly  with  the  likelihood 
that  an  object  will  fail.  No  universal  rule  can  be  stated  that  will  enable  one 
to  predict  impending  fatigue  failure  from  X-ray  patterns  nor  to  predict  that 
failure  will  not  occur.  A  rule  might  be  established  for  a  given  alloy  after  a 
given  heat  treatment  by  careful  calibration  experiments  in  the  laboratory, 
which  duplicated  service  conditions  closely;  however,  this  would  be  possible 
only  if  it  is  found  that  appreciable  cold  work  always  precedes  failure.  Even 
then  it  would  be  difficult  to  trust  the  information  in  practice,  for  fatigue 
failure  in  engineering  structures  is  not  usually  accompanied  by  widespread 
damage  to  the  metal,  but  rather  by  very  localized  damage.     The  X  rays  would 
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have  to  be  directed  at  the  spot  where  damage  is  localized  and  where  the  crack 
would  ultimately  start,  the  spot  where  stress  concentration  is  the  greatest. 

2.  The  widening  of  diffraction  lines  can  be  measured  by  plotting  the  inten- 
sity of  diffraction  against  the  diffraction  angle  as  the  angle  is  varied  through 
the  value  for  maximum  intensity  and  by  taking  the  width  of  the  peak  at  half 
maximum  intensity  as  the  index  of  the  blurring.  Line  widths  increase  with 
increasing  plastic  deformation,  as  in  the  example  shown  in  Fig.  18-22.  Con- 
siderable care  is  required  to  get  good  measurements  of  this  kind,  and  difficulties 
are  encountered  with  specimens  of  large  grain  size ;  for  best  results  it  is  neces- 
sary to  use  high  diffraction  angles  (large  6  values). 

After  lengthy  research  it  is  now  agreed  by  most  workers  in  the  field  that  line 
widening  in  cold-worked  metals  is  a  result  of  the  microstresses  in  the  metal, 
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Fig.  18-22.     Diffraction-Line  Widening  Produced  by  Cold  Rolling  of  Permalloy 
Widths  of  back-reflection  lines  between  points  of  half  maximum  intensity  (F.  E. 
Haworth) 

the  stresses  which  vary  on  a  scale  of  10~6cm  or  more.  Crystal-lattice  distor- 
tions that  vary  on  a  scale  of  10-6  cm  to  10-8  cm,  that  is,  from  atom  to  atom  or 
within  small  groups  of  atoms,  are  studied  not  by  line  widths,  but  by  line 
intensities.  There  is  little  doubt  that  microstresses  play  an  important  role 
in  the  physical  properties  of  cold-worked  metals,  but  only  a  statistical  average 
can  be  deduced  with  any  certainty  from  the  line-width  measurements. 

3.  Preferred  orientation  is  induced  only  by  strains  of  considerable  magni- 
tude. Rolled-sheet  steel  begins  to  show  this  when  the  reduction  in  thickness 
by  cold  rolling  has  reached  30  to  60  per  cent,  if  the  beam  is  passed  through  the 
sheet  in  a  direction  perpendicular  to  the  surface.  The  diffraction  pattern 
passes  from  rings  of  uniform  intensity  to  rings  on  which  maxima  of  intensity 
occur  at  certain  positions,  the  maxima  becoming  more  distinct  with  increasing 
deformation.  After  reductions  above  70  to  80  per  cent  the  pattern  of  rolled 
steel  resembles  that  in  Fig.  18-23.     These  intensity  maxima  may  be  seen  with 
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lesser  rolling  if  certain  favored  directions  are  chosen  for  the  initial  beam; 
for  example,  if  the  beam  is  inclined  about  10°  from  the  sheet  normal  and  80° 
from  the  rolling  direction  in  the  sheet.  Simultaneously  with  the  development 
of  a  preferred  orientation,  the  metal  develops  directional  properties  (anisot- 
ropy).  These  characteristics  are  not  lost  until  the  metal  is  annealed  at  a  high 
enough  temperature  to  cause  recrystallization — and  even  recrystallization 
may  bring  about  merely  a  change  in  the  type  of  orientation,  rather  than  a 
complete  return  to  random  orientation.     Passing  a  steel  through  the  phase 


Fig.  18-23.     Indication  of  Highly  Developed  Preferred  Orientation  in  Cold-Rolled 

Steel  Sheet 
Molybdenum  tube,  beam  normal  to  sheet,  110,  200,  and  112  reflection  circles 
indicated.     Rolling  direction  indicated  by  the  arrow 

change  to  austenite  and  back,  as  in  normalizing,  is  more  effective  than  recrys- 
tallization below  the  critical  temperature  in  removing  preferred  orientation. 

17.  Estimation  of  Plastic  Strain.  The  distortion  of  spots  is  the  most 
sensitive  X-ray  indication  of  cold  work.  Considerable  distortion  occurs,  for 
example,  as  a  result  of  the  plastic  flow  at  the  lower  yield  point  in  iron  and  steel, 
even  though  this  seldom  exceeds  a  few  per  cent  elongation.  Spot  distortion 
is  most  sensitive  with  recrystallized  metal  that  is  free  from  the  imperfections 
that  arise  during  freezing  or  during  phase  transformations  in  the  solid  state. 
It  can  be  studied  only  with  grains  that  are  large  enough  to  give  separate  spots 
on  the  diffraction  pattern.  Either  back-reflection  cameras  or  cameras  for 
reflection  from  the  surface  with  glancing  incidence  of  the  rays  on  the  surface, 
or  cameras  in  which  the  beam  penetrates  a  thin  etched  specimen  will  serve. 

The  widening  of  lines  is  measurable  at  strains  slightly  exceeding  the  yield 
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point  and  increases  rapidly  in  the  first  50  per  cent  or  so  of  elongation  or  reduc- 
tion in  thickness  (see  Fig.  18-22).  The  reduction  of  diffraction-line  intensity 
has  not  been  extensively  investigated  as  a  function  of  the  amount  of  strain, 
and  the  interpretation  of  intensities  is  less  straightforward  because  the 
intensity  may  also  be  altered  to  some  extent  by  variations  in  "extinction," 
an  effect  that  is  related  to  the  perfection  of  the  lattice. 

The  development  of  preferred  orientations  is  usually  expected  only  after 
deformation  has  proceeded  until  the  preceding  effects  have  reached  a  nearly 
stable  final  value.  With  sufficient  strain  this  too  reaches  an  end  value  which 
is  not  increased  with  further  cold  work.  Some  tests  indicate  that  a  given 
reduction  in  thickness  of  a  sheet  by  deep  drawing  may  yield  a  more  pronounced 
orientation  than  the  same  reduction  by  rolling. 

In  the  foregoing  discussion,  all  plastic  deformation  is  presumed  to  be  at 
temperatures  below  the  recrystallization  temperature,  and  thus  cold  work 
rather  than  hot  work.  True  hot  work  leaves  strain-free  grains  and,  generally, 
a  low  degree  of  preferred  orientation. 

X-ray  diffraction  provides  rather  direct  evidence  for  the  effects  of  annealing 
with  most  polycrystalline  metals.  If  a  metal  containing  high  microstresses, 
for  example,  a  cold-worked  metal,  is  annealed  so  as  to  produce  recovery,  the 
diffraction  lines  will  lose  their  diffuseness  and  sharpen  (provided  the  metal  is 
homogeneous  as  to  composition).  If  the  metal  is  annealed  so  as  to  recrystal- 
lize  the  grains,  the  lines  will  split  up  into  discrete  spots,  as  in  Fig.  18-20o. 
The  two  processes  may  or  may  not  be  concurrent  in  any  given  metal.  If  an 
alloy  is  heat-treated  so  as  to  age-harden,  it  usually  shows  distorted  spots  and 
widened  lines.  If  a  phase  change  occurs,  the  pattern  of  diffraction  lines  will 
be  altered  in  accordance  with  the  diffraction  patterns  of  the  various  phases 
present. 
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1.  Stress.  Let  Fig.  A-l  represent  a  body  in  equilibrium  under  the  action  of 
external  forces,  Pi,  •  •  •  P7.  Such  a  body  is  said  to  be  in  a  condition  of  stress. 
To  study  the  internal  forces  produced  in  the  body,  let  us  divide  the  body  by  a 
plane  m-m  into  two  parts  A  and  B  and  consider  one  of  these  parts,  say, 
part  A.  This  part  is  in  equilibrium  under  the  action  of  external  forces 
Ps,  •  •  •  P7  and  the  internal  forces,  continuously  distributed  over  the  plane 
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tt  ft 

Fig.  A-2 


m-m  and  representing  the  actions  of  the  material  of  part  B  on  the  material 
of  part  A.  The  magnitude  of  the  latter  forces  is  defined  by  their  intensity, 
that  is,  by  the  amount  of  force  per  unit  area  of  the  plane  on  which  they  act. 
This  intensity,  usually  measured  in  pounds  per  square  inch  is  called  stress. 
In  the  simple  case  of  a  prismatical  bar  submitted  to  tension  by  forces  uniformly 
distributed  over  the  ends  (Fig.  A-2),  the  internal  forces  are  also  uniformly 
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distributed  over  any  cross  section  m-m  of  the  bar,  and  the  stress  can  be 
obtained  by  dividing  the  total  tensile  force  P  by  the  cross-sectional  area  A. 
In  the  general  case  of  Fig.  A-l  the  stress  is  not  uniformly  distributed  over  the 
plane  m-m  and  to  obtain  stress  at  any  point  0  of  that  plane  we  take  an  ele- 
mental area  8A  at  that  point  and  assume  that  the  forces  acting  across  this 
area  and  representing  the  action  of  particles  of  the  side  B  on  the  particles  of 
the  side  A  are  reduced  to  a  resultant  8P.  If  we  now  continuously  contract 
the  elemental  area  8A,  the  limiting  value  of  the  ratio  8P/8A  gives  us  the  mag- 
nitude of  the  stress  acting  on  the  plane  m-m  at  the  point  0.  The  direction 
of  the  resultant  8P  is  the  direction  of  this  stress.  Generally,  the  direction  of 
stress  is  inclined  to  the  area  8A,  on  which  it  acts,  and  we  usually  will  resolve 
it  into  two  components:  a  normal  stress  perpendicular  to  the  area  8 A,  and  a 
shearing  stress  acting  in  the  plane  of  the  area. 

2.  Symbols  for  Forces  and  Stresses.  We  shall  distinguish  two  kinds  of 
external  forces  which  may  act  on  a  body.  Forces  distributed  over  the  surface 
of  the  body,  such  as  hydrostatic  pressure  or  the  pressure  of  one  body  on 
another,  are  called  surface  forces.  Forces  distributed  over  the  volume  of  a 
body;  such  as  gravitational  forces;  magnetic  forces;  inertia  forces,  in  the  case 
of  a  body  in  motion;  are  called  body  forces.  The  surface  forces  per  unit  area 
we  will  usually  resolve  into  three  components  parallel  to  the  coordinate  axes 
and  use  for  these  components  the  notations  X,  Y,  Z.  Concentrated  forces 
acting  on  the  surface  of  the  body  represent  a  particular  case  of  surface  forces 
in  which  a  finite  force  is  distributed  over  a  very  small  area  so  that  the  intensity 
of  the  force  becomes  very  large.  The  body  forces  per  unit  volume  we  also 
shall  resolve  into  three  orthogonal  components  and  will  denote  these  com- 
ponents by  X,  F,  Z. 

In  dealing  with  stresses  we  shall  use  the  letter  a  to  denote  normal  stress  and 
the  letter  r  for  shearing  stress.  To  indicate  the  direction  of  the  plane  on  which 
the  stress  is  acting,  subscripts  to  a  and  r  symbols  will  be  used.  These  sub- 
scripts and  also  the  directions  of  stresses  which  in  the  future  will  be  considered 
as  positive  are  shown  in  Fig.  A-3,  representing  an  infinitesimal  element  cut  out 
of  the  stressed  body  by  planes  perpendicular  to  the  orthogonal  x,  y,  z  axes. 
If  we  consider,  for  example,  the  side  of  the  element  perpendicular  to  the 
x  axis,  the  normal  component  of  stress,  acting  on  this  side,  is  denoted  by 
(Tx,  the  subscript  x  indicating  that  this  stress  is  acting  on  a  plane  normal  to 
the  x  axis.  The  normal  stress  is  taken  positive  when  it  produces  tension  and 
negative  when  it  produces  compression. 

The  shearing  stress  is  resolved  into  two  components  txv  and  tiz  parallel  to 
the  coordinate  axes  y  and  z.  Two  subscript  letters  are  used  in  this  case,  the 
first  indicating  the  direction  of  the  normal  to  the  plane  under  consideration 
and  the  second  indicating  the  direction  of  the  stress.  The  positive  directions 
of  the  components  of  shearing  stress  on  any  side  of  the  element  are  taken  as 
the  positive  directions  of  the  coordinate  axes  if  a  tensile  stress  on  the  same 
side  would  have  the  positive  direction  of  the  corresponding  axis.  If  the  tensile 
stress  has  the  direction  opposite  to  the  positive  axis,  the  positive  directions  of 
the  shearing-stress  components  should  be  reversed.  Following  this  rule,  the 
positive  directions  of  all  the  stress  components  acting  on  the  right-hand  side 
of  the  element  in  Fig.  A-3  coincide  with  the  positive  directions  of  the  coordinate 
axes.  The  positive  directions  are  all  reversed  if  we  are  considering  the  left- 
hand  side  of  the  same  element. 
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3.  Six  Stress  Components.  From  the  preceding  discussion  we  see  that, 
for  each  pair  of  parallel  sides  of  an  element,  such  as  in  Fig.  A-3,  one  symbol  is 
needed  to  denote  the  normal  component  of  stress  and  two  more  symbols  to 
denote  the  two  components  of  shearing  stress.  To  define  the  stresses  acting 
on  all  six  sides  of  the  element  we  used  three  symbols  <rx,  crv,  az  for  normal 
stresses  and  six  symbols,  txv,  tiz,  tvx,  tvz,  tzx,  tzv,  for  shearing  stresses.  From  the 
condition  of  equilibrium  of  the  element  it  can  be  concluded  that  the  required 
number  of  symbols  for  shearing-stress  components  can  be  reduced  from  six  to 
three.  Considering  moment  about  the  x  axis  of  all  forces  acting  on  the  ele- 
ment, we  have  to  take  only  forces  corresponding  to  the  stress  components 
shown  in  Fig.  A-4.  Body  forces,  such  as  the  weight  of  the  element,  can  be 
neglected  in  this  case.  This  follows  from  the  fact  that,  when  we  are  reducing 
the  dimensions  of  the  element,  the  body  forces  acting  on  it  diminish  as  the 
cube  of  the  linear  dimensions,  while  the  surface  forces  diminish  as  the  square 
of  the  linear  dimensions.  Hence,  for  an  infinitesimal  element,  body  forces  are 
small  quantities  of  higher  order  than  surface  forces  and  can  be  neglected. 
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Fig.  A-3 


Fig.  A-4 


Similarly,  moments  due  to  nonuniformity  of  distribution  of  stresses  over  the 
sides  of  the  element  can  be  neglected,  and  in  calculation  of  forces  acting  on  any 
side  of  the  element  we  multiply  the  area  of  the  side  by  the  magnitude  of  stress 
at  the  center  of  the  side.  Denoting  by  dx,  dy,  dz,  the  dimensions  of  the  ele- 
ment, we  find  that  the  equation  of  equilibrium  for  moments  about  the  x  axis 
(Fig.  A-4)  is 

TyZ  dx  dy  dz  —  r,„  dx  dy  dz  =  0 


Similar  equations  can  be  written  also  for  the  y  and  z  axes, 
equations  of  equilibrium  we  find 


Txz    =   Tz 


From  these  three 


(1) 


We  see  that  for,  any  two  perpendicular  sides  of  the  element,  the  components 
of  shearing  stress  perpendicular  to  the  intersection  line  of  these  sides  are  equal. 
The  six  quantities, 


<r*, 


are,  therefore,  sufficient  to  define  the  stresses  acting  on  the  three  perpendicular 
planes  passing  through  any  point  0  of  a  body.  These  six  quantities  are  called 
the  components  of  stress  for  that  point. 
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If  these  six  components  are  known,  the  stress  on  any  inclined  plane  through 
the  same  point  can  be  calculated  from  equations  of  statics,  as  follows.  Let  0 
be  a  point  of  the  stressed  body,  and  suppose  that  the  stresses  for  three  coordi- 
nate planes  are  known  (Fig.  A-5).  To  obtain  the  stress  for  any  inclined  plane 
through  0,  we  take  a  plane  BCD  parallel  to  it  at  a  small  distance  from  0, 
so  that  this  latter  plane,  together  with  the  coordinate  planes,  cuts  out  from 
the  body  a  very  small  tetrahedron  BCDO.  We  assume  that  stresses  vary 
continuously  in  the  body.  Then  the  stress  acting  on  the  plane  BCD  approaches 
the  stress  on  the  parallel  plane  through  0  as  the  distance  between  the  planes 
z  becomes  infinitesimal. 

In  writing  equations  of  equilibrium 
of  the  elemental  tetrahedron  we  pro- 
ceed as  in  the  preceding  article,  neglect 
the  body  forces,  and  assume  that  the 
stresses  are  uniformly  distributed  over 
the  sides  of  the  element.  The  forces 
acting  on  the  tetrahedron  can,  there- 
fore, be  determined  by  multiplying  the 
stress  components  by  the  areas  of  the 
faces.  If  A  denotes  the  area  of  the  face 
BCD  of  the  tetrahedron,  the  areas  of 
the  three  other  faces  are  obtained  by 
projecting  the  area  A  on  the  three 
coordinate  planes.  Let  N  be  the  normal  to  the  plane  BCD  directed  as  shown 
in  Fig.  A-5.  Introducing  then  for  the  direction  cosines  of  this  normal  the 
notations, 

cos  (Nx)  =  I,     cos  (Ny)  =  m,     cos  (Nz)  =  n 

we  find  the  areas  of  the  three  other  faces  of  the  tetrahedron,  Al,  Am,  An,  per- 
pendicular to  the  x,  y,  z  axes,  respectively.  Let  A^,  Y,  Z  be  the  three  compo- 
nents of  the  stress  acting  on  the  inclined  face  BCD.  Then  the  component  in 
the  x  direction  of  the  force  acting  on  face  BCD  is  AX.  The  components  in 
the  x  direction  of  the  forces  acting  on  the  three  other  faces  of  the  element  are 
—  Alax,  —AmTxy,  —  Anrxz.     The  corresponding  equation  of  equilibrium  is 


Fig.  A-5 


AX  —  Alax  —  Amrxy  —  Anra 


0 


Similar  equations  can  be  written  also  for  the  y  and  z  axes.  After  canceling 
the  factor  A,  we  obtain  the  following  expressions  for  the  components  X,  Y,  Z 
of  the  stress  acting  on  an  inclined  plane,  the  aspect  of  which  is  defined  by  the 
direction  cosines  /,  m,  n. 

X  =  axl  +  Txum  +  txzti 


Y  =  txiiI  +  a,jin  +  Tzyn 
Z  =  TX3l  +  TyZm  +  <jzn 


(2) 


4.  Principal  Stresses.  Maximum,  Shear.  Having  the  components  X,  Y, 
Z  of  the  stress  acting  on  an  inclined  plane  (equations  2),  we  can  obtain  the 
normal  stress  on  that  plane  by  projecting  X,  Y,  Z  on  the  direction  of  the 
normal  N,  which  gives 

<r„  =  XI  +  Ym  +  Zn 
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Substituting  for  X,  Y,  Z  their  expressions  2,  we  obtain 

crn  =  vJ2  +  <Tym2  +  ctzri1  +  2ryzmn  +  2rxzln  +  2Txylm  (3) 

The  variation  of  an  with  the  direction  of  the  normal  N  can  be  represented 
geometrically  as  follows.  Let  us  put  from  the  origin  0  (Fig.  A-5)  in  the  direc- 
tion of  N  a  vector  whose  length  r  is  inversely  proportional  to  the  square  root 
of  the  absolute  value  of  the  stress  an ;  then, 

r  =      /r— ■  (a) 


where  k  is  an  arbitrary  selected  constant.  The  coordinates  of  the  end  of 
this  vector  will  be 

x  =  Ir,     y  =  mr,     z  =  nr  (b) 

and  we  obtain 

x  y  z 

I  =  ->     m  =  -i     n  —  - 
r  r  r 

Substituting  these  values  into  equation  3  and  using  equation  a,  we  find 

±k2  =  <rxx2  +  ayy2  +  o-,22  +  2r,jzyz  +  2tzxzx  +  2rxyxy  (4) 

As  the  plane  BCD  rotates  about  the  point  0,  the  end  of  the  vector  r  always 
lies  on  the  surface  of  the  second  degree  given  by  equation  4.  This  surface  is 
completely  denned  by  the  stress  condition  at  the  point  0  (Fig.  A-5)  and  is 
independent  of  the  selection  of  coordinate  axes  x,  y,  z.  If  the  directions  of 
these  axes  are  changed,  the  surface  (equation  4)  remains  unchanged  and  only 
the  components  of  stress  ax,  <ry,  az,  ryz,  tzx,  tx„,  appearing  as  coefficients  in 
equation  4,  will  alter.  From  geometry  it  is  known  that,  in  the  case  of  a  sur- 
face of  second  degree,  such  as  given  by  equation  4,  it  is  always  possible  to 
select  for  the  axes  x,  y,  z  such  directions  that  the  terms  in  this  equation  con- 
taining products  of  coordinates  will  vanish.  This  means  that  we  can  always 
find  three  perpendicular  planes  for  which  t,jz,  t:x,  txv  vanish,  that  is,  the  cor- 
responding resultant  stresses  are  perpendicular  to  the  planes  on  which  they 
act.  These  planes  we  call  principal  planes  and  the  stresses  acting  on  them 
principal  stresses.  The  corresponding  coordinate  axes  are  called  principal 
axes. 

If  x,  y,  z,  are  principal  axes,  ryz,  tzx,  txv  vanish,  and  equations  2  give 

A  =  lax,      Y  =  may,     Z  =  naz  (5) 

We  see  that,  knowing  the  principal  directions  and  principal  stresses  ax,  ay, 
az,  we  can  calculate  the  stress  components  on  any  inclined  plane,  and  the 
resultant  stress  s  will  be  found  from  the  equation: 

s2  =  A2  +  Y 2  +  Z2  =  IVx2  +  mVy2  +  7i2az°-  (6) 

The  component  crn  of  this  stress  in  the  direction  normal  to  the  plane,  from 
equation  3,  is 

<rn  =  Per*  +  m2au  +  n2az  (7) 

The  square  of  the  shearing  stress  acting  on  the  same  plane  will  be 

t2  =  s2  -  a,2  =  l2a2  +  m2(s2  +  n2a2  -  {l2ax  +  mV,  +  nV*)2        (8) 
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Using  this  expression,  it  can  be  proved  that  the  maximum  shearing  stress  acts 
on  the  plane  bisecting  the  angle  between  the  largest  and  the  smallest  principal 
stresses  and  is  equal  to  half  the  difference  between  these  two  principal  stresses. 
5.  Strain.  Strain  Components.  In  discussing  deformation  of  an  elastic 
body  we  assume  that  there  are  enough  constraints  to  prevent  motion  as  a  rigid 
body,  so  that  no  displacements  of  particles,  of  the  body  are  possible  without 
deformation.  Only  small  deformations  such  as  occur  in  engineering  structures 
will  be  considered.  The  small  displacements  of  particles  during  deformation 
of  a  body  we  resolve  into  components  u,  v,  w,  parallel  to  the  coordinate  axes 
x,  y,  z,  respectively.  It  may  be  assumed  that  these  small  quantities  vary 
continuously  over  the  volume  of  the  body.  Consider  an  infinitesimal  element 
dx  dy  dz  at  point  0  of  a  body  (Fig.  A-6).  If  the  body  undergoes  deformation, 
and  u,  v,  w  are  the  components  of  the  displacement  of  the  point  0,  the  dis- 
placement in  the  x  direction  of  an  adjacent  point  A  on  the  x  axis  will  be 


du 
dx 


dx 


The  increase  in  length  of  the  element  OA  due  to  deformation  is,  therefore, 
(du/dx)  dx.     Hence,  the  unit  elongation,  or  strain  at  point  0  in  the  x  direction 


dy 


dx 


T 


U — S»4 — ■■=.-=-; 4: i    dx 


dx 


T~TB' 

I       ,    du 


dy 


dy 


Fig.  A-6 


Fig.  A-7 


is  du/dx.  In  the  same  manner  it  can  be  shown  that  the  unit  elongations  in 
the  y  and  z  directions  are  given  by  the  derivatives  dv/dy,  div/dz. 

Let  us  consider  now  the  change  in  angle  between  the  two  elements  OA  and 
OB  (Fig.  A-7)  which  were  perpendicular  before  the  deformation  of  the  body. 
If  u  and  v  are  the  displacements  of  point  0  in  the  x  and  y  directions,  the  dis- 
placement of  point  A  in  the  y  direction  and  of  the  point  B  in  the  x  direction 
are  v  +  (dv/dx)  dx  and  u  +  {du/dy)  dy,  respectively.  Owing  to  these  dis- 
placements, the  new  direction  O'A'  of  the  element  OA  is  inclined  to  the  initial 
direction  by  the  small  angle  indicated  in  the  figure,  equal  to  (9w/<9x.  In  the 
same  manner  we  find  that  the  direction  O'B'  is  inclined  to  OB  by  the  small 
angle  du/dy.  From  this  we  see  that  the  initially  right  angle  A  OB  between 
the  two  elements  OA  and  OB  is  diminished  by  the  amount  dv/dx  +  du/dy. 
This  represents  the  shearing  strain  between  the  planes  xz  and  yz.  The  shearing 
strains  between  the  planes  xy  and  xz  and  the  planes  yx  and  yz  can  be  obtained 
in  similar  manner. 

We  shall  use  the  letter  e  for  unit  elongation  and  the  letter  y  for  shearing 
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strain.  To  indicate  the  directions  the  same  subscripts  to  these  letters  as  for 
stress  components  will  be  used,  and  we  obtain: 

du  dv  dw 

dx  dy  dz 

du       dv  dv       dw  du       dw 

dy       dx  dz       dy  dz        dx 

These  six  quantities  are  called  components  of  strain.  If  they  are  known,  the 
elongation  in  any  direction  and  the  change  in  angle  between  any  two  directions 
can  be  calculated. 

6.  Hooke's  Law.  In  our  further  discussion  we  assume  that  structural 
materials  are  perfectly  elastic  and  homogeneous;  we  assume  also  that  their 
elastic  properties  are  the  same  in  all  the  directions,  that  is,  that  the  materials 
are  isotropic.  Experiments  show  that  a  specimen  of  isotropic  material  in  the 
form  of  rectangular  parallelepiped  retains  its  right  angles  under  the  action  of 
normal  stresses  uniformly  distributed  over  the  sides  of  the  specimen.  Assume 
that  a  specimen  of  that  kind  with  sides  parallel  to  the  coordinate  axes  is  sub- 
mitted to  the  action  of  normal  stress  ax  uniformly  distributed  over  two  opposite 
ends.  Experiments  show  that  the  magnitude  of  strain  ex  is  proportional  to 
the  stress  applied,  and  we  have 


<Tx 

~E 


(10) 


where  E  is  the  modulus  of  elasticity  in  tension.  This  extension  in  the  x  direc- 
tion is  accompanied  by  lateral  contractions: 

«»  =  6»  =    -M^T  (11) 

The  constant  factor  p  is  called  Poisson's  ratio.  For  structural  steel  it  can  be 
taken  equal  to  0.3.  Equations  10  and  11  can  be  used  also  for  compressive 
stress.  Longitudinal  compression  will  be  accompanied  by  lateral  expansion, 
the  constants  E  and  p  remaining  the  same  as  in  the  case  of  tension. 

If  the  specimen  is  submitted  to  the  action  of  normal  stresses  ax,  cry,  az  uni- 
formly distributed  over  the  sides,  we  superpose  the  strains  produced  by  each 
of  these  stresses  and  obtain 

e*  =  r=[<rx  -  p(ay  +<r*)] 

e,  =  jg  Wy  ~  Pi**  +  0"*)]  (12) 

ez  =  -  [a,  -  p(ax  +  <xu)] 

These  equations  represent  Hooke's  law  for  the  case  of  isotropic  materials.  It 
is  seen  that  relations  between  strains  and  stresses  are  completely  denned  by 
two  constants  E  and  p,  which  are  called  elastic  constants. 

The  same  constants  can  also  be  used  to  define  the  relation  between  shearing 
strain  and  shearing  stress.     Let  us  consider  the  particular  case  of  deformation 
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of  the  rectangular  parallelepiped  in  which  ay  =  —az  and  ax  =  0  (Fig.  A-8). 
Cutting  out  an  element  abed  by  planes  parallel  to  the  x  axis  and  at  45°  to  the 
y  and  z  axes,  we  can  see,  from  Fig.  A-Sb,  by  summing  up  the  forces  along  and 
perpendicular  to  be,  that  the  normal  stresses  on  the  sides  of  this  element  vanish 
and  the  shearing  stress  is 

We  say  that  the  element  abed  is  in  condition  of  pure  shear.     The  angle  between 


45 


(b) 


the  sides  ab  and  be  changes,  and  the  corresponding  shearing  strain  7  will  be 
found  from  the  triangle  Obc,  from  which 


Oc  I  ir       7 

Ofe  =  tanU~2 


1    ±Jy 

1  +ez 


(a) 


Substituting,  from  equations  12, 


1 


e2  =   —  €y  =  jjj  (az 
and  observing  that  for  small  7 


jJ.<Jy) 


(1  +/*V. 
E 


1:111 'I  "I 


1  + 


we  find 


7 


2(1  +  Myz      2(1  +  h)t 


E 


E 


(13) 


This  gives  the  required  relation  between  shearing  strain  and  shearing  stress. 
Often  the  notation, 

E 


a 


2(1  +/*) 


(14) 


is  used,  and  this  constant  is  called  modulus  of  elasticity  in  shear.     The  relations 
between  the  shearing  strain  components  and  shearing  stress  components  then 
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Y*i 


GT> 


7~-£T. 


yuz  =  qTuz 


(15) 


y 


Fig.  A-9 


These  components  are  independent  of  elongations  12  and  the  general  case  of 
strain  is  obtained  by  superposing  the  three  elongations,  given  by  equations 
12,  on  the  three  shearing  strains,  given  by  equations  15. 

.  Plane  Stress  and  Plane  Strain 

7.  Plane  Stress.  The  problems  of  the  theory  of  elasticity  are  considerably 
simplified  if  the  stresses  are  all  parallel  to  one  plane.  There  are  many  engi- 
neering problems  in  which  the 
stress  distribution  is  essentially 
plane.  This  is  always  the  case  if 
a  thin  plate  of  uniform  thickness 
is  submitted  to  the  action  of  forces 
applied  at  the  boundary,  parallel 
to  the  plane  of  the  plate  and  dis- 
tributed uniformly  over  its  thick- 
ness (Fig.  A-9).  In  such  a  case 
the  stress  components  az,  txz,  tvz 
vanish  on  both  surfaces  of  the 
plate,  and  without  substantial 
error  it  can  be  assumed  that  they 
vanish  through  the  entire  thickness 
of  the  plate,  that  is  the  stress  distribution  is  plane  and  denned  by  the  three 
stress  components  <xx,  o\„  txv,  which  can  be  considered  constant  across  the  thick- 
ness of  the  plate.  The  thickness  of  the  plate  is  then  of  no  importance,  and 
in  the  following  discussion  this  dimension  is  usually  considered  equal  to  the 
unity  of  length. 

8.  Plane  Strain.     The  same  simplification  of  the  problem  as  in  the  case  of 

thin  plates,  discussed  in  the  pre- 
ceding article,  is  encountered  also 
when  we  go  to  the  other  extreme 
in  which  the  dimension  of  the  body 
in  the  z  direction  is  very  large.  If 
a  long  cylindrical  or  prismatical 
body  is  loaded  by  forces  which  are 
perpendicular  to  the  z  axis  and 
whose  intensity  does  not  vary 
along  the  length  of  the  body,  the 
portion  of  the  body  at  a  considera- 
ble distance  from  the  ends  suffers 
essentially  a  plane  deformation; 
that  is,  the  particles  of  the  body 

move  during  deformation  in  the  planes  perpendicular  to  the  length  of  body. 
An  example  of  this  kind  is  a  retaining  wall  submitted  to  the  action  of  lateral 
pressure,  constant  along  the  length  of  the  wall,  Fig.  A-10.  It  is  easy  to  see 
that  in  this  case  the  deformation  occurs  in  planes  perpendicular  to  the  length 
of  the  wall.     Cross  sections  remote  from  the  ends  of  the  wall  remain  plane, 
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and  in  studying  stress  distribution  it  is  sufficient  to  consider  only  one  slice  of 
the  wall  between  two  adjacent  cross  sections  unit  distance  apart.  The  com- 
ponents u  and  v  of  the  displacements  are  functions  of  the  coordinates  x  and  y 
and  do  not  depend  on  the  longitudinal  coordinate  z.  At  the  same  time  the 
component  w  vanishes,  and  we  have 

dv    ,    dw       n  du    ,    dw       n  dw 

Jyz    =    T-    +    J"     =    0,        7„    =    —    +    —     =    0,        €2    =    — "    =    0 

dz       ay  dz        dx  dz 

There  will  be  only  three  strain  components  ex,  ey,  yxy  different  from  zero.  If 
they  are  found,  the  corresponding  stress  components  ax,  <rv,  rxy  can  be  readily 
calculated  from  equations  12  and  15.  It  should  be  noted  that  the  normal 
stress  Cz  does  not  vanish  here,  as  in  the  case  of  thin  plates;  moreover,  substi- 
tuting e2  =  0  in  the  third  of  equations  12,  we  obtain 

<Tz    =   l*(<Tx   +<Jy)  (16) 

These  are  the  normal  stresses  distributed  over  cross  sections  perpendicular  to 

the  z  axis  and  keeping  these  cross  sections  plane  during  the  deformation. 

9.  Stress  at  a  Point.  It  was  shown  in  the  preced- 
ing discussion  that  in  the  case  of  plane  stress  or 
plane  strain  we  have  to  consider  only  three  stress 
components  <rx,  ay  ,rxy.  If  these  components  are 
known  at  any  point  0  of  the  plate,  the  stress  acting 
on  any  plane  through  this  point  perpendicular  to  the 
plate  and  inclined  to  the  x  and  y  axes  can  be  cal- 
culated from  the  equations  of  equilibrium  of  an 
infinitesimal  element  in  the  form  of  a  triangular  prism 

cut  out  from  the  plate  by  the  three  planes  perpendicular  to  the  plate  (Fig.  A-ll). 

These  equations  are  obtained  from  the  first  two  of  equations  2  by  substituting 

n  =  0,  which  gives 

X  =  crj  +  Txym  =  ax  cos  a  +  txv  sin  a 
Y  =  Txyl  +  <rym  =  Txy  cos  a  +  ay  sin  a 

Projecting  the  components  X  and  Y  on  the  normal  N  and  on  the  perpendicular 
to  it,  we  obtain 

crn  =  <TX  cos2  a  +  uy  sin2  a  +  2rxy  sin  a  cos  a 

(17) 
r  =  rxy(cos2  a  —  sin2  a)  +  (<ry  —  ax)  sin  a  cos  a 

It  may  be  seen  that  the  angle  a  can  be  chosen  in  such  a  manner  that  the  shear- 
ing stress  t  on  the  corresponding  plane  vanishes.  For  this  purpose  we  have 
only  to  put 

rxy(cos2  a  —  sin2  a)  +  (au  —  ax)  sin  a  cos  a  =  0 
which  gives 

tan  2a  =      2r,y.  ■  (18) 

<TX    —    (Ty 

From  this  equation  the  two  principal  directions  are  obtained.  If  the  principal 
directions  are  taken  as  the  x  and  y  axis,  rxy  vanishes  in  equations  17,  and  we 


PLANE  STRESS  AND  PLANE  STRAIN 


1023 


obtain 


On  =  ax  cos2  a  +  ay  sin2  a 
t  =  hfav  ~~  ax)  sin  2a 


(19) 


These  normal  and  shearing  components  of  stress  are  given  by  the  coordinates 
of  point  D  of  the  circle  shown  in  Fig.  A-12a.  In  the  construction  of  this  circle 
we  take  the  t  axis  positive  in  the  upward  direction  and  consider  shearing- 
stresses  as  positive  when  they  give  a  couple  in  the  clockwise  direction,  as  on 
the  sides  be  and  ad  of  the  element  abed  (Fig.  A-126).  Shearing  stresses  of 
opposite  direction,  as  on  the  sides  ab  and  dc  of  the  element,  are  considered  as 
negative.*  As  the  angle  a,  in  Fig.  A-ll,  varies  from  0  to  r/2,  the  point  D 
in  Fig.  A-12a  moves  from  A  to  B,  so  that  the  lower  half-circle  represents  the 
stress  variation  for  all  values  of  a  within  these  limits.     The  upper  half  of  the 

IT 

circle  gives  stresses  for  0  >  a  >  —  — •     Prolonging  the  radius  CD  to  the 

point  Du  Fig.  12a ;  that  is,  if  the  angle  t  +  2a  is  taken  instead  of  2a,  the  stresses 
on  the  plane  perpendicular  to  BC,  in  Fig.  A-ll,  are  obtained.  This  shows  that 
the  shearing  stresses  on  two  perpendicular  planes  are  numerically  equal.  As 
for  normal  stresses,  we  see  from  the 
figure  that  their  sum  remains  con- 
stant when  the  angle  a  changes. 
The  maximum  shearing  stress  on 
the  planes  perpendicular  to  the  plate 
is  given  in  Fig.  A-12  by  the  maxi- 
mum ordinate  of  the  circle  and  is 
equal  to 


f 

■*-'**-»- 

A^ 

B 

\C     F 

A 

I       *i 

\  2a 

(a) 

D 

a 

ax 

D 


The  circle  can  be  used  also  for  de- 
termining the  principal  directions. 
If  x  and  y  axes  are  not  the  principal  '°* 

axes,  and  we  know  vx,  ay,  rxy,  the  Fig.  A-12 

two  points,  such  as  D  and  Z>i  in  Fig. 

A-12,  can  be  plotted.  This  gives  us  the  diameter  DDX  of  the  circle.  Making 
the  corresponding  circle,  we  obtain  points  A  and  B  denning  the  magnitudes 
of  principal  stresses  and  the  angle  2a  defining  the  directions  of  these  stresses. 

10.  Differential  Equations  of  Equilibrium.  We  considered,  previously,  only 
the  stress  at  one  point  of  a  body;  let  us  discuss  now  the  variation  of  the  stress 
components  ax,  ay,  rxy  as  we  slightly  change  the  position  of  the  point.  For 
this  purpose  the  equations  of  equilibrium  of  an  infinitesimal  rectangular 
parallelepiped  with  the  sides  dx,  dy,  1,  Fig.  A-13,  will  be  considered.  The 
stresses  acting  at  the  centers  of  the  sides  of  this  element  and  their  positive 
directions  are  shown  in  the  figure.  Here  we  take  into  account  the  small 
changes  in  the  stress  components  corresponding  to  small  increments  dx  and 
dy  of  the  coordinates.  In  calculating  the  forces  acting  on  the  sides  of  the 
element,  we  multiply  the  stress  at  the  center  of  a  side  by  the  area  of  that  side. 
It  should  be  noted  that  the  body  forces,  acting  on  the  element,  which  were 

*  This  rule  is  used  only  in  construction  of  the  stress  circle,  otherwise  the  rule 
illustrated  in  Fig.  A-3  holds. 
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neglected  before  in  derivation  of  equations  2  as  small  quantities  of  higher 
order,  must  now  be  taken  into  consideration  since  they  are  of  the  same  order 
as  the  terms  due  to  the  small  variations  of  the  stress  components,  which  we 
are  considering.  Denoting  by  X,  Y  the  components  of  the  body  force  per 
unit  volume  of  the  body  and  summing  up  all  the  forces  acting  on  the  element 
in  the  direction  of  the  x  axis,  we  obtain  the  .equation : 

<Tx  +  -^  dx  1  dy  —  ax  dy  +  (  rxy  +  — —  dy  \  dx  —  rxy  dx  +  X  dx  dy  =  0 

The  second  equation  of  equilibrium  can  be  written  in  a  similar  manner. 
These  two  equations  reduce  to 


d(T*   [   dT*v   [   x 

dx  dy 


0 


ay  ox 


(20) 


These  are  the  differential  equations  of  equilibrium  for  two-dimensional  prob- 
lems of  elasticity. 

In  practical  applications  the  gravity  force  is  usually  the  only  body  force. 

Denoting  the  weight  per  unit  volume 
of  the  body  by  A  and  taking  the  y  axis 
downward,  we  obtain  the  equations  of 
equilibrium  for  this  case  in  the  follow- 
ing form: 


Gx  +  -inrdx 


dffx       Stx% 
dx         dy 


0 


3p  +  <^+A  =  0 

dy  dx 


(2D 


11.  Compatibility  Equations.     Two 

equations   of   equilibrium   20   are  not 
sufficient    for    the    determination     of 
Fig.  A-13.  three    unknown     stress     components. 

The  necessary  third  equation  can  be 
derived  only  if  we  take  into  account  the  elastic  properties  of  the  body.  In  the 
case  of  two-dimensional  problems  we  have  to  consider  only  three  strain  com- 
ponents, from  equations  9,  namely, 


€x    = 


du 
— t 
dx 


dv 
dy 


Ixy 


du        dv 
dy       dx 


(a) 


Differentiating  the  first  of  these  equations  twice  with  respect  to  y,  the  second 
twice  with  respect  to  x,  and  the  third  once  with  respect  to  x  and  once  with 
respect  to  y,  we  find  the  compatibility  equation: 


dy2        dx2 


d2yx„ 
dx  dy 


(22) 


PLANE  STRESS  AND  PLANE  STRAIN  1025 

Assuming  now  the  case  of  plane  stress,  we  have,  from  Hooke's  law, 

1  (                ^                l  i                \                 2(1  +  m) 
ex  =  r=  (ax  -  fury),     ey  =  -  {ay  -  \iox),     yxy  = — rxy 

Substituting  into  equation  22,  we  obtain 

d2  d2  d2Txy 

— -  (<TX    -  lUTy)    +   —   (<Ty    -  fJ.ax)    =    2(1    +  /Li)  — —  (b) 

d#2  ox'4  do;  ay 

This  equation  can  be  put  in  a  simpler  form  by  using  differential  equations  of 
equilibrium.  Assuming  that  there  is  only  gravity  force  acting,  we  differentiate 
the  first  of  equations  21  with  respect  to  x,  the  second  with  respect  to  y,  and 
add  them  together.     This  gives 

dz2         d#2  dz  d// 

Substituting  into  equation  b,  we  obtain  the  compatibility  equation  in  terms  of 
stress  components: 

B + £) ^ + »■>  -  °        '     (23) 

In  the  general  case  of  body  forces,  we  use  equations  20  and  obtain 

Equation  23  or  24  together  with  equations  21  or  20  give  us  the  required  system 
of  three  equations  for  determining  the  three  stress  components  crx,  <ry,  xy  in 
the  case  of  a  plane-stress  problem. 

In  the  case  of  plane  deformation   (article  S)   we  have  equation  16,  and 
Hooke's  law  gives 

^  =  |{(1  -M2Vs  ~/x(l  +/xK} 

e»  =  -^  {(1  -  M2Vi/  -  M(l  +  mVx} 
2(1  +M) 

Substituting  into  equation  22  and  using  equations  21  we  conclude  that  equa- 
tion 23,  obtained  for  the  plane-stress  problem,  holds  also  for  the  plane-strain 
problem.     In  the  general  case  of  body  forces,  we  use  equations  20  and  obtain 

—  4-  —\  -  1       (dX    ,dY. 

dx2       dy2/  1  +  n  \dx        dy 

12.  Solution  of  Two -Dimensional  Problems  by  Using  a  Stress  Function. 

It  was  shown  in  the  preceding  article  that  a  solution  of  two-dimensional  prob- 
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lems  of  theory  of  elasticity  reduces  to  the  integration  of  the  differential  equa- 
tions of  equilibrium  together  with  the  compatibility  equation.  Limiting  our- 
selves to  the  case  where  the  gravity  force  is  the  only  body  force,  the  equations 
to  be  satisfied  are 


dx         dy 


(a) 


dy  dx 

\dx2       dy2/ 


(<r,  +  «r„)  =  0  (b) 


To  solve  these  equations  we  introduce  a  new  function,  called  the  stress  func- 
tion. As  is  easily  verified,  equations  a  are  satisfied  by  taking  any  function 
4>  of  x  and  y*  and  putting  for  the  stress  components  the  following  expressions: 

d24>  d2<fi  d2cf> 

«r,  =  T-i>     <Ty  =  — ->     txv  =  -  — — Ax  (26) 

dy2  dxz  ox  dy 

Substituting  these  expressions  into  equation  b,  we  find  that  the  stress  function 
4>  must  satisfy  the  equation: 

d44>  d4<£  d4</>  _ 

dx*  dx2 dy2        dy4 

All  two-dimensional  problems,  in  which  the  weight  of  the  body  is  the  only  force, 
can  be  reduced  to  the  solution  of  equation  27.  There  are  many  different 
forms  of  solution  of  this  equation.  To  each  of  these  solutions  there  corre- 
sponds a  particular  case  of  a  two-dimensional  problem.  The  problem  becomes 
definite  if  the  shape  of  the  plate  and  the  force  distribution  along  the  boundary 
of  the  plate  are  given.  We  have  then  to  select  such  a  solution  of  equation 
27  that,  after  substituting  it  in  expression  26,  we  will  obtain  the  stresses  which 
balance  at  the  boundary  the  applied  external  forces. 

13.  Particular  Solutions.  In  solving  two-dimensional  problems  we  usually 
assume  various  particular  solutions  of  equations  27.  Then  using  equations 
26,  we  can  establish  what  external  forces  must  be  applied  to  produce  stresses 
corresponding  to  the  assumed  solutions.  Combining  such  particular  solutions 
we  may  eventually  obtain  solutions  for  problems  of  practical  importance.  In 
the  case  of  rectangular  plates  some  useful  solutions  were  obtained  by  taking  the 
stress  function  in  the  form  of  a  polynomial.  Take,  for  example,  a  polynomial 
of  second  degree : 

4>  =  ax2  -\-  bxy  +  cy2  (a) 

This  expression  evidently  satisfies  equation  27.  Substituting  it  into  equations 
26,  and  assuming  that  there  are  no  body  forces,  we  obtain 

<jx  =  2c,     a,,  =  2a,     Txy  =   —  b  (b) 

If  we  take  only  the  first  term  in  expression  a  and  put  b  =  c  =  0,  we  obtain 
constant  tensile  stress  in  the  x  direction.     To  produce  such  a  stress  in  a 

*  The  function  must  have  continuous  derivatives  up  to  the  fourth  order. 
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rectangular  plate,  we  have  to  apply  at  the  ends  uniformly  distributed  tensile 
forces  of  intensity  2c  as  shown  in  Fig.  A-14a.  By  taking  only  the  second  term 
in  expression  a,  we  obtain  the  case  of  pure  shear  shown  in  Fig.  A-14&. 

In  a  similar  manner  we  can  discuss  the  solution  of  equation  27  in  the  form 
of  a  polynomial  of  third  degree.  Taking  only  one  term  of  that  polynomial 
and  putting  4>  =  aV3>  we  obtain,  in  the  absence  of  body  forces,  <rx  =  Qay, 
(ju  =  Txy  =  0.  To  produce  such  stresses  we  have  to  apply  at  the  ends  of  the 
plate  the  forces  shown  in  Fig.  A-15.  Only  in  this  way  can  equilibrium  between 
internal  and  external  forces  at  the  boundary  be  accomplished.     We  see  that 

2c 


h  (a) 


vy  (b) 


Fig.  A-14 


in  this  case  the  assumed  solution  represents  pure  bending  of  the  plate  in  its 
plane. 

Taking  the  solution  of  equation  27  in  the  form  $  =  axyz,  we  obtain,  from 
equations  26,  ax  =  6axy,  rxy  =  —  3ay2.  To  satisfy  the  conditions  at  the 
boundary,  we  have  to  apply  the  forces  shown  in  Fig.  A-16  Along  the  longi- 
tudinal sides  of  the  plate  we  have  to  apply  shearing  forces  of  intensity  —  3ac2. 
Along  the  ends  we  have  to  apply  shearing  and  normal  forces,  as  shown.  An 
important  case  can  be  obtained  by  superposing  the  forces  shown  in  Fig.  A-14& 
and  those  in  Fig.  A-16.     If  we  take  b  =  —  3ac2,  the  shearing  forces  will  vanish 
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Fig.  A-15 


Fig.  A-16 


along  the  longitudinal  sides  of  the  plate;  at  the  end  x  =  0  we  will  get  only 
shearing  stresses  of  magnitude: 


{Txy)^a  =  -b  -  3a?/2  =  3a(c2  -  ?/2) 


(c) 


At  the  end  x  =  I  we  obtain  not  only  shearing  stresses  of  this  magnitude  but 
also  normal  stresses: 

<r,  =  6ly  (d) 

We  obtain  bending  of  a  cantilever  by  a  force  P  applied  at  the  end  (Fig.  A-17). 
Assuming  the  thickness  of  the  plate  equal  to  1  in.  and  the  width  equal  to  2c, 
we  find 

P  =    [°_   Txydy  =    (C_    3a(c2  -  y2)  dy  =  4ac3  (e) 
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Treating  the  plate  as  a  cantilever  beam,  we  find  at  the  built-in  end  (x  =  /)  a 
bending  moment  PI  and  bending  stresses, 

Ply     19  Ply      Rhl 

which  coincides  with  equation  d.  The  usual  elementary  solution  coincides 
with  the  preceding  rigorous  solution  if  the  load  applied  at  the  end  of  the 
cantilever  is  distributed  in  accordance  with  equation  c.  Combining  this 
equation  with  equation  e,  we  obtain 

(r,,)^o  =  g  (c2  -  if)  (f) 

This  again  is  the  same  shear-stress  distribution  as  given  by  elementary-beam 
theory  for  rectangular  beams. 

By  using  a  polynomial  of  fifth  degree  the  stress  distribution  in  a  uniformly 
loaded  beam  can  be  discussed,  and  it  can  be  shown  that  the  elementary-beam 

formulas  for  stresses  and  deflections  do 
"A  not  coincide  with  the  rigorous  solution, 

but  the  discrepancy  is  small  and  can  be 
neglected  in  practical  application. 

By  using  equation  27  a  considerable 

number    of    two-dimensional    problems 

are  rigorously  solved.     These  solutions 

y|  have    proved    especially    important    in 

Fig   A-17  studying  stress  distribution  around  small 

holes,   at  grooves,  and  at  fillets  where 

high-stress  concentration  takes  place  and  where  cracks  usually  begin  to  develop 

under  the  action  of  pulsating  forces. 

The  rigorous  theory  proves  also  that  in  all  cases  of  plates  with  simply  con- 
nected boundaries  the  stress  distribution,  as  obtained  by  using  equation  27, 
is  independent  of  the  elastic  constants  of  materials  and  can  be  applied  to 
structures  of  any  isotropic  material.  This  conclusion  serves  as  a  basis  for 
experimental  stress  analysis  by  the  photoelastic  method. 

Stress  and  Strain  in  Three  Dimensions 

14.  Differential  Equations  of  Equilibrium.  In  articles  4  and  5  the  stress 
at  a  point  of  an  elastic  body  was  discussed.  Let  us  consider  now  the  variation 
of  stress  with  change  in  position  of  the  point.  For  this  purpose  the  conditions 
of  equilibrium  of  a  small  rectangular  parallelepiped  with  the  sides  dx,  dy,  dz 
are  studied  (Fig.  A-18).  Proceeding  as  in  article  10  and  observing  the  small 
changes  in  stress  components,  shown  in  the  figure,  we  obtain,  by  summing  up 
all  the  forces  acting  on  the  element  in  the  x  direction,  the  following  equation 
of  equilibrium: 

+  ■—■  dx  J  dy  dz  —  ax  dy  dz  +  (  tx„  -\ — r-^  dy  )  dx  dz  —  rxy  dx  dz 
dx       /  \  dy        / 

+  (  Txz  +  —^  dz  J  dx  dy  —  txz  dx  dy  +  X  dx  dy  dz  =  0 


I 


STRESS  AND  STRAIN  IN  THREE  DIMENSIONS 


1029 


In  the  same  manner  the  equations  of  equilibrium  for  the  y  and  z  directions 
can  be  written.  After  simplifications,  the  three  equations  of  equilibrium  can 
be  presented  in  the  following  forms: 

£  +  *=  +  £=  +  X  =  0 

ox         ay  oz 


day  ST;,, 

dy         dx 


dz 
dru 


(28) 


oz         ox         oy 

These  are  differential  equations  of  equilibrium  in  terms  of  stresses.     Sometimes 
it  is  advantageous  to  have  equations  of  equilibrium  in  terms  of  displacements. 


7iv+  it— o;y 


Fig.  A-18 

To  derive  these  we  substitute  into  equations  28  for  stress  components  their 
expressions  through  strain  components.  To  simplify  writing,  the  following 
notations  are  used: 

e  =  ex  +  e,,  +  ez 


X  = 


HE 


Then,  from  equations  12, 


(l+/i)(l 
du 


2/x) 


(29) 

(30) 


<Tx  =  Xe  +  2(7 


dx 

Gyxy  =  G  r- 


rxz  =  Gyxz  =  G 


fdu  dv\ 

\dy  dx) 

(dw  du\ 

\dx  dz  / 


and  the  first  of  equations  28  gives 


»+«£+«(S+»+S'l; 


0 


(31) 
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In  a  similar  manner  the  two  other  equations  can  be  written.  If  there  are  no 
body  forces,  these  equations  can  be  written  in  the  following  simplified  form: 

(x + G)  U + GV2u  =  ° 

de 
(X  +  G)  —  +  GV2v  =  0  )  (32) 

dy 

Be 
(X  +  G)  —  +  GV2w  =  0 

where  the  symbol  V2  stands  for  the  sum  of  the  second  derivatives;  that  is, 

dx2       dy2       dz2 

Sometimes  we  have  to  consider  stresses  produced  in  an  elastic  body  by 
temperature  changes.  Let  T  denote  the  temperature  at  any  point  of  a  body 
measured  from  a  certain  specified  constant  temperature  representing  the 
initial  unstressed  condition  of  the  body.  The  strain  components  will  depend 
in  this  case  not  only  on  stresses,  but  also  on  the  temperature  change  T,  and, 
instead  of  equations  12,  we  obtain 

ex  =  |  {<r,  -  fifa  +  «r.) !  +  ocT 

ev  =  —  \(TV  —  n(ax  +  <Tz)\  +  aT 
hi 

e,  =  |K  -nfa+iTv)}  +aT 

where  a  is  the  coefficient  of  linear  temperature  expansion.  Solving  these 
equations  for  stress  components  and  substituting  into  equations  28,  we  obtain, 
in  the  absence  of  body  forces,  the  following  equations: 

dx  1  —  2/x  dx 

dy  1  -  2M  dy 

dz  1  —  2fx  dz 

These  equations  are  to  be  used  in  discussing  thermal  stresses. 

15.  Conditions  of  Compatibility.  If  in  the  discussion  of  elasticity  problems 
equations  28  are  used,  it  is  necessary  to  observe  that  the  six  stress  components 
are  not  independent  but  are  subject  to  relations  which  follow  from  the  fact 
that  the  six  strain  components  are  represented  by  three  functions  u,  v,  w 
(see  equations  9).  Proceeding  as  shown  in  article  12,  we  obtain  the  following 
six  relations: 
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dhx  dHv  =  a2Tx^  2  _d^  _  j    /      dy„z       dy„       dyxl 

dy2  dx2   ~  dx  dy  dy  dz       dx  \       dx          dy           dz 

dhv  d*e,  _d*yye  d2ey        d   fdyyz      dyxz      dyxy\       x       (.;]) 

dz"  dy2       dy  dz  dx  dz       dy  \  dx          dy    "*"    dz     :        l 

d%  dh*  =  d2^  dh^    _  d^  fdyyz       dyx,       dyxv 

dx2  dz2       dx  dz  "  dx  dy       dz  \  dx         dy          dz 

These  are  the  conditions  of  compatibility  in  terms  of  strain  components. 

Substituting  for  strain  components  their  expressions  12  and  15  through 
stress  components  and  using  equations  of  equilibrium,  we  can  obtain  the 
compatibility  conditions  in  terms  of  stress  components.  If  there  are  no  body- 
forces,  these  conditions  can  be  presented  in  the  following  form: 

(1+rtw.  +  g-d      (i+,)w,.  +  ^  =  o 

(1  +  ,)W,  +  J2  _  0  (i  +  ,) W„  +  ^  =  0  (35) 


where 


d2d  d2d 


=  o"^  +  o-tf  +  (Tz  (36) 


16.  Uniqueness  of  Solution.  If  the  forces  acting  on  an  elastic  body  are 
known  and  we  have  to  find  stresses  produced  by  these  forces,  we  apply  equa- 
tions of  equilibrium  28.  The  six  stress  components  entering  in  these  equa- 
tions must  satisfy  the  six  compatibility  conditions,  discussed  in  the  preceding 
article,  and  also  the  conditions  at  the  boundary  of  the  body.  The  expressions 
for  the  stress  components  must  be  such  that,  when  an  element  of  the  body  at 
the  boundary  is  taken,  the  conditions  of  equilibrium  between  the  applied 
surface  forces  and  the  internal  forces  are  satisfied.  If  /,  m,  n,  are  the  cosines 
which  the  outer  normal  to  the  surface  of  the  body  at  the  point  under  consid- 
eration makes  with  the  x,  y,  z  axes,  the  required  conditions  of  equilibrium  are 
given  by  equations  2.  A  more  elaborate  analysis  shows  that  equations  of 
equilibrium  28,  together  with  the  compatibility  conditions  and  the  boundary 
conditions,  completely  determine  the  stresses  in  the  body.  This  indicates 
that,  if  we  have  found  by  some  means  such  expressions  for  the  stress  compo- 
nents that  the  equations  of  equilibrium  together  with  the  compatibility  condi- 
tions are  satisfied  at  every  point  of  the  body  and  the  surface  conditions  2  are 
satisfied  at  every  point  of  the  surface  of  the  body,  those  expressions  represent 
the  only  possible  rigorous  solution  of  the  problem. 

Sometimes  we  can  guess  about  the  expressions  for  some  of  the  six  stress 
components,  and,  if  the  remaining  components  can  be  found  in  such  form  that 
all  of  the  previously  discussed  equations  are  satisfied,  this  will  show  that  the 
expressions,  initially  assumed  as  a  guess,  represent  a  portion  of  the  rigorous 
solution  of  the  problem.  The  method  of  solution  in  which  initial  assumptions 
about  some  of  the  stress  components  are  taken  and  the  remaining  components 
are  determined  so  as  to  satisfy  all  elasticity  equations  is  called  the  semi- 
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inverse  method.  It  has  been  successfully  used  in  the  solution  of  several 
important  problems.  Its  application  to  the  problem  of  torsion  of  prismatical 
bars  will  now  be  discussed. 

17.  Torsion  of  Prismatical  Bars.  Assume  that  a  prismatical  bar  of  any 
cross  section  is  fixed  at  0  (Fig.  A-19)  and  twisted  as  shown.  The  elementary 
theory  of  torsion  of  a  circular  bar  states  that,  in  this  case, 


=   Vz    =    Tj 


=  0 


(a) 


and  that  only  the  two  stress  components  tix  and  Tye  do  not  vanish.     Let  us 
assume  now  that  this  holds  also  for  prismatical  bars  of  any  cross  section. 
Equations  of  equilibrium  28,  in  the  absence  of  body 
-n   — ^  forces,  then  give 

drx-        „       di 


0, 


0,     ^  +  ^-0 

dx         dy 


(b) 


To  satisfy  the  first  two  of  these  equations,  we  must  have 
the  stress  components  depending  only  on  x  and  y. 

To  satisfy  also  the  third  of  equations  b  we  introduce  a 
stress  function  \p  of  x  and  y  and  select  for  stress  com- 
ponents the  expressions: 


Fig.  A-19 


dy 


dip 
dx 


(c) 


In  this  way  all  three  equations  of  equilibrum  will  be  satisfied.  Let  us  con- 
sider now  the  compatibility  conditions  35.  With  assumption  a  regarding 
the  stress  components,  these  conditions  reduce  to  the  following  two  equations: 


V2TIIZ 


0 


Substituting  expressions  c,  we  obtain 


d_ 
dx 


dx2       dy2 


0 


V2ra,  =  0 


<L  (dJ}L  4 

dy  \dx2 


djP 
dy 


=  0 


This  means  that  the  expression  in  the  parenthesis  must  be  a  constant,  and 
the  introduced  stress  function  must  satisfy  the  equation, 


dx2 


dy2 


(d) 


in  which  c  is  a  constant. 

Consider  now  the  boundary  conditions.  We  assume  that  torsion  of  the 
bar  is  produced  by  forces  applied  at  the  ends.  Then,  the  lateral  surface  of  the 
bar  is  free  from  forces,  and  the  components  X,  Y,  Z  in  equations  2  vanish. 
The  cosine  n  in  those  equations  vanishes  also,  since  the  normal  to  the  cylin- 
drical surface  is  perpendicular  to  the  z  axis.  With  our  assumptions  a  the 
first  two  of  equations  2  are  satisfied,  and  the  third  one  gives 


tx  J.  +  Tyzm  =  0 


(e) 


This  equation  states  that  the  resultant  shearing  stress  at  the  boundary  of  the 
cross  section  (Fig.  A-20)  is  in  the  direction  of  the  tangent  of  the  boundary. 
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From  Fig.  A-20  we  see  also  that  when  we  move  clockwise  along  the  boundary 
of  the  cross  section,  the  cosines  /  and  m  are 


dy 
ds 


dx 
ds 


Substituting  these  expressions  together  with  expressions  c  into  equation  e,  we 
find  the  following  condition  at  the  boundary: 


dip  dy       d\p  dx 
dy  ds        dx  ds 


ds 


=  0 


(f) 


which  indicates  that  the  stress  function  must  be  constant  along  the  boundary. 
We  see  that  the  equations  of  equilibrium  28,  the  compatibility  equations  35, 
and  the  conditions  on  the  lateral  surface  are  satisfied  by  taking  for  stress  com- 
ponents the  values  a  and  c  and  by  selecting  the  stress  function  so  as  to  satisfy 


-£ — 

—  a  — =»» 

^~" 

o!_- 

D 

t 1 

b     \ 

I        >s 

^^A 

Fig.  A-20 


\ 

y 

Fig.  A-21 


equation  d  at  every  point  of  the  cross  section  and  condition  f  at  the  boundary 
of  the  cross  section.  In  every  particular  case  of  torsion  we  have  to  find  such 
a  solution  of  equation  d  which  satisfies  the  boundary  condition  f. 

Take,   as   an  example,   torsion   of  a  bar  of  elliptical  cross  section  (Fig. 
A-21).     The  boundary  equation  is 


+S-1-' 


For  a  stress  function  we  take 


*  = 


ca2b2 


2(o2  +  b2) 


(?  +  £-') 


(g) 


(h) 


which  satisfies  equation  d.  This  function  vanishes  on  the  boundary  by  virtue 
of  equation  g  so  that  the  boundary  condition  f  is  also  satisfied.  We  conclude, 
then,  that  expression  h  is  the  required  stress  function  for  bars  of  elliptical  cross 
section.  The  constant  c  in  this  expression  depends  on  the  magnitude  of 
torque  acting  on  the  bar.     This  torque  is 


Mt 


{xTyz  —  yTxz)  dxdy  =  — 


dip    ,       drp 


dx 


+  y 


dy 


dx  dy 
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Integrating  this  by  parts,  and  observing  that  \p  vanishes  at  the  boundary,  we 
find 

Mt  =  2fjxP  dx  dy 

Substituting  for  \p  its  expression  h,  we  obtain 

ira3b3c 

=  ~  2(o2  +  62) 
from  which 

_  2Mt(a2  +  b2) 
Ta3b3 

Substituting  into  expression  h  and  using  equations  c,  we  then  obtain 

_  2Mty  _  2Mtx 

irab3  vz        ira3b 

This  stress  distribution  is  shown  in  Fig.  A-21.     The  maximum  stress  occurs 
at  the  ends  of  the  smaller  axis  of  the  ellipse. 

There  exists  a  very  useful  experimental  method  of  determining  torsional 
stresses,  introduced  by  L.  Prandtl  and  based  on  the  fact  that  equation  a  is 
identical  with  that  for  deflections  of  a  uniformly  stretched  and  uniformly 
loaded  membrane. 
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1.  Introduction.  The  construction  and  testing  of  small  models  for  the 
purpose  of  predicting  stresses,  deformations,  vibrational  and  buckling  char- 
acteristics of  their  prototypes  raises  questions  such  as : 

(a)  Must  the  model  be  geometrically  similar  in  all  respects? 

(b)  Must  it  be  made  of  the  same  material? 

(c)  How  must  the  loads  be  scaled  down? 

(d)  Can  the  model  give  useful  results  if  the  elastic  limit  is  exceeded,  or  if 
buckling  occurs,  or  if  the  deformations  are  large? 

(e)  How  must  a  model  subject  to  fluid  forces,  as  in  nutter  of  aircraft  wings, 
or  wind  vibrations  in  bridges,  be  tested ? 

The  answers  can  sometimes  be  given  readily.  It  may  obviously  be  sufficient 
simply  to  reduce  loads  according  to  the  square  of  the  model  scale  and  observe 
that  the  stresses  and,  hence,  the  strains,  will  then  be  the  same  and  the  displace- 
ments in  proportion  to  the  scale.  The  more  difficult  questions,  such  as  d 
and  e  are  most  satisfactorily  dealt  with  by  means  of  the  method  of  dimensional 
analysis,  as  developed  by  E.  Buckingham1  and  P.  W.  Bridgman.2  A  brief 
account  of  the  application  of  this  method  to  structural  models  is  given  here. 
Various  general  types  are  discussed,  but  it  will  be  understood  that  most  actual 
models  will  involve  special  considerations,  both  theoretical  and  practical. 

2.  Method  of  Dimensional  Analysis.  The  rules  for  model  construction  and 
testing,  the  "conditions  of  structural  similarity,"  are  reached  by  two  steps. 
We  first  contemplate  the  derivation  of  a  general  formula  which  will  apply  to 
model  and  prototype  alike,  just  as  the  familiar  beam  formulas  apply  to  small 
or  large  beams.  It  is  not  necessary  that  we  should  be  able  to  derive  the  actual 
formula ;  in  fact,  if  we  could,  the  model  tests  would  hardly  be  necessary.  It  is 
sufficient  that  there  must  be  such  a  formula  if  only  we  could  find  it.  It  is 
to  be  valid  in  any  unit  system — if,  for  instance,  it  yields  in  a  given  case  the 
number  2000  (pounds  per  square  inch)  when  the  pound  and  inch  are  used,  it 
must  yield  the  number  144  (tons  per  square  foot)  when  the  ton  and  foot  are 
used.  This  requirement,  commonplace  as  it  is,  means  that  the  formula  must 
possess  certain  features.  We  then  find  that  these  lead  to  useful  conclusions  as 
to  what  must  happen  when  the  size  of  the  system  is  changed;  that  is,  we  are 
able  to  deduce  rules  of  similarity.     The  method  is  now  illustrated  by  applying 
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it  to  the  problem  of  determining  stresses,  strains,  displacements,  or  redundant 
forces  or  reactions,  in  any  elastic  structure  of  material  obeying  Hooke's  law. 
3.  Elastic  Structures.  The  structure  itself  may  be  specified  by  the  elastic 
constants  E  (Young's  modulus)  and  /jl  (Poisson's  ratio),  by  one  length  a,  and 
the  ratios  ri,  r2,  etc.,  of  all  other  required  lengths  to  a.  The  loads  may  be 
specified  by  one  of  them  P,  and  the  ratios-  T\,  r2',  etc.,  of  the  others  to  P. 
The  directions  may  be  specified  by  ratios  r/',  r»",  etc.  A  particular  stress 
component  a  is  to  be  found  at  some  point  x,  y,  z.  A  formula  for  this  would  be 
a  relation  between  the  quantities: 

cr,  x,  y,  z,  E,  fx,  a,  ru  r-2  ■   •  •  ,  P,  r/,  r2'  •  •  ■  ,  fi",  r2"  •  •  •  (1) 

Only  two  fundamental  units  are  required  for  the  measurement  of  all  these 
quantities,  and  these  can  be  force  and  length.  There  is  a  theorem1-  2  that 
dimensionless  groups  can  be  formed  from  the  list  of  symbols  to  a  number  equal 
to  the  number  of  symbols  minus  the  number  of  fundamental  units.  In  the 
present  problem  this  means  two  less,  and  the  groups  are 

fl""2   x   y    z  P  .       .  ,.      ,.  ,n. 

-77,  -,  -,  -  /*,  irv  n,  r-2  ■  ■  ■  ,  i\',  r,'  ■  ■  •  ,  n",  r2"  ■  ■  •  (2) 

P    a   a   a        Ea2 

Any  other  dimensionless  groups  will  be  merely  products  of  powers  of  these  and 
so  are  not  independent.  The  sense  of  dimensionless  is  simply  that  the  numer- 
ical value  remains  the  same  when  the  units  are  changed. 

The  stress  formula  must  take  the  form  of  a  relation  between  these  groups, 
not  merely  a  relation  between  the  original  symbols  1.     Thus, 

era-  (xyzP  .  ,,       ,,  \ 

-p-  =  h  (  "  -,  -  M,  ™-2,  r1  r2,   •   •   •  ,  n',  r/  •   •   •  ,  n",  r2"  •  •  •    )       3 
P  \a   a   a,       Ea  / 

where  the  right-hand  side  denotes  a  function  of  unknown  form,  definite  in  a 
given  problem  although  we  may  not  be  able  to  find  it.  For  instance,  the  beam 
formula  a  =  My/I  for  a  simple  beam  of  rectangular  cross  section  (width  b, 
depth  a,  span  c)  simply  supported  and  loaded  by  a  central  force  P  becomes, 
written  in  the  form  3, 

—  =  6 I  0  <  x  <  - 

P  a    a    ri         \  2, 

where  r1  =  b/a  and  a  is  the  fiber  stress  evaluated  at  a  section  x  from  one  end, 
at  a  depth  y  below  the  neutral  axis. 

It  is  clear  that,  if  the  units  are  changed  so  that  the  numerical  values  of  the 
symbols  in  formula  1  change,  the  numerical  values  of  the  dimensionless  groups 
remain  unchanged,  and  formula  3  remains  a  true  relation.  The  theorem 
known  as  Buckingham's  II  theorem  shows  l'  2  that  the  form  3  is  the  only  form 
the  relation  can  take  if  it  is  to  be  true  in  all  unit  systems. 

The  formula  3  is  now  applied  to  both  model  and  prototype.  Although  the 
functional  form  is  unknown,  it  is  the  same  for  both.  If,  therefore,  the  groups 
on  the  right  of  formula  3  are  made  the  same  for  both,  it  will  follow  that  the 
group  on  the  left  is  also  the  same  for  both. 

Making  rh  r2  •  •  •  the  same  for  both  means  geometrical  similarity  (but  it 
is  pointed  out  later  that  complete  similarity  is  often  not  needed);  making  r/, 
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r<l  ■  ■  ■  ,  rx" ,  r-2"  •  •  •  the  same  for  both  means  an  obvious  similarity  of 
load  distribution.  Making  x/a,  y/a,  z/a  the  same  means  that  the  stress  is 
to  be  taken  at  the  point  in  the  model  corresponding  to  the  point  in  the  proto- 
type at  which  the  stress  is  required.  These  conditions,  of  course,  are  usually 
taken  for  granted,  but  the  method  of  dimensional  analysis,  being  free  from 
such  assumptions,  insures  that  there  are  no  unnecessary  restrictions.  Next  /x 
must  be  the  same  for  both,  if  it  matters.  Otherwise,  it  is  not  required  in  the 
list  of  symbols.  Finally  P/Ea*  must  be  the  same  for  both.  If  the  subscript 
m  is  used  for  the  model  and  p  for  the  prototype,  this  means 


PP  Pm       Em  ari 


Emam2       Epap2  PP       Ep  af 


(4) 


The  loads  must,  therefore,  be  scaled  down  according  to  this  rule.  We  are 
free  to  make  the  model  of  a  different  material.  The  change  is  allowed  for 
in  the  factor  Em/Ep.  but  Poisson's  ratio  must  be  kept  the  same  if  it  is  significant. 
All  dimensionless  groups  on  the  right  of  formula  3  being  now  the  same  for 
model  and  prototype,  it  follows  that  the  group  on  the  left  is  also  the  same, 
that  is 

*    r,     2  „    „    2  „  P  „    2 

(5) 
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Introducing  equation  4  we  obtain 

(6) 

from  which  ap  may  be  calculated  when  am  has  been  measured. 

The  analysis  is  carried  out  in  a  similar  way  for  quantities  other  than  stress. 
For  a  displacement  u,  the  dimensionless  group  u/a  is  used  instead  of  aa2/P. 
For  a  strain  e,  e  itself  may  be  used,  and  for  a  force  R,  the  ratio  R/P.  Then 
instead  of  formula  3  we  should  find 


(x  y  z         P 
a  a  a       h,al 


f,    -,  *-,  -,  M,  tt-9,  ru  r,  •  •  •  ,  n',  r,'  •  •  -  ,  n",  r2"  •  •  •  (7; 


e  =  M  '  ■  ■  )  .  (S) 

R 


I' 


=  U  ■  ■  ■  )  (9) 


where  /2,  f%,  fi  denote  other  functional  forms. 

The  similarity  rules  up  to  and  including  equation  4  must  again  be  observed, 
and  it  then  follows  that 

z?  z? 

(10) 

The  displacements  have  not  been  assumed  small.  These  similarity  rules,  there- 
fore, apply  not  only  to  small  deformations,  but  also  to  the  large  deformations 
of  flexible  structures  (of  material  obeying  Hooke's  law),  where  the  stresses, 
displacements,  and  forces  or  reactions  are  not  in  general  proportional  to  the 
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loads.  Very  flexible  steel  springs  and  rings,  thin  plates  compressed  beyond 
buckling  or  transversely  loaded  to  large  deflections  are  in  this  class  so  long 
as  the  proportional  limit  of  the  material  is  not  exceeded. 

The  dimensional  analysis  also  indicates  how  curves  obtained  in  model  tests 
may  be  plotted  so  as  to  be  immediately  applicable  to  the  prototype.  If  for 
instance  a  stress  a  is  plotted  against  a  load  JP,  the  curve  showing  cra2/P  as  a 
function  of  P/Ea2  is  a  graphical  representation  of  the  formula  3  and,  the 
similarity  conditions  being  satisfied,  is  identical  with  the  corresponding  curve 
which  might  be  obtained  from  the  prototype.  This  is  exactly  analogous  to 
the  plotting  of  dimensionless  force,  moment,  or  pressure  coefficients  versus 
Reynold's  number  which  is  customary  in  aerodynamics.  In  fact,  the  number 
P/Ea2  plays  a  role  very  much  like  that  of  Reynold's  number  and  might  well 
have  a  special  name,  such  as  "strain  number."  A  model  and  its  prototype 
are  "structurally  similar"  at  the  same  strain  number,  similarity  of  form  and 
load  distribution  (and  identity  of  Poisson's  ratios  where  significant)  being 
taken  for  granted.  The  deformed  shapes  are  geometrically  similar  by  equa- 
tion 7,  and  the  strains  at  similarly  situated  points  are  the  same.  The  assump- 
tion of  concentrated  loads  P,  r%P,  r2P,  etc.,  will  not  always  be  appropriate. 
The  formation  of  dimensionless  groups  to  replace  P/Ea2  when  the  loads  are 
distributed  as  pressures,  or  force  per  unit  length,  or  when  they  are  moments 
will  be  obvious. 

4.  Linear  Structures.  The  commonest  type  of  stress-analysis  problem  is 
concerned  with  stiff  structures,  such  as  tension,  torsion,  or  bending  members, 
or  pressure  vessels,  where  the  deformations  do  not  significantly  affect  the 
action  of  the  loads,  and  the  stresses,  strains,  displacements,  redundant  reac- 
tions, and  the  like  are  known  to  be  linear  functions  of  the  loads* — that  is, 
the  principle  of  superposition  holds.  This  supplementary  knowledge  may  be 
used  in  conjunction  with  the  dimensional  analysis.  In  formula  3  for  instance, 
<ra2/P  must  be  independent  of  P,  since  a  must  be  proportional  to  P.  Thus, 
the  group  P/Ea2  miist  not  appear  in  the  function  on  the  right.  The  similarity 
condition  4  is  not  required.  The  remaining  groups  on  the  right  being  made 
the  same  for  model  and  prototype — geometrical  similarity  and  similarity  of 
load  distribution — the  function  becomes  a  constant  ki,  the  same  for  model 
and  prototype,  and  aa2/P  =  ku  The  model  test  may  now  be  regarded  as  a 
test  to  determine  k\.  The  model  may  be  made  of  any  material  obeying 
Hooke's  law,  except  that  n,  if  it  has  any  influence,  must  be  the  same  as  for 
the  prototype. 

An  analogous  argument  applies  to  equation  9,  leading  to  R/P  =  kt,  a  con- 
stant for  model  and  structure  alike.  When  we  turn  to  equations  7  and  8, 
however,  the  requirements  that  u  and  e  shall  be  proportional  to  P  mean  that 
in  each  case  the  group  P/Ea2  must  appear  on  the  right  as  a  simple  factor,  and 

u  -    P    i  P    i. 

a  ~  Ea2  k'2         6  "  Ea2  ** 

where  &2  and  kz  are  also  constants  for  model  and  structure  alike.  We,  thus, 
arrive  at  the  well-known  results  that  stresses  and  forces,  such  as  redundant 
reactions  (for  rigid  supports),  are  independent  of  Young's  modulus  and  that 

*  This  follows  as  well  where  the  formulas  are  not  known  as  where  they  are, 
from  the  linearity  of  the  fundamental  differential  equations  and  boundary  condi- 
tions of  the  theory  of  elasticity. 
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displacements  and  strains  are  inversely  as  Young's  modulus.  We  can  also 
say  that  if  aa2/P,  u/a,  e,  R/P  are  plotted  versus  P/Ea2,  from  tests  on  the  model, 
ca2/P  and  R/P  are  represented  by  straight  lines  parallel  to  the  P/Ea2  axis, 
and  u/a  and  e  by  inclined  lines,  and  the  lines  are  the  same  for  the  prototype. 

5.  Relaxation  of  Similarity  Conditions.  So  far  we  have  accepted  the 
requirement  in  equations  3,  7,  8,  and  9  that  all  dimensionless  groups  on  the 
right  must  be  made  the  same  for  model  and  prototype  to  justify  the  conclusion 
that  the  groups  on  the  left  will  be  the  same.  The  requirement  includes  com- 
plete geometrical  similarity.  Suppose,  however,  that  the  prototype  is  a  truss, 
all  members  carrying  simply  tension  or  compression.  It  is  clear  that  the 
geometrically  similar  model  may  be  modified  by  changing  the  cross-sectional 
shape  of  the  members,  so  long  as  their  sectional  areas  remain  unchanged. 
If  the  prototype  is  a  rigid  frame  with  members  acting  in  tension,  compression, 
and  bending,  the  cross-sectional  shape  in  the  model  may  be  changed  so  long 
as  the  area  and  fiexural  rigidity  remain  the  same.  If  it  is  a  framework  with 
members  subject  also  to  torsion,  the  torsional  rigidity  must  also  be  kept  the 
same.  It  will  be  apparent  that  sometimes  the  over-all  form  of  members 
may  be  changed  so  long  as  their  over-all  tensional,  fiexural,  and  torsional 
stiffnesses  are  correct.  It  has  been  found  convenient  to  make  such  modifica- 
tions in  airship  models.3,  4 

6.  Gravity  and  Surface  Loads.  When  the  load  includes  the  weight  of  the 
structure  itself,  as  in  a  dam  or  bridge,  it  may  be  represented  by  a  weight  per- 
unit  volume  iv.  This  adds  another  symbol  without  increasing  the  number  of 
fundamental  units,  and  another  dimensionless  group  must  be  included,  for 
instance,  wa/E  or  was/P.  If  the  former  is  taken,  it  is  convenient  to  use  a/E 
instead  of  aa2/P,  and  R/Ea2  instead  of  R/P.  Instead  of  formulas  3,  7,  8, 
and  9  we  shall  now  have  formulas  of  the  types, 

a  (x  y   z         P     wa  , 

E=f> U'«VM'^'¥'ri'r2"  '  ''ri'r2  "  "  "  -ri  'r2    '  ' 


(ii) 


u-  =  M  ■ 

a 

■  ■  ) 

e  =  hi  ■ 

■  ) 

R    -f(  ■ 
Ea2  ~  fi{ 

•  ) 

The  rules  of  similarity  now  require  geometric  similarity,  similarity  of  load 
distribution,  and 

Pm  PP  tvmam  _  wpap 

Emam2  ~  Epap2         ~E^  :  :  ~E~7  (12) 

Free  choice  of  a  different  material  for  the  model,  irrespective  of  scale,  is  now 
not  possible.  It  is  necessary  to  find  a  material  to  satisfy  the  second  rela- 
tion in  equation  12.  Again  the  discussion  has  not  been  limited  to  small 
deformations. 

However,  the  structure  will  usually  be  a  "solid"  one  such  as  a  dam,  having 
small  deformations  which  do  not  affect  the  action  of  the  loads.     The  stresses 
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will  then  be  linear  both  as  to  P  and  w,  and  the  problem  is  divisible  into  two 
parts,  one  to  evaluate  the  effects  of  loads  Pi,  rY'P,  etc.,  only,  and  the  other  to 
evaluate  the  effects  of  gravity  only.  In  the  dam  problem  the  surface  loading 
would  be  water  pressure,  which  can  be  described  by  a  greatest  pressure  p 
together  with  mere  ratios.  The  latter  may  be  omitted  as  naturally  the  same 
for  the  model  as  for  the  prototype  when  a  corresponding  pressure  distribution 
is  provided.  Instead  of  P/Ea2,  p/E  may  be  used.  Consider  in  particular  a 
stress  component  a  at  x,  y,  z.  Since  this  is  to  be  linear  in  both  w  and  p,  it 
follows  that 


Q-   _  wa  , , 
E  ~~   E  *  ^  ~ 


IX    y    z  \    ,     p  _  / x   y    Z  \      ,     , 

(-,  y-,-,p,  n,  r2  •  •  •    )  +  ^F[-,^-,ii,rl,  r2  •  •  •  (13 

\a   a   a  /       E      \a   a   a  / 


The  E  now  cancels,  and  it  follows  that  the  stress  is  independent  of  it.  We 
are  free  to  choose  the  model  material  as  to  E,  but  it  must  have  the  same  Pois- 
son's  ratio  p  if  significant,  and  there  must  be  geometrical  similarity.  The 
functions  /  and  F  will  then  have  the  same  value  for  model  and  prototype 
(considering  the  stress  at  a  chosen  point),  and  may  be  replaced  by  C\  and  c2. 
Then, 

a  =  diva  +  c2p  (14) 

The  values  of  C\  and  c2  may  be  determined  by  separate  tests  on  the  model, 
using  material  of  any  convenient  density,  or  producting  iv  centrifugally  (or 
by  replacing  the  gravity  problem  by  a  surface-load  problem  5.  Different 
models  of  different  materials  may  be  used  for  the  two  tests,  provided  constancy 
of /x  is  observed  to  a  reasonable  approximation.  It  is  evidently  not  necessary 
to  put  any  restrictions  on  the  means  by  which  the  pressure  p  on  the  model  is 
created,  although,  if  the  system  is  taken  as  a  single  solid-fluid  system,  it  might 
appear  at  first  sight  that  the  weight  per  unit  volume  Wf  of  the  fluid  must  be 
included  in  the  list  of  symbols  and  then  that  a  fluid  of  suitable  density  must  be 
used  to  make  the  additional  dimensionless  group  w//w  the  same  for  model 
as  for  prototype. 

7.  Composite  Structures.  If  the  structure  is  not  all  of  the  same  material 
it  will  be  necessary  to  include  in  the  list  of  symbols  the  several  Young's 
moduli  and  Poisson's  ratios.  Let  these  be  E,  Eh  E2,  etc.,  and  p,  ph  etc. 
The  dimensionless  groups  Ex/E,  Eo/E,  etc.,  and  p,,  /j,u  etc.,  now  appear,  and 
the  similarity  conditions  require  that  these  shall  be  the  same  for  model  and 
prototype.  In  a  model  of  a  reinforced-concrete  structure  these  correspond  to 
the  requirement  that  the  ratio  of  Young's  moduli  should  be  the  same,  the 
Poisson's  ratio  being  treated  as  unimportant. 

8.  Prescribed  Displacements.  So  far  the  problem  has  been  considered  as 
that  of  prescribed  loads,  although  the  loaded  body  may  have  any  number  of 
fixed  points  such  as  rigid  supports.  If  instead  certain  displacements,  defined 
by  one  of  them  U  and  the  ratios  of  the  others  to  it,  are  prescribed,  the  problem 
becomes  that  of  determining  a  stress  a,  displacement  u,  strain  e,  or  force  R, 
in  terms  of  U,  the  ratios  (which  may  be  at  once  taken  as  necessarily  the  same 
for  model  and  prototype),  and  the  symbols  specifying  the  structure.  The 
formulas  will  be  of  the  types, 
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and,  when  there  is  no  restriction  to  small  deformations,  there  must  be  geo- 
metrical similarity  (subject  to  relaxation  if  appropriate)  and  identity  of  the 
n's  and  of  the  U/a  values.  The  latter  condition  means  that  the  model  must 
be  brought  to  a  geometrically  similar  deformed  state.  Then,  the  quantities 
on  the  left  become  identical  for  model  and  prototype.  If  the  prototype  is 
linear,  we  can  introduce  the  knowledge  thatcr,  u,  e,  and  R  must  be  proportional 
to  U,  so  that  U/a  must  be  a  simple  factor  on  the  right,  and  we  can  write 
equations  15  as 

a  =  Ki  —,     u  =  K.U,     e  =  K»  -j     R  =  KJSUa  (16) 

a  a 

representing  linear  relationships  in  which  Kh  K2,  /v3,  7v4  are  the  same  for  the 
model  as  for  the  prototype.  The  quantities  evaluated  are,  of  course,  at 
similarly  situated  points  in  the  two,  and,  if  Poisson's  ratio  is  significant,  it 
must  be  the  same  for  both. 

9.  Curved  Stress-Strain  Relations — Loading  beyond  the  Proportional  and 
Elastic  Limits.  If  the  ordinary  tensile  or  compressive  stress-strain  line  of  the 
material  is  curved,  it  can  be  expressed  in  the  form, 

§ -A.) 

in  a  chosen  unit  system,  where  E  is  any  appropriate  "Young's  modulus" 
such  as  the  initial  slope  of  the  curve,  and  f(e)  involves  suitable  numbers,  as, 
for  instance,  in  a/E  =  e  —  O.Ole2.  This  relation  will  be  valid  even  when  the 
unit  of  stress  is  changed,  since  a  and  E  will  retain  the  same  ratio.  Curved 
stress-strain  relations  between  all  six  components  of  stress  and  all  six  compo- 
nents of  strain  can  be  similarly  expressed  in  terms  of  a  selected  E  and  mere 
numbers  which  do  not  change  with  change  of  unit  system.  E  having  this 
new  meaning,  the  arguments  used  in  all  the  preceding  sections,  except,  of 
course,  those  concerned  with  linear  problems,  take  the  same  form,  since  the 
list  of  symbols  and  the  dimensionless  groups  are  the  same  except  for  the 
changed  meaning  of  E.  Geometrical  similarity  (relaxed  as  appropriate)  is 
required,  and  then  in  the  problem  of  prescribed  loads  (article  3)  the  groups 
ca2/P  for  model  and  prototype  are  identical  at  the  same  strain  number 
(P/Ea2).  Alternatively,  curves  of  aa2/P  (and  u/a,  e,  R/p)  versus  P/Ea2 
are  the  same  for  both  model  and  prototype.  There  is,  of  course,  no  freedom 
to  choose  a  different  material  for  the  model.  The  numbers  appearing  in  the 
stress-strain  law  must  be  the  same  for  both.  Even  this  condition  can  be 
somewhat  relaxed  however,6  similarity  being  possible  when  the  stress-strain 
line  of  the  model  material  can  be  brought  into  coincidence  with  that  of  the 
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prototype  material  by  uniform  strain  of  the  sheet  on  which  it  is  drawn  in  the 
direction  of  one  or  both  axes. 

If  parts  of  the  structure  are  in  the  plastic  range,  they  can  still  be  covered  by 
the  curved  stress-strain  law.  However,  if  the  loading  process  does  not  steadily 
increase  the  stress  at  some  point  but  increases  it  into  the  plastic  range  and 
then  decreases  it,  the  decrease  will  sometimes.,  as  for  steel,  follow  a  line  different 
from  the  increase.  Even  then,  if  the  model  goes  through  the  same  values  of  the 
strain  number  P ' /Ed1  in  the  same  order,  the  dimensional  reasoning  shows  that 
the  similarity  is  preserved.  When  the  material  is  the  same  for  model  and 
prototype,  the  E  is  the  same  and  may  be  dropped  from  the  strain  number. 
We  can  then  say  that  at  the  same  "nominal  stress"  P/a2,  model  and  structure 
will  have  the  same  stress  distribution  (aa2/P  the  same),  geometrical  similarity 
of  deformation  (u/a  the  same),  and  forces  such  as  statically  indeterminate 
reactions  or  forces  in  members  in  proportion  to  the  loads  (R/P  the  same). 
Thus,  tensile  test  specimens  of  different  sizes  (of  the  same  material)  show 
geometrically  similar  deformed  shapes  at  the  same  nominal  stress  (Barba's 
law)  and  yield  the  same  stress-strain  relation. 

The  conclusions  as  to  curved  stress-strain  relations  may  be  applied  to 
large  deflections  of  rubber  springs,  the  rubber  being  bonded  to  steel.  The 
latter  may  be  treated  as  rigid,  and  so  its  elastic  constants  are  not  involved. 
Two  such  springs  of  the  same  rubber,  of  different  size  but  geometrically  similar, 
are  in  structurally  similar  states  when  loaded  to  similar  deformed  shapes,  or 
when  loaded  to  the  same  strain  number  P/Ea2,  that  is,  to  the  same  nominal 
stress  or  average  strain.  The  distribution  of  stress  throughout  and,  in  par- 
ticular, over  the  bonded  surface  will  usually  not  be  uniform,  but  it  will  be 
similar  under  the  foregoing  conditions  of  similarity,  and  the  maximum  stresses 
will  be  the  same. 

10.  Buckling.  It  was  shown  in  article  3  that  for  a  structure  with  given 
loads  the  curves  of  aa2/P,  u/a,  e,  R/P  versus  P/Ea2  obtained  from  the  model 
would  also  be  valid  for  the  prototype,  even  when  the  displacements  are  large. 
A  buckling  phenomenon  would  appear  as  a  sudden  increase  of  u/a  at  some 
value  of  the  strain  number  P/Ea2.  Since  the  curve  is  valid  for  all  geometrically 
similar  elastic  (Hooke's  law  material)  structures,  it  follows  that  all  similar 
structures  will  buckle  in  the  same  way  at  the  same  value  of  P/Ea2,  or 

where  C  is  the  same  for  the  whole  set  of  similar  structures  (it  is  a  dimension- 
less  number).  Critical  loads  for  such  a  set  are,  thus,  proportional  to  the 
Young's  modulus  and  to  the  square  of  a  representative  length. 

In  virtue  of  article  9  this  conclusion  can  be  extended  to  buckling  in  the 
plastic  range  or  to  a  partly  plastic  partly  elastic  state,  except  that  now  the 
material  should  be  the  same  for  model  and  prototype.  Then,  the  two  buckle 
(in  the  same  mode),  at  the  same  value  of  P/a2,  that  is,  at  the  same  critical 
stress. 

Buckling  at  a  definite  strain  number  is  entirely  analogous  to  the  onset  of 
turbulence  at  a  definite  Reynold's  number  in  a  given  type  of  fluid  flow. 

11.  Vibration  Due  to  Aerodynamic  Forces.  When  the  structure  is  not  in 
motion,  forces  applied  to  the  prototype  by  a  fluid  may  be  reproduced  on  the 
model  in  any  convenient  way,  and  the  problem  may  be  regarded  as  one  of 
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given  forces.  On  the  other  hand,  dynamical  phenomena  such  as  flutter  of 
airfoils,  or  oscillation  of  suspension  bridges  in  a  wind,  may  require  considera- 
tion of  structure  and  fluid  as  a  single  system.  It  may  not  be  sufficient  to 
provide  structural  similarity  for  dynamical  behavior  in  vacuo,  together  with 
identity  of  Reynold's  number.  This  will  be  merely  illustrated  here  by  means 
of  a  simple  example.  The  system,  as  indicated  in  the  figure,  consists  of  a 
mass  suspended  by  a  spring,  subject  to  damping,  and  set  into  up-and-down 
oscillation  by  a  steady  airstream.*  Consider  first  the  free  clamped  vibrations 
of  the  mass  without  the  airstream.  The  required  symbols  (ignoring  gravity) 
are 

Pi  =  the  density  of  the  mass 
a  =  a  linear  dimension 

rh  r2,  etc.  =  ratios  of  other  significant  linear  dimensions  to  a 
k  =  the  spring  constant 
c  =  the  viscous  damping  coefficient  (damping  force  for  unit  velocity) 

—  =  the  ratio  of  two  successive  amplitudes  (the  decrement) 

X'l 

Apart  from  the  ratios  rh  r2,  etc.,  there  are  five  symbols,  and,  since  the  problem 

is  one  of  dynamics  (with  3  fundamental  units),  there  will  be  5-3  or  2  dimen- 

sionless  groups.     One  of  these  is  Xy/xi,  the  quantity 

we  wish  to  evaluate  here.     The  other  may  be  taken 

as  c2/kpia*.     This  is  essentially  the  ratio  of  c2  to 

the  square  of  the  critical  damping.     The  formula 

must,  therefore,  take  the  form, 


////////. 


•Tl 


=  / 


\kpia3/ 


(17) 


or  Xi/x2  =  f(c2/km)  where  m  =  pia3  is  proportional 
to  the  mass.  The  actual  solution  of  this  problem 
is,  of  course,  well  known  and  is,  in  fact, 


Xi  j  /  c2/4:km 

\  4Jcm 


777777777 


Fig.     B-l.     Oscillation 

Due  to  an  Airstream 
To    illustrate    similarity 
when     solid     and     fluid 
form  a  single  system 


It  follows  from  equation  17  that  the  decrement  is 
the  same  for  model  and  prototype  when  c2/kpia3 
is  the  same. 

Now  consider  oscillation  of  the  mass  maintained 
by  the  airstream,  and  let  it  be  required  to  find  the 
amplitude  Xq,     The  list  of  symbols,  other  than  T\,  r2,  etc.,  is  now 

x0,  k,  pi,  c,  a,  V,  p2,  p.2 

where  V,  p2,  p-i  are  the  velocity,  density,  and  viscosity  of  the  fluid.  There  are 
eight  symbols  and  so  there  must  be  5  dimensionless  groups.  If  we  take  the 
first  five  symbols,  which  refer  to  the  structure  only,  it  is  possible  to  form  only 

*  A  system  of  this  type  is  used  by  J.  P.  Den  Hartog  (Mechanical  Vibrations, 
McGraw-Hill,  2d  ed.,  p  343)  as  a  model  of  the  "galloping  transmission  line." 
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5-3  or  2  groups  from  them.  These  may  be  x0/a  and  c2/kpiaz.  If  we  take  the 
last  four  symbols,  it  is  possible  to  form  only  one  group  from  them  Vp^a/p-i 
(Reynold's  number).  Thus,  there  must  be  two  more  groups  which  can  only 
be  formed  by  combining  the  symbols  referring  to  the  structure  with  those 
referring  to  the  fluid,  and  these  may  be  taken  as  pi/p2  and  k/V2p2a.  The 
amplitude  formula  must,  therefore,  take  the  form, 

*_„     /  «■     vw,  ei,     *J)  (18) 

a  \lcpiai         p.2         pi       I  -pa  / 

Giving  the  groups  on  the  right  the  same  value  for  model  and  prototype  means 
that 

1.  The  decrements  in  free  vibration  must  be  the  same. 

2.  The  Reynold's  numbers  must  be  the  same. 

3.  The  ratio  of  densities  pi/p-i  must  be  the  same. 

4.  The  values  of  A;/F2p2«  must  be  the  same. 

Suppose  now  that  it  is  proposed  to  test  the  model  in  air.  Then  item  3  means 
that  pi  must  be  the  same  for  model  and  prototype.  However,  since  the  exact 
distribution  of  mass  in  the  model  will  not  matter,  the  group  pi/p2  may  be 
changed  to  pia3/p2a3  or  m/pza3.     Then  tn/a3  must  be  the  same,  that  is, 

mm        mP  mm       a,J 

— 3  =  —     or     —  =  — -  (19) 

am3       aP  mp       ap3 

Identity  of  Reynold's  numbers  will  mean 

Vmam  =  VPaP     or     ~  =  -P  (20) 

and  so  the  airstream  must  be  faster  (for  the  same  xQ/a)  in  the  small  model 
system.     Finally,  identity  of  the  values  of  group  4  means 

V,Jam       VP2aj, 

which  reduces  to 


(21) 


km       a,, 

kp      .am 


so  that  the  model  spring  must  have  a  greater  stiffness  than  the  prototype 
spring. 

When  these  conditions  are  satisfied,  we  can  be  sure  that  the  pattern  of 
flow  about  the  model  is  the  same  as  in  the  prototype  system.  If  at  some  air- 
speed the  model  does  not  vibrate,  the  prototype  will  not  vibrate  at  the  cor- 
responding airspeed  VP  determined  from  equation  20. 

Additional  knowledge  of  aerodynamic  behavior  may,  of  course,  modify  such 
conclusions.  For  instance,  the  flow  about  an  airfoil  may  be  independent  of 
the  Reynold's  number  over  a  range  of  values  of  this  number — that  is,  until 
the  flow  pattern  suddenly  changes. 
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1.  Errors  of  Measurements.  It  is  generally  recognized  in  experimental 
work  that  the  "true"  value  of  an  object  of  measurement  can  never  be  exactly 
established.  If  a  number  of  direct  measurements  are  made  on  a  physical 
quantity,  all  with  equal  care  and  with  full  utilization  of  the  sensitivity  of  the 
measuring  instruments,  it  will  be  found  that  such  measurements  invariably 
lead  to  discordant  results.  In  spite  of  the  contradictions  among  the  individual 
readings,  however,  it  is  clear  that  through  a  greater  number  of  measurements 
we  will  know  more  about  the  unknown  quantity,  and  will  be  in  position  to 
give  a  more  precise  "estimate"  of  its  value  than  that  obtainable  through  any 
single  measurement.  The  purpose  of  this  chapter  is  to  present  briefly  the 
fundamentals  of  the  mathematical  theory  by  which  the  best  estimate  of  a 
measured  quantity  and  the  degree  of  precision  of  this  estimate  may  be  estab- 
lished from  results  of  repeated  measurements. 

The  discrepancies  between  the  results  of  repeated  observations  are  due  to 
errors  inherent  in  any  measurement.  The  error  of  an  observation  is  defined 
as  the  difference  between  the  observed  and  the  "true"  value  of  the  physical 
quantity  in  question,  and,  accordingly,  errors  may  have  positive  or  negative 
values.  An  analysis  of  possible  sources  of  error  is,  of  course,  of  great 
importance  when  an  improvement  in  precision  is  desired.  Errors  are  usually 
classified  in  two  main  groups,  as  systematic  and  accidental  errors. 

Systematic  errors  generally  enter  with  the  same  sign,  and  often  with  the 
same  magnitude,  into  the  records,  and  therefore  they  are  most  effective  in 
disturbing  the  results.  They  may  be  due  to  instrumental  errors,  such  as 
faulty  graduation  of  scales,  defective  screws,  inaccurate  standards;  or  to 
personal  errors,  such  as  the  inclination  of  an  observer  to  respond  to  a  time 
signal  too  soon,  or  to  estimate  a  fractional  distance  too  short.*  In  experi- 
mental work  every  effort  should  be  made  to  trace  the  sources  of  systematic 
errors  and  to  eliminate  their  effect.  Sometimes  the  error  is  nearly  constant 
and  may  be  easily  taken  into  account  by  a  suitable  correction,  or  it  may  have 
other  regular  features,  like  the  afore-mentioned  idiosyncrasies  of  the  observer, 
which  may  be  studied  and  their  effect  defined  by  a  "personal  equation." 

There  are  two  general  procedures  by  which  the  influence  of  systematic 
errors  may  be  largely  eliminated.     These  are  the  method  of  symmetry  and 

*  J.  Volger6  found  a  general  and  outspoken  tendency  among  observers  to  read 
0.3  and  0.4  one-tenth  too  low  and  to  read  0.6  and  0.7  one-tenth  too  high.  For 
other  positions  errors  were  comparatively  rare. 
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the  method  of  substitution.  The  method  of  symmetry  consists  of  repeating 
the  test  in  a  symmetrical  or  reversed  manner  with  respect  to  the  particular 
condition  that  is  suspected  as  a  source  of  systematic  error,  such  as  taking 
strain-gage  readings  during  unloading  as  well  as  during  loading  of  a  testpiece, 
or  making  weight  measurements  by  interchanging  the  pans  in  the  scale.  The 
principle  of  the  method  of  substitution  is  to  replace  the  object  of  measurement 
by  quantities  of  known  magnitudes,  that  is,  essentially  repeated  calibration. 
Accidental  errors  are  due  to  irregular  causes,  too  many  in  number  and  too 
complex  in  nature  for  their  origin  to  be  traced.  The  chief  characteristic  of 
accidental  errors  is  that  they  are  as  often  positive  as  negative,  and  for  this 
reason  they  are  likely  to  have  a  negligible  effect  on  the  value  of  the  arithmetic 


Fig.  C-l.     Normal  Frequency  Distribution  of  Errors 

mean  of  a  set  of  measurements.  The  principal  object  of  experimental  pre- 
cautions is  to  reduce  errors  of  measurement  to  the  accidental  class,  which 
can  then  be  treated  by  the  probability  theory,  to  deduce  the  most  probable 
value  of  the  object  of  observation. 

2.  The  Normal  Frequency  Distribution  of  Errors.  If  we  assume  that  an 
accidental  error  is  the  algebraic  sum  of  an  infinite  number  of  independent 
elemental  errors,  each  of  which  is  as  likely  to  be  positive  as  negative,  it  can 
be  shown  that  for  a  very  large  number  of  measurements,  which  contain  only 
accidental  errors,  the  errors  will  follow  the  so-called  normal  distribution  law, 


V* 


h 
■\/Tr 


(la) 


where  x  denotes  the  value  of  an  error  (the  difference  between  the  observed 
and  the  true  value  of  the  quantity),  yx  is  the  probability  of  occurrence  of  the 
error  of  magnitude  x,  h  is  a  constant  associated  with  the  particular  set  of 
observations  in  question,  and  e  is  the  base  of  natural  logarithms.     Since  hx 
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must  be  an  absolute  number,  it  follows  that  the  dimensions  of  h  and  yx  will 
be  reciprocal  of  that  of  x.  For  example,  if  x  is  measured  in  inches,  the  dimen- 
sions of  h  and  yx  will  be  1/in. 

A  graphical  representation  of  yx  as  a  function  of  x  is  shown  by  the  full  curve 
in  Fig.  C-l.  It  may  be  seen  that  small  errors  are  more  frequent  than  large 
ones  and  that  positive  and  negative  errors  of  the  same  magnitude  occur  with 
the  same  frequency.  The  area  under  the  curve  is  equal  to  unity,  expressing 
the  condition  that  all  errors  lie  between  the  +  <x>  and  —  <*>  limits.  The  value 
of  yx  at  x  =  0  is  equal  to  h/\/-jr  where  h  is  a  characteristic  of  the  particular 
set  of  observations  the  curve  represents.  If  for  another  set  of  measurements, 
shown  by  the  dotted  curve  in  Fig.  C-l,  h  has  a  larger  value,  it  will  mean  that 
this  second  set  of  observations  has  a  greater  number  of  measurements  with 
small  errors,  and,  consequently,  this  set  should  be  regarded  as  a  more  accurate 
one.  The  constant  h  may  be  looked  on,  therefore,  as  an  index  of  precision, 
which  enables  us  to  compare  the  reliability  of  different  sets  of  measurements. 
For  convenience  of  computation,  however,  it  is  usually  preferred  to  use  other 
quantities  as  measures  of  precision,  which  all  bear  certain  relations  with  h  and 
which  are  discussed  in  the  next  article. 

Since  the  difference  between  the  two  curves  in  Fig.  C-l  is  due  to  the  differ- 
ence in  the  respective  values  of  h,  a  table  for  all  normal  frequency  curves  may 
be  set  up  if  hx  is  considered  as  the  independent  variable.     Thus  we  get 

y**  =  hJx  =  ^—  e-»2*2  (lb) 

h  V7T 

values  of  which  are  shown  in  Table  C-l. 


hx 

Vhx 

0.0 

0 . 5642 

0.1 

0.5586 

0.2 

0.5421 

0.3 

0.5156 

0.4 

0.4808 

0.5 

0.4394 

0.6 

0.3936 

0.7 

0.3456 

0.8 

0.2975 

0.9 

0.2510 

TABLE  C-l 

NCY 
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hx 

Vhx 

1.0 

0.2076 

1.1 

0.1682 

1.2 

0.1337 

1.3 

0.1041 

1.4 

0.0795 

1.5 

0 . 0595 

1.6 

0 . 0436 

1.7 

0.0314 

1.8 

0.0221 

1.9 

0.0153 

hx 

yh* 

2.0 

0.0103 

2.1 

0 . 0069 

2.2 

0.0045 

2.3 

0 . 0028 

2.4 

0.0018 

2.5 

0.0011 

2.6 

0 . 0007 

2.7 

0 . 0004 

2.8 

0 . 0002 

2.9 

0.0001 

*  The  value  of  h  for  a  set  of  n  measurements  can  be  calculated  from  equation  4. 
If,  instead  of  h,  the  standard  derivation  s  or  the  probable  error  p  is  used  as  a  basis 
of  reference,  one  may  put,  from  equations  6  and  7,  hx  =  x/s  \/2  or  hx  =  0A77x/p, 
respectively.     The  same  substitutions  can  be  used  also  in  Table  C-2. 

Since  the  yx  curve  represents  the  frequency  of  errors,  the  probability  Px 
of  an  error  being  between  the  limits  -\-x  and  —a;  is  defined  by  the  area  of  the 
yx  curve  between  these  limits,  that  is, 

Px  =  -4=    /       e-^  dx  (2a) 
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The  influence  of  h  as  parameter  can  be  eliminated  from  the  previous  formula 
if  we  regard  hx  as  an  independent  variable,  in  the  same  manner  as  it  was 
done  for  yx.     Thus,  we  can  write 

2     rhx 

Px  =  phx  =  _—    /      e-(^>2  d(hx)  (2b) 

W  Jo 

Values  of  Phx,  corresponding  to  given  values  of  hx,  are  shown  in  Table  C-2. 

The  use  of  Table  C-2  may  be  illustrated  as  follows.  If,  in  a  large  set  of 
measurements  of  a  distance  in  inches,  the  modulus  of  precision  h  is  found  to  be 
h  =  8  in.-1,  the  probability  of  occurrence  of  a  positive  error  lying  between 
the  limits  x  =  +0.02  in.  and  x  =  +0.03  in.  will  be  3^(-Pa*=o.24  —  Phx^o.n) 
=  ^(0.2657  -  0.1790)  =  0.0434.  The  probability  of  occurrence  of  an  error 
between  the  same  numerical  limits  but  irrespective  of  sign  will  be,  of  course, 
twice  the  previously  obtained  value. 

In  the  foregoing  formulas  the  error  x  was  defined  as  the  difference  between 
the  observed  and  the  true  value  of  the  measured  quantity.     The  use  of  these 


TABLE  C-2* 

Values  of  the  Probability  Integral  Phx  =  — 7=  /  e  h2x2  d(hx) 

\Ar  JO 

hx 

0.00 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.0 

0.0000 

0.0113 

0 . 0226 

0.0338 

0.0451 

0.0564 

0.0676 

0.0789 

0.0901 

0.1013 

0.1 

0.1125 

0.1236 

0.1348 

0.1459 

0.1569 

0.1680 

0.1790 

0.1900 

0 . 2009 

0.2118 

0.2 

0.2227 

0.2335 

0 . 2443 

0.2550 

0.2657 

0.2763 

0 . 2869 

0.2974 

0 . 3079 

0.3183 

0.3 

0 . 3286 

0.3389 

0.3491 

0.3593 

0 . 3694 

0 . 3794 

0.3893 

0.3992 

0.4090 

0.4187 

0.4 

0.4284 

0.4380 

0.4475 

0.4569 

0.4662 

0 . 4755 

0.4847 

0 . 4937 

0.5027 

0.5117 

0.5 

0 . 5205 

0.5292 

0.5379 

0.5465 

0.5549 

0 . 5633 

0.5716 

0 . 5798 

0.5879 

0.5959 

0.6 

0 . 6039 

0.6117 

0.6194 

0.6270 

0.6346 

0 . 6420 

0.6494 

0.6566 

0.6638 

0 . 6708 

0.7 

0.6778 

0 . 6847 

0.6914 

0.6981 

0 . 7047 

0.7112 

0.7175 

0.7238 

0.7300 

0.7361 

0.8 

0.7421 

0.7480 

0 . 7538 

0.7595 

0.7651 

0.7707 

0.7761 

0.7814 

0.7867 

0.7918 

0.9 

0 . 7969 

0.8019 

0 . 8068 

0.8116 

0.8163 

0 . 8209 

0.8254 

0.8299 

0.8342 

0.8385 

1.0 

0.8427 

0.8468 

0.8508 

0.8548 

0.8586 

0.8624 

0.8661 

0.8698 

0.8733 

0.8768 

1.1 

0.8802 

0.8835 

0.8868 

0 . 8900 

0.8931 

0.8961 

0.8991 

0.9020 

0.9048 

0.9076 

1.2 

0.9103 

0.9130 

0.9155 

0.9181 

0 . 9205 

0 . 9229 

0.9252 

0.9275 

0.9297 

0.9319 

1.3 

0.9340 

0.9361 

0.9381 

0 . 9400 

0.9419 

0.9438 

0.9456 

0.9473 

0 . 9490 

0.9507 

1.4 

0.9523 

0.9539 

0.9554 

0.9569 

0.9583 

0.9597 

0.9611 

0.9624 

0.9637 

0.9649 

1.5 

0.9661 

0.9673 

0.9684 

0.9695 

0.9706 

0.9716 

0.9726 

0.9736 

0.9745 

0.9755 

1.6 

0.9763 

0.9772 

0.9780 

0.9788 

0.9796 

0.9804 

0.9811 

0.9818 

0.9825 

0 . 9832 

1.7 

0.9838 

0.9844 

0.9850 

0 . 9856 

0.9861 

0 . 9867 

0.9872 

0.9877 

0 . 9882 

0 . 9886 

1.8 

0.9891 

0.9895 

0 . 9899 

0.9903 

0.9907 

0.9911 

0.9915 

0.9918 

0.9922 

0.9925 

1.9 

0.9928 

0.9931 

0.9934 

0.9937 

0.9939 

0.9942 

0 . 9944 

0.9947 

0 . 9949 

0.9951 

2.0 

0.9953 

0.9955 

0.9957 

0.9959 

0.9961 

0.9963 

0.9964 

0.9966 

0.9967 

0 . 9969 

*  This  table  is  based  on  Tables  of  Probability  Functions,  Vol.  1,  Federal  Works 
Agency,  Work  Projects  Administration  for  the  City  of  New  York,  1941.  In 
the  use  of  this  table,  when  not  hx  but  x/s  or  x/p  is  given,  see  footnote  to  Table  C-l. 
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terms  has,  however,  certain  limitations.  In  one  class  of  physical  problems 
the  "true"  value  may  be  approximated  but  never  exactly  established,  which 
leaves  also  the  errors  undefined.  In  other  types  of  problems,  such  as  the 
determination  of  the  strength  of  a  testpiece,  it  is  entirely  illusory  to  speak  of 
a  "true"  value,  because  each  test  result  was  equally  true  under  the  given 
circumstances.  In  such  cases  it  is  more  correct  to  say  that  the  object  of 
repeated  tests  was  to  find  the  "best  estimate"  or  the  "most  probable  value" 
of  strength  that  a  randomly  chosen  piece  in  the  series  is  likely  to  exhibit. 
Since  in  the  theory  of  measurements  the  difference  between  the  observed 
value  and  the  best  estimate  of  a  quantity  is  defined  as  the  deviation  (or  some- 
times residual),  the  previous  x  values  are  referred  to  in  the  subsequent  articles 
more  often  as  deviations. 

Though  the  normal  frequency-distribution  curve  adequately  covers  the 
majority  of  physical  problems,  there  are  exceptions  where  this  law  evidently 
cannot  apply.  In  those  instances  we  usually  find  that  the  nature  of  the 
problem  is  such  that  it  contradicts  one  of  the  following  three  characteristic 
features  of  the  normal  law,  namely:  (a)  that  there  is  an  equal  probability  for 
positive  and  negative  deviations,  (b)  that  very  large  deviations,  though  less 
likely,  are  possible,  and  (c)  that  the  frequency  curve  has  only  one  peak  at 
x  =  0.  Methods  of  analysis  of  such  problems,  which  are  at  variance  with 
the  normal  distribution  law,  may  be  found  in  references  1,  2,  and  5  in  the 
bibliography. 

3.  The  Most  Probable  Value  and  Indexes  of  Precision.  It  can  be  shown 
on  the  basis  of  the  normal  frequency  law,  that,  if  a  large  number  of  n  measure- 
ments, X\,  X'2,  ■  ■  ■  Xn,  are  taken,  all  with  equal  skill  and  care,  of  a  quantity 
X,  the  most  probable  value  of  the  quantity  is  X0,  the  arithmetic  mean  of  all 
measurements: 

X„  -  ■*■  +  *,+  ■  ■■+*.  =  5£  (3) 

n  n 

Denoting  the  deviations  from  the  mean  as  Xi  =  Xi  —  X0,  Xi  =  X2  —  X0  and 
xn  =  Xn  —  Xo,  we  also  find  that  the  foregoing  choice  for  the  most  probable 
value  makes  the  combined  probability  of  occurrence  of  these  deviations  the 
greatest,  or  the  sum  of  squares  of  .the  deviations  a  minimum,  which  is  the 
basis  of  the  well-known  method  of  least  squares.  As  the  number  of  observa- 
tions n  becomes  very  large,  the  arithmetic  mean  X0  coincides  with  the  true 
value  X,  and  the  deviations  can  be  regarded  as  the  actual  values  of  the  errors. 
Once  the  deviations,  Xi,  x»,  •  ■  ■  xn,  are  obtained,  the  following  precision 
indexes  can  be  calculated  by  the  so-called  standard  of  Bessel's  formulas: 


Modulus  of  precision  h  =  \\'"„   „  (4) 

\  21iX2 

X\x\ 
Average  deviation  of  a  single  observation  a  =  — — -  (5) 

n 


Standard  deviation  of  a  single  observation  s  =  ■=  =  \l—- — ■  (6) 

h  \/2        \  *  -  1 


2jx- 
Probable   error  of  a  single  observation  p  =  0.6745s  =  0.6745^/—  '—-     (7) 
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Thus,  the  average  deviation  a  is  defined  as  the  mean  of  the  absolute  values  of 
all  deviations,  and  the  standard  deviation  s  (often  denoted  by  cr)  is  obtained 
as  the  square  root  of  the  sum  of  squared  deviations  divided  by  n  —  1.  The 
probable  error  of  a  single  observation  is  a  deviation  of  such  magnitude  that 
the  probability  of  a  deviation  being  greater  than  it  equals  the  probability 
of  lesser  deviations.  The  term  is  not  altogether  fitting,  and  a  name  like 
"median  error"  would  describe  more  correctly  the  nature  of  this  deviation, 
since  the  most  probable  accidental  error  in  a  series  of  measurements  is  actually 
zero. 

It  can  be  shown  that  the  precision  indexes  for  the  mean  value  X0  of  a  set 
of  n  measurements  is  l/yn  times  the  corresponding  indexes  for  an  individual 
observation  in  the  set,  that  is: 


Average  deviation  of  the  mean  aQ 


n  v?? 


(8) 


Standard  deviation  of  the  mean  s0 


Probable  error  of  the  mean  pQ 


?i(n 
0.6745 


n(n 


X) 


(9) 


(10) 


Approximate  values  of  the  precision  indexes  may  be  more  rapidly  calculated 
from  the  following  formulas  of  Peters,  based  on  the  sum  of  the  absolute 
values  of  the  deviations,  2|a;|  =  \xi\  +  b2|  +  ■  •  ■  +  \xn\,  instead  of  the 
sum  of  the  squares  of  deviations  used  in  the  standard  formulas. 


h  = 


■\/n{i 


I 


(n: 


1.253321*1 


-%/? 


1) 


So 


1.25332b 


vn 


1 


(12a,  b) 


V  = 


0.8453  2|a;! 

V  n(n  —  1) 


Po  = 


0.84532b 


V  n  —  1 


(13a,  b) 


Example.  A  distance  X  is  measured  20  times  with  equal  care  by  a  tape 
reading  J*f0  m-  The  following  table  shows  the  results  of  measurement,  the 
x  deviations  of  these  values  from  their  arithmetic  mean,  and  the  squares  of 
the  deviations. 


Xiin.   Xi  =  Xi  —  X0in. 


Xiin.     Xi  =  Xi  —  X0in.  rc;2in.2 


71.4 

-0.1 

0.01 

71.1 

-0.4 

0.16 

71.3 

-0.2 

0.04 

71.8 

+0.3 

0.09 

71.6 

+0.1 

0.01 

71.5 

0.0 

0.00 

71.5 

0.0 

0.00 

71.4 

-0.1 

0.01 

71.3 

-0.2 

0.04 

71.7 

+0.2 

0.04 

71.8 

+0.3 

0.09 

71.6 

+0.1 

0.01 

71.6 

+0.1 

0.01 

71.2 

-0.3 

0.09 

71.4 

-0.1 

0.01 

71.5 

0.0 

0.00 

71.7 

+0.2 

0.04 

71.6 

+0.1 

0.01 

71.6 

+0.1 

0.01 

71.4 

-0.1 

0.01 
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The  most  probable  value  of  the  distance  X0  is  obtained  as  the  arithmetic 
mean  of  the  measurements  X0  =  "EXi/n  =  1430.0/20  =  71.50  in.  We  also 
find  that  the  sum  of  the  deviations  Sx  =  0,  X\x\  =  3.00  in.,  and  that  2a;2  = 
0.68  in.2  For  the  probable  error  of  the  mean  we  have  from  the  standard 
formula  (equation  10):  p0  =  0.0285  in.  and  from  Peters'  approximate  formula 
(equation  13b):  po  =  0.0291  in.  The  final  result  of  this  series  of  observation 
can  thus  be  stated  as  X  =  71.50  ±  0.029  in.,  which  denotes  that  there  is  a 
50  per  cent  probability  that  the  true  value  of  the  distance  is  between  the 
values  of  71.53  and  71.47  in. 
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Fig.  C-2.     Numerical  Example 

The  relative  frequency  of  the  foregoing  measurements  may  be  represented 
as  shown  in  Fig.  C-2.  Since  in  20  observations  the  value  71.4  in.  was  obtained 
4  times,  its  relative  frequency  per  least  count,  that  is  per  0.1  in.,  is  (Ho)  X 
(1/0.1  in.)  =  2.0in._1,  which  is  marked  as  a  corresponding  ordinate  in  the  graph, 
and  frequency  values  for  all  the  other  readings  are  found  in  a  similar  manner. 
This  observed  frequency  distribution  can  be  compared  with  the  theoretical 
curve  by  calculating  h  from  equation  4  as  h  =  \/(n  —  \)/22x2  =  3.74  in.-1 
(the  approximate  formula  in  equation  11  gives  h  =  3.66  in.-1),  and  then 
finding  the  ordinates  of  the  yx  curve  by  interpolating  in  Table  C-l.  The 
calculation  in  the  tabular  form  follows,  and  the  results  indicated  by  the 
dotted  curve  in  Fig.  C-2.  Such  comparisons  between  observed  and  theoretical 
frequency  distributions  of  deviations  are  often  used  to  establish  whether  a 
set  of  measurements  is  likely  to  contain  constant  or  systematic  errors. 
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xin- 

hx 

Vhx 

Ux  =  hyh 

0 

0 

0.56 

2.11 

0.1 

0.374 

0.49 

1.83 

0.2 

0.748 

0.32 

1.20 

0.3 

1.122 

0.16 

0.60 

0.4 

1.496 

0.06 

0.22 

4.  Rejection  of  Observations.  It  is  frequently  found  in  a  series  of  measure- 
ments that  one  or  two  individual  readings  differ  widely  from  the  others,  which 
gives  rise  to  the  question  whether  it  may  be  justified  to  reject  such  incon- 
gruous readings  in  calculating  the  most  probable  value  of  the  observed 
quantity. 

The  mere  fact  that  an  observation  differs  considerably  from  the  others 
seems  to  be  not  a  sufficient  reason  for  its  rejection,  since  the  normal  frequency 
distribution  clearly  indicates  the  possibility  of  deviations  occurring  between 
the  +  oo  and  —  <*>  limits.  However,  the  normal  distribution  curve  was 
derived  on  the  assumption  of  an  infinitely  large  number  of  observations,  and 
for  a  finite  number  of  measurements  the  probability  of  occurrence  of  large 
deviations  should  be,  of  course,  accordingly  limited.  If  in  10  measurements, 
for  instance,  a  deviation  of  such  magnitude  is  found  that  is  likely  to  occur 
only  once  in  100  readings,  the  influence  of  this  discordant  value  in  the  small 
set  of  readings  would  evidently  distort  the  results,  and  better  estimate  of  the 
observed  quantity  can  be  derived  by  rejecting  such  a  value  from  the  record. 

Of  the  various  criteria  proposed  for  the  limits  of  rejection  of  observations 

the  most  widely  accepted  one  is  by  Chauvenet,  which  states  that  if  in  a  series 

of  n  measurements  the  probability  of  occurrence  of  a  deviation  of  x  magnitude 

is  less  than  one  half,  then  the  observation  exhibiting  such  deviation  should  be 

rejected.     Since  the  probability  of  a  deviation  of  magnitude  less  than  x  among 

n  measurements  is  defined  by  the  normal  distribution  law  as  nPx,  where  Px  is 

the  probability  integral,  the  foregoing  limiting  condition  can  be  written  in 

the  form: 

2r>  —  1 
»(1  ~  Px)  =  i     or     Px  =  —^-  (14) 

TABLE  0-3 

Chauvenet's  Criterion 
If  any  individual  deviation  x  in  a  set  of  n  measurements  exceeds  the  values  of 
hx,  x/s,  or  x/p  given  in  the  table,  the  observation  exhibiting  such  a  deviation  should 
be  rejected.  The  symbols  h,  s,  and  p  denote  the  modulus  of  precision,  the  standard 
deviation  and  the  probable  error,  respectively,  for  a  single  observation  in  the  set 
and  can  be  calculated  from  equations  4,  6,  and  7. 


n 

hx 

x/s 

x/p 

n 

hx 

x/s 

x/p 

5 

1.16 

1.68 

2.44 

15 

1.51 

2.13 

3.16 

6 

1.22 

1.73 

2.57 

16 

1.53 

2.16 

3.20 

7 

1.27 

1.79 

2.68 

17 

1.54 

2.18 

3.22 

8 

1.32 

1.86 

2.76 

18 

1.56 

2.20 

3.26 

9 

1.35 

1.92 

2.84 

19 

1.57 

2.22 

3.29 

10 

1.39 

1.96 

2.91 

20 

1.58 

2.24 

3.32 

11 

1.42 

2.00 

2.98 

25 

1.64 

2.32 

3.44 

12 

1.44 

2.03 

3.02 

30 

1.69 

2.39 

3.55 

13 

1.47 

2.07 

3.08 

40 

1.77 

2.50 

3.70 

14 

1.49 

2.10 

3.12 

50 

1.82 

2.58 

3.82 
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Hence  Px  can  be  found  for  any  n  value  from  Table  C-2,  and  the  ratio  be  deter- 
mined between  the  permissible  error  x  and  the  modulus  of  precision  h,  the 
standard  deviation  s  or  the  probable  error  p,  for  any  given  set  of  n  measure- 
ments as  shown  in  Table  C-3. 

Example.  The  following  table  shows  the  results  of  10  measurements,  i  = 
1,  2,  3  ■  •  •  10,  made  on  an  X  quantity;  the -deviation  of  each  of  these  meas- 
urements, Xi  =  Xi  —  X0,  from  the  mean  value  A"0;  and  the  squares  of  the 
deviations. 


i 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Xi 

45.3 

47.2 

46.3 

48.9 

46.9 

45.8 

46.7 

47.1 

45.7 

45.1 

Xi 

=  Xi  - 

-An 

-1.2 

0.7 

-0.2 

2.4 

0.4 

-0.7 

0.2 

0.6 

-0.8 

-1.4 

Xi2 

1  .44 

0.49 

0  04 

5.76 

0.16 

0.49 

0.04 

0.36 

0.64 

1   96 

We  find  X0  =  I^X/n  =  46.5  and  Sa;2  =  11.38.     The  standard  deviation  for 
an  individual  reading  in  this  set  is  calculated  from  equation  6  as 


s  =  V^V»  -  1  =  1.12. 

The  maximum  permissible  deviation  is,  therefore,  obtained  from  Table  C-3 
as  x  =  1.12  X  1.96  =  2.20.  Since  observation  number  4  gives  a  deviation 
of  2.40,  that  is,  larger  than  this  value,  that  observation  should  be  rejected 
from  the  set. 

The  same  procedure  may  be  repeated  now  to  check  whether  any  of  the 
remaining  9  observations  show  an  unduly  large  deviation  from  their  mean 
value.     Thus,  we  have: 


i 

1 

2 

3 

5 

6 

7 

8 

9 

10 

Xi 

45.30 

47.20 

46.30 

46.90 

45.80 

46.70 

47.10 

45.70 

45.10 

Xi  =  Xi  - 

-An 

-0.93 

0.97 

0.07 

0.67 

-0.43 

0.47 

0.87 

-0.53 

-1.13 

Xi2 

0.865 

0.941 

0.005 

0.449 

0.185 

0.221 

0.757 

0.281 

1.277 

Now  A0  =  46.23,  2x2  =  4.9S1,  s  =  0.789,  and,  since,  from  Table  C-3,  the 
limit  of  permissible  deviations  x  =  0.789  X  1.92  =  1.575  is  larger  than  the 
maximum  deviation  1.13  in  the  above  set,  none  of  the  remaining  observations 
should  be  rejected. 

5.  Weighted  Measurements.  In  the  preceding  articles  it  was  assumed  that 
each  measurement  in  a  set  was  made  with  equal  care  and  precaution,  thus 
deserving  the  same  degree  of  confidence.  However,  this  is  not  always  so, 
and  there  are  instances  when  certain  observations  are  known  to  be  more 
reliable  than  others.  In  such  cases  evidently  a  better  estimate  of  the  observed 
quantity  may  be  derived  if  the  more  trustworthy  measurements  are  allowed 
to  exert  a  greater  influence  on  the  result.  This  can  be  accomplished  by 
assigning  relative  degrees  of  reliability  of  "weights"  to  each  measurement  in 


THE  PRECISION  OF  MEASUREMENTS  1055 

the  set.  These  weights  are  usually  chosen  as  integer  numbers,  and  by  assign- 
ing to  a  given  observation  a  weight  w  we  signify  the  fact  that  this  observation 
is  equivalent  in  importance  to  a  w  number  of  observations,  each  of  unit  weight. 
In  calculating  the  most  probable  value  of  the  quantity  such  an  observation 
should  be  counted,  therefore,  w  times  compared  to  those  of  unit  weight. 

Thus,  if  a  series  of  Xi,  X2,  ■  ■  ■  Xn  measurements  is  made  with  relative 
weights  ioi,  102,  •  ■  •  wn,  the  most  probable  value  of  the  quantity  is  found  to 
be  the  weighted  arithmetic  mean: 

v  WlXi   +  102X2    •     ■     •     +   WnXn  2wX 

^-0  =  : ; ; =  -s —  (15) 

M'l   -+-  Wl  +     •    •    •     +  Wn  2jW 

Denoting  by  Xi  =  X*  —  Xo  the  difference  between  the  ith  observation  in  the 
foregoing  set  and  the  weighted  mean  value,  the  modulus  of  precision  for  the 
set  is  obtained  as 


n  —  I  ,     „ 

22^  (16) 


whereas  for  an  observation  of  unit  weight  we  have  the  following  values  of 
the  standard  deviation  Si  and  the  probable  error  p\\ 


•1  -  \\^-x  (17) 


T  (18) 

n  —  \ 

Since  the  standard  deviations  or  probable  errors  of  individual  observations 
in  the  same  series  are  inversely  proportional  to  the  square  root  of  their  weights, 
the  standard  deviation  So  and  the  probable  error  p0  of  the  weighted  mean  will 
be 


s°  =  \  7 TT^  (I9) 


and  po  =  0.6745  .- — —  (20) 

\  (n  —  l)2t0 

By  substituting  ~Zw  —  n,  the  foregoing  expressions  are  reduced  to  the  standard 
formulas  for  equally  weighted  measurements  given  in  equations  4  to  10. 

6.  Indirect  Observations  on  One  Unknown  Quantity.  If  an  unknown 
quantity  U  is  not  directly  accessible  to  measurement,  but  it  has  a  known 
functional  relationship  to  X,  Y,  and  Z  measurable  quantities, 

U=f(X,Y,Z)  (21) 

the  most  probable  value  for  the  unknown,  U0,  can  be  obtained  by  substituting 
the  most  probable  values  of  the  measured  quantities,  Xo,  F0,  and  Z0  into  the 
foregoing  equation.  The  standard  deviation  s0r  and  the  probable  error  p0u 
will  then  have  the  following  correlations  with  the  corresponding  values  of 
Sox,  Soy,  s0z  and  p0x,  Por,  poz  of  the  mean  values  Xo,  F0,  and  Z0: 
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/dUV  /dUY  /dU\ 

*,  -  [px)  rt,  +  (w)  sV  +  WJ  s2»  <22) 

and  p2ou  =  (ay  )   P2o*  +  (  ^yj   p2oy  +  \Jf)   P2oz  (23) 

Example.  The  area  of  a  circle  is  to  be  derived  from  measurements  made 
on  its  diameter,  for  which  a  series  of  readings  gave  X0  =  4.67  +  0.02  in.  as 
the  mean  value  and  its  probable  error.  What  will  be  the  best  estimate  and 
its  probable  error  for  the  area  of  the  circle? 

Since  the  area  U  =X'1ir/A,  the  best  estimate  for  its  value  is  obtained  as 
U0  =  ir  X  4.672/4  =  17.1287  in.'2  with  a  probable  error  of  p0u  =  (dU/dX)p0x 
=  ±(tX0/2)pox  =  ±(tt  X  4.67/2)0.02  =   ±0.1467  in.2 

If  the  aim  of  an  experiment  is  to  establish  the  value  of  an  unknown  quantity 
U  with  a  required  degree  of  precision  from  measurements  made  directly  on  the 
X,  Y,  and  Z  quantities,  the  precision  necessitated  in  the  determination  of  each 
of  these  latter  quantities  is  indicated  by  equations  22  and  23.  It  may  be 
seen,  for  instance,  that  the  same  value  for  the  probable  error  in  U0  can  be 
obtained  by  various  combinations  in  the  probable  errors  of  the  mean  values 
Xo,  Y0,  and  Z0.  If  the  Ar,  Y,  and  Z  quantities  are  of  different  dimensions 
(one  may  be  mass,  the  other  time,  etc.),  a  certain  degree  of  precision  may  be 
more  easily  obtainable  for  one  than  for  the  other,  and,  even  if  they  were  the 
same,  they  are  likely  to  affect  the  result  in  a  different  manner.  The  selection 
of  the  best  combination  to  satisfy  the  correlations  in  equation  22  or  23  is 
the  principal  problem  in  the  planning  of  a  precision  experiment. 

Example.  The  value  of  g  is  to  be  determined  from  the  pendulum  formula 
t  =  t  \/l/g,  by  taking  measurements  on  I  and  t.  What  are  the  fractional 
permissible  errors  in  I  and  t  in  order  that  the  resulting  error  in  g  should  not 
exceed  1  per  cent? 

Denoting  the  probable  error  in  g,  I,  and  t  by  pg,  pi,  and  pt,  we  have  from 
equation  23,  on  substitution  of  g  =  T2l/t2, 

*-®V+(*)"-®V+(^V 

Dividing  both  sides  by  g'1  =  (rH/t2)2,  we  have  the  following  relation  between 
the  fractional  probable  errors: 

Thus,  we  find  that,  even  if  the  determination  of  /  could  be  made  with  such 
accuracy  as  to  render  the  value  of  pi  practically  equal  to  zero,  in  order  to 
obtain  the  value  of  g  within  1  per  cent,  the  probable  error  in  the  determination 
of  t  should  not  exceed  V2  per  cent  of  t. 

7.  Indirect  Observations  on  More  than  One  Unknown  Quantity.  In  this 
case  the  object  of  measurement  is  to  establish  the  most  probable  values  of  k 
unknown  quantities,  Qi}  Qi,  •  •  ■  Qk,  from  a  set  of  n  measurements,  Xi,  A'2, 
•  •  •  X„,  made  on  an  X  quantity  that  has  a  known  functional  relationship 
with  the  Q's.     The  results  of  such  measurements  can  be  stated  in  the  form 
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of  n  equations  containing  k  unknowns,  and,  if  n  >  k,  in  general,  no  set  of  the 
Q  unknowns  will  satisfy  these  equations  exactly. 

When  the  X's  are  linear  functions  of  the  unknown  Q's,  and  all  the 
observed  values,  Xi,  X2,  •  •  •  X„,  are  of  equal  weight,  the  procedure  of 
finding  the  most  probable  values  for  the  Q's  is  as  follows. 

The  relationship  between  the  Qi,  Q-i,  •  •  •  Qk  unknowns  and  the  measured 
Xi,  X2,  •  •  •  Xn  quantities  is  defined  now  by  the  following  observation  equa- 
tions.- 

aiQi  +  hvQi  +  ClQ3  +  •  •  •  +  feiQ*  =  Xi 

a2Qi  +  b2Q2  +  c2Q3  +   •  •  •  +  k2Qk  =  X2  (24) 


anQi  +  &„Q2  +  cnQ3  +  ■  ■  ■  +  knQk  =  Xn 

Multiplying  each  of  these  equations  by  the  coefficient  of  Qi  in  that  equation, 
and  then  adding  vertically  the  n  equations,  we  get  the  first  normal  equation. 
The  second  normal  equation  is  obtained  in  a  similar  manner  by  multiplying 
each  of  the  observation  equations  by  the  coefficient  of  Q2  in  that  equation 
and  then  summing  up  the  n  equations.  If  this  operation  is  repeated  k  times, 
the  result  is  the  following  set  of  normal  equations : 

(Sa2)Q!  +  (Sa6).Q2  +  (Sac)Q3  +  •■.•  +  (2ak)Qk  =  SaX 

(Sa6)Qi  +  (252)Q2  +  (?bc)Q3  +  •  •  •   +  (2bk)Qk  =  26X         (25) 


(SaAOQi  +  (2bk)Q2  +  (Zck)Q3  +  •  •  •  +  (2F)Q*  =  SAX 
where  the  summations  denote  the  following  expressions: 

2a2  =  flr  +  a22  +  ('■:?  +   •  •  •   +  cr 

2a&  =  a\b\  -\-  a-jb-i  -\-  a3b3  +   •   •   •   +  anbn 

~2aX  =  aiXi  +  a»Xi  +  o3A"3  +  •  •  •  +  anXn,     etc. 

The  solution  for  the  Q's  from  the  previous  normal  equations  indicates 
the  most  probable  values  of  these  quantities  which  we  denote  by  Q0i,  Q02, 
Q03,  "  "  *  Qok.  Substituting  these  in  place  of  the  Q's  in  the  observation 
equations,   we   have   the   most   probable   values   for   the   X's   as   X0i,    X02, 

A()3>     *     "     "    A  On. 

aLQoi  +  &1Q02  +  C1Q03  +   •  •  •   +  kLQok  =  Xot 

a2Qoi  +  &2Q02  +  C2Q0S  +  •  '  '  +  kzQoh  =  X02  (26) 


anQoi  +  bnQ02  +  c„Qo3  +  •  •  '  +  knQok  =  X0„ 

The  deviation,  Ai  =  X01  —  Xi,  is  called  now  an  adjustment,  which  needs  to 
be  added  to  the  observed  quantity  Xi  in  order  to  derive  its  most  probable 
value  X01.     Similarly  A2  =  X02  —  X2  and  A„  =  X0„  —  Xn.     It  can  be  shown 
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that  the  sum  of  squares  of  these  deviations  with  respect  to  the  X01,  X02,  ■  ■  ■ 
X0n  values  is  less  than  with  respect  to  any  other  set  of  X  quantities,  or,  in 
other  words,  the  X01,  X0%,  ■  •  ■  X0n  quantities  have  the  maximum  combined 
probability  of  occurrence. 

8.  Adjustment  of  Conditioned  Measurements.  If  there  are  n  independent 
observations,  Xi}  X2,  "  ■  '  Xn,  which  are  related  to  a  k  number  of  unknowns, 
Qi,  Q2,  '  '  '  Qk,  and,  at  the  same  time,  there  is  an  /  number  of  conditions  which 
the  Q  unknowns  have  to  satisfy  among  themselves,  we  speak  of  conditioned 
measurements.  The  simplest  example  of  this  kind  is  the  case  when  independ- 
ent measurements  are  made  of  the  three  angles  of  a  triangle,  a,  /3,  and  7, 
which  are  known  to  be  related  by  the  condition  a  +  (3  +  7  =  180°.  In 
general,  the  measured  values  of  these  quantities,  denoted  by  a.\,  /3i,  and  71, 
will  not  comply  with  the  foregoing  condition  and  will  need  adjustments  for 
this  purpose. 

The  most  probable  values  of  the  unknowns,  in  the  case  when  they  are 
related  in  a  linear  manner  to  the  measured  quantities,  which  are  assumed  to 
be  all  of  the  same  weight,  can  be  determined  in  the  following  way. 

The  observation  equations  will  be  now: 

A1Q1  +  B,Q,  +  CiQ3  +  ■  •  •  +  K1Qk  =  X, 

A,Qx  +  B2Q,  +  C2Q3  ■+  ■  ■  •   +  KiCh  =  X2  (27) 


AnQ,  +  BnQ,  +  CnQ3  +•••■+  KnQk  =  Xn 

At  the  same  time  the  Q  unknowns  have  to  satisfy  an  /  number  of  condition 
equations: 

/i(Qi,  Qz,  Qz,  ■  ■  ■  Qk)  =  0 

MQi,.QhQ*,'-  ■  ■  Q*)  =  0  (28) 


MQi,  Q»,  Q»,  •  •  •  Q0  =  0 

It  may  be  seen  that  by  substituting  the  condition  equations  into  the  obser- 
vation equations  the  number  of  unknowns  can  be  reduced  to  m  =  k  —  I,  and 
the  resulting  reduced  observation  equations  then  can  be  written  in  the  form: 

aiQi  +  61Q2  +  CiQs  +  •  •  •   +  mlQm  =  X, 

a2Qi  +  62Q2  +  C2Q3  +  •  ■  •  +  m2Qm  =  X2  (29) 


anQx  +  bnQ2  +  c„fh  +••••+  mnQm  =  Xn 

) 

The  rest  of  the  solution  can  be  obtained  in  the  same  manner  as  outlined  in 

the  preceding  article  in  connection  with  equation  24.     From  the  reduced 

observation  equations  the  normal  equations  are  formed,  the  solution  of  which 

furnishes  the  most  probable  values  Q01,  Q02,  ■  •  ■  Qo™  of  the  m  number  of 
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unknowns.     By  substituting  these  into  the  condition  equations  the  rest  of  the 
Q  values  can  be  found. 

The  method  is  illustrated  now  in  connection  with  the  previously  mentioned 
problem,  where  for  the  three  angles  of  a  triangle,  a,  0,  and  7,  independent 
measurements  gave  the  values  of  a.\,  0i,  and  71.  The  observation  equations 
will  be  now: 

a      •       •    =  «i 

•  0  .  •  =  0i 

•  •      7  =  7i 

The  condition  equation  states  that  the  exact  (and  also  the  most  probable) 
values  of  these  angles  must  be  related  as 

a  +/3  +7  =  ISO0 

Expressing  7  from  this  last  equation  and  substituting  it  in  the  foregoing,  we 
have  the  reduced  observation  equations  containing  only  two  unknowns: 

a  ■         ■         =  «i 

0        ■         =^i 
-a     -0  +  180°  =  71 

The  corresponding  normal  equations  will  then  be 

2a  +    0  -  180°  =  on  -  71 
and  a  +  2/3  -  180°  =  /3,  -  7, 

The  solution  of  these  gives  the  most  probable  values  for  the  angles  a  and  0  as 

180°  +  2a,  -  jSx  -  71 


ao 


and  j8o 


3 

180°  -«!  +  2/3,  -7, 


which,  in  turn,  on  substitution  into  the  equation  of  condition  give  for  the 
third  angle, 

180°  -  at  -  0i  +  2Ti 
70  = 3^ 

Thus,  we  find  that  the  A  adjustments,  that  had  to  be  added  to  the  observed 
values,  a,,  01;  and  71,  in  order  to  obtain  their  most  probable  values  that  comply 
with  the  equation  of  condition,  were 

Al=Ai=A,=  180°-tt'-g'-^ 
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Air-jet  vibration  calibrator,  359 

Aircraft     engine,     forces     transmitted 
through  feet  of,  281-283 

Aircraft  engine  crankshafts,  522 

Aircraft   frames    analyzed    photoelasti- 
cally,  913 

Aircraft  tubing,  residual  stresses  in,  500 

Airfoils,  flutter  of,  1043 

Airplane-wing  rib  stress  pattern,   830- 
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560-567 

Amplification  of  a  stage,  199-201 
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tance gages,  295-298 

Amplifier  design  procedure,  205-206 

Amplifiers,  amplitude-modulation,  223- 
226 
carrier-system,  220-223 
direct-coupled,  219-220 
multiple-stage,  205 
vacuum-tube,  201-206 

Amplitude  calibration  of  seismic  instru- 
ments, 353-354 


Amplitude     determination     of     simple 
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Amplitude-modulation  strain-gage  am- 
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Aquadag,  conducting  paint,  299 
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Asterism,  1004 
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Austenitizing  temperature,  471 
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Autofrettage,  557 
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Automatic    computers,    for    SR-4    ros- 
ettes, 424-425 

Automobile  axles,  endurance  limit,  554 

Automobile-drive  shaft  failure,  613 

Automobile  rear-axle  fracture,  601 

Automobile   tire,   fatigue  failure,    619- 
620 
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cally,  914 

Average  stress,  439 

Axial-stress-fatigue  machines,  55-56 

Axle  fracture,  601 

Axle  straightening,  554 
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Axles  (tubular),  flame-hardened,  540 


1061 


1062 


INDEX 


Babinet  compensator,  859,  864-865 

Backlash  in  dial  gages,  350 
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Balance  beam,  682 

Balsa  wood  pointer,  82 
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Beams,  stress  patterns  in,  849 

Beam  influence  lines,  670$ 
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cally,  917 
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Berry  strain  gage,  89,  91,  102 
Bessel's  formulas,  1050 
Betatron,  982 
Betti's  law,  671 
Biaxial  crystal,  947 
Biaxial-stress  tests,  40-45 
Biot's  analogies,  764-774 
Birefringence,  837 
"Black-spot"  method,  729 
Boiler  head,  slip  lines  in,  644 
Bolt  failures,  601 

fatigue,  556 

model  fractures,  623-624 
Bonded  metallic  gages,  170-180 
Bore  comparator,  235 
Bore  ratio,  influence  on  residual  stresses, 

496-497 
Boring-out  method,  461$ 
Boroscopes,  141 
Boulder  Canyon  Dam,  785 
Bourdon  tube  for  load  measurement,  31 
Bragg's  law,  993 

Brass  tubing,  residual  stresses  in,  466$ 
Brass-wire  models,  664,  670,  676 
Bridge    circuits   for   inductance    gages, 

252-257 
Bridge  ratio,  choice  of,  191-193 
Bridge    structures,   tested   with  brittle 

coating,  645 
Bridge  theory,  a-c,  261-264 

simplified,  188-189 
Bridge  type  of  circuits,  182-187 
Brinell  hardness  test,  22 

testing  machine,  66-67 


Brittle  coatings,  643-658 

Brittle   fractures   under   steady   stress, 

448-450,  455,  457 
Brittle  materials,  working  stresses  for, 

455,  457 
Brittle  models,  636-643 
Brittleness,  definition  of,  15 
Brush  analyzer,  589 

crystal  accelerometer,  316-318 
Buckingham's  x  theorem,  1036 
Buckling,  dimensional  analysis  of,  1042 
Buckling  loads,  determination  of,  688- 

689 
Bulge  tests,  43 

Bulkheads,  stresses  in,  915,  921-922 
Bureau  of  Reclamation  fixtures  for  slab 

analogy,  784-785 
Busby  hairline  extensometer,  89 
Bus-drive  journal  failure,  606 
Bush's  analogy,  807$' 

Cable,  residual  stresses  in,  555-556 
Cable  tester,  587 

Calibration,   of  bonded  electric   gages, 
177-180 

of  electric-capacitance  gages,  298 

of  optical  gages,  152 

of  photoelastic  materials,  867-874 

of  seismic  instruments,  377-380 

of  vibration  instruments,  348-361 

unit  step  pulse,  378-380 
Calibration   pieces   for   brittle   models, 

639 
Cambridge  universal  vibrograph,  331- 

332,  337 
Camera,  back-reflection,  993$ 
Canada  balsam,  120 
Capacitance  gages,  electric,  273-300 
Capp's  multiplying  divider,  89,  91 
Carbon  content,  influence  on  quenching 

stresses,  482 
Carbon-impregnated-plastic  strip  gage, 

168 
Carbon-stack  strain  gages,  164-167 
Carbon  steels,  tempering  of,  485 

thermal  stresses  in,  485-490 
Cardboard  models,  678 
Care  of  optical  elements,  126 
Carlson  resistance  gage,  169 
Carrier     amplifier     systems,     189-191, 
220-223 
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Carson's  integral,  378 

Car  wheels  tested  photoelastically,  914, 

918 
Case  carburizing,  550-553 
Case-hardened   specimens,   notch-effect 

in,  534 
Castings,  radiographed,  983 
Catalin  plastic,  895 
Cathode  bias  resistor,  213-214 
Cathode  follower,  231-232 
Cathode-ray    oscilloscopes,     226,     266, 

269 
Cathode-ray  target,  673 
Cathode-ray  tube,  314 
Celluloid,  as  photoelastic  material,  869, 
895,  927 

for  structural  models,  665 
Celluloid  spring  balance,  667-669,  686 
Centrifugal-stress  analogy,  770 
Centrifugal  stresses  photoelastically 

determined,  960 
Centrifugal-cast-steel  tubes,  503-504 
Chaplet  (unfused)  in  steel  casting,  989 
Charpy  impact  specimens,  628 

tests,  16,  60,  61 
Chauvenet's  criterion,  1053 
Checkerboard  of  Anthes,  727 
Chevron-type  bridge,  405-406 
Circuits,  equivalent,  203-205 

filter,  227-231 

for  inductance  gages,  252-257 

for  use  with  oscillographs,  257-259 

for  use  with  ratio  instruments,  259 

for  variable-capacitance  gages,  295- 
298 

frequency-modulated,  261,  297-298 

high-frequency,  296 

null-balance,  259-261 
Circuit  theory,  160-237 
Coatings,  antireflection,  124 

brittle,  643-658 

photoelastic,  925-926 
"Coaxing"  procedure,  527 
Cobalt  target,  994 
Cohesion  strength,  625 
Coker  compensator,  859,  861-863 
Coker  lateral  extensometer,  878 
Cold  drawing,  residual  stresses  due  to, 

506-508 
Cold  work,  X-ray  indication  of,  1005- 
1008 


Collecting  lenses,  131-132 
Collimated  light,  139 
Collimators,  142-143,  727 
Columbia  resin,  642,  896 
Columns,  buckling  loads  of,  688-689 
Liiders'  lines  in,  643 
residual  stresses  in  welded,  559 
Combined-stress-fatigue  machines,  57- 

59 
Combined-stress-testing  machines,   39- 

45 
Comparator,  gage,  152 
Compatibility     equations,      1024-1025, 

1030-1031 
Compensator,  use  of  analyzer  as,  863- 

864,  869 
Compensators,  Babinet,  859,  864-865 
Coker,  859,  861-863 
Soleil-Babinet,  864-865 
Computer,  Consolidated,  819-820 
Mallock's  electric,  817-819 
Murray's  electric,  820-821 
Concrete  beams,  prestressed,  558 
Concrete    structures,    photoelastic    in- 
sertions in,  926 
Condensing  lenses,  136 
Conditioned  measurements,  1058 
Connecting    rods    tested    with    brittle 

coating,  644 
Consolidated  computer,  819-820 
Consolidated  velocity  pickup,  331-332, 

334 
Consolidated  vibration  calibrator,  357  - 

358 
Constant-amplitude    fatigue    machine, 

53-54 
Constant-deflection  torsion-fatigue 

machine,  56-57 
Constant-deformation  axial-fatigue 

machine,  55-56 
Constrained  slice,  752,  760$" 
Constructional  steels,  residual  stresses 

in,  478 
Contact  indicator,  673 
Contact-peak  accelerometers,  368-372 
Contact  point,  motion  of,  74 
Continostat,  Gottschalk,  664,  670,  676 
Contour  projectors,  156 
Convergent  light,  polarized,  946-950 
Conversion  of  strains  to  stresses,  399- 

400 
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Cooling  method,  influence  on  residual 

stresses,  486 
Cooling  rate,  effect  in  induction  harden- 
ing, 539 
Cooling    velocity    in    quenching,    480- 

481 
Copper  oxide  rectification,  discrimina- 
tion by,  217-219 
Cordero  vibrometer,  322-323 
Corrosion  fatigue,  616-619 
Cox    vibration    recorder    (torsiograph) 

331-333,  338-339 
Crack  detection,  methods  of,  579-592 
Cracking  due  to  thermal  effects,  509- 

511 
Crankpin,  fatigue  fracture,  546 

residual  stresses,  542,  545 
Crankshaft,  brittle  coating  tests,  644 

endurance  tests,  535 

failure,  603 

residual  stresses,  522-524 

Stresscoat  pattern,  649 

vibrations,  307-309 
Crankshaft     journal,     flame-hardened, 
543 

induction-hardened,  533,  537 

weakness  at  oil  holes,  536 
Creep,  in  thin  cylinder,  445-446 

of  celluloid,  665-669 

of  metals,  17-19 
Creep  curves,  445 
Creep  rate,  444 
Creep-testing  machines,  45-49 
Creep  to  rupture,  test,  449 

failures,  624-625 
"Cross  effect"  of  cracks,  611 
Cross  sensitivity  of  SR-4  strain  gages, 

407-41 1 
Crystal,  biaxial,  930,  947 
Culmann's  circle,  394 
"  Cup-and-cone  "  fracture,  621 
Curved  beams,  brittle  models  of,  639 

photoelastic  tests  of,  914 
Curvilinear  coordinates,  integration  in, 

890-892 
Cushman's  soap  solution,  726 
Cyclograph,  587,  591 
Cylinders,  longitudinal  residual  stresses 
in,  467-468,  487 

normalized,  484-490 

quenched,  480-484 


Cylinders,    tangential  residual  stresses 
in,  464-467 
thermal  stresses  in,  469-471 
Cylindrical  lenses,  137 

Dalby.'s  optical  recorder,  95,  96 
Dam,  Boulder  Canyon,  785 

rubber  model  of,  401 
Damping  method  of  detecting  cracks, 

581,  588 
Dams,  gravity  stresses  in,  768-770,  897 
Debye  rings,  1004 

Defects,  revealed  by  radiography,  990 
Deflection-measuring  instruments,  672- 

674 
DeForest  scratch-recording  strain  gage, 

106-107 
DeForest-Anderson    lateral    extensom- 

eter,  878 
Deformeter,  Beggs,  669-679 
Eney,  664,  670,  676 
Weibel's,  774 
Deformeter,    moment,    664,    669,    679- 

684 
Dendrites,  identification  of,  986 
Dental  dam,  rubber  membrane,  885 
Design  of  models,  664-665 
Deviations,  1050 
Dial  gages  (indicators),  98-100 

Olsen-DeShazer,  401 
Dial  gage,  micrometer,  349-351 
Diamond  pivot,  75 
Diaphragms,  in  optical  systems,  124 

natural  frequencies  of,  278-279 
Diesel-driven  shaft,  service  failure,  610 
Diesel-engine    crankshaft    failure,    605, 

611 
Diesel-engine  drive,  vibrations  of,  307- 

309 
Diesel-engine     piston     rods,      residual 

stresses  in,  500 
Differentiation     of     transient     motion 

records,  384-386 
Diffraction,  X-ray,  993^" 
Diffraction  rings,  994^" 
Dimensional  analysis,  1035-1045 
Diode  tubes,  193/ 
Diopters,  121 
Direct-drive  vibration  calibrators,  357- 

361 
Discriminator  circuits,  217-219 
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Discriminators,  frequency,  297-298 

Dished  fracture,  595 

Disks,  centrifugal  stresses,  960 

Dislocation,  756 

Displacement,  definition  of,  4 

Displacement  diagrams,  428 

Displacement-meter  records,  interpre- 
tation of,  374-375 

Double  refraction,  837 

Double-resistor-type  strain  gage,  166 

Doublet,  lens,  119 

Drawing,  power  consumption  in,  507 

Drilling  tests  for  detecting  cracks,  582 

Dropped-weight  impact  machines,  61- 
63 

Dross  in  casting,  radiographed,  988 

Drucker's  oblique-incidence  method, 
908-910 

Ductile  materials,  working  stresses  for, 
454-457 

Ductility,  definition  of,  14 

Duddell  galvanometer,  311 

Dyadic  circle,  427 

Dyadic  gages,  410 

Dynamic  stresses,  photoelastic  study 
of,  913,  917 

Eddy-current  damping,  352 
Eddy-current  gages,  239$",  246 
Eddy-current  method  of  crack  detec- 
tion, 590-591 
Edge    effect,    photoelastic,    867,    893, 

902,  938-939 
Einsporn's  spherometer,  786-787 
Elastic  constants  for  metals,  table  of,  6 
Elastic  field,  electric-network  analogue, 

789-807 
Elastic  limit,  7 

Johnson's  apparent,  7 
Elasticity,  definition  of,  5 
Elasticity  modulus,  1019 
Elasticity     theory,     fundamentals     of, 

1013-1034 
Electrical  analogies  for  torsion,  738-751 
Electrical  differentiation,  385-386 
Electrical  integration,  383-384 
Electrical  methods  of  crack  detection, 

589 
Electrical-resistance  gages,  160-237 
Electric-capacitance  gages,  273-300 


Electric  computer,  Mallock's,  817-819 

Murray's,  820-821 
Electric-inductance  gages,  238-272 
Electric-network    analogue,    of   framed 

structures,  807-823 
of  elastic  field,  789-807 
Electric-vibration  generators,  363-364 
Electrodynamometer    computer  for 

strain  rosettes,  425 
Electromagnetic  calibrators,  354,  361 
Electromagnetic  oscillograph,  311-313 
Electromagnetic-vibration   generator, 

364-365 
Electromagnetic-wave  theory,  833 
Electrolyte,  use  in  meniscus  tests,  733 
Electrolytic  polishing,  1000 
Electrolytic  tank,  Philips,  737 

Thum  and  Bautz,  748 
Electron-diffraction   studies   of  ground 

surfaces,  519 
Electroscopes,  986 
Elevated    temperatures,    materials    at, 

440,  444-446 
working  stresses  at,  456-457 
Elevated-temperature  strength  of  steels, 

488-489 
Ellipse  of  stress,  428-429 
Ellipsoid,  index,  929-930 

of  strain,  996 
Elongation  (per  cent),  determination  of, 

10 
Embrittlement,  559 
Endurance  limit,  20,  451 

affected  by  induction  hardening,  535 

affected  by  oil  holes,  536 

influenced  by  repeated  stressing,  526- 

527 
Endurance  tests  on  crankshafts,  535 
Eney  deformeter,  664,  670,  676 
Engine     indicators,     capacitance-type, 

276-277 
Englemann's  soap  solution,  726 
Equations,  analogue  machines  for  the 

solution  of,  818-822 
Equiangular  lines,  744 
Equilibrium      conditions     of     residual 

stresses,  464 
Equilibrium     equations,     1016,     1023- 

1024,  1028-1030 
Equipotential  lines,  744 
Equivalent  circuits,  203-205 
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Equivalent  one-degree-of  freedom  sys- 
tems, 366-367 
Erection  of  image,  125 
Erector  lenses,  140 

Errors,  due  to  dial-gage  vibration,  350 
in    acceleration   measurements,   373- 

374 
in    calculating    Fourier    coefficients, 

346-347 
in     differentiating     transient-motion 

records,  385 
in  photoelastie-fringe  determination, 

943 
in  integrating  transient-motion 

records,  383 
in  mechanical  gages,  83-84 
in  membrane  analogy,  715-717 
in   recording   periodic    motion,    347- 

348 
in  strain  readings,  425 
in    transient-displacement    measure- 
ments, 374 
of  measurements,  1046^/" 
Error  sources  in  membrane  tests,  730- 

732 
Etching,  isothermal,  996 

removal  of  material  by,  465 
Expansion  coefficient,  negative,  472 
Experiment,    planning   of   a    precision, 

1056 
Explosion  under  water,  377 
Extensometers,  72-117 

lateral,  876-879 
Eyepieces,  128-131 

/,  ratio  of  lenses,  122 
Fabry's  interferometer,  910 
Fading  of  residual  stresses,  527-529 
Failure,  nucleus  of,  549 

phenomenon  of,  439 

probability  of,  448 
Fatigue,  of  bearing  alloys,  thermal,  559 

of  metals,  19-22 
Fatigue-crack  direction,  595,  597 
Fatigue-crack  penetration,  602 
Fatigue  failure,  of  hammer  rods,  504- 
505,  538 

of  aircraft  gears,  517 
Fatigue  fracture  of  crankpin,  546 
Fatigue  fractures,  593-619 


Fatigue  life,  evaluation  of,  111-113 

of  crankshafts,  522 
Fatigue  machines,  vibration  generators 

as,  365-366 
Fatigue  strength,  450-453 

influenced    by    heat    treatment    and 
grinding,  515 

of  aluminum  alloys,  561-567 

of  nitrided  specimens,  548 

of  notched  specimens,  531 

of  piston  pins,  551 

of  press-fitted  assemblies,  541 

of  spot  welds,  564-565 

versus     thermal     residual     stresses, 
524-526 
Fatigue  stresses  and  steady-state  vibra- 
tions, 302-309 
Fatigue  stressing,  X-ray  indication  of, 

1005 
Fatigue-testing  machines,  50-59 
Favre's  interferometer,  906-908 
Feedback,  current,  206-208 

voltage,  208-210 

multiple-stage,  210-211 
Ferrograph,  587 
Filleted-shaft  fractures,  596 
Film  illuminator,  979 
Films,  X-ray,  980 

Filon's  method  of  integration,  890-892 
Filter  circuits,  227-231 
Filters,  in  oscillograph  circuits,  258 

photoelastic,  899-900 
"Fire  polish"  of  lenses,  136 
"Fish  eye"  failures,  614,  615,  627 
Fixation  method,  933-950 
Flakes  originating  fatigue  failures,  614, 

617 
Flaking  due  to  internal  stress,  504-506 
Flame-cut  plates,  residual  stresses,  532 
Flame  hardening,  540-543 
Flame  heating,  530-532 
Flapper     valve,     Stresscoat     patterns, 

650-651 
Flaws,  detection  of  internal,  977jf 
Flexural  center,  710 
Flexure,  Saint- Venant  theory,  703-711 

torsionless,  710,  723-725 
Flexure-fatigue  machines,  52-55 
Flexureless  torsion,  708 
Flow  analogies,  702 
Flow  lines,  744 
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Fluid  flow,  photoelastic  studies  of,  914, 
917-919 

Fluid  mechanics,  analogues,  702 

Fluorescent    medium    for   crack   detec- 
tion, 586 

Fluoroscopy,  977,  987-989 

Flutter  of  airfoils,  1043 

Flux  diversions  by  a  crack,  583 
by  internal  cavity,  584 

Fly  wheel- type  impact  machines,  61 

Focal  length,  equivalent,  120 

Focus,  depth  of,  124 

Forgings,  flaking  of,  504 

Fosterite,  936-937,  960 
fracture  details,  630 

Foundation,    vibration    research,    355- 
356 

Foundation  studies,  photoelastic,  915 

Foundry  use  of  radiography,  991 

Fourier  analysis,  344-347,  355 

Fracture,  conditions  of,  446-453 
delayed,  642 
nucleus  of,  532 
under  variable  stress,  450-453 

Fracture    plane,    affected    by    residual 
stress,  529-530 

Fractures,  interpretation  of,  593-635 

Frahm's  reeds,  327-328 

Frame  (knee),  isochromatics,  856-860 

Frame  structures,  electric-network  ana- 
logues of,  807-823 
studied  photoelastically,  915 

Free  slice,  760^ 

Frequency  calibration  of  seismic  instru- 
ments, 354-355 

Frequency     determination     of     simple 
harmoic  motion,  315 

Frequency    discriminators    for    capaci- 
tance gages,  297-298 

Frequency-modulation     circuits,      261, 
297-298 

Fretting  corrosion,  605,  618-619 

Fringe     constant,     photoelastic,      856, 
865jf 

"Frozen"  stresses,  933-950,  961-964 

Gage  points,  74 

Gages,  electric-capacitance,  273-300 
electric-inductance,  238-272 
electrical-resistance,  160-237 
mechanical,  72-117 


Galloping  transmission  line,  1043 
Galvanometer,    Duddell    electromag- 
netic, 311 
oscillograph,     268 
used  in  strain  measurements,  187 
Galvanometer  mirros,  147 
Gamma-ray  radiography,  982-986 
Gaussian  frequency  distribution,  640 
Gearing  in  mechanical  gages,  83 
Gears,   fatigue   failure   of   aircraft,   517 
"pitting"  failure,  611,  614 
residual  stresses  in,  519-521 
Gear  teeth,  fatigue  resistance  of,  533 
induction-hardened,  538 
photoelastic  tests  of,  914-915 
Gear-tooth  failures,  520,  601 
Gear-tooth  stress  patterns,  621-622 
Geiger-Mueller  counting  tubes,  987,  993 
Gelatin   as   photoelastic   material,   897, 

915 
General  Electric  photoelectric  recorder, 

267 
General  Motors  mechanical  torsiograph, 

338,  340 
General    Motors    vibration    calibrator, 

360-361 
General    Radio    crystal    accelerometer, 

305 
General  Radio  Strobotac,  327,  330 
General    Radio    vibration    meter,    322, 

324 
Generator  brackets  tested  by  the  brittle 

lacquer  method,  647 
Glass,  as  photoelastic  material,  894 

Pocket's,  926 
Glass  fractures,  625,  627-631 
Glass  inspection,  photoelastic,  920 
Glass-plate  polarizers,  899 
Goldbeck-Teller  recording  strain  gage, 

107-108  - 
Goodman  diagram,  303,  452,  523,  553- 

555 
Goodyear  stress  change  recorder,   108- 

113 
Gottschalk  Continostat  664,  670,  676 
Grain  size,   effect  on  stress  concentra- 
tion, 447-448 
versus  residual  stress,  500-502 
Graphical  integration,  880-892 
Graphical  solutions  for  strain  rosettes, 

416-420 
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Gravity-load  analogy,  768-770 
Gravity  loads,  1039-1040 
Gravity  stresses,  in  dams,  897 
studied  photoelastically,  919 
Green's  theorem,  705$" 
Grid  analysis  of  SR-4  gages,  407-410 
Grid  bias,  effect  on  output,  196-197 
Grid  photograph  of  meniscus  surface, 

736 
Griffith  and  Taylor  autocollimator,  727 
Griffith  and  Taylor  soap-film  apparatus, 

726 
Grinding,    residual  stresses  caused  by, 

514-519 
Guns,  prestressed,  460,  557 

Hackle  marks,  628-631 

Halowax  oil,  906,  955 

Hamilton  Standard  carbon  gages,  168 

Hammer-rod  fatigue  failures,  504-505, 
538 

Hardenability,  with  reference  to  resid- 
ual stresses,  483 

Hardness,  definition  of,  15 

Hardness  conversion  table,  23-24 

Hardness-testing  machines,  66-68 

Hardness  tests,  22-25 

Harmonic   analysis   of  periodic-motion 
records,  344-347 

Harmonic     motion,     amplitude     deter- 
mination of,  343-344 
frequency  determination  of,  315 

Hathaway    electric    strain   gages,    243, 
249 

Hathaway  oscillograph,  269 

Heat-hardening  resins,  935 

Heat  tinting,  601 

"Herringbone"  marks,  627-631 

Homogeneous  state  of  stress,  928-932 

Hooke's  joint,  357 

Hooke's  law,  5,  1019 

Howard  strain  gage,  87 

Huggenberger  tensometer,  96-98,  878 
for  rosette  measurements,  401 

Hurst-Tomlinson  extensometer,  89,  92 

Huygens  eyepiece,  131 

Hydrogen,  influence  in  flaking,  504 

Hydrogen  embrittlement,  625 

Hydrophone,  377 

Hydrostatic  tension,  444 


Illumination,  sources  of,  137-140 

Illuminator,  film,  979 

Image  formation  by  a  lens,  123 

Impact  fractures,  627-632 

Impact  gage,  multifrequency,  371-372 

Impact  properties  of  materials,  15-17 

Impact    strain    pattern    in    cantilever 

plate,  657 
Impact    strength    influenced    by    heat 

treatment,  501-502 
Impact     stresses    studied    photoelasti- 
cally, 917 
Impact-testing  machines,  59-63 
Impact  tests,  notched-bar,  16,  644 

with  Stresscoat,  653-658 
Impedance  of  a  coil,  239 
Impulse  spectrum  meter,  370 
Impulsive    load    on    a    structure,   689- 

693 
Index  ellipsoid,  929-930 
Index  of  precision,  1048 

of  refraction,  836,  931,  948,  950 
Indicator,  moment,  664,  684-688 
Indicators,  engine,  276-277 
Indirect  observations,  1055$" 
Inductance  gages,  electric,  238-272 
Induction  hardening,  535-540 
Inertia  forces  in  mechanical  gages,  80 
Inertia-type     flexure-fatigue     machine, 

54-55 
Influence  lines,  670jf 
Ingot-mold  cracking,  510-511 
Insertions,  photoelastic,  926 
Integration,    numerical   and   graphical, 

880-892 
of    transient    motion    records,    382- 

384 
Intensity  of  stress  and  strain,  442 
Intercrystalline  deterioration,  449 
Intercrystalline  failures,  624-625 
Interferometer,  Fabry's,  910 
Favre's,  906-908 
Sinclair  and  Bucky's,  911-912 
Interferometers,  143-144,  152 
Interferometer  strain  gage,  876-878 
Interferometry,  mechanical,  159 
Internal  flaws,  assumption  of,  637 
Interrupted  quench,  477 
Ionization  chambers,  986 
Iron-nickel  diagram,  473 
Isinglass  jelly,  933 
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Isochromatic  lines,  844,  854^" 

Isoclinic  lines,  844^ 

Isoentatic  lines,  649 

Isogyres,  949 

Isopachic  lines,  884,  910-912 

Isostatic  patterns  produced  by  brittle 
coatings,  645,  652-653 

Isostatics  (see  also  stress  trajectories), 
853# 

Isothermal  etching,  996 

Isotropic  materials,  397 

Isotropic  points,  858-861 

Iteration  method  for  calculating  mem- 
branes, 885-888 

Izod  test,  16,  60,  61 

Jacklin  accelerometer,  316-317,  319 
Jacobsen's  analogy,  745,  747-748 
Jerk,  acceleration  derivative,  375 
Johansson  Mikrokator,  104-105 
Johnson  vibration-testing  machine,  357 
Johnston's  soap  solution,  726 
Journal  failure  in  bus  drive,  606 

Kellner  eyepiece,  130 
Kennedy-Ashcrof t  autographic 

recorder,  92 
Keyway  sources  of  fatigue  failures,  603, 

609,  611,  613 
Kirchoff 's  current  law,  789jf 
Kirchoff's  theorem,  702 
Kirchoff's  voltage  law,  790^" 
Knee  frame,  isochromatics,  856-860 
Kriston,  938,  964 
Kron's  analogy,  789-807 

Laminated  plates,  926-928 

Land's  circle,  416,  427 

Large    strains,    rosette    gage    for    the 

measurement  of,  402-404 
"Last  Word"  dial  indicator,  99 
Lateral  strain  measurements,   874-879 
Lattice  spacing,  atomic,  997^" 
Leakage  test  for  detecting  cracks,  582 
Least  squares,  method  of,  1050 
Lens  cells,  133 
Lens  specificatons,  121-122 
Lever  extensometer,  89-90 
Light,  convergent  polarized,  946-950 

electromagnetic-wave  theory  of,  833 

scattering  of,  950 


Light  filters,  photoelastic,  899-900 
Light  sources,  photoelastic,  899 
Light  vector  direction,  932 
Light  wave,  representation  of,  836 
Links,  tested  photoelastically,  914 
Lissajous  figures,  discriminaton  by,    218 
Loading  frames,  photoelastic,  900 
Load  measurement,  methods  of,  30-31 
Lost  motion  in  mechanical  gages,  78 
Loudspeaker    coils    as    vibration    cali- 
brators, 355,  360-365 
Loudspeaker  vibrator,  693 
Lucite,    as   photoelastic   material,    896, 
927 
isoclinics  in,  851 
Liiders'  lines,  643,  645 

Machine    parts,    analyzed    photoelasti- 
cally, 913 
Machining     of     photoelastic      models, 

904-905 
Macroscopic  stress,  439 
"Magic-eye"  radio  tube,  672 
Magnaglo,  for  crack  detection,  586 
Magnetic  Analysis  Comparator,  587 
Magnetic   Coupled  Torquemeter,   247- 

248 
Magnetic   forces   in   inductance   gages, 

250-252 
Magnetic  methods  of  crack  detection, 

583-588 
Magnetic  oscillographs,  226,  266-269 
Magnetic    strain    gage,    Westinghouse, 

243 
Magnetization,  effect  of  tensile  stresses 

on,  240-241 
Magnetostriction  gages,  239,/f,  247 
Magnification,  mechanical,  82 
of  a  lens,  123 
of  mechanical  gages,  77 
Magnifiers,  128-131 
Mallock's  Electric  Computer,  817-819 
Manderla-Winkler  equations,  684 
Mann  tension-impact  machine,  61-62 
Mapping  of  soap  films,  729 
Marblette,  897,  927,  933 
Martens  extensometer,  146 
Martinelli's  spherometer,  787-789 
Mass-plug  accelerometer,  370-371 
Materials,    mechanical    properties    of, 

1-27 
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Mathar's  method,  468,  531 
Maybach  lacquer,  644 
McNab  electric  torsionmeter,  260 
Measurements,  precision  of,  1046-1060 
Mechanical  gages,  72-117 
Mechanical     properties     of     materials, 
.        1-27 

table  of,  8-9 
Mechanical-vibration  generators,   362- 

363 
Membrane,  differential  equations,  711 
Membrane  analogies,  712-736 
Membrane  analogy,  photoelastic,  884- 

885 
Meniscus  surface,  733 
Mercury-pool  connectors,  406 
Methyl  methacrylate  resin,  638,  851 
MichelFs     boundary     constants,     754, 

758-759 
Michell's  solution,  740 
Micrometer,  filar  microscope,  673 
Micrometer  dial  gage,  349-351 
Micrometer  extensometers,  86 
Microphonic  distortions,  384,  386 
Microphotometer,  957,  995 
Microradiography,  977,  986 
Microscopes,  141 

filar-micrometer,  673 

petrographic,  946 
Microscopic  aspect  of  stress,  439 
Microstresses,  1004-1008 
Mikrokator,  104-105 
Mill  scale  for  strain  detection,  643 
Mirrors,  124,  133-135,  146-151 
Misalignment  of  gage  lines,  425-426 
Mises-Hencky  criterion,  442,  450-451, 

454 
Model  analysis,  structural,  663-699 
Models,    preparation    of    photoelastic, 

901-906 
Mohr's  circle,  426-427,  940,  1023 

for  strains,  396 

for  stresses,  394 
Mohr's  stress  plane,  450 
Moment  deformeter,  664,  669,  679-684 
Moment  indicator,  664,  684-688 
Morehouse  proving  ring,  31 
Motion  measurements,  301-389 
Muller-Breslau's  principle,  669 ff 
Murray's  electric  computer,  820-821 
Mycalex  insulator,  281,  294 


Nadai's  analogies,  703 

Natural     frequencies     of     diaphragms, 

278-279 
Network  computers  for  strain  rosettes, 

423-425 
Neuber's  method  of  deriving  isopachics, 

892 
Nickel  steels,  residual  stresses  in,  479 
Nickel-content  influence  on  quenching 

stresses,  474 
Nicol  prisms,  841,  899 
Nitriding,  547-550 
Nomographs,  for  converting  strains  to 

stresses,  399 
for  strain  rosettes,  420-421 
Nonhomogeneous  state  of  stress,  932- 

933 
Normal  equations,  1057-1058 
Normal  frequency  distribution  of  errors, 

1047/ 
Normalized    solid     cylinders,    residual 

stresses  in,  484-490 
Norrenberg  doubler,  926 
Notched  specimens,  fatigue  strength  of, 

531 
Notch    effect    in    case-hardened    speci- 
mens, 534 
Notch  sensitivity,  580 
NRL  contact  aceelerometer,  368-371 
Nucleus  of  fracture,  532,  549 
Nujol  oil  bath,  902,  906 
Null-balance  circuits,  259-261 
Numerical  differentiation,  384-385 
Numerical   integration,    382-383,    880- 

892 

Objective  lenses,  126-128 
Oblique-incidence     method,      908-910, 

929,  940-946 
Observation  equations,  1057-1058 
Observations,  calculus  of,  1053jf 
Octahedral  planes,  4 
Octahedral  shear,  4-5 
Ohm's  law,  790^ 
Oil  holes,  their  effect  on  the  endurance 

limit,  536 
Oil-whiting  method  for  detecting  cracks, 

582 
Olsen  adjustable  extensometer,  103-104 
Olsen-DeShazer  dial  gages,  401 
Optical  differentiation,  384 
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Optical  flats,  143-144 
Optical-lever  principle,  146-151 
Optical  methods  of  strain  measurement, 

118-159 
Optimeter,  463 

Orientation,  preferred,  1006-1008 
Orthotropic  materials,  397 
Oscillation  of  suspension  bridges,  1043 
Oscillators,  215-217 
Oscillograph,  cathode-ray,  313-314 

electromagnetic,  311-313 

Hathaway,  269 

magnetic,  226,  266-269 
Oscillograph  circuits,  257-259 
Oscillograph  galvanometers,  268 
Oscilloscope,  cathode-ray,  226,  266,  269 
Oxford  impact  machine,  60-61 
Oxide  coatings,  643-645 

Paine 's  extensometer,  87-88 

Pallograph,  Taylor  Model  Basin,  331- 
332,  335 

Paraffin  casts  of  membranes,  732 

Parallax,  in  optical  systems,  124,  674 
in  pointer  readings,  82 

"  Paving-block  "-type  fracture,  551 

Feak  accelerometers,  368-372 

Peeling  type  of  fracture,  611,  613 

Pendulum-type  impact  machines,  60 

Penetrameters,  982 

Pentode  amplifier  stages,  212-214 

Pentode  tubes,  211-212 

Periodic    motion,    errors   in   recording, 
347-348 

Personal  equation,  1046 

Peters'  formulas,  1051 

Petrographic  microscope,  946 

Phase    calibration    of    seismic    instru- 
ments, 355 

Phase-inverter  circuit,  215 

Phase-shift  torsiograph,  338,  342 

Phenolic  resins,  935 

Philips  electrolytic  tank,  737 

Photoelasticity,  828-976 

Photoelastic  method  in  structural  analy- 
sis, 688 

Photoelastic  polariscopes,  153-156 

Photoelectric  recorder,  267 

Photoelectric  strain  gage,  151 

Photography,  photoelastic,  905-906 


Photogrammetric    soap-film    mapping, 

729 
Photogrid  method,  153 
Photometers,  micro-,  957,  995 
Photo viscoelastic  problem,  936 
Photo  viscous  effect,  919 
II,  Buckingham's  theorem,  1036 
Piccard  and  Baes  meniscus  apparatus, 

733-734 
Piercing  rods  in  tube  mills,  51 1 
Pilger-mill  piercing  rods,  51 1 
Pilotel,  Westinghouse,  267 
Pinion  service  failure,  603 
Piston  pins,  grinding  cracks  in,  518 

residual  stresses  in,  550-552 
Piston-rod  failures,  steam-hammer,  615, 

617 
"Pitting"  failure  of  gears,  611,  614 
Pivot  points  in  gages,  75 
Pneumatic  extensometer,  114-116 
Plane  strain,  391-397,  1021 
Plane  stress,  391-394,  1021 
Plaster  models,  621,  637-639 
Plasticity,  definition  of,  14 
Plastic  material,  fracture  of,   630,   638 
Plastic  strains,  443 

X-ray  determination  of,  1003-1008 
Plate,  semi-infinite,  872-874 
Plate  analogy,  775-789 
Plate  bending  stresses  studied  photo- 

elastically,  926-928,  961-964 
Plate  flexure  analogue,  702 
Plates,  brittle  models  of,  639 
residual  stresses  in,  468,  532 
strain  figures  in,  656-657 
Plate  vibrations,  692 
Plexiglas,  927 

Plexiglas  model  fracture,  638 
Plexiglas  stress  crazing,  641-642 
Pockel's  glass,  926 
Poisson's  ratio,  definition  of,  6,  1019 
Poisson's  ratio   effect  in  models,   767- 

770 
Polar  coordinates,  integration  in,  888 - 

890 
Polar  diagrams  for  stresses  and  strains, 

427-428 
Polariscopes,    photoelastic,    153-156, 

841-850,  897-901,  925 
Polarization  of  light,  833-835 
Polarizers,  899 


1072 


INDEX 


Polaroid,  841,  899 

Polishing,  electrolytic,  1000 

of  photoelastic  models,  902-904 

Polymerized  state,  935 

Porosity,  identification  of,  986 

Porter-Lipp  strain  gage,  98 

Potential-drop  method  of  crack  detec- 
tion, 589 

Potential  field  measurement,  737 

Potentiometer  circuits,  180-182 

Power  of  a  lens,  121 

Power-output  stages,  214-215 

Power    supply    of    electric    inductance 
gages,  264-265 

Power-supply  regulators,  232-234 

Pratt  truss,  809 

Precipitation-hardening   steel,    residual 
stresses  in,  499 

Precision  of  measurements,  1046-1060 

Preferred  orientation,  1006-1008 

Prepared  form  solution  for  45°  rosettes, 
419-420 

Press-fit    stresses   studied    photoelasti- 
cally,  914 

Press-fitted  assemblies,  fatigue  strength 
of,  541 

Press-fitted  shaft  failure,  605 

Pressure  gages,  235 

electric-inductance,  248 

Pressure  indicators,  148 

electric-capacitance,  274-280 

Pressure   vessels,    radiographic,    inspec- 
tion of,  992 
tested  by  brittle  coatings,  645 

Pressure-vessel  failure,  631 

Pressure-membrane  analogy,  712-718 

Prestress  applied  mechanically,  556-558 

Prestressed  concrete  beams,  558 

Principal  directions,  of  strain,  395 
of  stress,  393 

Principal  points  of  a  lens,  120 

Principal  strains,  396 
plastic,  443 

Principal  stresses,  393,  839J",  1016-1018 
direct  measurement  of,  906-910 
secondary,  932,  940^" 
sum  by  X-ray  method,  995-996 

Prisms,  125,  135-136 
polarizing,  899 

Probability  integral,  1049 

Probability  of  failure,  448,  640 


Proportional  limit,  7 

Pyralin,  927 

Pyramidal  error  of  prisms,  125 

Quarter-wave  plates,  837-839,  899 

Quartz  rotators,  911 

Quench,  interrupted,  477,  502 

Quenching  cracks,  after  induction  heat- 
ing, 539 
in  wheels,  581 

Quenching  stresses  in  aluminum  alloys, 
560 

Quenching  temperature,  472-482 

Quest  collimator,  727 

Radiography,  977-992 

Radium  capsule,  979,  982 

Rail  cracks,  detection  of,  590 

Rail  failures,  614,  616 

Rail  fissures,  505 

Railroad  axles,  residual  stress  in,  540 

Rails,  residual  stress  in,  511-514 

Railway-car  wheel,  stress  pattern,  918 

Ramsden  eyepiece,  130 

Ratchet  marks,  599-601,  628 

Reaction-type     vibration      calibrators, 

360-361 
Recording  instruments,  92-96,  106-113 
Rectification  by  use  of  a  diode,  195 
Reduction   of   area    (per   cent),    deter- 
mination of,  10 
Reflections,  124 

Refraction  index,  836,  931,  948,  950 
Regulators,  series-tube,  232-233 
Reichenbacher  slope  recorder,  728 
Reinforced-concrete    beams    studied 

photoelastically,  915 
Reinforced-concrete    structure    model, 

1040 
Rejection  of  observations,  1053 
Relaxation  of  tension  stress,  446 
Repeated    stressing,     residual    stresses 

produced  by,  526-527 
Residuals,  1050 
Residual  stresses,  459-578 

by  Stresscoat,  655-656 

measured  by  X-rays,  992-1008 
Resinous  coatings,  664 
Resins,  allyl-ester,  938 

heat-hardening,  935 

phenolic,  935 
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Resins,  stress  crazing  of,  641-643 
styrene-alkyd,  936-938 

Resistance  gages,  electrical,  160-237 
metallic,  168-180 
nonmetallic,  164-168 

Resolving  power  of  objective  lenses,  127 

Resonance,  structures  at,  302-309 

Resonance   curve   of  vibration  genera- 
tor, 366-367 

Resonant     frequencies     of     structures, 
364-365 

Retardation,  relative,  837 

Reticles,  132-133 

Reversed-bending-fatigue  machine,    R. 
R.  Moore,  52-54 

Reynold's  number,  1038,  1042,  1044 

Rib  marks,  628-630 

Riehle  autographic  recorder,  93,  95 

Rigidity,  torsional,  709^" 

Ring,  isoclinics,  851 

Ripple  marks,  601 

Rivets,  residual  stresses  in,  521-522 

Rockwell  hardness  test,  22 

Rockwell-hardness-testing  machine,  67- 
68 

Rollers,  photoelastic  tests  of,  914-917 

Roof  analogy,  703 

Rosettes,  strain,  390-437 

Rotating    disks,    photoelastic    tests   of, 
917,  960 

Rotor  fracture,  593 

Rotor  model  failure,  600 

Royal   Aircraft    Establishment   capaci- 
tance-type torsiograph,  294 

Royal  Aircraft  Establishment  condenser 
torsiograph,  289 

Rubber,  stresses  measured  photoelasti- 
cally  in,  920 

Rubber  membranes,  732,  884 

Rubber  model  of  dam,  401 

Rubber  springs,  1042 

Rubber-tire  fatigue  failure,  619-620 

"Ruck,"  acceleration  derivative,  375 

Rupture-area  shift,  598-599 

Rupture-peak  accelerometers,  368-372 

Sach's  boring-out  method,  461,  463 

Safety,  factor  of,  453 

Saint- Venant's   theory   of   torsion   and 

flexure,  70Zff 
Sand-heap  analogy,  703 


Saul  extrapolation  procedure,  749 

"Saw-teeth"  fractures,  607 

Scales  of  transient-motion  records,  381- 

382 
Scale  effect  in  model  tests,  698 
Scattered-light  method,  950-961 
Schaefer's  acoustical  strain  gage,   113- 

114 
Schlieren  method,  153,  156-157 
Scleroscope,  67-68 
Scragging  of  springs,  554 
Scratch-recording  strain  gage,   DeFor- 

est,  106-107 
Screw  magnification,  85-87 
Screw  threads,  nitrided,  550 
Searle's  micrometer,  87 
Season  cracking,  625-626,  1001 
Secondary  principal  stresses,  932,  940/f 
Secondary  stresses  in  trusses,  684 
Seismic     instruments,     calibration     of, 

353-356,  377-380 
Seismic  pickup  theory,  351-353 
Seismic-type  capacitor  pickups,  294-295 
Seismic-vibration  pickups,  310 
Selsyn  computer  for  strain  rosettes,  423 
Selsyn  motors,  899 
Semi-inverse  method  of  Saint- Venant, 

704 
Sensitivity  index,  447,  451 
Sensitivity  of  mechanical  gages,  76 
Septum,  726 

Serrated-capacitor  gages,  287-295 
Service  fractures,  intepretation  of,  593- 

635 
Shaft,  service  failure  of  Diesel-driven, 
610 

stress  concentration  in  torsion,   648, 
751 

stresses  in  a  fillet,  924 

stress  pattern,  960 

with  fillet  fractures,  596 

with  hole  fatigue  fracture,  606 

with  key  way  torsion  fatigue,  609,  613 
Shaft  assemblies,  flame-hardened,  543 
Shaft  failure,  automobile-drive,  613 

through  key  way,  601 

press-fitted,  605 
Shaft  journal,  induction-hardened,  533 
Shafts    (hollow),    fatigue    strength    of, 
556 

residual  stresses  in,  490 
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"Shake   down"   of   welded   structures, 

366 
Shatter  cracks  in  rails,  614,  616 
Shear  difference  method,  880-884 
Shear-lag  analogue,  805 
Shear-stress  lines  in  torsion,  741 
Shift  of  rupture  area,  598-599 
Ship  failures,  welded,  625 
Ship  launching  as  transient  motion,  367 
Ship-plate  failure,  631 
Ship  vibrations,  305-307 
Shock,  analysis  of  mechanical,  372 
Shock  machines,  379-380 
Shot-blasting  survey,  566 
Shot  peening,  536,  553 
Shotgun  breech,  impact  strains,  654 
Shrinkage,  radiographed,  984 

thermal,  47  Iff 
Shrink-fit    stresses   by   photoelasticity, 

960 
Signal  and  record  relationship,  377 
Similarity,  conditions  of,  1035 
Similarity    problems    in    photoelastic- 

model  tests,  959 
Similitude,  principles  of,  664,  693-696 
Simpson's  parabolic  rule,  382 
Sinclair    and    Bucky's    interferometer, 

911-912 
Single-degree-of-freedom    systems,    de- 
termination of  equivalent,  366-367 
Single-valucdness  conditions,  706 
Size  effect  in  brittle-model  tests,  641 
Skull,  impact-strain  pattern,  654-655 
Slab  analogy,  775-789 
Slice,  constrained,  752,  7Q0ff 
free,  760/ 

multiply  connected,  756 
Slicing  frozen-stress  models,  938 
Slide  rule,  for  strain-rosette  analysis,  421 
Slide-wire  variable  potentiometers,  163- 

164 
Sliding  contacts  for  electrical-resistance 

gages,  177 
Slip  lines  in  boiler  head,  644 
Slip  rings,  for  capacitance  gages,  290 
for  electrical-resistance  gages,  177 
Slitting  of  cylinders,  466 
Slope-deflection    equations,    equivalent 

circuit  of,  814 
Slope  recorder,  Reichenbacher,  728 
S-N  curves,  112,  303,  451,  549 


S-N  diagram,  plotting  of,  20-21 
Snowflakes  in  weld  deposits,  505 
Soap-film  analogy  techniques,  725-732 
Soap-film  membrane  in  photoelasticity, 

884 
Soleil-Babinet  compensator,  864-865 
Solenoid  gages,  moving-core,  239J",  244- 

246 
Solet  extrapolation  procedure,  750 
Sonic  method,  689 
Southwell's    method    for    determining 

buckling  loads,  688-689 
Speed  of  lenses,  122 
Speed  ratios  in  mechanical  gages,  81 
Sperry  apparatus  for  detection  of  cracks 

in  rails,  590 
Sperry-MIT  vibration  calibrator,  357- 

358 
Sperry-MIT  torsional  vibration  pickup, 

338,  341 
Spherometer,  729 
Einsporn's,  786-787 
Martinelli's,  787-789 
Spline  method  for  influence  lines,  674- 

676 
Splitting  blocks,  136 
"Splitting"  failure,  607 
Spot  welds,  fatigue  strength,  564-565 
Spring  balance,  celluloid,  667-669,  686 
Spring  fatigue  fracture,  helical,  612 
Spring  forces  in  mechanical  gages,  80 
Springs,  residual  stresses  in,  554-555 
SR-4  strain  gages,  170-180 

for  measurement  of  residual  stresses, 

462 
SR-4  strain-gage  rosettes,  403-410 
Statham  accelerometer,  316-317,  320 
Statham  gages,  169 
Statham  pickup  units,  236 
Static  fatigue,  642 

Statistical  theory  of  strength,  639-641 
Steady-state  motions,  302-367 
Steam-hammer     piston-rod     fractures, 

615,  617 
Steel-mill  roll  rupture,  617 
Stethoscope  used  in  detecting  cracks,  58 1 
Stiffness  of  a  material,  definition  of,  15 
Strain,  components  of,  1018-1019 
definition  of,  4 
elements  of,  395 
intensity  of,  442 


INDEX 


1075 


Strain,  true,  12 

Strain  ellipsoid,  996 

Strain  energy  per  unit  volume,  12 

Strain  hardening,  modulus  of,  12 

Strain   measurement,    optical   methods 

of,  118-159 
Strain  measurements,  lateral,  874-879 
Strain  number,  1038^* 
Strain-rate  test,  constant,  18-19 
Strain  rate  versus  stress  curve,  445 
Strain-rosette  computations,  410-425 
Strain  rosettes,  390-437 
Strains,     graphical    representation    of, 

426-429 
Streetcar-drive  pinion  failure,  603 
Strength,  of  bundles  of  threads,  641 

of  nitrided  layers,  549 

of   steels   at   elevated   temparatures, 
488-489 

statistical  theory  of,  639-641 
Strength  properties  of  materials,  440 
Stremmatograph,  93-94 
Stress,  and  acceleration,  305 

average,  439 

components  of,  1015 

condition  of,  1013 

definition  in  structural  analysis,  664 

homogeneous,  928-932 

intensity  of,  442 

nonhomogeneous,  932-933 

plane,  1021 

states  of,  2-4 

three-dimensional,  441 

true,  12 

versus  strain-rate  curve,  445 
Stress  change  recorder,  Goodyear,  108- 

113 
Stresscoat,  645-658 
Stresscoat  indication  of  residual  stresses, 

468 
Stress-concentration    factor,    definition 

of,  3 
Stress-concentration  factors,  446-448 

determined  photoelastically,  913-914 

derived  from  plaster-model  tests,  640 

in  torsion,  751 
Stress  concentration  in  filleted  shaft,  596 
Stress  corrosion,  1001 
Stress  crazing  of  synthetic  resins,  641- 

643 
Stress  ellipse,  428-429 


Stresses,  due  to  vibrations,  303-309 

graphical  representation  of,  426-429 
Stress    field,    graphical    representation 

of,  429-431 
Stress  freezing  method,  933-950 
Stress  function,  Airy's,  752,  759jf,  1025- 

1026 
in  torsion,  1032 
Stress  gages,  410 
Stress  measurement  by   X  rays,   992- 

1008 
Stress-optical  laws,  929-932 
Stress-optic  constant,  865 
Stress-peak     (internal)     effect    due    to 

residual  stresses,  532-536 
Stress-relaxation  machine,  49-50 
Stress-relaxation  test,  18-19 
Stress  reversal  in  cooling  steel  cylinders, 

470 
Stress-strain  curve,  441 
Stress-strain  diagram,  ordinary,  7 

true,  10-13 
Stress-strain  relations,  nonlinear,   1041 
Stress-to-rupture  test,  18-19 
Stress  trajectories   (see  also  Isostatics), 

429-431,  853jf 
Stringers,  607 
Strobotac,  327,  330,  355 
Strohmeyer's  roller  extensometer,  88-90 
Structural  model  analysis,  663-699 
Structural  models  of  brittle  materials, 

639 
Structural-testing  machines,  63-66 
Structural  vibrations,   electric-network  • 

analogies  of,  822-823 
model  analysis  of,  689-693 
Structures,     dimensional     analysis     of, 

1036# 
electric-network  analogues  of,  807-823 
photoelastic  analysis  of,  915 
resonant  frequencies  of,  364-365 
Styrene-alkyd  resins,  936-938 
Substitution,  method  of,  1047 
Sunatani,    Matuyana,    and    Hatamura 

meniscus  apparatus,  733-736 
Supersonic  methods  of  crack  detection, 

588-589 
Surface  coatings,  photoelastic,  925-926 
Surface-hardness  gradient,  544 
Surface  rolling,  527 

residual  stresses  caused  by,  544-546 
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Suspension-bridge  oscillations,  1043 
Sylphon  bellows,  900 
Symmetry,  method  of,  1046 
Systematic  errors,  1046 

Tangent-type  capacitance  gages,   283- 
287 

Tank-plate  failure,  629 

Tardy  method,  863-864,  869 

Tardy's  polariscope,  925 

Target,  cobalt,  994 
tungsten,  978$' 

Tate-Emery  universal  testing  machine, 
35-36 

Taylor  Model  Basin  impact  gage,  371- 
372 

Taylor   Model  Basin  pallograph,   331- 
332,  335 

Taylor  Model  Basin  vibration  genera- 
tor, 364-365 

Telemeter,  electric,  164,  167 

Telescopes,  140-141 

Teller-Goldbeck  recording  strain  gage, 
107-108 

Temperature,  velocity-modified,  441 

Temperature  compensation  in  mechani- 
cal gages,  79 

Temperature  differential  in  quenching, 
472 

Tempering    temperature,    influence    on 
residual  stresses,  493-494 

Tempering  time,  influence  on  thermal 
stresses,  488 

Templin  fatigue  machine,  63-64 

Templin  strain  gage,  403 

Tensile  strength,  determination  of,  10 

Tension,  hydrostatic,  444 

Tensor  gage,  402,  404 

Tensotast,  98 

Testing  machines,  28-71 
classification  of,  29 

Tetrode  tubes,  211 

Thermal  fatigue  of  bearing  alloys,  560 

Thermal  shrinkage,  471$ 

Thermal-stress  analogy,  770-774 

Thermal  stresses,  1030 
formation  of,  469-471 
influenced  by  tempering  time,  488 
in  tubes,  492-500 
studied  photoelastically,  914,  920,  922 

Thermoplastic  resins,  936 


Thermosetting  resins,  936 

Threaded  fastenings,  photoelastic  tests 

of,  960 
Threads,  strength  of  bundles  of,  641 
Thum  and  Bautz's  analogy,  746-751 
Time-edge  effect,  867,  893,  902 
Time  stresses,  938-939 
Timing  devices,  313 
Tongue  cutting  in  cylinders,  466 
Top-heavy  gages,  75 
Torquemeters,  electric-inductance,  246- 

248 
Torsiographs,     capacitance-type,     287- 

295 
Torsion,  flexureless,  708 

of  bars  studied  photoelastically,  960 

of  flanged  shaft,  648 

of  prismatical  bars,  1032-1034 

Saint- Venant  theory  of,  703-711 
Torsional  calibrator,  359 
Torsional  rigidity,  709$ 
Torsional-vibration  meters,  331-342 
Torsional  vibrations,  307-309 
Torsion-bar  springs  prestressed,  553 
Torsion-fatigue  fractures,  605-611 
Torsion-fatigue  machines,  56-57 
Torsionless  flexure,  710 

membrane  analogy,  723-725 
Torsionmeter,  McNab  electric,  260 
Torsion-testing  machines,  37-39 
Toughness,  definition  of,  15 
T  rainier  en  procedure,  527 
Transcrystalline  failures,  624-625 
Transformation  stresses,  471-480 
Transient  motions,  367-386 
Transmission  line,  galloping,  1043 
Transverse    sensivity    of    SR-4    strain 

gages,  407-411 
Triaxial  stresses,  effects  of,  636 
Triaxial  tension,  625 
Triaxial  tests,  45 
Triode  tubes,  194$ 
Trusses,  electric  analogies  of,  807-823 

secondary  stresses  in,  684 
Tube-mill  piercing  rods,  511 
Tubes,  as  quenched,  490 

centrifugal-cast-steel,  503-504 

transformation  and  thermal  stresses, 
492-500 
Tubing,  residual  stresses  in,  466$ 
Tungsten  target,  978$ 
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Turbine-blade  fatigue  failure,  603 
Turbine    bucket,    microradiograph    of, 

986 
Turbine-generator,  photoelastic  studies 

of,  914 
Tuckerman  gage,  149-151 

with  rosette  adaptor,  402 
Twist  pickups,  287-295 

Ultraviolet  light  for  detecting  cracks, 

583 
Unbalanced  weights,  362-363 
Underwater  strain  measurements,  401, 

403 
Uniflexmet  cable,  299 
Uniqueness  theorem,  704,  1031 
Unit  step-pulse  calibration,  378-380 
Unwin's  touch  micrometer,  85 
Utilization,  factor  of,  453 

Vacuum  tubes,  characteristics  of,  194- 

199 
Varying-potentiometer  resistance  gages, 

163-164 
Vector  solution  for  strain  rosettes,  416- 

418 
Vehicles,  transient  motion  of,  367 
Velocity-meter    records,    interpretation 

of,  375-376 
Velocity-modified  temperature,  441 
Velocity  pickup,  Consolidated,  331-332, 

334 
Vibrating  ship,  bending  stresses  in,  305- 

307 
Vibration,  due  to  aerodynamic  forces, 

1042-1044 
of  Diesel-engine  drive,  307-309 
of  structures,  689-693 

electric  analogies  of,  822-823 
Vibration-fatigue  machine,  65-66 
Vibration  generators,  361-367 
Vibration   instruments,    calibration   of, 

348-361 
Vibration  meters,  322-342 
Vibration  pickup  systems,  310 
Vibrations,    electric    analogues   of   me- 
chanical, 702 
Vibration  stresses,  303-309 
Vibrator,  its  use  in  structural  tests,  691- 

693 
Vickers  hardness  machine,  68 


Vickers  hardness  test,  24 
Vignetting,  138 
Viscoelastic  bodies,  702 
Viscous  fluid-flow  analogue,  702 
Visual  inspection  for  crack  detection, 
581 

Warping  in  heat  treatment,  500 

Watertown     tension-impact     machine, 
61-62 

Wave  plates,  837-839 

Wave  surface,  930 

Wedge  magnification,  85-87 

Weibel's  deformeter,  774 

Weighted  measurements,  1054 

Welded  joints,  photoelastic  tests  of,  915 

Welded  ship  failures,  625 

Welds,  radiographs  of,  988,  991 
residual  stresses  in,  1001-1002 

Westinghouse     crystal     accelerometer, 
316-317,  321 

Westinghouse    hand    vibrometer,    322, 
325 

Westinghouse  L.   E.   vibrograph,   331- 
332,  336 

Westinghouse  magnetic  strain  gage,  243 

Westinghouse  Pilotel,  267 

Westinghouse  reed  vibrometer,  327,  329 

Wheatstone-bridge  circuit,  165 

Wheels,  quenching  cracks  in,  581 

Whitewash  coatings,  643 

Whittemore  strain  gage,  101-102 
for  rosette  measurements,  401-402 

Wind  loads,  electric  analogy,  815-817 

Windows,  optical,  137 

Wisconsin  recording  extensometer,  Uni- 
versity of,  93,  95 

Wood's  metal,  938 

Working  stresses,  438-458 
proposed  rules  for,  454-457 

Wrap-around  gages,  404,  407 

X-ray  analysis,  977-1012 

Yielding  criterion,  Mises-Hencky,  442 
Yielding  of  ductile  metals,  440 
Yield  point,  definition  of,  10 
Yield  strength,  definition  of,  10 

Zero-pressure  membrane  analogy,  719- 

723 
Zyglo  method,  583 
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